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We propose a realistic setup, inspired by already existing experiments, within which we develop a gen-
eral formalism for the implementation of distributed quantum gates. Mediated by a quantum link that
establishes a bidirectional quantum channel between distant nodes, our proposal works both for inter- and
intranode communication and handles scenarios ranging from the few to the many modes limit of the
quantum link. We are able to design fast and reliable state transfer protocols in every regime of opera-
tion, which, together with a detailed description of the scattering process, allows us to engineer two sets
of deterministic universal distributed quantum gates: gates whose implementation in quantum networks
does not need entanglement distribution nor measurements. By employing a realistic description of the
physical setup we identify the most relevant imperfections in the quantum links as well as optimal points
of operation with resulting infidelities of 1 − F ≈ 10−2–10−3.
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I. INTRODUCTION

Near-term quantum processors are constrained in size
because of hardware limitations: density of packing, trap-
ping and control lines; cross-talk between qubits; cool-
ing power; etc. A near-term solution to this problem is
the creation of quantum links between quantum proces-
sors [1–3]. Without the ambition and complexity of a
quantum internet [4,5], such coherent channels enable
larger scale distributed quantum computations (DQCs)
[6] and the interconnection of quantum processors with
auxiliary components such as sensors and memories.
Quantum state transfer, introduced by Cirac et al. [7],
is a central idea in the design of coherent quantum
links. It enables the deterministic exchange of quan-
tum information by the controlled emission and perfect
absorption of photons at the extremes of a photonic
link, as demonstrated in the optical [8] and microwave
regimes [1], in a way that is arguably robust against
noise in the link [6,9,10]. Building on this and the
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notion of a photonic link, there have been proposals
and realizations that support entanglement distribution
and two-qubit gates using adiabatic protocols [2,11–15],
photon-mediated couplings [16–20], chiral propagation
[21,22], quantum teleportation [23], and nondeterministic
operations [24–30] (see Ref. [31] and the references
therein).

In this work we address the implementation of photon-
based state transfer [7] and photon-cavity scattering [32] as
primitives for a distributed deterministic quantum toolbox
that works in commercial nonchiral microwave quantum
links (QLs) [1–3]. We numerically demonstrate protocols
that implement both primitives for real waveguides with
diffraction and nonuniform couplings, under very different
limits of length and photon bandwidth—from a continuum
limit, to a situation where only one or few modes partici-
pate. In all cases, we show that the dynamics is very well
approximated by a continuum limit, input-output theory,
which not only provides fast controls—an order of mag-
nitude faster than adiabatic protocols even for short links
[3,15]—but also quantifies the errors due to nonlinear dis-
persion relations, few-mode dynamics and point-scattering
diffraction. Our study provides a unified theoretical frame-
work that can be used to engineer quantum links inside the
same refrigerator [3] as well as long-distance links [1,33].

Using this framework, we can also design two differ-
ent implementations of a universal two-qubit quantum gate
working on quantum processors connected by a quantum
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link. The first implementation is based on quantum state
transfer [6], while the second one combines this prim-
itive with photon-cavity scattering gates [32,34]. Both
gates are fast and bandwidth limited and exhibit very
low near-term infidelities 1 − F ∼ 10−2–10−3. The gates
may thus be used to implement quantum algorithms dis-
tributedly among quantum processors. In this respect, they
represent a more viable near-term alternative than DQC
algorithms based on entanglement distribution and mea-
surements, whose quality will be severely limited by the
poor measurement fidelities in superconducting circuits.
Our results highlight the suitability of pulse-shaping proto-
cols derived from a continuum limit to perform universal
two-qubit quantum gates across a wide range of distances
and parameters, and provide insight on the main limitations
posed by realistic dispersion relations. This protocol is not
typically considered in this few-mode regime and, as we
will show, it outperforms all other methods with which we
compare it.

Finally, it must be remarked that the results in this work
are not constrained to superconducting circuits, but gener-
alize straightforwardly to other quantum optical platforms
with nonideal quantum links. This includes phononic and
hybrid quantum computer designs [22,35–39] and other
microwave photon links [23,40], where our tools can be
used to implement quantum network operations in both
short length quantum buses, as well as longer communi-
cation lines.

This work is organized as follows. In Sec. II we
introduce a general quantum optical Wigner-Weisskopf
model for two quantum processors connected by a generic
bosonic quantum link. The model considers a realis-
tic dispersion relation and frequency-dependent couplings
between the qubits and the link. In Sec. III we use this
model to study the photon-based state transfer [7] between
two processors in this setup. We show how a single control
can operate both in the long-distance and short-distance
limits, explaining the imperfections due to diffraction and
few-mode dynamics. In Sec. IV we discuss the entangling
gate between a traveling photon and a qubit-hosting cav-
ity [32] under conditions of limited photon bandwidth.
Finally, in Sec. V we put this theory to work in particu-
lar applications. We first explain how our results influence
the design of short and long quantum links. Then, in Sec.
V B we propose a protocol for implementing a quantum
gate based purely on state transfer. Finally, Sec. V C intro-
duces a design for a passive two-qubit quantum gate based
on photon emission and reabsorption, and scattering with a
second quantum node. Section VI summarizes our results
and provides an outlook to open questions.

II. SETUP

The contributions in this work aim towards a vision
sketched in Fig. 1(a), in which photonic waveguides of
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FIG. 1. (a) Sketch of a quantum network, where multiple
quantum nodes connected via quantum links (QLs) of differ-
ent lengths allowing for an inter- and intranode bidirectional
exchange of quantum information via photon pulses. (b) Building
block of the physical setup, where two quantum nodes, consist-
ing of a qubit coupled to a resonator, Q1 and R1 and Q2 and R2,
respectively, are connected via a waveguide of length L that acts
as a QL [cf. Eq. (1)].

various sizes interlink both quantum computing nodes as
well as quantum devices within a single node. The build-
ing block in these quantum links [cf. Fig. 1(b) and Refs.
[1,33] ] will be a waveguide that connects cavities in differ-
ent nodes, each one hosting a single qubit. The waveguide
is of length L. It is not chiral and acts as a bidirectional link
between both qubits, which is where the information will
be ultimately stored and used. We model the link with the
Hamiltonian (� = 1)

H = HQL +
∑

j =1,2

[HNj + HNj −QL], (1)

with HNj = δj σ
+
j σ

−
j +�Rj a†

j aj + gj (t)(σ+
j aj + H.c.),

HQL =
∑

m

ωmb†
mbm,

HNj −QL =
∑

m

Gm,j (b†
maj + H.c.).

Each quantum node contains a qubit and a cavity HNj with
a coupling gj (t) that can be tuned for wavepacket engineer-
ing [1,33]. The waveguide HQL hosts a family of modes
with frequencies ωm, which connect both cavities through
a static coupling HNj −QL. The aj and bm are Fock opera-
tors, and we use spin-1/2 Pauli matrices σ+

j = |1〉j 〈0|j for
the qubits.

Our study assumes a standard WR90 rectangular
microwave guide [41], as in the experiment reported
in Ref. [33]. The TE10m mode frequencies ωm =
c
√
(π/l1)2 + (mπ/L)2 depend on the vacuum speed of

light c, the broad wall dimension l1 = 2.286 cm, and
the wavenumber km = mπ/L. The resonator-waveguide

054038-2



UNIVERSAL DETERMINISTIC QUANTUM... PHYS. REV. APPLIED 17, 054038 (2022)

coupling amplitude can be deduced from each cav-
ity’s decay rate κj and the parity of the stationary
modes as Gm,j = (−1)m(j −1)

√
κj vgωm/(2�Rj L). We esti-

mate the group velocity vg = dω(k)/dk around the fre-
quency closest to both cavities ωc = ω(kc) � �R1 = �R2,
which we assume to be identical. We choose a gauge in
which gj , Gm,j ∈ R, and impose a hierarchy of interac-
tions |�Rj − δj | � |�Rj + δj | and |gj |, |κj | � ωm,�Rj , δj ,
which justifies the rotating-wave approximation used in
HNj and HNj −QL.

We choose to work at the X band of the waveg-
uide (8–12 GHz), as is usual in experiments [1,33].
For typical parameters δ1,2,ω1,2 ∼ 2π × 8.4 GHz, κj ∼
MHz, the group velocity of the central mode is vg =
c
√

1 − (πc/aω)2 ≈ 2c/3. A relevant parameter is the free
spectral range (FSR) �ωm = ωm+1 − ωm ∼ MHz, which
depends on L. The interplay between κj and�ω will prove
relevant in later developments.

Since we are interested in operations at cryogenic tem-
peratures, thermal excitations can be neglected. Also, the
protocols we describe use at most one traveling pho-
ton; thus, we study the link using the single-excitation
Wigner-Weisskopf ansatz

|	(t)〉 =
[ ∑

j =1,2

[qj (t)σ+
j + cj (t)a

†
j ] +

∑

m

ψm(t)b†
m

]
|0〉 .

(2)

This normalized state describes an excitation created on
top of the trivial ground state |0〉 of Eq. (1). The ansatz
evolves according to the coupled ordinary differential
equations

iq̇j (t) = δj qj (t)+ gj (t)cj (t), (3)

iċj (t) = �Rj cj (t)+
∑

m

Gm,jψm(t)+ gj (t)qj (t), (4)

iψ̇m(t) = ωmψm(t)+
∑

j =1,2

Gm,j cj (t). (5)

This description is valid for all regimes of operation and all
times. Yet, when photons are shorter than the waveguide,
one may resort to input-output relations that describe the
emission of the photons by the qubit, or the scattering of
photons by the cavities. These are the models supporting
deterministic state transfer [7] and collisional gates [32].

III. QUANTUM STATE TRANSFER

A. Ideal protocol

The deterministic quantum state transfer refers to
the physical exchange of quantum information between

remote qubits according to the operation

(α |0〉1 + β |1〉1)⊗ |0〉2
T−→ |0〉1 ⊗ (α |0〉2 + β |1〉2), (6)

originally proposed in Ref. [7]. As discussed in Ref. [6]
and demonstrated experimentally in Ref. [8], the state
transfer operation can be mediated by a single photon.
In this protocol, the possible excitation |1〉1 of qubit Q1
is transferred to a propagating photon that is perfectly
absorbed by cavity R2 and qubit Q2. To engineer this per-
fect absorption, the couplings g1(t) and g2(t) are modulated
in time, creating a time-reversal symmetric wavepacket
that is emitted by Q1-R1 and absorbed by R2-Q2 with near
to 100% probability.

In the literature, the derivation of this protocol relies on a
formalism that does not take into account the length of the
waveguide, because the photon is much shorter. Alterna-
tively, this is a limit in which the bandwidth of the photon
is broader than the free spectral range �ωm, and we can
apply a continuous limit, input-output theory to describe
the generation and absorption of the photon. However, in
the following sections we provide evidence that perfect
state transfer also works in the limit of very short quan-
tum links, even when few discrete modes participate in the
dynamics, without any relevant changes in the controls or
the dynamics.

When we derive the state transfer in the usual way
[7], the coupling g1(t) determines the shape of the emit-
ted photon. The coupling g2(t) is designed to cancel the
probability that the photon is reflected, which makes this
control the time-reversed variant of g1(t). In this work
we follow the standard controls that shape the photon
with a sech profile |ξ〉 = ∫

dωf (ω)b†
ω |0〉 with f (ω) =√

π/(2κ̃)sech[π(ω − ωc)/κ̃]. These photons maximize the
frequency bandwidth provided by the cavity κ̃ ≤ κ1. They
have a temporal width σt = π/(

√
3κ̃) and are generated by

the qubit-resonator coupling g1(t) = g(t + td/2; κ̃ , κ1) (cf.
Appendix A),

g(t; κ̃ , κ) = κ − κ̃ tanh(κ̃t/2)

2
√
(1 + e−κ̃t)κ/κ̃ − 1

, (7)

which we center around t = −td/2. Under ideal condi-
tions, the photon is perfectly absorbed by the second
resonator R2 when g2(t) = g(−t + td/2; κ̃ , κ2) and κ̃ ≤ κ2.
Note that to implement the protocol as fast as possible, we
have selected the maximum value of the qubit-resonator
coupling max{g1,2} = κ1,2/2. This makes the long photon
and few-mode limits equivalent. The delay between con-
trols is adjusted to match the propagation time of light
between cavities td = tp ≡ L/vg , and the whole proto-
col runs over a time t ∈ [−T, T] long enough to prevent
significant truncations of the sech-pulse control—in our
case, g1(−T), g2(T) � 2π × 10−5 MHz. To ensure this, we
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make the duration dependent on the intrinsic timescale of
the problem by means of 2T = tp + 10/κ̃ . As we show
later, such small initial values for the couplings are indeed
not required to reach high fidelities.

It is worth mentioning that the control (7) may com-
pensate asymmetries in the cavity properties κ2 �= κ1 in
a straightforward manner. In addition, one may generate
photons with a bandwidth reduced by a factor η = κ1/κ̃ ≥
1. As we discuss later, this is relevant since narrower pho-
tons are less prone to imperfections. However, since such
narrow photons demand an η times longer protocol, there
is a trade-off between imperfections and decoherence. In
addition, it is worth noting that a limited bandwidth with
typical values (i.e., a few hundred megahertz) does not
introduce a significant distortion of the control g(t) (see
Appendix B for details).

B. Experimental limitations and imperfections

A careful study of this process in a superconducting
architecture reveals two important effects. The first one
is the appearance of Lamb shifts [42], caused by (i) the
nonuniform coupling between the cavity and the waveg-
uide Gm,j ∝ √

ωm, and (ii) the curvature in the dispersion
relation (cf. Sec. II). Because of this, the qubit interacts
with a dressed resonator of frequency �Rj + λj , which is
the measurable resonator frequency. Theoretically, this can
be compensated by detuning the qubit by a similar amount
δ̃j = δj + λj to achieve a resonant condition between the
qubit and resonator. As an example, we numerically find
λ1,2 = −0.0116κ for a waveguide of L = 30 m. We have
also checked analytically, following Refs. [42,43], that
there are no relevant cutoff effects and that the Lamb
shifts do not diverge in any of the situations considered
throughout this article. Moreover, this does not constitute
a problem in real experiments since the frequency that gets
detected is the one with the shift included.

The second effect is the distortion of the wavepacket
caused by the waveguide’s nonlinear dispersion relation,
which reduces the probability of absorption by the sec-
ond node. We quantify this distortion by the overlap |z|2 =
|〈ξ̃ (tp)|ξ(tp)〉|2 between the distorted photon |ξ(tp)〉 that
has propagated a time tp in the real waveguide, and the
ideal photon |ξ̃ (tp)〉 that would have experienced a similar
dynamic in a waveguide with a linear dispersion relation.
This leads to (cf. Appendix C)

|z|2 =
∣∣∣∣
∫

dω|f (ω)|2e−itp (ω−ωc)2D/(2v2
g)

∣∣∣∣
2

≈ 1 − L2D2κ4

180v6
gη

4 , (8)

where we have introduced the curvature of the dispersion
relation D = d2ω(k)/dk2 at the central frequency ωc (in

our case D ≈ 106 m2/s for the standard WR90 waveguide
used in Ref. [33]). This formula quantifies the distortion
suffered by the photon and also the reduction in the proba-
bility of state transfer. Note how it scales with the photon
bandwidth 1 − |z|2 ∝ κ4/η4 (see Appendix C for further
details), indicating that narrow photons cannot “see” the
curvature of the waveguide’s dispersion relation.

In addition, the main source of decoherence in these sys-
tems stems from the qubit decay given by T1. In order to
quantify this effect, we compute the time during which the
qubits are populated, namely, τ = ∫

dt[|q1(t)|2 + |q2(t)|2],
integrated over the whole protocol duration. In this man-
ner, the fidelity is reduced by a factor e−τ/T1 .

C. Realistic simulations

We have simulated the complete state transfer protocol
T , using model (1) with a converged number of modes,
starting from q1(−T) = 1 and characterizing the trans-
fer efficiency of the protocol by the population of the
second qubit |q2(T)|2 at the end of the numerical simula-
tion. Figure 2(b) shows the efficiency as a function of the
bandwidth of the cavity κ = κ1,2 for different waveguide
lengths, L = 1, 5, and 30 m, focusing on photons with the
maximum bandwidth κ̃ = κ , but also including narrowed
photons κ̃ = κ/4 (η = 4) for the 30 m case.

When the temporal spread of the photon σt is smaller
than the propagation time tp , i.e., for κ/η � 2πvg/(

√
3L),

the photon fits completely within the QL. In this short-
photon limit the transfer efficiency is limited by the diffrac-
tion along the waveguide |q2(T)|2 ≈ |z|2 [cf. Eq. (8)].
Since this value decreases rapidly with η, choosing nar-
rower photons κ̃ < κ (η > 1) reduces the infidelity by a
factor η−4, while slowing down the transfer and increasing
the protocol duration 2T by a factor η [cf. Fig. 2(b)].

In the long-photon limit κ/η � 2πvg/(
√

3L), the
wavepacket is never fully contained within the waveguide
and the input-output theory that justifies the control (7) is
no longer valid. In this limit, the notion of photon propa-
gation disappears and the dynamics is described by a few
dressed photonic modes (cf. Appendix D). Indeed, this
regime has typically been considered unsuited for pulse-
shaping protocols since the photon only populates one (or
very few) of the waveguide modes.

Contrary to this common belief, we have found excellent
results for the quantum state transfer even in the long-
photon limit, without any change in the controls g1,2(t)
[cf. Eq. (7)]. Using these controls, there is a limit to the
state transfer efficiency that we attribute to Stark shifts
that hinder a perfect emission and absorption of the exci-
tation (cf. Appendix D). This model predicts an infidelity
1 − |q2(T)|2 ∼ κ2/η2 that does not depend on the waveg-
uide length, as confirmed by the dotted line in Fig. 2(b) for
η = 1 and L = 30, 5, 1 m. Finally, it is worth noting that,
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(a)

(b)

(c)
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FIG. 2. (a) Schematic illustration of the quantum state trans-
fer protocol: by applying the controls g1,2(t) one can transfer
the excitation from Q1 to Q2 via a photon propagating through
the QL that distorts it, and, thus, |q2(T)|2 ≈ 1 at the end of the
protocol. Panel (b) shows the quantum state transfer efficiency
1 − |q2(T)|2 as a function of κ for three different QL lengths
(L = 30, 5, and 1 m), and distinct photon bandwidths, η = 1
and η = 4. The dash-dot lines correspond to the limit imposed
by diffraction (short-photon limit); cf. Eq. (8). The dotted lines
represent the length-independent limit (long-photon limit). The
crossover between these regimes takes place when 2σt ≈ tp , i.e.,
κ/η ≈ 2πvg/(

√
3L). Panel (c) shows the impact in quantum state

transfer efficiency when the resonant condition is not met, that
is,�R1 = �R2 = ωc (resonant) versus�R1,R2 = ωc +�ωc/2 (off
resonant), i.e., R1 and R2 lie in between two TE10m modes. Panel
(d) shows the impact that a truncation of the control g(t) has
on the quantum state transfer efficiency for κ = 2π × 90, 18, 3
MHz and L = 1, 5, 30 m, respectively [same style as in (b)].
This indicates that the diffraction limit can already be reached
with g1(−T) ≈ 2π × 10−3 or 10−1 MHz, depending on the
parameters.

owing to the nature of this regime and due to the small val-
ues obtained for 1 − |q2(T)|2, the transfer efficiency is very
sensitive to the resonant condition between R1, R2, and the
closest mode of the waveguide �R1 = �R2 = ωc. Indeed,
as shown in Fig. 2(c), when the cavities do not fulfill this
relation, the protocol saturates at much higher infidelity.

In addition, we investigate the role that the truncation of
the sech pulse plays in the resulting quantum state trans-
fer efficiency. For that, we decrease the protocol duration
time 2T such that g1(−T) increases from 2π × 10−5 MHz
to a few megahertz. As shown in Fig. 2(d), we find that

below a certain value for g1(−T) the quantum state trans-
fer efficiency saturates to the diffraction limit. This clearly
indicates that the condition g1(−T) � 2π × 10−5 MHz
can be lifted, and that the experimentally reported values in
the range 10−2–10−1 MHz [33] may be sufficient to reach
high-fidelity quantum operations.

D. Comparison with adiabatic and direct-SWAP
protocols

The excellent performance of the pulse-shaping method
in the long-photon limit can be compared with a
state-of-the-art adiabatic STIRAP-like protocol used in
previous works [2,3,15] and with a direct-SWAP gate,
as reported in Ref. [16]. The STIRAP-like technique
mimics the methods known from atomic physics to
transfer excitations between � configuration atoms [44].
Such adiabatic protocols may be implemented by g1(t) =
g0 sin[(t + T)π/(4T)] and g2(t) = g0 cos[(t + T)π/(4T)],
with g1(−T) = 0 and g2(−T) = g0, as done in Ref. [3].
This achieves perfect state transfer from Q1 to Q2 in the
adiabatic limit T � 1/g0. In contrast, a direct-SWAP gate
consists of an always-on and constant coupling g1,2 = g
that approximately realizes a quantum state transfer in a
time gt ≈ π [16].

Following Ref. [3] we choose the resonators decay κ =
κ1,2 = �ωc and g0 = κ/5.26 (this value of g0 is imposed
by the adiabatic condition; see the supplemental material
of Ref. [3]), and compare our results obtained under Eq. (7)
with those using a STIRAP-like protocol as the time of the
protocol increases [cf. Fig. 3(a)]. As expected, the pulse-
shaping efficiency saturates to a certain value due to the
distortion of the wavepacket [cf. Eq. (8)], yet this value is
reached for protocol speeds that are 2 orders of magnitude
shorter than STIRAP-like ones. For comparison, we also
include in Fig. 3(a) the results of a direct-SWAP protocol,
where we scan different values of g and find the optimal
protocol time that maximizes the quantum state transfer.
Yet, while pulse-shaping and STIRAP protocols are robust
against time variations, the efficiency of a direct-SWAP pro-
tocol is very sensitive to deviations from the optimal time
and still does not offer an improvement over pulse shaping.
See Appendix E for more details regarding the direct-SWAP
protocol and an improved STIRAP-like protocol.

This difference is very relevant when we consider imper-
fections. Indeed, even though the STIRAP protocol is not
affected by diffraction and approaches perfect transfer for
long enough controls, the fact that the protocol is much
slower means that it will be more sensitive to decoherence.
As an example, Fig. 3(b) considers a realistic protocol
with all imperfections and a finite qubit lifetime T1 =
11.5 μs, comparable to that in state-of-the-art experiments
[3]. When decoherence is taken into account, the order
of magnitude difference in the protocol duration translates
into more than an order of magnitude improvement in the
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FIG. 3. (a) Comparison of the quantum state transfer efficiency
1 − |q2(T)|2 as a function of the protocol duration for the direct-
SWAP, STIRAP-like, and pulse-shaping protocols following Eq.
(7), for L = 1, 5, 30 m and �ωc ≈ κ = 2π × 90, 18, 3 MHz,
respectively. The horizontal dotted lines correspond to the effi-
ciency limit posed by the wavepacket distortion [cf. Eq. (8)], to
which the pulse shaping saturates. (b) State transfer efficiency for
the same three protocols but including a finite coherence time of
the qubits of T1 = 11.5 μs, following Ref. [3]. The decoherence
has been introduced according to 1 − |q2(T)|2e−τ/T1 .

protocol fidelity. In addition, although a direct-SWAP proto-
col can reach higher fidelities than the STIRAP protocol in
faster times, it still does not improve the resulting fidelity
of pulse shaping and it becomes sensitive to deviations
from an optimal operation time; cf. Appendix E.

IV. PHOTON PHASE VIA SCATTERING

In addition to state transfer, the second important prim-
itive that has been introduced for creating photonic net-
works is the photon-qubit entangling operation by Duan
and Kimble [32]. In this protocol, a propagating photon
is reflected by a cavity whose frequency depends on the
state of an off-resonantly coupled qubit. The reflected pho-
ton carries a phase that can be used to implement different
protocols, as explained in Sec. V C.

The setup for the scattering phase is shown in Fig. 4(a).
A single photon is created by qubit Q1 in the first node.
This photon propagates and interacts with the second cav-
ity R2, where it enters and exits without distortion, only
acquiring a phase shift. We first analyze this phase in the
limit of very long wavepackets or quasimonochromatic
photons, as a function of the photon-cavity detuning.

A. Quasimonochromatic scattering

According to the standard input-output formalism [45],
the output field scattered by resonator R2 with frequency
�R2 experiences a linear transformation bout = eiφscatt(ω)bin

that preserves the population of each mode and only
imprints a frequency-dependent phase

eiφscatt(ω) = i(ω −�R2)+ κ2/2
i(ω −�R2)− κ2/2

. (9)

Here, ω and κ are the frequency of the incident photon and
decay rate of R2, respectively, and the relation is derived
in the infinite waveguide limit.

We have numerically verified that in our setup this rela-
tion holds for each of the discrete modes ωm of the QL.

(a)

(b)

(c)

FIG. 4. (a) Schematic illustration of the photon scattering pro-
cess, where the photon interacts with R2, which results in a phase
φscatt(�R2) imprinted on the photon. (b) Phase gained by each
mode of frequency ωm of the QL after a scattering process with
R2 with frequency �R2 and decay rate κ2. The phase for each
of the discrete modes (points) of a QL with L = 30, 15, and
5 m with κ2/2π = 20, 25, and 80 MHz, respectively, closely
follows the theoretical expression (9) for any L and κ2. Note
that the spacing between the points is given by the free spec-
tral range of the QL. Panel (c) shows the distortion of a realistic
wavepacket due to the phase profile φscatt(ω) as well as due to
the residual population that remains in R2 (dotted lines) for dif-
ferent lengths as in (b) but with κ = 2π × 100 MHz. Solid lines
corresponds to the numerical simulation compared to the ideal
photon after scattering |z|2 = |〈ξ̃ (T) |ψ(T)〉 |2, while the dash-
dot lines have been obtained using the theoretical expression (9),
|z|2 = |〈ξ̃ (T) |ξ(T)〉 |2. Note that, for η � 10, 1 − |z|2 ∼ η−4, as
predicted by Eq. (10), while QLs with larger length L are more
prone to distortion due to propagation (cf. Sec. III). For η � 1,
one enters the long-photon limit where the photon does not fit
within the QL and residual populations remain (see the main text
for further details).
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For that, we prepared monochromatic photons b†
ω |0〉 while

keeping the Q1-R1 coupling switched off, and verified after
a long enough interaction time T > tp that these photons
remain in the original mode, only acquiring a phase shift
eiφtotb†

ω |0〉. Such phase being a sum φtot = −ωt + φscat(ω)

of the mode’s free evolution ∝ ωt and the scattering
term (9).

Figure 4(b) shows the scattering phase experienced by
each of the modes in waveguides from L = 5 m up to 30 m,
once we subtracted the part due to free evolution ωt. The
phase profile matches the theoretical expression (9) to a
very good approximation, regardless of the length L of the
link and of the decay rate κ2 of the second resonator. As in
the state transfer situation, this is a validation of the input-
output theory in regimes where it is not expected to hold.

B. Finite width wavepackets

Despite the agreement of φtot(ω) with the theoretical
model, the total phase experienced is the sum of two con-
tributions—the phase accounting for propagation and the
scattering phase—which are not linear in the quasimomen-
tum of the photon. Indeed, as we now see, the curvature of
the scattering phase in Fig. 4(b) has a similar effect to the
diffraction of the photon studied in Sec. III.

Let us consider the distortion of a generic pho-
ton, created by the first node using the control
(7), that is, |ξ(t = 0)〉 = ∫

f (ω)b†
ω |0〉 dω with f (ω) =√

π/(2κ̃)sech[π(ω − ωc)/κ̃] and κ1,2 = κ . After a suf-
ficiently long time T > tp , the complete photon is
scattered by the second resonator R2, which becomes
empty. Following our previous theory, the output pho-
ton acquires a frequency-dependent phase shift |ξ(T)〉 =∫

f (ω)e−iTωeiφscatt(ω)b†
ω |0〉 dω. As explained before, the

free evolution eiTω already causes the diffraction of the
photon along the waveguide. We now analyze the second
phase to understand its effect.

For narrow resonant wavepackets centered around fre-
quency ωc, we can expand φscatt(ω) up to second order
in (ω − ωc), so that φscatt(ω) ≈ φscatt(ωc)+ φ′(ωc)(ω −
ωc)+ φ′′(ωc)(ω − ωc)

2/2. The zeroth order accounts for
the average phase experienced by the photon in the limit of
near-zero bandwidth. The first order φ′

scatt(ω) = 4κ/[κ2 +
4(�R2 − ω)2] can be interpreted as a delay caused by the
absorption and reemission of the photon in R2. Hence, a
round trip of the scattered photon takes time T = 2tp +
φ′(ωc) with tp the propagation time tp = L/vg . Finally, the
quadratic term accounts for the curvature of the phase pro-
file, and will be responsible for photon distortion at leading
order, φ′′

scatt(ω) = 32κ(�R2 − ω)/[κ2 + 4(�R2 − ω)2]2.
The real scattered photon |ξ(T)〉 can be compared with

an ideal photon |ξ̃ (T)〉 that experiences no distortion, is
only delayed, and acquires an average scattering phase
φ̄scat � φscat(ωc). We can quantify the fidelity of the pro-
cess by analyzing the overlap between both wavepackets,

in a formula that includes the curvate of the phase profile
and propagation through the waveguide (cf. Appendix C),

|z|2 = |〈ξ̃ (T)|ξ(T)〉|2

=
∣∣∣∣
∫

dω |f (ω)|2ei(φ′′
scatt(ωc)−TD/v2

g)(ω−ωc)2/2
∣∣∣∣
2

≈ 1 − κ4

45η4

(
φ′′

scatt(ωc)

2
− TD

2v2
g

)2

, (10)

and by also studying how the resulting phase of the scat-
tered photon deviates from the prediction (cf. Appendix C).

We have compared our theoretical predictions with an
exact numerical simulation of the scattering dynamics for
a given frequency of the resonator. Below, in Sec. V C,
this will be controlled by the state of the qubit, but for
now, we arbitrarily set ωc −�R2 = κ(1/2 + 1/

√
2) so that

the resulting phase gained by the photon upon scatter-
ing is φscatt(ωc) = −π/4 [cf. Fig. 4(b)], while φ′′

scatt(ωc) =
2(1 − √

2)/κ2.
We compute |z|2 in two different ways in order to com-

pare our analytical second-order perturbation theory with
the simulation. First, we calculate the overlap between the
ideal nondistorted wavepacket |ξ̃ (T)〉 and the numerically
simulated one |ψ(T)〉 = e−iT(HQL+HN2−QL) |ψ(0)〉, where
|ψ(0)〉 denotes the initial photon in the QL and empty R2
(c2(0) = 0). Second, we take the same nondistorted |ξ̃ (T)〉
and project it onto the theoretically predicted one, |ξ(T)〉 =∑

m e−iTωmeiφscatt(ωm)f (ωm)b
†
m |0〉, with φscatt(ω) given by

Eq. (9).
As we illustrate in Fig. 4(c), in order to achieve a low

distortion and good matching of the scattering phase, the
scattered photons must have a bandwidth κ̃ that is narrower
than κ2 of the second resonator. In this limit, the infideli-
ties follow closely the theoretical predictions and decrease
monotonically with the factor η = κ2/κ̃ , up to a minimum
bandwidth that depends on the length L of the waveguide.

At this point, the infidelity begins to grow again due to
the transition to the long-photon limit. More precisely, as
η increases beyond this point, the photon gains a larger
temporal width σt = πη/(

√
3κ), which becomes longer

than the propagation time between nodes σt � tp . In this
limit the photon no longer fits within the waveguide and
the dynamics changes radically, because resonator R2 is
not capable of becoming completely empty, and acquires
a residual population even long after the collision T =
2tp + φscatt(ωc). This residual population accounts for a
rapid decrease in the norm of the scattered wavepacket and
the associated growth of the infidelity.

Summing up, the interaction between a propagating
photon created by a node Q1-R1 and a second resonator R2
at a different node is very well described by input-output
theory. Unlike the original proposal [32], we have found
that it is very important to consider the shape and duration
of the wavepacket and the separation between the nodes. In
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practical applications the long-photon limit will be of little
practical relevance, because we will need photons of inter-
mediate size (σt � tp ), where we can physically distinguish
the stages of photon emission and scattering, from the reab-
sorption of the photon by the Q1-R1 node (cf. Sec. V C).

V. APPLICATIONS

A. Quantum links

Quantum links have been put forward as a means to
distribute quantum information and implement quantum
protocols among separate quantum nodes. According to
what we have seen in Sec. III, the same pulse-shaping pro-
tocols can be used to implement realistic quantum links of
almost any size, as intra- or internode quantum links, with
fidelities that are very competitive even if one accounts for
diffraction-induced errors. In particular, as we have seen,
quantum links may be created using commercial waveg-
uides, without circulators [33], and with faster rates than
in adiabatic protocols [3].

Based on this, we could take the state transfer primitive
as discussed in this work and use it to build a distributed
quantum computing toolbox. As is usual in the literature,
operations in this toolbox would require four steps: (i)
creating entangling pairs in different nodes, (ii) distribut-
ing this entanglement with state transfer, (iii) distilling
this entanglement if the quality is insufficient, (iv) imple-
menting quantum operations via quantum teleportation or
similar protocols.

This scheme is not very well suited for practical appli-
cation in current superconducting architectures, because
the implementation of the gates requires measurements
and classical communications between separate nodes. The
measurement introduces important errors, of about 1% in
the fidelity and even greater if we consider the distortion of
the postmeasurement state. The classical communication
requires sophisticated synchronization and slows down
the gate, increasing the probability that it is affected by
decoherence.

Motivated by this, we now introduce two alternative
implementations of a truly distributed quantum gate among
nodes connected by a quantum link. The first approach
replaces the teleportation-based protocol—with one round
of quantum transfer and one of classical communica-
tion—with a protocol where the bidirectional communica-
tion is fully quantum. The second approach is a passive
protocol, which does not require synchronization between
the nodes, where the gate is implemented by means of
scattering.

B. Quantum gate transfer

The quantum gate transfer is a protocol that uses state
transfer to distribute a quantum operation, much like we

would distribute an entangled state. The gate transfer

U1,3 ⊗ 12 := T †
1,2U2,3T1,2 (11)

consists of two state transfer protocols with oppo-
site directions—T1,2 from Eq. (6) and its inverse
T2,1—surrounding a two-qubit gate U2,3 that takes place
between qubits Q2 and Q3 in the second node [cf.
Fig. 5(a)].

Qualitatively, the second state transfer protocol replaces
the classical communication that would be required for a
quantum teleportation-based gate. Even though this com-
munication happens at a fraction of the speed of light,
2c/3, the concatenated operation may perform better than
the quantum-classical protocol. This is true, in particular
for platforms such as superconducting circuits, where a
state transfer can be implemented with high fidelity while
the overhead for quantum state distillation is large.

We can lower bound the fidelity of the gate transfer

F = [Fst exp(−τ/T1)]2 F2,3, (12)

based on the fidelity F2,3 of the operation in a single node
U2,3, the fidelity of a single step of state transfer Fst =
|q2(T)|2, the single qubit decoherence time T1 (or any other
decoherence rates that can be accounted for, such as non-
radiative decay), and where τ is the time during which

Q1 R1 R2 Q2 Q3QL

(a)

(b)

(c)

FIG. 5. (a) Schematic illustration of a quantum gate transfer
between Q1 and Q3, as given in Eq. (11), that involves two state
transfer operations and a two-qubit gate U2,3 on qubits within the
same node. (b) Duration of the gate transfer protocol t = 2 × 2T,
assuming that the local gate implemented at the second node is
instantaneous, for three different waveguide lengths with η = 1
(omitted in the legend) and one case with L = 30 m and η = 4.
For small κ , the propagation time is negligible, and the limita-
tion comes from the time-dependent control g(t) and all lines
with η = 1 overlap. (c) Fidelity of the process for the same set of
parameters, where a trade-off between protocol duration and dis-
tortion of the wave packet is observed, especially in the L = 30
m, η = 1 case.
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the qubits are populated in one quantum state transfer (cf.
Sec. III B).

We can analyze this estimate, ignoring the constant
factor F2,3, and using the values of Fst and T from the simu-
lations in Sec. III. As shown in Fig. 5(b), the quantum gate
transfer has an optimal operation point that is a compro-
mise between distortion errors and decoherence induced
by the protocol duration. We find realistic scenarios with
competitive gate fidelities 1 − F ∼ 10−2–10−3, especially
for the short waveguides that would be required to connect
nearby fridges, or chips within the same fridge. It is worth
recalling that the protocols that we have employed allow
for a faster control than adiabatic transfer of population, as
was made explicit in Sec. III (cf. Fig. 3).

We can further optimize the fidelity of the gate transfer
by reducing the protocol duration 2T. The data shown in
Figs. 5(b) and 5(c) were obtained by imposing that each
point saturates to the distortion by propagation limit. As
already commented, this is a requirement that might be too
restrictive for real-world applications. As an example to
illustrate this fact, we have optimized the protocol duration
for the specific set of parameters L = 30 m, κ = 2π × 3
MHz, T1 = 100 μs and have obtained a combined gate
fidelity of Fg ≈ 10−2, a fivefold improvement with respect
to the results with a naive choice of 2T.

C. Controlled-phase gate

The gate transfer operation requires perfect synchroniza-
tion between the emitting and absorbing nodes during state
transfer. We can engineer a simpler gate, in which only
the first node Q1-R1 emits and reabsorbs a photon that
gets entangled with the second node, using the photon-
cavity scattering phases from Ref. [32] and Sec. IV. In
this protocol only the first node requires an explicit control,
and the second node only enters as a resonance frequency
�R2 + χσ z

2 whose location shifts depending on the state of
the second qubit [Q2 in Fig. 6(a)].

Qualitatively, we map the state of qubit Q1 to
the absence or the presence of traveling photon |ξin〉.
This photon travels through the link and is scattered
by the second node, acquiring a qubit-dependent scat-
tering phase |ξin〉 (α |0〉2 + β |1〉2) → (|ξout〉 |0〉2 αe−iϕ0 +
|ξout〉 |1〉2 βe−iϕ1). The traveling photon |ξout〉 is then reab-
sorbed by the first node using the same tools of state trans-
fer. Tuning the resonance’s center �R2 and displacement
χ , we engineer a condition ϕ = ϕ1 − ϕ0 = π such that,
once the photon is reabsorbed, the result is a controlled-
phase gate between Q1 and Q2:

Ucp = exp
[
−i

1
2
(σ z

1 + 1)⊗ π

2
σ z

2

]
. (13)

Let us first analyze the experimental configuration from
Ref. [32] and Fig. 1(b), in which the second node only has a
single cavity, whose frequency is dispersively shifted by a

qubit. In the superconducting qubit scenario, this coupling
is described by the Hamiltonian [34,46]

HN2 = δ2σ
+
2 σ

−
2 + (�R2 + χσ z

2 )a
†
2a2. (14)

Depending on Q2′s state |x ∈ {0, 1}〉, the resonator R2
experiences a frequency shift �R2,x = �R2 + (−1)x+1χ ,
where χ is a function of the Q2-R2 coupling g2 and their
detuning � = δ2 −�R2. The dispersive limit (14) is valid
as long as � � g2, which is routinely fulfilled in many
experiments.

(a)
Q1 R1 R2 Q2QL

Purcell
filter 

(b)

(d)

(c)

FIG. 6. (a) Schematic illustration for the realization of a
controlled-phase gate, where the phase of the scattered photon
depends on Q2’s state, |x ∈ {1, 0}〉. (b) Phase profile φx(ω) as
a function of the detuning of the incident photon with respect
to the effective R2 frequency. (c) Infidelity of the controlled-
phase gate 1 − Fg for two different L and κ . The solid lines
correspond to the numerical simulations optimizing χ so one
can access to the long-photon regime, while the theoretical pre-
dictions (dashed lines) are calculated from the joint diffraction
and scattering expressions. Decoherence times and the effect of
the Purcell filter are not considered. (d) Results for 1 − Fg for
the same set of parameters but including coherence times and a
Purcell filter between the QL and R2. We set g2/� = 0.1 and
0.125 for κ = 2π × 100 and 50 MHz with gp/� = 0.03 and
0.04, respectively.
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As described by Ref. [32] and analyzed in Sec. IV,
a quasimonochromatic photon scattered by R2 acquires
a phase shift b†

ω |0〉 |x〉 → eiφ(ω,x)b†
ω |0〉 |x〉 with the phase

φ(ω, x) given in Eq. (9) with�R2,x. At resonanceωc = �R2
with χ = κ2/2, the phase difference between qubit states is
maximal, φ(ωc, x) = (−1)x+1π/2, and we reach the ideal
gate ϕid = π [cf. Fig. 6(b)].

In practice, as discussed in Sec. IV, the first node can
only create photons with a finite bandwidth. These photons
are prone to diffraction induced by the waveguide and the
curvature of the scattering profile. These imperfections can
be estimated as (cf. Appendix F)

|zx|2 ≈ 1 − κ4
1

45η4

(
tpD
v2

g
+ (−1)x

2
κ2

2

)2

. (15)

This formula reveals an asymmetric behavior |z1| ≥ |z0|
whereby, for x = 1, the distortions caused by scattering
and propagation compensate each other, while for x = 0,
both contributions add up. From the value of zx and the
phase difference ϕ we obtain a lower bound to the gate
fidelity, i.e., the minimum gate fidelity [47], with respect
to the ideal gate operation Ucp. Following Appendix F, the
bound is

Fg =
⎧
⎨

⎩

|z0|2 sin2 ϕ

(1 + r2 + 2r cosϕ)
if

(1 + r cosϕ)
(1 + r2 + 2r cosϕ)

≤ 1,

|z0|2 otherwise,
(16)

where we have defined r ≡ |z0|/|z1| ≤ 1.
We have numerically simulated the gate operation for

a setup with κ1,2 = κ . The passive node Q2-R2 has a
constant coupling g2(t) = g2 that engineers the dispersive
interaction (14). The node Q1-R1 is controlled with a sym-
metric pulse for emission and reabsorption of a photon of
width κ̃ ≤ κ ,

g1(t) =
{

g(t + td/2; κ̃ , κ), for t ∈ [−T, 0],
g(−t + td/2; κ̃ , κ), t ∈ [0, T].

(17)

The delay td = 2L/vg + 2/κ is now given by the photon’s
propagation and the delay intrinsic to scattering (cf. Sec.
IV).

As shown in Fig. 6(c), the gate fidelity adjusts well
to the theoretical model. Diffraction makes the fidelity
decrease both with the waveguide length, and with the ratio
η = κ/κ̃ of the photon’s bandwidth to the scattering phase
curvature. The gate fidelity reaches very good values for
moderate η, at the expense of protocol duration. As dis-
cussed before, the gate still works beyond a limit where
the input-output approximation breaks down. However, as
the system enters the long-photon regime—η � 2 (5) for
L = 5 m (10 m)—the optimal value of χ deviates from

χ = κ/2 and must be computed semianalytically. Also, in
the regime where the photon is wider than twice the quan-
tum link there is an overlap between the emission and
absorption controls that makes it impossible for perfect
reabsorption, as can be derived from Eq. (17).

This setup allows us to study the fundamental limi-
tations of the gate induced by the scattering processes.
However, the dispersive coupling between the qubit and
the cavity—at least in the usual models for superconduct-
ing qubits—introduces a Purcell-induced decay in data
qubit Q2, γκ = κ2(g2/�)

2 [48,49]. This decay process has
not been taken into account in the discussion above, but
it can significantly degrade the gate fidelity. This effect
can be mitigated by the introduction of a Purcell filter
[1,50,51], which can enhance the coherence of the disper-
sively coupled qubit by 2 orders of magnitude. The Purcell
filter is another resonator, placed in between R2 and the QL
[cf. Fig. 6(a)], which effectively decreases the probability
that Q2 decays to the line.

We have considered a resonant cavity coupled with
decay rate κ2 to the QL and with strength gp to R2. With the
introduction of the filter, Q2’s decay rate is now reduced by
γκ ≈ κ2(g2/�)

2(gp/�)
2 [50], given that � � g2, G2, κ2.

Furthermore, the equation for the phase profile, Eq. (13),
still holds and the overall gate fidelity results from mul-
tiplying Fig. 6(c) by a factor e−(τ/T1+Tγκ ). For the unopti-
mized parameters in Fig. 6(d), we find that 1/γκ � T1 with
T1 = 100 μs. Under these realistic conditions, we observe
that a controlled-phase gate can be implemented with a
fidelity 1 − Fg ≈ 10−2.

VI. CONCLUSIONS AND OUTLOOK

In this article we have designed protocols that allow
for the realization of universal two-qubit quantum gates
in a distributed and deterministic fashion between quan-
tum nodes within a network connected via quantum links.
These protocols build on the primitives of quantum state
transfer [7] and photon-cavity entangling gates [32], whose
performance we analyze through a realistic modeliza-
tion of state-of-the-art hardware [1], including nonlinear
dispersion relations, finite length links, finite-bandwidth
photons, and current qubit coherence times.

From a physical point of view, our numerical simula-
tion of the device reveals a surprising picture in which the
input-output theory used to derive both primitives [7,32]
still works in limits of large FSR and short links. In par-
ticular, we show that the state transfer controls based on
pulse shaping operate even in regimes where they are
not expected to hold, that is, for short length and/or few
relevant modes within the quantum link, while allow-
ing for fast operation limited by the cavity bandwidth.
Indeed, pulse shaping outperforms standard adiabatic pro-
tocols for quantum state transfer, even for short-length
quantum links. Considering realistic coherence times T1 =
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20–100 μs, we find competitive gate fidelities 1 − F =
10−2–10−3. We believe that these gates will be compa-
rable or significantly better to other alternatives based on
entanglement distribution, especially when one considers
the errors induced by measurements and by slow classical
communication.

In light of the reported results, we believe that quantum
networks made of superconducting qubits and waveguides
constitute a promising platform to implement quantum
operations on both long-distant (internode) and short-
distance (intranode) quantum processors. Furthermore, we
expect further theoretical developments, such as chirping
[52] and quantum control [35,36], to overcome the lim-
itations induced by propagation and Stark shifts, and to
further optimize the speed of state transfer. Finally, all the
codes that support the simulations of this work at available
from Zenodo [53].
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APPENDIX A: PULSE SHAPING

Here we provide the details to derive Eq. (7). For that,
we consider a qubit interacting with the resonator, which
in turn decays at rate κ into the QL. This minimal model
can be written as

q̇(t) = −ig(t)c(t), (A1)

ċ(t) = −ig(t)q(t)− κ

2
c(t), (A2)

where g(t) ∈ R, and q(t) and c(t) denote the amplitude of
the state with one excitation in the qubit and resonator,
respectively. Defining c̃(t) = −ic(t), so that q(t), c̃(t) ∈
R, the outgoing photon is given by ψ(t) = √

κ c̃(t). The
probability that the excitation remains in the qubit or
resonator is d[q2(t)+ c̃2(t)]/dt = −κ c̃2(t), which can be
solved formally as

q2(t) = q2(t0)− 1
κ
ψ2(t)−

∫ t

t0
dτψ2(τ ). (A3)

This expression sets a constraint on the pulse evolution,
0 ≤ (1/κ)ψ2(t)+ ∫ t

t0
dτψ2(τ ) ≤ 1. Once we solve q2(t)

we can obtain the pulse as g(t) = √
κ q̇(t)/ψ(t), impos-

ing the form of the photon as ψ(t) = −√
κ̃/4sech(κ̃t/2),

so that
∫ ∞
−∞ dt|ψ(t)|2 = 1, whose Fourier transform gives

f (ω). Following the previous steps, we obtain g(t) given
in Eq. (7), with the condition κ̃ ≤ κ .

APPENDIX B: CONTROL DISTORTION DUE TO A
LIMITED BANDWIDTH

The control g(t) with which we tune the coupling
between qubit and resonator [cf. Eq. (7)] is a smooth func-
tion with low-frequency components, and it is therefore
robust against a limited bandwidth, as we show below.

Although a large κ̃ allows for a faster operation, g(t)
becomes wider in frequency space. In this manner, a lim-
ited bandwidth may distort the control. One natural way to
quantify this effect is to consider the impact that adding a
low-pass filter has on the control g(t) [54,55].

Considering the control g(t) given in Eq. (7), the
actual output signal that is injected into the system
is given by a filtered function g̃(t), such that g̃(t) =
F−1 [F [g(t)]H(ω)], where H(ω) is the low-pass filter
function and F [·] the Fourier transform. Thus, we quan-
tify the distortion due to a limited bandwidth limitations
by comparing g̃(t) with the ideal control function g(t). For
this purpose, we define the quantity

S = 1 −
∫

dt|g(t)||g̃(t)|∫
dt|g(t)|2 . (B1)

Following Ref. [54], we consider a transfer function
H(ω) = ωc/(ωc − iω) that captures the effect of placing a
low-pass filter with cutoff frequency ωc. In Fig. 7 we show
the value of the distortion S as a function of the cutoff
frequency of the filter for three different sets of parame-
ters. Note that, for ωc/κ ≈ 10, which is a regime easily
accessible in current experiments, S ≈ 10−3.

200 400 600 800 1000
ωc (2πMHz)

10−3

10−2

10−1

S

κ/(2π) = 100 MHz
κ/(2π) = 50 MHz
κ/(2π) = 50 MHz, η = 2

FIG. 7. Dependence of the distortion S [cf. Eq. (B1)] in the
control g(t) [cf. Eq. (7)] produced by a low-pass filter with cutoff
frequency ωc. Recall that κ is the resonator decay rate.
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APPENDIX C: QUANTIFICATION OF PHOTON
DISTORTION

The overlap between a distorted photon |ξ(t)〉 and with-
out distortion |ξ̃ (t)〉 can be approximated by

|z|2 = |〈ξ̃ (t)|ξ(t)〉|2 =
∣∣∣∣
∫

dω|f (ω)|2e−ih(ω−ωc)2
∣∣∣∣
2

, (C1)

where h is just a parameter that depends on the origin of the
distortion. The first four moments mn = ∫

dω|f (ω)|2(ω −
ωc)

n with f (ω) = √
π/(2κ̃)sech(π(ω − ωc)/κ̃) the pho-

ton generated under Eq. (7) we find are m2 = κ̃2/12 and
m4 = 7κ̃4/240. For n ≥ 0, m2n+1 = 0 due to parity sym-
metry. By further approximating the integral up to fourth
order in (ω − ωc), we find that z ≈ 1 − ihm2 − h2m4/2, so
that

|z|2 ≈ 1 − h2κ̃4

45
+ O(h4κ8). (C2)

Now, for the case of propagation, we can expand the dis-
persion relation up to second order in the vicinity of the
central frequency ωc,

ω(k) ≈ vgk + (ω − ωc)
2

2v2
g

D, (C3)

where D = d2ω(k)/dk2|kc . We find |z|2 given in Eq. (8)
from Eq. (C2), setting h = tpD/2v2

g .
In a similar manner, we can expand the phase after scat-

tering φscatt(ω), cf. Eq. (9), up to second order in (ω − ωc)

to tackle the distortion in the scattering. Since the first
order can be absorbed as a time delay of the propagation,
the main source of imperfection stems from the second-
order term, which can be quantified again by resorting to
Eq. (C2) and setting h = TD/2v2

g − d2φscatt(ω)/dω2|ωc/2.
When substituting the corresponding value of the second
derivative in Eq. (C2), one immediately finds Eqs. (10) and
(15).

APPENDIX D: LONG-PHOTON LIMIT AND
DRESSED MODES

In the long-photon limit, one can gain insight studying
the R1-QL-R2 dressed states. A diagonalization of their
Hamiltonian leads to

�†HR1−QL−R2� =
∑

n

ω̃nc†
ncn, (D1)

where cn refers to the dressed R1-QL-R2 modes. The cen-
tral mode ω̃0 and the two closest modes to it, ω̃±1 which
have the largest resonator content, and are close to the
resonant condition, ω̃0, ω̃±1 ≈ δ1,2. In an ideal waveguide
(linear dispersion relation and assuming constant coupling

Gm,j ≡ G) one can show [15] that ω̃id
0 = �R1,R2 and ω̃id

±1 =
ω̃id

0 ± √
2G, assuming that �R1 = �R2. The small fre-

quency separation between the two adjacent states makes
them relevant for the dynamics [15]. A realistic dispersion
relation modifies these expressions by an amount of the
order of the Lamb shift found numerically, while induc-
ing an asymmetry in the resonator content in the dressed
modes.

Now including the qubits, we can write the Hamiltonian
as

H =
∑

n

ω̃nc†
ncn

+
∑

j =1,2

δj σ
+
j σ

−
j + gj (t)σ+

j

( ∑

n

β j
ncn

)
+ H.c.,

where a†
j has been replaced by its transformed expres-

sion in the dressed mode picture using the unitary matrix
�, a†

j → ∑
n β

j
ncn. Proceeding as described in the main

text, relying on the Wigner-Weisskopf ansatz, |ψ(t)〉 =
[
∑

i=1,2 σ
+
i qi(t)+ ∑

n c†
ndn(t)] |0〉, we find that |q1(t)|2 +

|q2(t)|2 + |d0(t)|2 ≈ 1 in the long-photon limit. Yet, there
is still a small contribution given by the two adjacent
dressed modes ω̃±1 [15].

1. Stark shifts in the long-photon limit

In the case in which the system reduces to three
or few dressed modes, the states may be adiabati-
cally eliminated, which in turn introduce a small time-
dependent frequency detuning in the qubits. This can
be justified by imposing ḋm(t) = 0 that leads to a time-
dependent Stark shift in the qubits’ frequencies, δ̃j (t) =
δi − ∑

m(g
2
i (t)|β i

m|2/ω̃m), and a flip-flop term between
qubits that goes as g1(t)g2(t)β1

mβ
2
m/ω̃m. A small frequency

mismatch (δi − δ̃i) in a coherent and close-to-resonant
transfer of excitations leads to a residual population.
Thus, the efficiency of state transfer can be estimated as
|z|2 ≈ 1 − ((δi − δ̃i)

2/4g2) for |(δi − δ̃i)/g| � 1, where g
is the coupling between emitter and receptor. Approxi-
mating

∑
m |β i

m|2/ω̃m ≈ 1/ω̃0 and g1(t) ≈ κ̃ , we find that
((δi − δ̃i)

2/4g2) ≈ 10−9 for κ = 2π × 1 MHz and η = 1,
which is consistent with the values found numerically (cf.
Fig. 2). It is worth stressing that this estimation is length
independent, and predicts a 1 − |z|2 ∼ κ̃2 = κ2/η2 scaling
(rather than κ4/η4 as in the distortion due to propagation
in the short-photon regime), which agrees with the results
in the long-photon limit in Fig. 2.
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(a)

(b)

SWAP

FIG. 8. (a) Robustness of each of the three protocols stud-
ied in this manuscript against slight variations of the protocol
time for κ = 2π × 90 MHz ≈ �ωc and a L = 1 m waveguide.
The lines plotted correspond to a single simulation of those
shown in Fig. 3(b) around the 200 ns point. It can be seen that,
whereas the pulse-shaping and the STIRAP protocols (solid and
dash-dot lines, respectively) are robust, the direct-SWAP proto-
col (dotted line) undergoes large variations even for just a few
nanoseconds. (b) Comparison of the quantum state transfer effi-
ciency 1 − |q2(T)|2 as a function of the protocol duration for
an improved STIRAP-like protocol (cf. Appendix E) and pulse
shaping following Eq. (7), for L = 1, 5, and 30 m, as in Fig. 3(a).
The horizontal dotted lines correspond to the efficiency limit
posed by the wavepacket distortion [cf. Eq. (8)], to which the
pulse shaping saturates.

APPENDIX E: DIRECT-SWAP AND IMPROVED
STIRAP PROTOCOLS

As reported in Ref. [16], a SWAP gate can be performed
with always-on and constant couplings g1 and g2. For sim-
plicity, we consider g1 = g2 = g. When g � G, with G
the coupling between the resonator and waveguide, the
interaction between Q1 and Q2 is effectively mediated
by a single mode, and hence the quantum state transfer
can be approximately achieved in time gt ≈ π [16]. For
a fixed coupling g, one must find the optimal time such
that |q2(t)|2 is maximal. The results are plotted in Fig. 3(a).
In this manner, the fidelity of a direct-SWAP protocol is
sensitive to deviations from this optimal time, and thus
less robust against this imperfection when compared to
STIRAP-like or pulse-shaping protocols. We illustrate this
fact for a particular example in Fig. 8(a), which shows
the dependence of |q2(t)|2e−τ/T1 , with T1 = 100 μs, in the
vicinity of the optimal time, and compare it with the robust
results for pulse-shaping and STIRAP protocols.

In Sec. III D we compared the performance of a quan-
tum state transfer using pulse shaping with direct-SWAP

and STIRAP-like protocols. As commented, the perfor-
mance of the STIRAP protocol can be improved when
considering g1(t) = g0 sin2[(t + T)π/(4T)] and g2(t) =
g0 cos2[(t + T)π/(4T)] so that dg1,2(±T)/dt = 0. This is
shown in Fig. 8(b) for g0 = κ/2. Note that pulse shaping
achieves better fidelities in a much shorter time.

APPENDIX F: FIDELITY LIMITATIONS

The fidelity of the quantum operations we consider
are limited by the distortion. Here we provide a brief
derivation of the expressions used in the main text.

First, the quantum state transfer operation can be written
as the unitary

Tid =

⎡

⎢⎣

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

⎤

⎥⎦ (F1)

in the basis {|00〉 , |01〉 , |10〉 , |11〉}. In our case, we imple-
ment an imperfect T . Since |00〉 remains unaltered under
H and |11〉 is not considered in our implementation, we are
left with

F(Ust |ψ〉 , U |ψ〉) = |1 − |β|2 + |q2(T)||β|2|2, (F2)

where |ψ〉 = α |00〉 + β |01〉 with |α|2 + |β|2 = 1. In the
previous expression, q2(T) is the amplitude of the state |1〉
of Q2 after the protocol. Thus, the quantum state transfer
fidelity is obtained as Fst = minβ F(Ust |ψ〉 , U |ψ〉) [47],
which leads to Fst = |q2(T)|2.

Second, up to local single-qubit rotations, the unitary of
the controlled-phase gate that we implement reads

U =

⎡

⎢⎣

1 0 0 0
0 1 0 0
0 0 |z0| 0
0 0 0 |z1|e−iϕ

⎤

⎥⎦ , (F3)

where |z1| = |z0| = 1 and ϕ = π corresponds to the ideal
gate Uid. We can effectively focus on the subspace spanned
by {|10〉 , |11〉}. Here |zx| denotes the Q1 amplitude after
the protocol, namely, |q1,x(T)| with x = 0, 1 stressing that it
depends on the Q2 state, |0〉 or |1〉, respectively. Consider-
ing a generic initial state, the minimum fidelity takes place
for a state of the form |ψ〉 = p1 |10〉 +

√
1 − |p1|2 |11〉

with |p1| ≤ 1,

F(Uid |ψ〉 , U |ψ〉) = ||p1|2|z0| + (1 − |p1|2)|z1|e−i(ϕ−ϕid)|2.

Let us denote by F(p1) the previous expression. Thus, min-
imum gate fidelity [47] follows from Fg = minp1 F(p1).
Since |z1| �= |z0|, we define r = |z0|/|z1| with 0 ≤ r ≤ 1.
The minimum over p1 can be easily found, which results
in Eq. (16). Note that if r ≈ 1 then Fg ≈ |z0|2 sin2(ϕ/2).
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Finally, we comment that the theoretical prediction for
the distortion of the controlled-phase gate can be derived
from zx = 〈ξ̃x(2tp)|ξx(2tp)〉,

zx =
∫

dω|f (ω)|2eiφ′′
x (ω)/2(ω−ωc)2e−itp D/(v2

g)(ω−ωc)2 , (F4)

which is again equivalent to Eq. (C1) but setting h =
tpD/(v2

g)− φ′′
x (ωc)/2. Note that φ′′

x = (−1)x+14/κ2
2 , and

thus φ′′
1 (ωc) > 0 reduces h, i.e., the scattering is able to

mitigate part of the effect due to a nonlinear dispersion
relation, while for φ′′

0 (ωc) < 0, both contributions sum up.
This is the underlying reason for the asymmetry |z1| ≥ |z0|.
In particular, we can find the leading order contributions
that spoil an ideal process,

|zx|2 ≈ 1 − κ4
1

45η4

(
tpD
v2

g
+ (−1)x

2
κ2

2

)2

. (F5)

The phase correction to the ideal sought π difference
between |ξ1(2tp)〉 and |ξ0(2tp)〉 is given by arg{z1} −
arg{z0}. From the derivation given in Appendix C, it
follows that

ϕ ≈ π + 2κ2
1

3κ2
2η

2
. (F6)
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