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Quantum networks with the ability to coherently transfer quantum states between different nodes open
up possibilities for upscaling quantum technologies. In this work, we propose a theoretical protocol to
implement the multinode state transfer and nonlocal state preparation in a one-dimensional network
consisting of many quantum nodes coupled to a common unidirectional channel. By time-dependently
modulating the coupling strength between the nodes and the channel, a quantum state stored in one node
can be distributed to the other nodes through the channel, while a series of dark-state conditions ensure a
desired final state. This protocol can also be used to prepare nonlocal entanglement states of these nodes,
such as the W -type state. Importantly, it can be realized in various quantum platforms with currently

available technologies.
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I. INTRODUCTION

A quantum network can connect spatially discrete quan-
tum devices, such as quantum memories [1—4], routers
[5,6], and processors [7] for scalable quantum computa-
tion [8], remote operation [9], and secure communication
[10]. No matter how complicated a quantum network is, it
can be abstracted into a structure of multiple nodes con-
nected with channels. Quantum information is stored and
processed in nodes while channels permit the information
to coherently transfer between them [11]. The nonlocal-
ity gives a quantum network distinct advantages over a
classical one [12,13].

In the last decades, many efforts have been devoted
to finding a suitable channel to connect spatially dis-
crete nodes and to finally constructing a quantum network
[10,14-23]. One promising candidate is the bosonic
waveguide, which can link spatially discrete quantum
nodes via flying photons [17-20], just like a highway con-
necting cities. In order to perfectly transfer a quantum state
between two quantum nodes in such a system, a time-
dependent modulation of the flying photon in both emitting
and absorbing processes is necessary [20,24-28]. This
modulation can be realized by employing two-level atoms
or harmonic oscillators embedded in nodes with tunable
couplings. If a so-called dark-state condition [20], which
ensures that the photon can be completely absorbed by the
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second node without any reflection, is fulfilled in the whole
process, perfect quantum transmission can occur. Spe-
cially, this system can be immune to thermal noise when
harmonic oscillators are employed as the nodes [24]. Such
state-transfer protocols usually require the channel to be
unidirectional, which is achievable through chiral interac-
tions [29,30], topological edge states [31—33], or quantum
isolators [34]; however, a bidirectional channel can also
work well when a more complicated condition is satis-
fied [25]. Importantly, one can carry out these protocols in
existing experimental platforms, such as superconducting
circuits [35—41], optomechanical systems [28,42—45], spin
vacancies [46—52], quantum dots [53—55], and trapped ions
[56]. Recently, several important experiments concerning
quantum state transfer have also been realized [35,57].
There have been some preliminary discussions about
the multinode quantum network in previous works
[28,45]; however, most of these discussions only focused
on the state transfer between two nodes in the network.
In this work, we propose a protocol to implement the
multinode state transfer and nonlocal state preparation in
a one-dimensional network, which contains a one-node
emitter and a multinode receiver linked by a unidirec-
tional channel. This protocol can transfer a quantum state
from the emitter to a target receiving node and gen-
erate some specific entanglement states in the receiver,
like Bell states |W*) and W -type states [58]. Further-
more, with the help of projective measurements, it can
also be applied to the generation of Bell states |®*) and
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Greenberger-Horne-Zeilinger (GHZ) states [58—60]. All of
these provide possibilities to develop more functional and
powerful quantum networks. The key to the protocol is the
designed modulation of the coupling between the nodes
and the unidirectional channel. The transfer and prepara-
tion process is described by quantum Langevin equations
and input-output relations, while the pulse shapes of the
time-dependent coupling are obtained from a series of
extended dark-state conditions. Since the protocol is not
restricted to any specific quantum systems in our study, it
may be realized in various quantum platforms.

The remainder of the article is organized as follows.
We firstly describe the simplified model of the quantum
network in Sec. II. In Sec. III, we demonstrate how to gen-
erate multimode entanglement in the protocol and give two
examples: Bell states | W*) and W -type states. The method
of generating Bell states |®*) and GHZ states is given in
Sec. III C. After that, we analyze imperfections of the pro-
tocol in Sec. IV, and discuss the experimental feasibility in
Sec. V based on two different quantum systems. Finally, in
Sec. VI we present our concluding remarks.

II. MODEL OF A 1D NETWORK

Here we discuss the one-dimensional (1D) quantum net-
work illustrated in Fig. 1, where the working frequencies
of nodes connected to the channel are assumed to be the
same. The unidirectional channel is treated as a waveguide
with a continuous spectrum. The Hamiltonian of the total
system can be written as

Hiw = Hy+ Y _Hj + Y Hy, (1)
J J

where Hy and H; denote the Hamiltonians of the waveg-
uide and the j th node, respectively, and H;; describes the
interaction between the jth node and the waveguide. We
first ignore the effects of thermal noise and propagation
loss in the waveguide, which will be discussed in Sec. I'V.
For simplicity, each node here is assumed to be a harmonic

node 1

fin,l @fout,l fin,Q@ fout,2
91 92

oscillator. Note that the following discussion is also valid
for the case where nodes are replaced by two-level systems
and the whole network involves only a single excitation at
any time [61]. Under the rotating-wave approximation, /7;
and H;; can be written as

H, = howdla
wy+Aw : ; (2)
H;; =ih dwg; (wo,0(a;B,,; —a;By,),

wy—Aw

where aj (a;) is the creation (annihilation) operator of
the jth node, wy is the frequency of these nodes, and
B, (BI) ;) 1s the annihilation (creation) operator of the
waveguide mode nearing node j. The cavity-waveguide
coupling is valid in a small bandwidth around wy, so the
coupling strength g; (w, ) approximately equals g; (wo, £).
Thus, we can rewrite g;(w,?) as gj(¢), which means that
the time-dependent coupling strengths are independent of
the frequency in this range.

Using the Markov approximation, the evolution of anni-
hilation operators a; can be described by a series of
quantum Langevin equations (QLEs) [62],

a; () = —iwoa; (1) — 3g (Da; (1) — & Ofinj (0, (3)

where fi,; () is the incoming field for the jth node,
finj (1) = [ dw exp(—iwt)B,,;. The input-output relations
of the nodes are [63]

Jouty () = finy (1) + g (a; (D). 4)

Detailed derivations of Eqgs. (3) and (4) are given in
Appendix A. In this one-dimensional network, the incom-
ing field of a node just equals the outgoing field of the node
ahead of it with a time delay 7, i.e., fin; (t) = fourj—1(t — 7),
where © = L/v, with L the distance between two nearby
nodes and v, the group velocity in the waveguide. By
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Schematic of a one-dimensional quantum network, where N + 1 nodes are coupled to a unidirectional waveguide. The first

node is the emitter and the other nodes constitute the receiver. The coupling strength g; () between the j th node and the waveguide is
time dependent. The incoming and outgoing fields of the j th node are described with £, ; and fous, -
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redefining fou; and a;, this delay T can be eliminated:

ﬁn,j ® :fout,/'—] ®. (5)

Finally, in a frame rotating with g, the dynamics of the
entire network can be well described by simplified input-
output relations and QLEs at zero temperature (details in
Appendix A),

Jouj (0 =) grDa (@), (6)

k<j

@) ==Y 0§ —hgOa®a®,  (7)
k

where ®(x) is the Heaviside step function with ®(0) =
1/2, and the input noise is ignored for simplicity.

ITII. PROTOCOL OF STATE TRANSFER AND
PREPARATION

A. Two-node state transfer

Our protocol focuses on transferring and distributing
quantum information stored in the emitter to implement
the state transfer and preparation process on a multimode
receiver. The simplest case of quantum state transfer is
the two-node one, i.e., a cut-and-paste process from the
emitting node to any desired receiving node

(c11T)o + ¢010)0)10); — 10)o(c1[1); + ¢ol0);).  (8)

In order to realize such a two-node transfer, some fea-
sible approaches have been studied [20,24,25,28]. In a
multinode network, these protocols are also valid; we only
need to switch off the coupling between remaining nodes
and the channel and then design the modulation of cou-
plings between the concerned nodes and the channel for
shaping the flying photon. For example, choosing time-
symmetric pulses of coupling strengths {gy(7),g; ()} fol-
lowing gj2 tr —b= gé (1), the whole process can be time
symmetric [24,25]. A plot of the time-symmetric process
of the state transfer is shown in Fig. 2 with

2 2 p
X gMeXp[g,g(t tf/2)], <12,
gi (1) = {2 —explgy(t—1/2)] 9)
i t>tr/2,

where gj, is the maximal coupling strength and # is the
time span of this process [28]. Note that a 7 phase of the
receiver will be generated after the process of the state
transfer and also state preparation in the following subsec-
tions; however, it can be eliminated by applying a phase
shift gate.

() (b)
1.0 1.0
(no) (nj)
2 —~
£ S
= =
SN
0.0 ..----"‘“‘N "u.,,,””“" 00
FIG. 2. (a) The pulse shapes of time-symmetric couplings in a

quantum state-transfer process between two nodes. (b) The occu-
pation numbers of the emitting node and receiving node during
the process. Note that they are time symmetric as well.

B. Multinode state preparation

For a receiver containing multiple nodes, the two-
node state-transfer protocol can be extended to a multin-
ode information-distribution and state-preparation proto-
col, which can be used to generate entanglement states,
such as Bell states |U*) and W -type states. It can also
be used to generate Bell states |®*) and GHZ states after
some projective measurements discussed in Sec. 111 C. In
this section, we discuss the generation of Bell states | W)
and W -type entanglement states first.

At the beginning, the emitting node is excited to |1), and
every receiving node is in its ground state |0). The aim of
this protocol is to then generate an entanglement state of
multiple nodes,

10100+ +-) — 1000 D _¢jl-+1; ), (10)

Jj=1

where | ---1; ---) means that only the j th node is excited
while the others are still in the ground state. The ampli-
tudes ¢; are complex and satisfy the normalization relation
ij yle;|* = 1. In the Heisenberg picture, Eq. (10) is
equivalent to a; (¢r) = c;ja; (0). For example, if the ampli-
tudes ¢; are set equal, i.e, ci =, =---=cy = 1/«/N,
the final state of the receiver would become a W -type state
[for a two-node receiver, the W -type state is just the Bell
state |WE) = (]01) + |10))/+/2].

To derive the pulse shapes of couplings, we should first
obtained the pulse shape of gy (¢) according to the dark-
state condition of the whole system,

fouy =Y _ g (Ha; (1) =0, (11)
J

which implies that no photon or information is released at
the output side of the channel. Besides dark-state condition
(11), we need to introduce the extended dark-state condi-
tions, under which outgoing fields of the (j — 1)th node
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are proportional to those of the j th node,

Joutj—1(0) = Dj_1 jfoutj (8), (12)

where D;_y; is a complex function of [g;41(#)/g; (©)]:

g1 ¢ ( 1 )
Dy = 1+ 1L (13)
7o g ¢t Dj ji

By defining 1/Dy_1 x = 0, which is equivalent to fou v =
0, we can calculate other coefficients D;_;; through iter-
ation. For simplicity, we can set a; (f)/a;11(t) = ¢; /cj 11
to obtain iterative Eq. (13) when we take into account the
boundary conditions (see Appendix B)

4;(0)/aj11(0) = a; (tr)/aj+1(tr) = ¢ /cjp1. - (14)

1. Symmetrical pulses

Based on the previous time-symmetrical pulse shape,
we can generalize the state-transfer protocol of two nodes
to the multinode case. Inspired by the time-symmetrical
boundary conditions, we set the pulses go(f) and gy (¢)
to satisfy the relation g2(f) = g&(t; — 1). Together with
the extended dark-state conditions (12), and the simplified
QLE:s (7), the following equations of g; () can be obtained:

Dj-1) 1\ 2 Dj j+1 1\ »
: ) P RS PN )
(Djl,/—l Z)g’() Djji—1 2 &
15)

Here D;_;; is a function of (gj+1/g;) shown in Eq. (13),
so that all the pulses g; (#) for j > 1 can be solved by an
iterative method. (See Appendix B.)

Let us take the process |1)|00) — [0)(|10) + |10))/\/§
for example. The corresponding pulse shapes are depicted
in Fig. 3(a), where g,(¢)/g1(¥) = 1 + V2. The correspond-
ing evolution of the system is shown in Fig. 3(b), where
c1 and ¢, remain equal due to the extended dark-state con-
ditions (12). Another example is the generation of another
Bell state [ ~) = (]01) — |10))/\/§, which is in fact a dis-
cussion of the phase property. The pulse shapes are shown
in Fig. 3(c) with g»(¥)/g,(¢) = V2 =1 in this case, while
the corresponding evolution is shown in Fig. 3(d). (See
Appendix B.)

2. Numerical asymmetrical pulses

The dark-state condition actually plays the most cru-
cial role in this protocol, rather than the time symmetry
of coupling pulses. When the dark-state conditions (12)
are satisfied, any shaped flying photon released from the
emitter would be distributed as we desire. Hence, a more
general way of generating Bell states |¥®) and W -type
states is to initialize the emitting node to |1), then pro-
duce a pulse of gy(#) that can release a flying photon to

(010[T(t)) & (001[T ()

0.0 b -1.0

0.0 t/ts 1.0 0.0 t/ty 1.0
(c) (d)
25 1.0

<100\\Pm>" fidelity
010/ (1))
0.0 [ mmzmn”’

(001|®(¢))
0.0 g 0.8
0.0 t/ts 1.0 0.0 t/ts 1.0
FIG. 3. Symmetrical pulse shapes for preparing two Bell states

|W*), and the corresponding evolution of the whole network.
Panel (a) shows the time dependence of couplings for the gen-
eration of Bell state |¥T) = (|01) + |10))/«/§ and (c) shows
the time dependence for the generation of |¥~) = (|01) —
110))/+/2. In both (a) and (c), the pulse shapes of the first
node go(#) and the last one g,(f) are symmetric with respect to
t =t /2,and g (¢) is proportional to g, (). The simulation results
of the evolution in two different processes are shown in (b) and
(d), respectively, where curves of the fidelity and the projection
to the initial state (100|W(¢)) are also symmetric about # = # /2.

the channel with the expected shape, and finally apply a
serise of pulses g; (), which can be calculated numerically,
to receive the desired state.

Since the state is ideally initialized to [100- - -), QLEs
and output fields can be written as

4t =) gDg (D4HOG — k), (16)
k

Fouj () = Y g0 A (0), (17)

k<j

where 4; (¢) is the amplitude of base | - - - 1; - - - ), satisfying
A; (t7) = c¢;. Then the dark-state conditions (12) become

Fout,jfl(t) = Djfl,jFout,j (t) (18)

Note that D;_;; is a function of {gi11(t)/gx(¥) | k =
I,...,N — 1} given by iterative Eq. (13). So Eq. (18)
implies the relation between {4;(#) |j =0,...,N} and
{grr1(®/gr@® | k=1,...,N — 1}. At a certain time ¢ with
a given go(#), we can obtain {g;(©) |j =1,...,N} as a
function of the amplitudes {4;(t) | k =0, ..., N} by solv-
ing Eq. (18) numerically. Substituting them into Eq. (16),
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2 go(t) S (0101 (1)) 52 \
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) t/t; 10 0 t/ty 1.0

FIG. 4. Asymmetrical pulses obtained by numerical simu-
lation for preparation of state |W~) and the corresponding
evolution of the network. (a) The artificially regulated cou-
pling strengths g; (#). (b) Evolution of the network demonstrated
through time curves of the fidelity and the projections to different
states.

we obtain a series of ordinary differential equations con-
cerning {4;(#) | k=0,...,N}. Then we solve them and
get the values of 4;(#) and g;(¢) for any j and . Con-
sidering the feasibility, we set g;j(s) (j > 1 ,s & 0) to be
constants, which have no impact on the evolution, because
the amplitudes of states except the initial state are partic-
ularly small in the beginning. An example of generating
|W—) = (|01) — |10))/+/2 is shown in Fig. 4.

C. The generation of GHZ entanglement

Besides Bell states |W*) = (|01) + |10))/\/§ and W
-type states, if the nodes are harmonic oscillators, this pro-
tocol may also be used to generate Bell states |®*) =
(|11) £ ]00))/+/2 or GHZ-type states with the help of
projective measurements.

In order to illustrate the idea clearly, we first consider
a toy model, which consists of three oscillators arranged
in a line. In this model, the adjacent oscillators are cou-
pled with an identical coupling strength g. The interaction
Hamiltonian can be written as

Hip = g(afaz + ala;) + g(aiag + aza;), (19)

where a), ay, a3 are annihilation operators of the oscilla-
tors. If the oscillators are initialized to |y) = |020), i.e.,
only the second oscillator is emitted by two photons, the
state after half-period evolution is

1
V2

where the subscripts indicate oscillators’ serial numbers;
see Fig. 5(a). The effect of this process is the same as an
optical beam splitter. Two photons leak from oscillator 2
and either of them could go left or right. Thus, the pos-
sibility of both photons going left (right) and generating
[20)13 (]02)13) is 1/4, while the probability of two photons
going in different directions and generating |11),3 is 1/2.

1 1
ly') = |0>2<5|20)13 + —=I11)i3 + 5|02)13), (20)

In our protocol with a unidirectional channel, a sim-
ilar but aperiodic process can be implemented by using
a series of equally distributing pulses, i.e., |c1|> = |c3] =
---lexy|* =1/N in Eq. (10). For a two-node receiver,
equally distributing pulses may generate Bell states
|dt) = (|11) £ |00))/\/§ with the help of projective mea-
surements through the following steps. First, the emitter
is initialized to 4/1/3]0)  +/2/3|2), and then the receiver
state will be |®") = /1/3]00) & /1/3|11) £ /1/6]20) &+
/1/6/02) after the process with equally distributing
pulses; see Fig. 5(b). Then |®’) can be concentrated to
Bell state |®*) with projective measurements [64]. For
an N-node receiver, equally distributing pulses can gen-
erate GHZ states by initializing the emitter to Ay|0) F
AnIN), where 4y = /F(N)/2 and Ay = /1 — |4g|? with
F(N) the success rate of projective measurements for one
process, i.e.,

2N!/NN

FN) = gUnv 1

@n

which follows from the identical principle because of the
indistinguishability of photons. Although the purification
process may not succeed once, the generation of GHZ
states can be ensured by repeating this process. The aver-
age number of repetitions, i.e., the cost of generating such a
GHZ state, depends on the receiving-node number, which
is depicted in Fig. 5(c).

(a)
L0 — 1020) 0.8
—— [200) & |002)

g — |110) & |011) o
E — [101) &
3 =
g <
&

0.0 0.1

0 gt 0

(c)

15 T T T T T

2512

ot _
o}

oL 712 1

| 312
0 1 1
1 2 3 4
number of receiving nodes
FIG. 5. (a) The evolution of the populations of each oscillator

in the toy model, which is initialized to |020). (b) Occupation
numbers of both receiver nodes and the fidelity when generating
a Bell state |®1) = (]00) + |ll))/ﬁ. The emitter is initialized
to /1/3|0)g — +/2/3|2)¢ while the fidelity is 2/3 after the pro-
cess. (c¢) The relation between the generating cost and the number
of receiving nodes.
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IV. IMPERFECTIONS

Considering experimental conditions, we briefly analyze
three sources of imperfections (the input thermal noise, the
propagation loss, and the loss from the nodes, e.g., spon-
taneous emission) in this section. The input thermal noise
added to the emitter fi, o ((fmT ofin0) = Ni) can be expressed

with the thermal photon number Ny, = (e0/%T — 1)~! at
temperature 7. Figure 6(a) shows the imperfect generating
process of (]01) + |10))/\/§ when Ny = 0.1. An evident
method of suppressing the thermal noise is to keep the
system in an effective low-temperature environment, i.e.,
Nwm — 0. For example, current dilution refrigerators can
reach a base temperature of 10 mK, which is equivalent
to an occupied thermal photon number Ny, &~ 1 x 1072 in
a superconducting qubit with a typical working frequency
wp = 2w x 6 GHz, and the corresponding fidelity of the
above process is nearly 99%. When the temperature is low,
one can also reduce the influence of the input noise by
using harmonic oscillators as nodes, instead of two-level
systems, because linear systems would have better noise
immunity compared to nonlinear systems in this protocol
[24], as shown in Fig. 6(b).

(a) (b)
1.0 1.0 p=acrT
(no) - v T Tl .
0.8 ’,' fidelity | 2 AN . harmonic
0.6 ' E ~  oscillators
0.4 ) = S
0.2 <n2> <n1> s \ 0.8 Two level ~ ..
Vv A systems N
0.0 =
0 t/tf 1.0 0 Nin 0.1
(c) (d)
1.0 1.0
0.8 0.8 <TL0> 'I fidelity. 1
0.6 0.6 !
0.4 04
02 02 1 <n]>
’ ’ I' (] =1, 2)
0.0 : 0.0
0 t/ts 1.0 0 t/ty 1.0

FIG. 6. The effects of thermal noise and propagation loss in
this protocol. (a) The evolution of average occupation numbers
(n; (1)) and the fidelity when Ny = 0.1. (b) Relations between the
average fidelity and Ny, for harmonic oscillators and two-level
systems. We find that the former ones can have better antinoise
performance at lower temperature. Note that the fidelity is the
average value of generating states |01), [10), (J01) £ |10))/\/§.
(c) The evolution of average occupation numbers (n; (¢)) and the
fidelity with a total loss of the waveguide k = 0.9. (d) A simula-
tion considering quantum information loss from the nodes when
Zenv = Zmax/10 and Nepy = 0.

Another major source of imperfections is the informa-
tion loss from the channel. In this case, the propagation
relation Eq. (5) can be rewritten as

fin,j @ = Kfout,j—l(t - 1), (22)
where we assume that the distance between adjacent nodes

is equal, and « is the total loss rate of the waveguide
between node j andj — 1. QLEs in this case become

G == OG-k FgOa®Oa®n.  (23)
k

A simulation of the process |100) — (|010) + IOOI))/«/§
when x = 0.9 in the waveguide is shown in Fig. 6(c).
Moreover, quantum information may also be lost from
the nodes, attributed to the coupling between nodes and
the external environment. For numerical simulation, an
effective Hamiltonian can be derived to describe the uni-
directional connected nodes,

He = Z [hwoajaj — ihg;j (0 Z eF — k)gk(t)a;ak].
i k
: (24)

Note that H.g is not Hermitian due to the unidirectionality
of the system. The loss to the external environment can be
simulated with the master equation

) i
p =73 Heap — pHly)

2
4
S 3 (N + (20106 — a}; — paay)

J

_|_

+ New(2a) pa; — ajal p — pajal)], (25)
where p is the density matrix of the subsystem contain-
ing all the nodes, and every node couples to the external
environment with the same coupling constant g.,,. Here
Neny denotes the thermal number of the environment with
respect to the photon frequency wy. In Fig. 6(d), we sim-
ulated the generation of (|10) + |01))/ V2 by considering
such loss with geny = @max/10. The loss of quantum infor-
mation from the channel or nodes can be reduced by
improving the quality of the devices, or using suitable
error-correction methods [65,66].

V. FEASIBILITY

In this section, we discuss the feasibility of this pro-
tocol in terms of two kinds of quantum systems: artifi-
cial atoms (superconducting circuits) and natural atoms
(A-type atoms).
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A. Artificial atoms

The superconducting system is one promising candidate
to implement this protocol, where superconducting qubits
or oscillators can be utilized as the universal nodes while
the superconducting transmission line or coaxial waveg-
uide acts as the channel. In practice, using a coupler com-
monly composed of superconducting quantum interference
devices (SQUIDs) or flux qubits to connect a supercon-
ducting qubit and a waveguide, the tunable coupling can
be achieved by applying time-dependent microwave driv-
ing fields [67—71]. A modulation of the coupling strength
from 0 to 100 MHz has been verified in experiments [67].
Thus, different pulse shapes of g; (f) in our protocol can be
accessible by tuning coupling strengths.

Besides the tunability of the coupling, we also need to
be capable of synthesizing the required initial state shown
in Sec. III in order to prepare the state of the emitter in
the protocol. Currently, microwave driving fields are often
utilized to synthesize an arbitrary quantum state in a cav-
ity. For instance, if a cavity is coupled to a transmon, we
can apply a series of driving fields to the transmon so as to
manipulate the phase of different Fock states and then cre-
ate an arbitrary state [72]. If the transition frequency of the
qubit is tunable, we can also combine the modulation of
the transition frequency with some series of driving fields
to prepare arbitrary states [73].

In the last two years, two-node transfer and the entan-
glement preparation protocol have been realized in super-
conducting circuits [35,38]. A transfer-process fidelity of
85.8% = 0.06% has been achieved and entanglement with
a fidelity of 75.3% £ 0.1% successfully generated. Our
protocol is based on similar experimental requirements
as the two-node one; the experimental realizations of the
two-node protocol therefore ensure the feasibility of our
protocol. By analogy with the setup in the experiments
mentioned above, we show a possible superconducting
quantum circuit design for the one-dimensional network
with N nodes in Fig. 7(a).

B. Natural atoms

Natural atomic systems, such as three-level atoms or
doping defects [47,74—76], can also serve as nodes in this
protocol. By applying external driving fields, the three-
level system can reduce to an effective two-level system
with a tunable coupling. For example, one can apply
an adjustable driving field, with Rabi frequency €2(%), to
implement time-dependent control of the electronic ground
state of a silicon-vacancy (SiV) center embedded in the dia-
mond cantilever [47,77,78], as shown in Fig. 7(b). Here the
SiV center, with a A-type level structure, can be regarded
as a two-level system through a Raman process, where the
population of the stable state |2) can coherently convert
into a propagating phonon of the cantilever. Consequently,
a tunable coupling [approximately Q2 (9)I"(w)/3y] between

Oscillator or qubitt

Superconducting circuit

node i N 4
(b) [~
& eC 4 '
1 (/o 3 s \
1 | . 0 o _ I
L @S o %
| ®—+ Vacancy Y I(w) 5 v :
: L/,’ ‘1 ___________ o :
| © !
i fin —> ﬂo —c f()ut :
: / Q1) SiV center |

FIG. 7. Two examples of the node-channel system. (a)
Schematic diagram of a possible quantum network composed of
superconducting circuits. By tuning F(#), which is a magnetic
flux through the SQUID, a time-dependent coupling strength g(¢)
can be realized. (b) Schematic of a SiV center coupled to the
waveguide. The coupling strength is controlled by a microwave
driving field with time-dependent Rabi frequency 2 (¢).

the SiV center and the acoustic mode can be effectively
obtained. Note that one can employ the collective mode of
an ensemble of effective two-level atoms (or defects) as the
node, which can be approximately regarded as a harmonic
oscillator when the number of atoms is sufficiently large
[24]. In our protocol, the process to initialize the state of
atomic systems is also important, which could be realized
by applying pumpings or laser cooling [79—81]. For exam-
ple, Ref. [79] used an optical pulse to pump the Si) center
to the spin-down ground state.

Recently, many works have focused on quantum state
transfer in natural atomic systems [82—84]. For instance,
taking advantage of phonon-spin couplings in the Sil cen-
ter system, Lemonde et al. [46] proposed a theoretical
framework for the quantum network, where Silcenters
act as nodes and quantum information can be transferred
between them via an acoustic waveguide. These previous
studies demonstrate the high feasibility and huge potential
of such a multinode quantum network based on time-
dependent modulation in future quantum technologies.

VI. CONCLUSION AND OUTLOOK

We propose a multinode state transfer and preparation
protocol in a one-dimensional quantum network with time-
dependent couplings. Through the designed modulation of
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the coupling strengths between the nodes and their com-
mon channel, one can use this protocol to transfer an
arbitrary quantum state in the emitter to any node in the
receiver or prepare multinode entanglement states. The
time-dependent control pulses of couplings are derived
under a series of dark-state conditions represented by
Egs. (11) and (12), which are crucial for this protocol.
Considering state-of-art technologies, our protocol can be
implemented in various experimental platforms, such as
vacancy centers in the diamond and superconducting cir-
cuits. This protocol exhibits the great capacity of quantum
state distribution and nonlocal entanglement preparation,
which are the basics for constructing a quantum network.
It opens an intriguing door to explore the possibility of
performing nonlocal quantum operations in a 1D quantum
network with multiple nodes, which may provide techni-
cal reserve for the large-scale quantum computation and
quantum network.
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APPENDIX A: DERIVATION OF QUANTUM
LANGEVIN EQUATIONS

We begin from the Heisenberg equation @; = ih™!
[Hwtal,aj] with respect to the system Hamiltonian in
Sec. II. Considering a short timescale, we have

. . —iwt
aj = —iwoa; — g;(wo) / dwB,,je

t
— g7 (o) / dsa; ()8 (1 — s). (AT)
0

By defining fi,; (shown in Sec. II) and using the proper-
ties of the § function, Eq. (3) can be derived. Similarly,
we derive the input-output relations with the Heisenberg
equation of B, ;, and we have
The field near node j can be expressed with B;(z,1) =
[ dw exp(iwz/c)B,,;. So, by integrating Eq. (A2) and tak-
ing the limit of B;(z — 0%,1), the input-output relations
(4) can be obtained.

When the input noise is neglected and the nodes are
arranged in sequence, we can obtain the output field of

node j by iteration,

Jout (0 = fino () + Y g(ar(0),

ksj

(A3)

which is Eq. (6) when the input noise is neglected. By
substituting Eq. (6) into Eq. (3), Eq. (7) can be derived.

APPENDIX B: DERIVATION OF THE PROTOCOL

To derive Eq. (15), we start from the combination
of dark-state conditions and thA(/a QLE of the Nth node
an(t) = 3gyan (@) — gv () Y, & (a; (1), and we can
then obtain

ay () = gy Oay (). (B1)
Note that the equation above is not a physical evolu-
tion equation, it only holds when the dark-state condition
is satisfied. According to the time-symmetrical boundary
conditions
ay(tr)/ao(0) = ao(tr)/an(0) = cy, (B2)
and the QLE of the first node day/dt = —% ggao, we assert
that our entanglement preparation protocol can be real-
ized if the two equations share the same form after time
reversal,
2en 2
8o (1) = gN(tf —1). (B3)
Equation (6) tells us that the extended dark-state con-
dition is equivalent to fou;—1 = Dj_1,/(1 — D;_1;)gja;.
Substituting it into Eq. (3) of the j th node, we get

, D;_y, 1\ ,
D= —T — _ “a; (1).
a; (1) (Dju—l 2>gja,()

After that, we can apply the proportional boundary condi-
tions (14) to the above equation and get Eq. (15).

As for examples, we show the detailed derivation of
Eq. (13). Let us begin with the form

(B4)

a; () = —%gj (O (fouty + foutj—1) (B5)
by combining Egs. (6) and (7). We then substitute equation
Eq (BS) al’ldfout:]‘_;_] :fout,j /Dj+1,i into

. ¢
aj () = ——a;j+1(0).
Ci+1

(B6)

Equations (12) and (13) can be obtained after that.

Let us derive the pulse shapes of generating a two-
node entanglement ¢;|10) 4+ ¢;|01) in a three-node net-
work. According to Eq. (13), we have 1/D;, =0 and
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Do = (c1/c2)(g2/g1) — 1. Hence, if g2/g1 # 0, Eq. (15)
can be simplified to a quadratic equation in g, /g;:

2
<§> 228 . (B7)
81 181

Note that ¢;/c; can be a complex number. Assuming that
gj is positive, we can solve Eq. (B7) to obtain the exact
number of g, /g; as

gz_ \/§+1
21 V2 -1

forc; =c =

1
for e — RGN (B8)
orc) = —C) = ——.
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