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Modeling the Transfer Function of Two-Dimensional SQUID and SQIF Arrays
with Thermal Noise
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We present a theoretical model for two-dimensional (2D) superconducting quantum interference device
(SQUID) and superconducting quantum interference filter (SQIF) arrays with overdamped Josephson
junctions for uniform bias-current injection at 77 K. Our simulations demonstrate the importance of
including Johnson thermal noise and reveal that only the SQUID-loops self-inductance contributions are
of importance. Our numerical results establish the validity of a scaling behavior between the voltages of
one-dimensional (1D) and 2D SQUID arrays and show that the same scaling behavior applies to the max-
imum transfer functions. The maximum transfer function of a 2D SQUID array can be further optimized
by applying the optimal bias current, which depends on the SQUID-loop self-inductance and the junc-
tion critical current. Our investigation further reveals that a scaling behavior exists between the maximum
transfer function of a 2D SQUID array and that of a single dc SQUID. Finally, we investigate the voltage
response of 1D and 2D SQIF arrays and illustrate the effects of adding spreads in the heights and widths
of SQUID loops.
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I. INTRODUCTION

Superconducting quantum interference devices
(SQUIDs) have been extensively investigated for their
very high magnetic field sensitivity both experimentally
and theoretically [1,2]. SQUIDs are routinely fabricated
using both low-temperature-superconducting (LTS) and
high-temperature-superconducting (HTS) thin films. The
lower operating temperature provides LTS SQUIDs with
better noise performance at the expense of more com-
plex cryogenic conditions, compared to HTS SQUIDs. For
example, HTS SQUIDs have found applications in geo-
physical exploration [3], due to less stringent cryogenic
constraints resulting in SQUID systems with reduced size,
weight, and power. Ambegaokar and Halperin [4] and Voss
[5] have studied the effect of thermal noise on the I -V char-
acteristics of shunted Josephson junctions (JJs) and Tesche
and Clarke [6] and Enpuku et al. [7] have extensively
investigated the effect of thermal noise on the performance
of dc SQUIDs. These studies show a significant decrease
in the voltage-modulation depth and transfer function due
to thermal noise at high temperatures (77 K).

The interest in SQUID arrays have arisen in order to
improve the sensitivity and robustness of dc SQUIDs.
Miller et al. [8] have theoretically studied one-dimensional
(1D) SQUID arrays, also called superconducting quantum
interference gratings (SQUIGs), as an analogy to optical
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interference gratings. In that work, the authors have con-
sidered self- and mutual-inductance effects of SQUIDs
connected in parallel, as well as different screening param-
eters. Their results predict a better magnetic field resolu-
tion for 1D parallel SQUID arrays compared to a single
dc SQUID. Despite this prediction, Gerdemann et al. [9]
has experimentally measured small 1D parallel arrays of
HTS SQUIDs, showing a decrease of the voltage modu-
lation, which has been attributed to bias-current-induced
magnetic flux. Likewise, Mitchell et al. [10] have exper-
imentally found a degradation in the voltage modulation
with the number N of junctions in parallel for N > 11 and
modeling has predicted either a plateau or a decrease of
the transfer function with N , depending on the bias-current
lead configuration. Early measurements of 1D arrays of M
SQUIDs connected in series [11,12] have shown voltage-
modulation improvement and white-noise reduction with
increasing M .

Superconducting quantum interference filters (SQIFs)
have been theoretically proposed [13,14] and experi-
mentally demonstrated [15–17] by the Schopohl group.
The SQUIDs making up these arrays have different loop
areas, creating destructive voltage interference for mag-
netic fluxes away from zero external magnetic flux. The
resulting unique dip in the magnetic-field-to-voltage char-
acteristic makes SQIF arrays ideal to perform absolute
magnetic field measurements as well as for other appli-
cations that benefit from a unique working point. That is
why this concept is used by a growing number of groups
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aiming at its basic properties [18,19] and its applicability
in, for example, magnetometry [20–24] and rf electron-
ics [25–27]. SQIFs have been studied and realized in
LTS and HTS technologies, where the latter in particu-
lar benefit from the superior tolerance of SQIFs against
parameter inhomogeneities [20,24,25]. The robustness of
these devices also extends to harsh and perturbative envi-
ronmental conditions [23], which gains importance in the
context of the commercialization of systems that are based
on these devices. Up to now, several topologies of SQIFs
have been reported: 1D parallel arrays [13,15,16,18,24],
1D serial arrays [14,16,22–24], combinations of these two
[20,24], and two-dimensional (2D) arrays [17,21]. Interest
has grown in the performance of the last of these, which are
predicted to be more suitable as plug-in replacements for
single SQUIDs than other forms of SQIFs while yielding
the improved sensitivity, dynamic range, bandwidth, and
linearity of the latter compared with single SQUIDs [24].
Kornev et al. [27,28] have studied 1D parallel SQIF arrays
connected in series and analyzed the SQUID coupling in
the array. They have also shown the linear increase of the
voltage modulation with the number of SQIFs in series and
the conservation of linearity. An alternative approach has
been studied by Longhini et al. [29] by varying the distance
between the nonlocally coupled SQUIDs. In doing so, the
magnetic coupling between SQUIDs differs, which breaks
the periodicity of the voltage with the applied magnetic
field.

One-dimensional parallel SQUID and SQIF arrays have
been previously theoretically studied at T = 0K [10,30,31]
and experimentally investigated at high temperatures (T =
77K) [10]. Recently, Müller and Mitchell [32] have intro-
duced a theoretical model for 1D parallel HTS SQUID
arrays that includes thermal noise and fluxoid focusing.
This model shows excellent agreement with experimental
results at 77 K.

Large 2D SQUID arrays operating at high temperatures
have been experimentally measured and studied [33,34].
Two-dimensional SQUID arrays models without consid-
ering thermal noise have been previously investigated by
Cybart et al. [35], Dalichaouch et al. [36], and Taylor et al.
[34] but these models become inaccurate at 77 K, where
the thermal-noise strength is large.

The goal of this work is to investigate the scaling behav-
ior between a 2D SQUID array and its 1D-array row
components and dc-SQUID cells. To do so, we intro-
duce a model that accurately calculates the response of
2D SQUID and SQIF arrays operating at finite temper-
ature by including the thermal noise from the junction
resistors. Our theoretical model assumes overdamped junc-
tions [the resistively shunted junction (RSJ) model] and
short junctions, i.e., the junction width w is smaller than
the Josephson penetration depth λJ [37]. The model also
includes the magnetic flux coupling due to all the currents
flowing in the array as well as the magnetic flux created

by the bias leads. The conservation of currents at every
vertex of the array is taken into account. We assume that
the superconducting tracks and leads that form the SQUID
or SQIF arrays are in the Meissner state. In this work, we
demonstrate that the inclusion of thermal noise is crucial
to obtain the correct array response for devices operating
at high-temperatures (77 K), where thermal noise plays an
important role. We use this model to compare the time-
averaged voltage and the maximum transfer function of 1D
and 2D SQUID arrays at T = 77 K for different bias cur-
rents. We show that the array partial inductances that do
not belong to the self-inductances are of minor importance
in calculating the maximum transfer function and the over-
all voltage response. Most importantly, we demonstrate
that the voltage response of 1D and 2D SQUID arrays is
approximately proportional to the number of loops or rows
connected in series and that the maximum transfer func-
tion of a 2D SQUID array can be directly related to the
maximum transfer function of a dc SQUID. These scaling
approximations are more accurate at bias currents close to
the optimal one. Furthermore, we compare 2D SQIF arrays
with different SQUID area distributions.

Our paper is structured as follows. In Sec. II, we intro-
duce the mathematical framework of our model for 2D
SQUID and SQIF arrays. We derive the system of coupled
differential equations for the phase differences of the over-
damped JJs of the array, where we include the effects of
the partial inductances of the whole device and the John-
son thermal noise from the JJ resistors. In Sec. III, we
present our simulation results. In Sec. III A, we emphasize
the importance of thermal noise and in Sec. III B we study
the voltage response of 2D SQUID arrays and the effect of
considering the partial inductances of the whole array ver-
sus only considering the self-inductances of the SQUID
loops. In Sec. III C, we investigate the dependence of the
maximum transfer function on the device bias current and
array size, while in Sec. III D we reveal its dependence on
the JJ critical current and the SQUID-loop self-inductance.
In Sec.III E, we show how the maximum transfer function
of a 2D SQUID array is related to that of a dc SQUID. In
Sec. III F, we discuss the voltage-modulation depth of 2D
SQUID arrays. In Sec. III G, we present our findings for
2D SQIF arrays. Finally, in Sec. IV, we give a summary of
our work.

II. MATHEMATICAL MODEL

In Fig. 1, we show a schematic diagram of the 2D
SQUID and SQIF arrays under study, which consist of
SQUIDs connected by sharing JJs along their sides. The
loop areas are identical for SQUID arrays while they differ
for SQIF arrays. We use the notation (Ns, Np) array, which
is an array with Ns JJs in series and Np JJs in parallel.
The (1, 2) array is the common dc SQUID, a 1D parallel
array is a (1, Np) array, and a serial dc-SQUID array is a
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FIG. 1. A diagram of the different currents used in our model
for SQUID and SQIF arrays. The arrows indicate the current
direction used for Kirchhoff’s law analysis. In dark blue, we show
the time-independent bias currents Ib. The green arrows repre-
sent the vertical currents Ik, which have the same direction as the
bias currents. The red arrows depict the horizontal currents Jk

and the orange arrows represent the horizontal currents J f
k flow-

ing along the bottom part of the SQUIDs in the last row. The
black crosses indicate JJs. The applied magnetic field �Ba points
upward, perpendicular to the array as indicated. Np is the number
of JJs connected in parallel per row, while Ns is number of rows.
Finally, Nc = Np − 1 is the number of SQUIDs in parallel (the
number of columns).

(Ns, 2) array. These arrays have Nc = Np − 1 SQUIDs in
each row, a total number of SQUIDs of NSQ = Nc × Ns,
and a total number of JJs of NJJ = Np × Ns. In this study,
we assume a gridlike structure, where the heights of the
SQUIDs in the same row are equal. The same holds for the
widths of the SQUIDs in the same column. In our arrays,
the JJs are located only in the vertical tracks, which is very
different from the so-called JJ arrays, where JJs are also
present along the horizontal tracks [38].

For this study, we assume uniformly biased arrays, i.e.,
there are Np entering and exiting bias leads that carry equal
currents Ib (Fig. 1).

As the SQUID loops are rectangular, it is convenient
to define vertical currents Ik and horizontal currents Jk
(Fig. 1). Assuming identical overdamped JJs (the RSJ
model), we derive the current-phase equation

Ik(t) + I n
k (t) = Ic sin ϕk(t) + �0

2πR
dϕk(t)

dt
, (1)

where t is the time, Ic and R are the critical current and
normal resistance of the JJs, and �0 the flux quantum.
ϕk(t) is the time-dependent gauge-invariant phase differ-
ence across the kth junction and I n

k (t) is the noise current
created by the Johnson thermal noise at the kth junction.

A. Kirchhoff’s law

At each vertex (crossing point between tracks), we can
apply Kirchhoff’s law, which gives

Ik = Jk − Jk−1 + Ib, (2)

I(n−1)Np +k = J(n−1)Nc+k − J(n−1)Nc+(k−1)

+ I(n−2)Np +k, (3)

with 1 < k < Np and 1 < n ≤ Ns. Here, Eq. (2) corre-
sponds to any inside vertex of the top row and Eq. (3)
defines any inside vertex of any other row (i.e. 1 < n ≤
Ns). For the first vertex of each row, we find

I1 = J1 + Ib, (4)

I(n−1)Np +1 = J(n−1)Nc+1 + I(n−2)Np +1. (5)

Equivalently, for the last vertex of each row, we obtain

INp = −JNc + Ib, (6)

InNp = −JnNc + I(n−1)Np . (7)

Using matrix notation, we can combine Eqs. (2)–(7) and
obtain

K̂I �I = K̂J �J + �I b, (8)

�I = K̂−1
I

(
K̂J �J + �I b

)
, (9)

where K̂I is a square matrix with dimensions [NJJ × NJJ]
and K̂J is a matrix with dimensions [NJJ × NSQ]. The
elements of these two matrices are defined as

(K̂I )ij = δi,j − δi−Np ,j , (10)

(K̂J )ij = δi,j − δi−1,j , (11)

where δi,j is the Kronecker delta.
The current vectors are defined as

�I = (I1, I2, . . . , INJJ)
T, (12)

�J = (J1, J2, . . . , JNSQ)T, (13)

�I b = (Ib, Ib, . . . , Ib, 0, . . . , 0)T, (14)

�I f = (Ib, Ib, . . . , Ib)
T, (15)

where the superscript T denotes transposition. Note that �J
does not contain the Jk currents of the bottom horizontal
tracks. The bias-current vector �I b has dimension [NJJ, 1],
with the first Np components equal to Ib and the rest being
zero, and the bias-current vector for the leads exiting from
the bottom of the array �I f has dimension [Np , 1].
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B. Geometric and kinetic inductance

Using the second Ginzburg-Landau equation [39], we
can find a relationship between the phases, fluxes, and cur-
rents of the array. As we only have JJs on the vertical sides
of each loop, we can choose a closed path around each loop
that will connect the total magnetic flux threading each
SQUID with the phases of its two junctions and we obtain

�0

2π
(ϕk+1 − ϕk) = �a

s + �L
s + μ0λ

2
∮

Cs

�j · �dl, (16)

where μ0 is the permeability of vacuum, λ is the London
penetration depth [40] of the material, and �j is the cur-
rent density along the closed anticlockwise path Cs that
encircles the sth SQUID. Here, s = k − (n − 1), where k
is the index of the left JJ in the referred SQUID and n is
the index of its row. In Eq. (16), �a

s is the applied flux
threading the sth SQUID and �L

s is the flux-threading-
loop number s generated by all the currents flowing in
the array (including the leads). The applied magnetic flux
is �a

s = Ba × ax
s × ay

s , with Ba the perpendicular applied
magnetic field (Fig. 1) and ax

s and ay
s the width and height

of the sth SQUID loop, respectively (Fig. 2).
The flux �L

s can be expressed in terms of the partial
geometric inductances (L values) and currents as

�L
s =

NJJ∑
n

Lv
snIn +

NSQ∑
n

LH
snJn +

Nc∑
n

Lhf
sn J f

n

︸ ︷︷ ︸
magnetic flux created by the array tracks

+Ib

Np∑
n

Lb
sn

︸ ︷︷ ︸
magnetic flux created by the bias leads

, (17)

where Lj
sn are the partial-inductance terms, in which the

first subscript, s, defines the SQUID loop where the mag-
netic flux is induced, and the second subscript defines the
current creating that flux. The superscript indicates the dif-
ferent superconductor tracks, i.e., vertical (v), horizontal
(H ), bottom horizontal tracks of the array (hf ), and bias

FIG. 2. A sketch of the sth SQUID in the array. ax
s and ay

s are
the width and height of the sth SQUID loop, w is the track width,
and d is the film thickness. The JJs are represented by thick black
cuts in the vertical-loop tracks.

leads (b), where Lb
sn = Lin

sn + Lout
sn , in which Lin

sn and Lout
sn are

the partial inductances of the top and bottom bias leads.
Because in our case the Pearl penetration depth [41]

� = λ2/d (d is the film thickness) satisfies w/2 � �, the
current density �j is approximately homogeneous across
tracks. Therefore, the last term in Eq. (16) becomes

μ0λ
2
∮

Cs

�j · �dl = μ0�

w
(
ay

s [Ik − Ik+1] + ax
s

[
Js − Js+Nc

])
.

(18)

The terms (μ0�/w)ax
s and (μ0�/w)ay

s are the partial
kinetic inductances of the sth SQUID loop. In order to
simplify the notation, from this point onward, we incor-
porate the partial-kinetic-inductance terms into the partial
geometric self-inductances in Eq. (17).

Writing Eqs. (16) and (17) in matrix notation, we derive

�0

2π
D̂ �ϕ = ��a + L̂v

�I + L̂H �J + L̂hf �J f

+ L̂b�I b, (19)

where �ϕ = (ϕ1, ϕ2, . . . , ϕNJJs)
T and ��a = (�a

1, �a
2, . . . ,

�a
NSQ

)T.

D̂ is a matrix of dimensions [NSQ × NJJ], defined as

D̂ij = δi,j −1 − δi,j . (20)

C. Phase-difference dynamics of the array

To derive a system of coupled differential equations for
the phase differences ϕk that describes the array dynamics,
we need to express Eq. (1) in terms of the time-dependent
phase differences ϕk(t) and time-independent quantities.
To achieve this, we start by writing Eq. (19) in terms of
the horizontal currents Jk.

We note that the current vector �J f (Fig. 1) can be
expressed in terms of �I and �I f as

�J f = N̂ f �I f − N̂ I �I , (21)

where the matrices N̂ f and N̂ I ensure conservation of cur-
rent at the vertices at the bottom part of the array. The
dimensions of N̂ f and N̂ I are [Nc × Np ] and [Nc × NJJ],
respectively, and these matrices are defined as

(
N̂ f

)
ij

=
i∑

k=1

δk,j , (22)

(
N̂ I

)
ij

=
i∑

k=1

δNJJs−Np +k,j . (23)
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Using Eqs. (20)–(23), we rewrite Eq. (19) as

�0

2π
D̂ �ϕ = ��a + L̂V�I + L̂H �J + L̂b�I b + L̂hf N̂ f �I f , (24)

where we define L̂V =
(

L̂v − L̂hf N̂ I

)
.

Finally, using conservation of currents [see Eq. (9)], we
can express the phase-current equation, Eq. (24), in terms
of only the �J currents, which gives

�0

2π
D̂ �ϕ = ��nf + L̂ �J , (25)

where L̂ =
(

L̂VK̂ + L̂H

)
, with K̂ = K̂−1

I K̂J , and ��nf =
��a +

(
L̂VK̂−1

I + L̂b

)
�I b + L̂hf N̂ f �I f are time-independent

quantities.
The next step is to express Eq. (1) in matrix form, i.e.,

�I
Ic

+�in = −−−−−−→
sin (ϕ(τ)) +

−−−→
dϕ(τ)

dτ
, (26)

where
−−→
sin ϕ is a vector with components sin(ϕk), τ = ωc ×

t is the normalized time, in which ωc = 2πRIc/�0 is the
characteristic frequency, and �in = �I n/Ic is the normalized
noise-current vector.

Finally, combining Eqs. (9), (25), and (26), we obtain a
coupled system of first-order nonlinear differential equa-
tions for ϕk(τ ) that describes the time evolution of the
array as

−→
dϕ

dτ
=

[
�in − −−−→

sin(ϕ) + �0

2π Ic
K̂L̂−1D̂ �ϕ + �C

]
, (27)

where �C =
(

K̂−1
I

�I b − K̂L̂−1 ��nf

)
/Ic is a vector with

time-independent components. Equation (27) is the key
equation of our paper.

D. Thermal noise and numerical method

To generate the individual thermal noise at each JJ, we
use the approach used by Tesche and Clarke [6] and Voss
[5]. The normalized noise currents are generated at each
time step using random number generators that follow a
Gaussian distribution, where the mean and mean-square
deviation satisfy

in,k = 0,

i2n,k = 2
/�τ .

Here, 
 is the thermal-noise strength


 = 2πkBT
�0Ic

, (28)

where kB is the Boltzmann constant, T is the device operat-
ing temperature, and �τ is the normalized time step used

when solving Eq. (27) numerically. In this work, we use
T = 77 K and �τ = 0.1.

We solve Eq. (27) using numerical integration; to do
so, we must choose the initial conditions of the JJ phase
differences ϕk(0). We find that a good choice for the ini-
tial condition of the overdamped system of Eq. (27) is
ϕ1+Np (n−1)(0) = 0 for the first JJ of each row n and

ϕk+1(0) = ϕk(0) + 2π�a
s

�0
(29)

within each SQUID, where s is the SQUID index and k =
s + (n − 1). The Euler method and Runge-Kutta fourth-
order method are both tested and give convergent results.
The data presented in this paper have been obtained using
the Euler method, since it is computationally faster.

E. Voltage of 2D arrays

Once Eq. (27) is solved, we can integrate the second
Josephson equation, i.e., Vk(t) = (�0/2π)(∂ϕk(t)/∂t), to
obtain the time-averaged voltage V̄k at the kth JJ. Then, the
normalized time-averaged voltage is v̄k = V̄k/(IcR).

The normalized time-averaged voltage v̄ across the
whole array, between the top and bottom leads, is given by

v̄ =
Ns−1∑
n=0

1
Np

(n+1)Np∑
k=nNp +1

v̄k. (30)

The time-averaged voltages across JJs in the same row are
identical. Averaging over voltages in the same row as in
Eq. (30) improves the numerical accuracy. In this work,
105 time iterations are needed to achieve a voltage numer-
ical error of less than 1%. In case of the transfer function,
which is the derivative of the voltage with respect to the
applied flux, smoother voltage curves are needed in order
to achieve sufficient accuracy. Thus, when calculating the
transfer function, 106 time iterations are used.

III. SIMULATION, RESULTS, AND DISCUSSION

The time-averaged normalized voltage v̄ of a (Ns, Np)

array with uniform bias-current injection depends on the
parameter set {Ns, Np , Ic, L̃, T, Ib, ��a}, where L̃ represents
all the partial inductances. The parameter set is particularly
large for SQIF arrays, where the SQUID loops have dif-
ferent sizes. The operating temperature T is taken as fixed,
while Ib and ��a depend on external sources and can be eas-
ily adjusted. The bias current Ib can be tuned to optimize
the voltage-modulation depth, �v̄ = max(v̄) − min(v̄),
and ��a can be adjusted to find the maximum transfer func-
tion v̄max

φ = max(∂v̄/∂φ) for a given Ib. v̄max
φ can then be

optimized by finding the optimal Ib. If only SQUID-loop
self-inductances are important, the set of parameters for
v̄max

φ of a SQUID array reduces to {Ns, Np , Ic, T, Ls, Ib, �a},
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where Ls is the SQUID-loop self-inductance. In this case,
the alternative set {Ns, Np , βL, 
, ib, φa} can be used, where
βL is the screening parameter, βL = 2LsIc/�0, and ib =
Ib/Ic. Using our partial-inductance matrices, the SQUID-
loop self-inductance is defined as

Ls = 2
(
Lv

11 + LH
11

)
. (31)

In this study, we consider arrays with film thickness d =
0.22 μm, junction width w = 2 μm, London penetration
depth λ = 0.4 μm, and bias lead lengths 100 μm and the
device operating temperature is fixed at T = 77 K. Also,
unless stated otherwise, we use square-SQUID loops ax =
ay = 10 μm and a critical current of Ic = 20 μA as an
example value, which is measured for HTS step-edge junc-
tions [10,33]. These values give βL = 0.7 and 
 = 0.16
[Eq. (28)]. In this paper, we calculate the inductance by
assuming a homogeneous current density across the super-
conducting tracks. For the geometric partial inductances,
we apply the analytical expressions derived by Hoer and
Love [42]. If more accurate inductance calculations are
needed in the case of wider tracks, we can obtain the induc-
tances using finite-element methods such as 3D-MLSI [43]
or FastHenry [44,45] and implement them in our model.

Our model shows excellent agreement with the ana-
lytical formula given by Oppenländer et al. [13] for 1D
SQUID arrays, which is valid in the βL << 1 limit.

A. The importance of thermal noise

Yttrium barium copper oxide (YBCO) step-edge JJs at
T = 77 K have been shown to have a critical current of
Ic = 20 μA [10,33] and thus 
 = 0.16. In our calculations,
we can turn off the effect of the thermal noise by setting

 = 0.

Figure 3(a) compares v̄(φa) curves, where φa = �a/�0,
of a (1, 11)-SQUID array for 
 = 0.16 with curves for 
 =
0 at ib = 0.5, 0.75 and 1. The v̄(φa) of a 1D or 2D SQUID
array is periodic in φa with period 1, as in the case of a
symmetric dc SQUID. For ib < 1, the dashed 
 = 0 curves
show zero-voltage regions, while with thermal noise, the
SQUID array is always in a nonzero-voltage state for ib >

0. In Fig. 3(b), we show the corresponding transfer func-
tion v̄φ(φa) = ∂v̄(φa)/∂φa, which demonstrates that the
inclusion of thermal noise is crucial in obtaining the correct
transfer function. Also, it shows that the normalized bias
current that optimizes the transfer function is smaller than
one. Thus, it is essential to include the effect of thermal
noise when calculating the behavior of 2D SQUID arrays
at 77 K.

B. Voltage versus magnetic flux response of
(Ns, Np )-SQUID arrays

Figure 4 shows the Ns-normalized voltage v̄/Ns ver-
sus φa at 77 K using different ib for four (Ns, Np)-SQUID

(a)

(b)

FIG. 3. (a) The time-averaged voltage v̄ versus φa of a 1D
SQUID array with Np = 11 at three different bias currents ib
and thermal-noise strength 
 = 0 (dashed lines) and at 
 =
0.16 (solid lines). (b) The corresponding transfer function v̄φ

versus φa.

arrays. Figure 4(a) depicts (1, 2) and (10, 2) SQUID arrays,
while Fig. 4(b) shows (1, 11) and (10, 11) SQUID arrays.
The solid curves belong to the short arrays (1D parallel
arrays) with Ns = 1, while the dashed curves are the long
arrays with Ns = 10. Figure 4 reveals the validity of the
scaling approximation

v̄(Ns, Np) ≈ Ns v̄(1, Np). (32)

When comparing the dashed curves with the solid ones in
Fig. 4, we can see that the scaling approximation given
in Eq. (32) holds reasonably well for certain ib and φa; in
particular, for not too small ib and φa values. Equation (32)
holds very well for series arrays of dc SQUIDs and (Ns, 2)

arrays and reasonably well for 2D arrays (Ns, 11) in the
high-ib and -φa regime [Fig. 4(b)]. We discuss the validity
of the scaling approximation in more detail further below.
Comparison of the Np = 2 with the Np = 11 curves shows
that the wider arrays produce sharper voltage dips and thus
the applied flux φ∗

a that maximizes the transfer function is
smaller for the wider arrays.

Figure 5 illustrates the effect of considering the par-
tial inductances of the whole array, labeled as “all partial
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(a)

(b)

FIG. 4. The v̄/Ns versus φa for different bias currents ib at
T = 77 K: (a) (Ns, 2)-SQUID arrays; (b) (Ns, 11)-SQUID arrays.
The solid lines represent 1D arrays (Ns = 1) and the dashed
lines represent 2D arrays with Ns = 10. For these arrays, βL =
0.7, 
 = 0.16.

ind.” (dashed lines), versus the response where only the
self-inductance contributions are considered, labeled “self-
ind.only” (black solid lines). In our case, “self-ind. only”
means that when calculating the flux inside a loop area, we
only take into account the four partial inductances that are
part of that loop. Here, we study (10, Np)-SQUID arrays
with Np = 2 and Np = 11 at three different ib, with βL =
0.7 and 
 = 0.16. Only minor differences are noticeable
for the overall voltage response. Interestingly, Dalichaouch
et al. [36] have claimed that considering the inductance
contributions of the whole array is important in order to
obtain the correct transfer function and voltage response
but their calculations have been done without thermal
noise at 
 = 0.

The relative difference between the voltage-to-flux
response for “self-ind. only” and “all partial ind.” can
become significant for large βL. However, it depends on
the values chosen for the critical current and SQUID-loop
size. For instance, fixing ax = ay = 10 μm and increas-
ing βL by increasing Ic will increase the relative differ-
ence, particularly around the minima of the v̄(φa) curves.
On the other hand, fixing Ic = 20 μA and increasing βL

FIG. 5. v̄/Ns versus φa for (10, Np) arrays with Np = 2 (red)
and Np = 11 (blue). The black solid curves are simulations con-
sidering only self-inductances, labeled “self-ind. only,” while the
dashed curves take into account the partial inductances of the
whole array and are labeled “all partial ind.” For these arrays,
βL = 0.7, 
 = 0.16.

by increasing the SQUID-loop size ax will not show an
increase in the relative difference.

The difference in the voltage-to-flux response between
“self-ind. only” and “all partial ind.” seen in Fig. 5 is
reduced compared to the difference that we would observe
in a model in which the mutual inductances, defined by
circulating loop currents, could be turned on or off.

The computational time needed for our simulations does
not increase significantly when the partial inductances of
the whole array are included and therefore the simulations
presented in this paper consider all the partial inductances
of the array.

C. Maximum transfer-function dependence on the bias
current

In Fig. 6, we show the normalized maximum transfer
function v̄max

φ /Ns = v̄(φ∗
a , ib)/Ns versus the bias current,

ib = Ib/Ic, for six different (Ns, Np)-SQUID arrays oper-
ating at T = 77 K. The solid lines with diamond symbols
correspond to 1D SQUID arrays and the dashed lines with
circles describe 2D SQUID arrays with Ns = 10. The col-
ors describe the number of junctions in parallel of each
array, i.e., red for Np = 2, green for Np = 5, and blue for
Np = 11. From Fig. 6, we can see that an optimal bias
current i∗b exists for each array with i∗b ≈ 0.75. Figure 6
also reveals that while v̄max

φ is obtained at slightly different
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FIG. 6. The normalized maximum transfer function v̄max
φ /Ns

versus the bias current ib at T = 77 K for six different SQUID
arrays, i.e., three 1D arrays (solid lines with diamond symbols)
and three 2D arrays with Ns = 10 (dashed lines with circles). The
colors indicate the number of JJs in parallel: Np = 2 (red), Np =
5 (green), and Np = 11 (blue).

values of φa and ib for different Ns, it satisfies the scaling
approximation [Eq. (32)] within about 20% at bias currents
close to the i∗b value. This can be seen by comparing open
and solid symbols for the same colored curves. For larger
bias currents the maximum transfer functions scale very
well with Ns for all Np studied. Figure 6 further shows
a significant increase of v̄max

φ /Ns from Np = 2 to Np = 5.
This is due to the sharpening of the dip of v̄(φa) with Np ,
which can also be seen in Fig. 4 by comparing the Np = 2
arrays with the Np = 11 ones. This effect has previously
been reported by Oppenländer et al. [13] for uniformly
biased SQIF arrays at T = 0 K. While in Fig. 6 there is
a large difference between Np = 2 and Np = 5, this is not
the case for Np = 5 and Np = 11. The reason for this is
discussed below.

The optimal applied magnetic flux φ∗
a that maximizes

the transfer function ∂v̄/∂φa at ib = 0.75, which is close to
the i∗b of each array, is shown in Fig. 7 as a function of Np
for Ns = 1 and 10. While φ∗

a ≈ 0.25 for a single dc SQUID
and dc SQUIDs in series, φ∗

a drops to φ∗
a ≈ 0.07 for wider

arrays with Np ≥ 5. There is not much difference in φ∗
a for

Ns = 1 and Ns = 10.

D. Maximum transfer-function dependence on critical
current and SQUID self-inductance

In Sec. III B, we see that for these kinds of arrays,
only self-inductance contributions are of importance and

FIG. 7. The applied magnetic flux φ∗
a that maximizes v̄φ ver-

sus Np for (1, Np)-SQUID arrays (solid lines with diamonds) and
(10, Np)-SQUID arrays (dashed lines with circles) at 77 K for the
bias current ib = 0.75, which is near the i∗b value of each array.

therefore either Ls and T together with Ic or βL and 
 can
be used as array parameters.

Figure 8 shows the normalized maximum transfer func-
tion v̄max

φ /Ns versus ib depending on βL and 
 for different
(Ns, Np)-SQUID arrays. The line colors represent the dif-
ferent βL values: in cyan, βL = 0.02; in magenta, βL =
0.18; in red, βL = 0.35; in blue, βL = 0.7; and in green,
βL = 1.4. The solid lines describe 1D arrays, Ns = 1, while
the dashed lines are used for 2D arrays with Ns = 10. Fig-
ures 8(a) and 8(b) illustrate the dependence of v̄max

φ (ib)/Ns
on the SQUID-loop self-inductance Ls for a fixed Ic =
20 μA (
 = 0.16). On the other hand, in Figs. 8(c)–8(f)
we show v̄max

φ /Ns versus ib for arrays with different Ic with
a fixed Ls = 36.6 pH, which corresponds to a SQUID-loop
size of ax = ay = 10 μm. Figures 8(a), 8(c) and 8(e) illus-
trate (Ns, 2)-SQUID arrays, while Figs. 8(b), 8(d), and 8(f)
show (Ns, 11)-SQUID arrays.

By comparing solid and dashed lines, Fig. 8 reveals that
the scaling approximation given in Eq. (32) holds very
well for all the arrays and βL and 
 values shown here,
especially for dc SQUIDs in series (Np = 2). Also, the
approximation holds best for ib ≥ i∗b.

From Figs. 8(a) and 8(b), we can see that v̄max
φ (ib)/Ns

increases with decreasing SQUID-loop self-inductance Ls
and therefore βL. Figures 8(c) and 8(d) show that the max-
imum transfer function v̄max

φ of the (Ns, 2) and (Ns, 11)

arrays initially increases with decreasing Ic. This is because
βL decreases and the effect of thermal noise is still small.
But as Ic decreases further, below the optimal critical
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(a) (b)

(c) (d)

(e) (f)

bL = 0.35, G = 0.32

bL = 0.35, G = 0.32

bL = 1.4, G = 0.08 bL = 1.4, G = 0.08

bL = 0.18, G = 0.65

bL = 0.02, G = 6.46

bL = 0.02, G = 6.46

bL = 0.7, G = 0.16

bL = 0.7, G = 0.16

bL = 0.18, G = 0.65

bL = 0.7, G = 0.16

bL = 0.7, G = 0.16

FIG. 8. The normalized
maximum transfer function
v̄max

φ /Ns versus the bias
current ib at T = 77 K of
1D SQUID arrays (solid
lines) and 2D SQUID arrays
(dashed lines): (a),(c),(e)
(Ns, 2)-SQUID arrays; (b),
(d),(f) (Ns, 11)-SQUID arr-
ays. (a),(b) Arrays with
different SQUID self-
inductances Ls. The JJ crit-
ical current is fixed at Ic =
20 μA (
 = 0.16). In red,
βL = 0.35 (Ls = 18.1 pH);
in blue, βL = 0.7 (Ls =
36.6 pH); and in green,
βL = 1.4 (Ls = 72.5 pH).
(c),(d),(e),(f) Arrays with
different critical currents Ic.
The SQUID self-inductance
is fixed at Ls = 36.6 pH.
In cyan, βL = 0.02, 
 =
6.46 (Ic = 0.5 μA); in
magenta, βL = 0.18, 
 =
0.65 (Ic = 5 μA); in red,
βL = 0.35, 
 = 0.32 (Ic =
10 μA); in blue, βL = 0.7,

 = 0.16 (Ic = 20 μA);
and in green, βL = 1.4,

 = 0.08 (Ic = 40 μA).

current I∗
c , the v̄max

φ starts to decrease, as can be seen in
Figs. 8(e) and 8(f). For Ic ≤ I∗

c , the benefit of a small
βL diminishes as the large thermal-noise strength 
 =
2πkBT/(�0Ic) flattens the flux-to-voltage response curve.
We find, for Ls = 36.6 pH, that the optimal critical current
I∗
c of the (Ns, 2)-SQUID array is I∗

c ≈ 20 μA, which can
be estimated from 
 = βL, while for (Ns, 11), we find that
I∗
c ≈ 2 μA.

E. Maximum transfer-function dependence on Ns, Np ,
and the coupling radius

To better understand the dependence of the maximum
transfer function v̄max

φ on the array dimensions, Ns and
Np , at T = 77 K, we show in Fig. 9 a 3D plot using a
bias current of ib = 0.75, which is close to the optimal

bias current for most arrays. Figure 9 clearly shows that
the maximum transfer function depends linearly on Ns. In
contrast, v̄max

φ initially increases with Np up to N ∗
p ≈ 3.5,

followed by a small decrease and a plateau for larger
Np . N ∗

p does not depend on Ns. This plateauing behavior
has previously been reported for 1D parallel array cal-
culations at T = 0 K by Kornev et al. [27,28] and also
experimentally and theoretically by Mitchell et al. [10].
Kornev et al. [27,28] have explained this behavior using
the concept of a “coupling radius” (or “interaction radius”)
N ∗

p , which arises because the array acts as an RL net-
work, which, depending on its operating frequency, only
allows N ∗

p parallel JJs to couple or interact. According to
Kornev et al. [28], N ∗

p depends on the normalized cou-
pling impedance ωl of the array, which can be expressed
as ωl = πβLv̄(φ∗

a , i∗b).
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FIG. 9. The maximum transfer function v̄max
φ versus Ns and Np

at T = 77 K for a bias current ib = 0.75. The SQUID arrays have
square SQUID loops, i.e., ax = ay = 10 μm (Ls = 36.6 pH),
Ic = 20 μA (βL = 0.7 and 
 = 0.16), and N ∗

p ≈ 3.5, marked
with a magenta circle.

For the optimal transfer function v̄φ(Ns, Np , φ∗
a , i∗b) we

find from our simulations that

v̄φ(Ns, Np , φ∗
a , i∗b) ≈ NsÑp

2
v̄φ(1, 2, φ∗

a , i∗b). (33)

Here, v̄φ(1, 2, φ∗
a , i∗b) is the optimal transfer function of

the dc-SQUID cell and Ñp = Np if Np < N ∗
p and Ñp =

N ∗
p otherwise. N ∗

p is the so-called array coupling radius.
N ∗

p increases with decreasing normalized inductive reac-
tance of the SQUID loop [28]. It is also important to
note that the optimal values φ∗

a and i∗b of a single SQUID
are not the same as the optimal values for an arbitrary
(Ns, Np)-SQUID array. We test numerically the validity of
the scaling behavior of Eq. (33) in the parameter range
0.1 ≤ βL ≤ 2 and 0.03 ≤ 
 ≤ 1 and find Eq. (33) to be
accurate within 25%.

The scaling behavior shown in Eq. (33) can also be seen
in Fig. 8 by comparing the dc SQUIDs [Figs. 8(a), 8(c)
and 8(e)] with the (Ns, 11)-SQUID arrays [Figs. 8(b), 8(d)
and 8(f)].

F. Voltage-modulation depth dependence on bias
current

In Fig. 10, we study the same arrays as in
Fig. 6(a) but in this case, instead of the v̄max

φ we ana-
lyze the normalized voltage-modulation depth �v̄/Ns =
(max(v̄) − min(v̄)) /Ns versus the bias current ib = Ib/Ic
operating at T = 77 K. The solid lines with diamond sym-
bols correspond to 1D SQUID arrays and the dashed lines
with circles describe 2D SQUID arrays with Ns = 10. The

FIG. 10. The normalized voltage-modulation depth �v̄/Ns
versus the bias current ib at T = 77 K for three 1D arrays (solid
lines with diamonds) and three 2D arrays with Ns = 10 (dashed
lines with circles). The colors indicate the number of JJs in
parallel: Np = 2 (red), Np = 5 (green), and Np = 11 (blue).

colors indicate the number of JJs in parallel, i.e., red for
Np = 2, green for Np = 5, and blue for Np = 11. From
Fig. 10, we can see that an optimal bias current i∗b exists
for each array, with i∗b ≈ 0.7 − 0.8. We can further see that
also �v̄ satisfies the scaling approximation in Eq. (32)
very well for Np = 2 and Np = 5. For Np = 11, the scaling
approximation holds within 10% in the region close to i∗b.
The optimal bias current for Np = 11 is slightly different
between the 1D and 2D arrays, being i∗b ≈ 0.7 for the 2D
array and i∗b ≈ 0.75 for the 1D array.

Comparison of Fig. 6(a) with Fig. 10 reveals that the
i∗b values for �v̄/Ns and for v̄max

φ /Ns are very similar
and therefore experimentally we could use the maximum
voltage-modulation depth to obtain the optimal bias cur-
rent of the maximum transfer function.

G. Voltage versus magnetic flux response of
(Ns, Np )-SQIF arrays

For some applications, such as absolute field magne-
tometers [23], the periodicity of the v̄(φa) response of dc
SQUIDs and SQUID arrays is not a desirable feature, since
it does not offer a unique response. For these kind of appli-
cations, SQIF arrays are preferred because the periodicity
with the magnetic flux is broken by introducing a spread
in the SQUID-loop areas of the array. The array structures
considered in our model follow gridlike patterns. This kind
of structure implies that SQUIDs in the same row must
have the same height and SQUIDs in the same column
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must have the same width (see Fig. 1). With these two
restrictions in mind, we can create a SQIF response by
changing the width and/or height of the SQUID loops.

In Fig. 11(a), we show the voltage v̄ versus the averaged
magnetic flux 〈φa〉 = ∑NSQ

s=1 φa
s /NSQ of five different SQIF

arrays at T = 77 K and ib = 1. All these arrays have 11
junctions in parallel (Np = 11) and the colors of the curves
indicate the number of SQUIDs in series, with Ns = 1
(red), Ns = 3 (blue), and Ns = 5 (green). The SQIFs rep-
resented with dashed lines are created by only varying the

(a)

(b)

FIG. 11. The time-averaged voltage v̄ dependence on the aver-
aged normalized applied magnetic flux 〈φa〉 of SQIF arrays with
Np = 11 for different Ns: in red, the 1D SQIF; in blue, the 2D
SQIF with Ns = 3; and in green, the 2D SQIF with Ns = 5.
The dashed lines represent SQIF arrays with only an ax spread,
σ(ax) = 0.3, while the solid lines show 2D SQIFs with spreads
in ax and ay . The SQUID mean sizes are 〈ax〉 = 〈ay〉 = 10 μm,
T = 77 K and the bias current is (a) ib = 1 and (b) ib = 0.7.

width ax of the SQUIDs using random normally distributed
values, with a standard deviation of approximately 30%.
The 2D SQIFs (Ns = 3 and Ns = 5) represented with solid
lines are obtained by adding an approximately 30% spread
in the height ay of the SQUIDs. Figure 11(a) shows that the
SQIFs with spreads in both directions have less prominent
secondary peaks than the SQIFs with spread only in ax.
The modulation depth of the main dip gets slightly reduced
for spreads in both ax and ay .

Figure 11(b) shows v̄ versus 〈φa〉 for ib = 0.7, close
to the optimal i∗b value. We can see that the voltage-
modulation depths of the main dip of the SQIF arrays in
Fig. 11(b) are larger than those of Fig. 11(a), where the
bias current is ib = 1.

In Fig. 11(b), we can see more clearly the effects of con-
sidering loop-area spreads in both ax and ay . By adding
the spread in the loop width of each column and in the
loop height of each row, we achieve a larger spread in
the SQUID-loop areas, which creates stronger destructive
interference.

Instead of generating SQIF arrays using randomly gen-
erated spreads with a given mean value, we could generate
the SQUID loops in a systematic manner. One choice,
which has been used before for 1D SQIF arrays [13], is
to use Gaussian arrays to determine the height of each row
and the width of each column. A systematic method would
further reduce the secondary peaks, since it would ensure
distinct SQUID-loop areas. It also could help to achieve
greater linearity of v̄(φa) around φ∗

a [19].

IV. SUMMARY

In this paper, we present a theoretical model that
describes the behavior of 1D and 2D SQUID and SQIF
arrays for uniform bias-current injection at T = 77 K.
Besides the parameters that characterize a single dc
SQUID, here the number Ns of SQUID rows and the num-
ber Np of JJs in parallel, as well as the inductive coupling
between SQUID loops, become additional parameters. The
largest array size that we study is (Ns, Np) = (10, 11).

Our results show that the inclusion of Johnson ther-
mal noise is paramount for correctly predicting the volt-
age response and the maximum transfer function. By
comparing calculations with only self-inductances against
simulations where the partial inductances of the whole
array are considered, we elucidate the role of the induc-
tive coupling between SQUID loops, revealing that the
response for these kind of arrays is mainly defined by the
self-inductance terms.

Furthermore, our simulations establish the validity of
an approximate scaling behavior for the voltage in the
form v̄(Ns, Np) ≈ Ns v̄(1, Np) for certain bias currents and
applied fluxes [see Eq. (32)]. Such an approximate scal-
ing is also found for the maximum transfer function and is
most accurate for narrow arrays and large bias currents.
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The applied magnetic flux that maximizes the transfer
function is found to decrease with increasing Np .

We demonstrate that the maximum transfer function can
be optimized with a bias current i∗b = 0.7–0.8. The optimal
bias current is shown to depend only weakly on our choice
of the SQUID self-inductance and JJ critical current.

Most importantly, our simulations reveal that the max-
imum transfer function of a 2D SQUID array is propor-
tional to the maximum transfer function of the correspond-
ing dc SQUID and scales with NsNp/2 or NsN ∗

p /2, where
N ∗

p is the so-called coupling radius, as shown in Eq. (33).
Our calculations also show that the bias current that opti-

mizes the maximum transfer function also approximately
optimizes the voltage-modulation depth of 2D SQUID
arrays.

In addition, we study 2D SQIF arrays, where we com-
pare arrays that only have a spread in the SQUID-loop
height with arrays with spreads in both the SQUID-loop
height and width. We show that increasing the spread in
both directions further reduces secondary oscillations in
the voltage response.

Our work offers researchers a theoretical model that can
accurately simulate 1D and 2D SQUID and SQIF arrays
made from HTS materials, as it fully includes thermal
noise. The model could be used in the future to further
deepen our understanding of the complicated parameter
dependence of 2D SQUID and SQIF arrays.
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