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Synthesized three-dimensional space provides us with a platform to explore the intriguing acoustic
valley Hall insulator. In this paper, a rotational degree of freedom is introduced to construct a synthetic
three-dimensional space. Based on simulations, our results show that Weyl points and Fermi arcs and
topologically nontrivial edge modes appear in a synthetic space. Not only rotational operation but also
boundary truncation can modulate the frequencies of nontrivial edge states, which result in two completely
different edge states at the upper and lower boundaries. Using frequencies of edge states protected by
Weyl points, we devise two different acoustic topological rainbow devices. The two devices are able
to trap states with different frequency components at different spatial positions: one device is capable
of capturing low-frequency components at close range, while the other has the ability to confine low-
frequency components at long distances. This work may boost further the development of topological
rainbow devices in a synthetic space related to the acoustic valley Hall insulator.
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I. INTRODUCTION

Rainbow trapping, which refers to the fact that waves
of different frequencies can be captured at different spatial
positions [1-10], has attracted intense attention. Synthetic
space—that is, the combination of physical dimensions
with geometric dimensions to form higher-dimensional
synthetic space—provides us with an avenue to explore
topological phases and the higher than apparent geo-
metrical dimensionality of samples [11-13]. Recently,
Lu, Chan, and coworkers have implemented topologi-
cal rainbow concentrators in an optical system based on
synthetic dimensions [14,15]. The topological rainbow
concentrator collects weak signals and captures light
waves of different frequencies at different spatial loca-
tions.

Moreover, Weyl points (WPs) [16-22], possessing
twofold-linear-degeneracy points in three-dimensional
(3D) momentum space, have numerous special properties,
such as chiral anomaly [23—25] and topological Fermi arc
and edge states [21,22,26,27]. However, the exploration of
Weyl physics in real 3D space is very troublesome. Lately,
researchers have investigated the topological properties of
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WPs in synthetic 3D parameter space, in which the syn-
thetic space is constructed by introducing two additional
structural parametric dimensions plus one physical dimen-
sion [28-31]. It is worth noting that synthetic WPs can
induce topological edge states at the boundary between
a photonic crystal and any reflection substrates [30] or
between sonic crystals (SCs) [29,31] and a rigid wall.
Then, a question naturally arises: can topological edge
states induced by synthetic WPs be used to design the
acoustic topological rainbow concentrator?

In this paper, we report two different topological rain-
bow concentrators based on exploring WPs in 3D synthetic
space that is formed by two physical dimensions with the
addition of a geometric dimension. As is known, in two-
dimensional (2D) triangular-lattice SCs, there are degener-
ate points at K and K’ in the first Brillouin zone [32-41]
and the degeneracies are removed to form a complete band
gap when the scatterers are rotated.

In this synthetic space, we observe synthetic WPs and
synthetic Fermi arcs and the corresponding nontrivial edge
states. In a certain angular range, we find that the frequen-
cies of the nontrivial edge states increase monotonically
with the increase of the rotational angle and thus we can
construct an angular-gradient SC to realize a positive topo-
logical rainbow device, in which the edge states propagate
further and further as the frequencies of the acoustic waves
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decrease. In addition, we also design a negative topological
rainbow device, designed by using a truncated SC, in
which the frequencies of the topological edge states at the
boundary between a truncated SC and the hard walls prop-
agate over shorter and shorter distances as the frequencies
of the edge states decrease in a certain boundary-truncation
range. The robustness of the positive and negative topo-
logical rainbows is verified when the three main types of
defects (cavities, disorder, and bending) are introduced at
the boundaries.

Our work may open up a path for the realization of
topological rainbow devices in acoustic systems and pro-
vide potential applications in concentrating weak signals
and distributing different frequency components of topo-
logical states to different positions along the interface

of the SCs. Throughout our work, the simulations are
performed using the commercial finite-element software
COMSOL MULTIPHYSICS.

II. SYNTHESIZED WEYL POINTS AND THE
CORRESPONDING NONTRIVIAL EDGE STATES

Figure 1(a) shows the designed SC, which is constructed
by arranging a triangular-lattice array of three-legged rods
in an air medium. For this system, the scatterers (blue
regions) are regarded as the rigid body compared with the
air background (gray region). In a unit cell, the lattice con-
stant is @ = 2.0 cm. Each scatterer is a three-legged rod and
its length and width are d = 0.7 cmand 2 = 0.2 x /3 cm,
respectively. A rotational angle is denoted by the angle 6
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FIG. 1. WPs synthesized by 2D triangular-lattice SCs. (a) A 2D triangular-lattice SC made of photosensitive resin (blue regions)
immersed in an air background (gray region). (b) The dispersion relations of the SCs with & = 0° (dashed black lines), 30° (solid red
lines), and —30° (dotted green lines). The solid red and green spheres represent WPs with different chiralities, which are marked as
+1 and —1 in (e), respectively. (c) The Berry curvature of 2D SCs with § = —30° and 30°. (d) A ribbon-shaped supercell composed
of 40 unit cells with & = 10°. (e) The equifrequency contours of the two pink (blue) Fermi arcs connecting to two Weyl points with
distinct chiral charges in the vertical (horizontal) direction in the synthetic space (k,, 6). The positive and negative WPs are labeled as
+1 and —1, respectively. (f) The total-pressure-field distributions of two edge states with the same frequency (7.91 kHz) of the upper
and lower boundaries in the case of 8 = 10°. The two insets in the middle show enlarged views of the upper and lower boundaries and
the red arrows represent the energy flux of the acoustic waves.
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relative to the y axis and the rotational center is the center
of the unit cell (red point). The clockwise (counterclock-
wise) rotation of the scatterer is defined as 6 < 0 (6 > 0).
We choose the mass density and the wave velocity of air
as 1.21 kg/m® and 343 m/s, respectively.

We display the dispersions of the SCs when 6 = 0°
and +£30°, as shown in Fig. 1(b). The solid red and green
spheres represent WPs with different chiralities, which are
marked as +1 and —1. The inset shows the first Bril-
louin zone. The horizontal dashed red line indicates the
frequency of the four Weyl points with the same frequency
(8.51 kHz) in Fig. 1(b). As is known, our 2D system
belongs to the valley SCs [32—41], which must lead to two
degeneracy points at the high-symmetry points K and K /
due to the C3, symmetry, and reduction of the symmetry
forms a complete gap. Even though a pair of linear-
degeneracy points occur at the high-symmetry points K
and K, we only need consider one of the high-symmetry
points owing to the time-reversal symmetry.

Sketches of the Berry curvature of the 2D SCs with
6 = —30° and 30° are shown in Fig. 1(c). We detail the
corresponding process of calculating the Berry curvature
in Sec. A of the Supplemental Material [42,43]. The pro-
jection of the Berry curvature along the 'K direction is
used to judge the topological charge of the WPs. The rota-
tional angle 6 is able to change the dispersion relations of
the triangular-lattice SCs, which can be regarded as a addi-
tional degree of freedom. In our 2D SCs, combining the 2D
Bloch-wave vectors k., k, and the extra structural param-
eter 6, we construct a synthetic 3D parameter space (k,
ky, 6), in which Weyl physics can be studied [26-29]. Dis-
persions of the first two bands and the edge states at the
upper and lower boundaries in the synthetic space (6, k)
and the distribution of the WPs in synthetic space (k, &, 6)
are provided in Sec. B of the Supplemental Material [42].

On the basis of previous work [29-31], we know that
the synthetic WPs always accompany the topological edge
states at the boundary between a truncated SC and a hard
wall. To study the topological properties of the edge states,
we design a supercell with a specific boundary trunca-
tion, including 40 unit cells with 8 = 10°, as depicted
in Fig. 1(d). We choose the cyan line between the cen-
ters of two adjacent unit cells as the upper boundary,
regard the connection of two centers of the side lengths
of the adjacent hexagons (pink line) as the lower bound-
ary, and then consider the position L = 0.54/3 cm as
the starting position of the lower boundary truncation.
The solid cyan and pink horizonal lines mark the upper
and lower boundaries, respectively, the two solid green
vertical lines correspond to the left and right bound-
aries, and then the two horizonal lines and two vertical
lines form a rectangle. The hard boundary conditions are
imposed on the upper and lower boundaries and the peri-
odic boundary conditions are implied on the left and right
boundaries.

By varying the rotational angle 8, we show the equiftre-
quency contours of the four WPs in the synthetic parameter
space (ky, 0), as shown in Fig. 1(e). It is notable that the
two pink (cyan) Fermi arcs at the lower (upper) bound-
ary connect to the two WPs with distinct chiral charges in
the vertical (horizontal) direction. The four WPs share the
same frequency of 8.51 kHz. The rotational-angle depen-
dence of the dispersions of the upper and lower edge states
at k,=2m/3a are shown in Sec. C of the Supplemental
Material [42].

Meanwhile, the corresponding total-pressure-field dis-
tributions are depicted in Fig. 1(f). Through inspecting the
corresponding distributions, we observe that the topologi-
cal edge states include the lower edge states (pink surface,
positive group velocity) at the lower boundary and the
upper edge states (cyan surface, negative group velocity)
at the upper boundary (as shown in Sec. B of the Sup-
plemental Material [42]) and these edge states are tightly
confined around the lower or upper boundaries. We also
demonstrate the robustness of the edge states at the lower
boundary by introducing three types of defects, i.e., cavi-
ties, disorder, and bending, in Sec. D of the Supplemental
Material [42].

III. TWO DISTINCT TOPOLOGICAL RAINBOW
CONCENTRATORS

We now focus mainly on the frequency shifts of the
topological edge states at the lower boundary, which can be
used to design a topological rainbow concentrator. In gen-
eral, the dispersion relations are symmetric with respect to
the line k£, = 0 and thus we only study the left half or right
half of the dispersion relations, as long as the correspond-
ing group velocities are in agreement with the directions of
the incident sounds.

As shown in Fig. 2(a), we design a graded SC, in which
the rotational angles present the monotonic decreases from
25° (the first column, on the far left) to 10° (the 31st
column, on the far right) along the 6 axis. For this gra-
dient SC, the rotational angles decrease when the column
numbers increase gradually and the starting and ending
angles are #; = 25° and 63; = 10°, respectively. The rota-
tional interval A = (03; — 61)/(31 — 1) = —0.5°. Hence
the rotational angle 6 (n) in the nth column can be denoted
asO(n) = AO(n— 1) + 6.

Changing the rotational angle, we find that the edge
states have monotonic changes. Avoiding the edge states
that are too close to be distinguished in the dispersion
relation of the edge states at the lower boundary, we
show an enlargement of the dispersion relation within
[0.8,1] (r/a), as shown in Fig. 2(b). The inset is the dis-
persion relation within [0, 1] (st /a). The horizontal dashed
pink lines indicate the frequency of the four WPs in
Figs. 2(b) and 2(c). We choose seven rotational angles to
display the frequency shifts. At k, = 7 /a, we observe that
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FIG. 2. A topological rainbow concentrator based on rotation. (a) A schematic diagram of the topological rainbow concentrator,
consisting of gradient SCs. The solid yellow lines represent the radiation boundary conditions. The yellow arrow and the blue rectangle
at the far left of the concentrator show the direction and width of the Gaussian beam, respectively. (b) The dispersion relations of the
edge states at the lower boundary. (¢) The normalized intensity distributions along the lower boundary in (a). The blue and gray parts
are the regions of existence and nonexistence of the edge states, respectively. (d) The total-pressure-field distributions of the edge

states corresponding to different frequencies.

the frequencies of the lower edge states increase monoton-
ically as the rotational angles increase. Here, the rotational
angles 0 are chosen as 10°, 13°, 15°, 18°, 20°, 23°, and
25°, respectively. The frequencies of the four Weyl points
(8.51 kHz) at the lower boundary, at k, = 7 /a, are located
at the lower-frequency limit of the edge states and very
close to the bulk band. It is worth noting that the bulk bands
also change in this process. This property of the lower edge
states in the bulk gap plays a key role in devising the topo-
logical rainbow concentrators. Most of the frequencies of
the topological rainbows are related to the acoustic val-
ley Hall insulator and the acoustic valley Chern numbers
of this system are given in Sec. E of the Supplemental
Material [39,42,44-46].

In Fig. 2(c), we show the normalized intensity distri-
butions along the lower boundary within a certain fre-
quency range. The results demonstrate that the acoustic
waves of different frequencies stop at different positions,
as predicted by the solid yellow curves. It is where the
edge states stop propagating that the amplitudes of the

edge states reach their maximum, as shown in Fig. 2(c).
The total-pressure-field distributions around the lower
boundaries are shown in Fig. 2(d), where the six fre-
quencies are selected to show the topological rainbow.
Figure 2(d) shows that the frequencies of the edge states
increase and the propagation distances along the lower
boundary become shorter and shorter with the increase in
frequency. We note that the distributions of the acoustic
pressure field of the edge states in the vertical direc-
tion become narrower and narrower when acoustic waves
propagate through the sample, which indicates that the
localization is more intensive.

Our next objective is to design different rainbow devices
based on the frequency shift of the topological edge
states at the upper boundary, modulated by the bound-
ary truncation. In Fig. 3(a), we design the other gradient
SC, in which the boundary truncations display monotonic
increases from 0 (the first column, on the far left) to
0.34/3 cm (the 31st column, on the far right) along the
number axis #. In fact, the whole rectangle in Fig. 1(d)
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A topological rainbow concentrator based on boundary truncation. (a) A schematic diagram of the topological rainbow

concentrator, which is a gradual SC (the boundary truncation of the scatterers in each column is larger by 0.014/3 ¢cm than those in
the previous column). (b) The dispersion relations of the edge states at the upper boundary. The column numbers # are 1, 6, 11, 16,
21, 26, and 31, respectively. The rotational angles are chosen as 0°: in this case, the concentrator has a maximum width of the bulk
gap. (c¢) The normalized intensity distributions along the upper boundary in (a). The blue and gray parts are the regions of existence
and nonexistence of the edge states, respectively. (d) The total-pressure-field distributions of the edge states corresponding to different

frequencies.

moves downward and then the upper boundary (horizon-
tal cyan line) and lower boundary (horizontal pink line)
simultaneously shift downward.

Here, we construct a gradient SC with 8 = 0°. The
biggest bulk gap appears under these circumstances.
The value of L, which depicts the boundary truncation,
becomes larger when the column numbers increase gradu-
ally. The positions of L and L; overlap and the starting and
termination points of the upper boundaries are at L; = 0
cm and Ly, = 0.3+/3 cm, respectively. The interval of the
boundaries between the two closest columns AL = (L3 —
L1)/(31 — 1) = 0.01+/3 cm. Then, the L, of the nth col-
umn can be written as L, = 0.5v/3 + AL(n — 1), where L,
refers to the distance of the downward movement for the
lower boundary.

In Fig. 3(b), we find that the frequencies of the upper
edge states (the left-half part of the dispersion rela-
tions) shift upward gradually with increasing n (L,). We

choose seven frequencies corresponding to seven trun-
cated boundaries, in order to show the frequency shifts.
At k, = —m/a, we observe that the frequencies of the edge
states at the upper boundaries increase monotonically as
the column numbers increase and in the meantime the bulk
bands remain unchanged. This property plays a role in
designing the topological rainbow concentrator. The WPs
of the upper boundary emerge in the middle of the fre-
quency region of the edge states and the horizontal dashed
red line indicates the frequency (8.51 kHz) of the WPs of
the lower boundary, as shown in Figs. 3(b) and 3(c).

The normalized intensity distributions of the upper edge
states, along the upper boundaries, are shown in Fig. 3(c).
The results are quite the opposite of those in Fig. 2(c). The
acoustic waves of the higher frequencies propagate further
than those of the lower frequencies. It is where the edge
states cease to propagate that the amplitudes of the edge
states reach their maximum, as shown in Fig. 3(c). The
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total-pressure-field distributions around the upper bound-
aries are shown in Fig. 3(d) and six frequencies are selected
to show the topological rainbow concentrator. When the
frequencies increase, the acoustic waves propagate further
and further away. Additionally, we present the case of the
upper (lower) edge states modulated by the rotational angle
(the boundary truncation) in Sec. F of the Supplemental
Material [42]. However, in those cases, the edge states do
not show the monotonic properties and thus cannot be used
to design the rainbow effect.

To experimentally detect the two completely different
topological rainbow effects, we measure the transmission
intensity at the boundaries for the two gradient SCs. In
the experiment, the three-legged rods in the SC are pre-
cisely fabricated via 3D printing and are composed of
epoxy resin. The height of the rods, which are placed
between the cover plate (Plexiglas) and the bottom plate
(epoxy resin), is chosen to be 1.3 cm. In this scenario, the
two-dimensional approximation is applicable. Our experi-
mental setup is immersed in an air background. Acoustic
foam is mounted around the surroundings of the SCs to
minimize the boundary reflections due to the open space.

We measure the sound-transmission intensity along the
specific boundaries for the positive and negative topologi-
cal rainbow concentrators discussed above. First, we mea-
sure the transmission intensity along the lower boundary
of the SC with the gradient distributions of the rotational
angles, as shown in Fig. 4(a). Next, we also measure the
transmission intensity along the upper boundary of the
SC with the gradient distributions of the boundary trunca-
tion. The distributions of the normalized intensity spectra
along the upper boundary for the different frequencies and
boundary truncations are depicted in Fig. 4(b). Acoustic
waves with frequency 7.5 kHz can be captured at the posi-
tion of n = 1, with the shortest distance of propagation. As
the column numbers increase, the propagation distances
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FIG. 4. The experimental observation of the completely differ-
ent topological rainbow concentrators. (a) The normalized inten-
sity distributions along the lower boundary. The light and dark
parts are the regions of existence and nonexistence of the edge
states, respectively. (b) The normalized intensity distributions
along the upper boundary.

become longer and longer. The experimental data repro-
duce the numerical results excellently. Comparing Fig. 2(c)
to Fig. 3(c), these two completely different rainbow effects
are caused by the rotation operation and boundary trunca-
tion. In short, the two devices can concentrate weak signals
and distribute different frequency components of topologi-
cal edge states to different locations along the boundaries,
enabling frequency routing in real space.

We observe that the distributions of the normalized
intensity spectra of the edge states along the lower bound-
ary are wider than those along the upper boundary. The dis-
tinctive behavior of the edge states in the dispersion rela-
tions causes this situation to occur. Comparing Figs. 2(b)
and 3(b), we note that the slopes (dw/dk;) of the edge
states at the lower boundary are always positive in Fig. 2(b)
but those at the upper boundary in Fig. 3(b) are negative at
all times. When wave vector k, is smaller than 0.67(rz /a) in
Fig. 2(b), almost all of the edge states at the lower bound-
ary are within the bulk band. The group velocities (slopes)
of the edge states of the maximum frequency first tend
to almost zero when wave vector k, approaches the right
boundary of the first Brillouin zone. However, when £,
is within [—1,—0.67](r/a) in Fig. 3(b), all of the edge
states are in the band gap and the group velocities of the
edge state of the minimum frequency first tend to almost
zero when £, approaches the left boundary of the first Bril-
louin zone. It is clear that where the acoustic waves stop
spreading is in which the amplitudes of the edge states
reach maximum values, as shown in Figs. 2(c) and 3(c).
The band gap (2.80 kHz) in Fig. 3(b) is wider than that
(0.76 kHz) in Fig. 2(b) and is 3.68 times that shown in
Fig. 2(b). The edge states in Fig. 3(b) are more widely
distributed than those in Fig. 2(b) in 1D reciprocal space.
Consequently, from 1D reciprocal space into 1D real space,
the distributions of the edge states at the lower boundary
in Fig. 2(b) are wider than those at the upper boundary
in Fig. 3(b). On the basis of our simulation test, we also
demonstrate the robustness of the two distinct topological
rainbow concentrators by introducing some perturbations
at the boundaries in Sec. G of the Supplemental Material
[42].

IV. CONCLUSIONS

In summary, synthesized WPs are realized in synthetic
3D space, which leads to the existence of topological edge
states at the upper and lower boundaries. By modulating
the rotation and the boundary truncation, the frequencies of
the edge states can be shifted monotonically. On the basis
of the rotation and boundary truncation, we can design two
completely different types of topological rainbow devices
related to the WPs. These results are demonstrated in sim-
ulations and experiments. This work may provide a plat-
form for exploring acoustic topological rainbow devices
connected to WPs in synthetic parameter space.
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