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Optomechanical systems offer unique opportunities to explore macroscopic quantum state and related
fundamental problems in quantum mechanics. Here, we propose a quantum optomechanical system
involving exchange interaction between spin angular momentum of light and a torsional oscillator. We
demonstrate that this system allows coherent control of the torsional quantum state of a torsional oscilla-
tor on the single-photon level, which facilitates efficient cooling and squeezing of the torsional oscillator.
Furthermore, the torsional oscillator with a macroscopic length scale can be prepared in Schrédinger cat-
like state. Our work provides a platform to verify the validity of quantum mechanics in macroscopic

systems on the micrometer and even centimeter scale.
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I. INTRODUCTION

Optomechanics has attracted considerable focus
recently, ranging from applied science in high-sensitivity
metrology [1-3] and quantum-information processes
[4—7] to basic science, such as the ground-state cooling of
a mechanical oscillator [8], squeezing of both the optical
[9,10] as well as the mechanical mode [11,12], and quan-
tum entanglement at macroscopic scale [13—15]. However,
in almost all of the optomechanical systems mentioned
above, the optomechanical interaction between light and
matter is induced by the linear momentum exchange inter-
action.

It is well known that in addition to exchange linear
momentum with matter, light can also exchange angular
momentum with matter [16-21]. This opens the door to
different possibilities in the engineering of an optomechan-
ical system. For example, the angular momentum of light
may provide an effective way to manipulate the rotational
quantum state of a spiral phase plate [22], and to drive
the rotational degree of other mechanical oscillators, such
as levitated nanoparticles [23-25] and integrated optical
waveguides [26,27]. These angular momentum optome-
chanical systems not only enable people to detect torque
with ultrahigh sensitivity [23-25] and provide a different
paradigm for detecting the van der Waals and Casimir
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torque [28-30], measuring vacuum friction [31,32], but
also can be utilized in quantum-information processes,
such as optomechanical entanglement between torsional
mode phonon and cavity photon [33], etc. Despite these
exciting developments, the challenge remains in achiev-
ing strong angular-momentum optomechanical interaction
between light and torsional oscillators with macroscopic
length scale [23-27], which would lead to interesting
macroscopic quantum phenomena and extend the research
scope of quantum optomechanics.

In this paper, we theoretically propose an optome-
chanical system with strong exchange interaction between
spin angular momentum of light and a long (length L =~
0.1 mm — 1 cm) torsional oscillator of optical anisotropy
and demonstrate the effective cooling, squeezing, and
Schrodinger catlike state [34] preparation of the torsional
degree of freedom of the torsional oscillator. The tor-
sional motion of the optical anisotropic torsional oscillator
destroys the diagonality of the permittivity tensor of our
optomechanical resonator, and thus induces strong cross-
optomechanical interaction between two orthogonal opti-
cal modes and the torsional motion mode. Besides, the
usage of an integrated photonic device in our optomechan-
ical system effectively decreases the inertia of momentum
of the torsional oscillator, thus increasing the optomechan-
ical coupling strength further.

With feasible experimental parameters, the optomechan-
ical coupling strength can reach the order of 20 kHz, which
can be further amplified into the strong coupling regime

© 2022 American Physical Society
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[35] (i.e., optomechanical coupling coefficient y > 1) by
using a coherent laser to pump one of the orthogonal
polarization mode. This enables us to control the torsional
quantum state of the torsional oscillator using only a few
photons of the other optical mode, even though the orig-
inal optomechanical coupling strength does not satisfy
the usual single-photon strong-coupling condition [36].
Based on this system, it is feasible to prepare the torsional
oscillator into a coherent superposition state of two macro-
scopically distinct torsional quantum states, thus providing
a platform to explore the fundamental problems related
with quantum torsional motion, such as the macroscopic
decoherence, rotational friction, and diffusion of a long
quantum torsional oscillator [37,38]. Therefore, our system
greatly enriches the toolbox of quantum optomechanics.

This paper is organized as follows. In Sec. II, we derive
the general Hamiltonian describing the spin angular-
momentum optomechanical system. In Sec. III, we derive
the optomechanical input-output relation. In Sec. IV, we
prepare our torsional oscillator in squeezed single-phonon
state and Schrodinger catlike state. In Sec. V, we discuss
the experimental feasibility of our system. A summary is
given in Sec. VI.

II. HAMILTONIAN OF SPIN
ANGULAR-MOMENTUM OPTOMECHANICAL
SYSTEM

A. The general model

The optomechanical resonator that we consider is a sus-
pended square beam [39—41] with length L and width d
(L > d), the basic structure of which is presented in Fig. 1.
The optical anisotropy of this optomechanical resonator
results in the following relative permittivity tensor €;:

€x O 0
€ = 0 Eyy 0 , (1 )
0 0 e

where €;; is the relative permittivity in the i (i = x,y,z)
direction in laboratory frame. This optomechanical res-
onator supports two fundamental orthogonal quasilinear
polarization optical modes with the corresponding electric
field profiles E| (x) = E;(x,y) cos(8;z) exp(iw;?) with res-
onance frequency w; and E;(x) = E;(x,y) cos(Bz) exp
(iwyt) with resonance frequency w, [42,43]. The total elec-
tric field operator can be written as E(x) = E;(X)a; +
E,(x)a; + h.c., where a; and a; are the annihilation oper-
ators of two optical modes, which satisfy bosonic commu-
tation relation [a,-,a;] = 4;; (i, j = 1,2). The optomechan-
ical resonator can be implemented by « quartz [44] and

(a) Preparing cooling
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FIG. 1. (a) Sketch showing the experimental embodiment of
this optomechanical resonator. (b) The torsional mode of the
optomechanical resonator with the relative permittivity €; (c)
in the i (i = x,y,z) direction. (d) The optomechanical resonator
couples with the two optical modes, the optomechanical coupling
strength of which is denoted as g, see Eq. (26). (e) shows the
effective coupling between the torsional mode b and the opti-
cal mode a; when the optical mode a, is classically driven by a
coherent laser pulse with the characteristic parameter o, (7).

(€)x4ep
z
y €2z
€

Yy

az = a(t) J‘J-

when A = 1.55 um [45], €; is

1.53267 0 0
€(0) = 0 1.5277? 0 . 2)
0 0 1.5277?

In our numerical analysis, we set the cross-section width
d =1 pm and the length L = 100 um. The electric field
profiles of our system are demonstrated in Fig. 2. We also
utilize photonic crystal [40,46,47] to serve as the mirror
of our optomechanical resonator and the corresponding
optical quality factor O, = 8.4 x 10°.

From a mechanical point of view, the torsional wave in
a mechanical oscillator with L >> d can be described by
one-dimensional Webster-type wave equation [48,49]

01y (2)
1, (2)

2P (z,0) — 2 (2, 0) — ( ) 3¢z 10 =0, (3)

where 1,(z) = f y r?dA is the polar moment of inertia at
the cross section A(z), ¢, is the phase velocity of torsional
wave, ¢(z,f) = 6(z) cos(2t) is the amplitude of angular
displacement with € the torsional resonance frequency
and 0(z) the spatial mode function of torsional motion,
which satisfies the condition max |6(z)| = 1. In order to
decrease mechanical dissipation [48,50], we focus on the
fundamental mode of torsional motion, which can be sup-
posed as 6(z) o cos(kz) [50], where k; = ©2/c; and the
exact acoustic velocity ¢, depends on the cutting direction
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FIG. 2. (a)Hc) are the electric field profiles of the TE-like
mode with arbitrary units. (d)<f) are the electric field profiles
of the TM-like mode with arbitrary units. It is obvious that
|E;|? (i = x,y,z) is symmetric about the x axis and the y axis.

of this suspended beam [51,52]. By introducing phonon
annihilation operator b, we can express the Hamiltonian
of the torsional motion as H,, = hQ(b'b + 1/2) [50].
Besides, we assume the displacement vector u(x) of the
torsional motion [50] is given by u(x) = 9(2)(r/R)(§ =
0(z)(—yX +xp)/R in cylindrical and Cartesian coordi-
nates, respectively. Here the constant R enables u(x) to
satisfy the condition max |[u(x)| = 1.

For a suspended square beam with uniform mass den-
sity p = 2650 kg/m?>, the effective moment of inertia is

estimated to be fegr ~ 10/eam = (5/3)pd" [*}7, 0(2)%dz =
(5/6)pLd* ~ 4.4 x 103 kg m?. Besides, we choose the
fundamental mode torsional resonance frequency Q2 =
27 x 500 kHz, the mechanical quality factor Q,, = 10°
[27,44,48,53-56] and ¢; = 5.0 km s~!. The parameters

used in the calculation are listed in Table 1.

B. Coupling among electromagnetic field and
mechanical motion

The Hamiltonian of electromagnetic field can be written
as Hem = 1/2 [, dV[€E(X) - €1 (O)E(X) + woH(X) - n(x)
H(x)] [57]. The torsional motion of the optomechanical
resonator will influence the relative permittivity €, and
thus affect the Hamiltonian Hy. If we neglect optoelas-
tic effect [58,59] and moving boundary effect [59,60], the
relative permittivity €(6) of the torsional motion can be
estimated as

€1(0) = R(0)e1(0)R(=0), “

where €;(0) = ¢; and

cos(@) —sin(@) O
R(@) = |sin(@) cos@) O
0 0 1

is a rotation matrix along the z axis. Expanding R(€) to the
first order of 6, we can derive the approximated expression
of €(0) as

€1(0) = €(0) + €6 (2)4, 5)

where de = €,, — €, and

N
I
o—o
c o~
coco

The matrix 4 mixes two optical modes a; and a, in Hamil-
tonian Hy, and induces exchange interaction between the
optical modes a; and a;. Therefore, the optomechanical
interaction Hamiltonian

Hine X €98€ / dVo(z)E(x) - AE(x)
V
o hg(b+ bhalay + hg* (b + bh)alar,  (6)

where g is the optomechanical coupling strength.

For realistic optomechanical systems, the influences of
optoelastic effect and moving boundary coupling effect
must also be taken into account. We consider a dielec-
tric material with permittivity €(x) = €; in a volume V7,
which is localized in a surrounding medium with permit-
tivity € (x) = €, occupying the complementary volume V7,

TABLE I. Parameters used in the calculation.
d/ pm L/ pm p/kgm™? Q/kHz ¢;/kms™! Bi/k Ba/k On O,
1 100 2650 2 x 500 5.0 1.2859 1.2926 106 8.4 x 10°
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FIG. 3. A dielectric material with permittivity €, in a volume
V1 (blue circle) is surrounded by a medium with permittivity €,
occupying the complementary volume V, (black circle). The per-
turbed volume is represented by the dashed red circle and 9V is
the boundary between V; and V5.

see Fig. 3. Noting that the unperturbed permittivity can be
written as

€(x) =€+ (61 — €) O(x), (7)
where © (x) is a step function defined by

Ox) = {(1) for

X € V1
for xe V. ®)
The mechanical motion of the dielectric material will
influence the total permittivity e€(x). We assume that
€1 = €1[x,qu(x)] = €;(X, ), where o is the amplitude
of the mechanical motion and « is much smaller than
the scale of the optomechanical resonator. When o = 0,
€1(X, ) |y—o = €1(x), which is the unperturbed value of €;.
Then the perturbed permittivity can be further written as

ex,a) =6+ [61(X, ) — 2] O(X + au). 9)
Expanding € (x, «) to the first order of o, we have

o

der(x,a)

e(x,a) ~® e + [el(x,O) —e+ta
oo

X [B(x) + au(x) - VO (X)]

~ €(x) + o (émB + €other) » (10)
where
emp = (€1(x,0) — &) u(x) - VO(x), an
and
€other = W L O(x). (12)

According to Refs. [59,60], the optomechanical interaction
Hamiltonian induced by eyp is

1
s = 50 / AVE() evpE(x)

= la/ dA - u()[—E;(x)TAcE (%)
2 av

+D () AEHDL (x)], (13)

1 1

where Ae = €] — €, A (e* ) =€ - 62_1, E is the elec-
tric field, which is parallel with the surface of V| and
D, is the electric displacement field, which is perpendic-
ular with the surface of V. It is obvious that Hamiltonian
Hyg is just the moving boundary coupling optomechanical
Hamiltonian [59,60].

Dielectric permittivity €;(x,«) will also be modified
by optoelastic effect when material is subject to strain.
Mathematically, optoelastic effect is described by relating
the change of the permittivity tensor én to the mate-
rial strain by Pockel’s tensor p [61], (8n); = pjusk,
where s,,, is the strain tensor of the material with s,,, =
% (0u,,/0x, + ou,/9x,). The modified permittivity tensor

follows the equation €°F = (e T4 as n)_l, where € is the
unmodified permittivity tensor. Considering Eq. (4), the
finally expression of 610E (x,) is
P (%) = (e1(x,0) " +ady)”!
= (R(@0)e; " (x, 0)R(—af) + ad) "
~ €1(x,0) + abded — ae(x,0)6ne; (x,0).

(14)
As a consequence, we have
9e9E (x, )
€other — 1—®(X)
oo
= 0[T,€1(x,0)]O(x) — €1(x, 0)dne1 (x,0)O(x)
= €MA T+ €OE, (15)

where the first term eys = 05¢40O(x) (MA stands for
material anisotropy) is related with the optical anisotropy
8¢ and the second term g = —€1(x,0)d7n¢1(x,0)O(x) is
related with the optoelastic effect. Therefore, the optome-
chanical interaction Hamiltonian H,.; can be divided into
two terms

Hya = %a@e/ dVQ(Z)E(X)TAE(X), (16)
41

and

Hog = —%a/ dVE(x)Tel(x,O)Snel(x,O)E(x). 17)
4]
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TABLE II. Optomechanical coupling strength.
gioma/kHz gi1ima/kHz g2ma/kHz giomp/kHz gnmp/kHz g2omp/kHz gijor/kHz
22 0 0 0.081 —0.01 —0.01 0

C. Quantization

To date, we derive the classical expressions of optome-
chanical Hamiltonians Hyg, Hog, and Hyia. We define
xzp = v/ h/(2mesS2), which is the zero-point linear dis-
placement of the optomechanical resonator and Ozp =
Vh/Q2ILg2), which is the zero-point angular displace-
ment of the optomechanical resonator. Then the quantized
Hamiltonians can be obtained by replacing au(x) with
operator xzp(b + b")u(x), af(z) with operator 67p(b +
b")A(z) and the classical electromagnetic fields with
electromagnetic fields operators. Therefore, the original
optomechanical Hamiltonian Hyy is

Hiw = Hyp + Hoe + Hua = b+ 5 Y dlaygy,

i,j=12
(18)
where gi; = gijmB + gijoE + gijMa,
X
gijMB = % anA ~u)[—E;0)'AE; (%)
+ D 0 AEHD; L ()], (19)
X' r
gijoE = —% ; dVE;(x)e1(x,0)8n¢, (x, 0)E; (x),
1
(20)
and
1 *
gin = 30amie fV V8 () [Eyy (OE} (X)
1
+EL(0E(X)]. 1)

Although H;, involves several optomechanical coupling
strengths g;; (i, j = 1,2), for our optomechanical system,
only gioma (g5,ma) Will contribute to Hip.

Firstly, we prove that g;;yg ~#0 and goums ~ 0.
Because of the symmetry of our optomechanical resonator,
|E;;(x)[*> and |D;; (x)|* (i = 1,2) will be even functions
about x axis and y axis. However, torsional mode func-
tion u(x) is an odd function about the x axis and the y axis.
Therefore, the integration about g;;\p will approach 0.

Secondly, we prove that giomp ~ 0. From Fig. 2 we
know that E;(x) is a quasi-x-polarized electric field with
|E1y,| < |Eix| and E»(x) is a quasi-y-polarized electric
field with |Ex| < |Eay|. Besides, E1j(x)" A€Ey)(x) can be
expanded into the summation of Ej,,(x) A€E, (x) (m =

x,y,z). Then we have
(—Et, A€Es, + Dt A(e™")Ds,,) dA

\/f El -GEldA . \/‘[Ez . EzEsz
~ 0. (22)

g12MB X Z f

m=xy,z

Besides, the reason that giima ~ 0(i = 1,2) is similar with
the reason that gjomp &~ 0 and we will not repeat this
process.

Thirdly, we prove g;;or ~ 0(i, j = 1,2). The exact val-
ues of g;;or depends on the strain tensor s,,,, electric field
E;(x), and electric field E,(x). When the mode function
0(z) = cos(ksz), the strain tensor s,,, is

1 k, 0 0 y
s=—sinkz)— [0 0 —x]|. (23)
2 R y o —x 0

Considering E;(x) = E;(x,y) cos(B;z), we have

L2
8ijOE X / sin(k;z) cos(Biz) cos(Bjz)dz = 0.  (24)
—L2

Noting that here we do not need the exact value of Pockel’s
tensor p.

Fourthly, taking into the normalization condition of the
electric fields, we can express gioma as

§ L/2

gioMa X Ozp /w1 (f) / 0 (z) cos(B1z) cos(Brz)dz.
—L)2

(25)

The exact expression of gioma is listed in Appendix C.
Obviously, gioma 1S proportional to the optical anisotropy
de of the torsional oscillator, see Eq. (25). Besides, the inte-
gral factor in Eq. (25) is determined by the wave vectors
B1 and B, of the two optical modes and the wave vec-
tor k; of the torsional mode. The exact values of these
optomechanical coupling strength are listed in Table II.

Finally, we can obtain the total optomechanical Hamil-
tonian as

HOM = thTb + hwlaral + hwza;az
+hg(b+bNajar + hg*(b + bhajar,  (26)

where g = g1oma + 212mB + 2120E 1S the optomechanical
coupling strength. Even if moving boundary coupling
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effect [59,60] and optoelastic coupling effect [58,59] will
also contribute to g, our analysis has shown that the con-
tributions of these effects are much less significant than the
contribution of the optical anisotropy and can be neglected
in the present system.

1. OPTOMECHANICAL INPUT-OUTPUT
RELATION

A. Effective optomechanical Hamiltonian

To achieve strong optomechanical coupling at the
single-photon level, we set two optical modes a; and a,
as degenerate with w; = w; [62]. Then the Hamiltonian
Hoym in Eq. (26) can be expressed in interaction picture
as Hoy = hg(be ™ + bTe[Q’)(aJlraz + a;al). If we utilize
a strong coherent laser with duration t to pump the optical
mode a,, the corresponding the Langevin equation is

a> = =5a = V2g0yar + Vkam(®, @7
where « is the decaying rate of the cavity. Considering the
fact that the intensity of a,(f) is extremely large, we can
reasonably neglect weak coupling term +/2g6y,a;. In our
following discussion, we consider only the classical ampli-
tude o, of mode a,. When k >> t~!, the dynamics of the
intracavity field a, can be eliminated adiabatically, which
means that

do (1) K
e NOE 2
7 2a2 + Kk ay(t) ~ 0, (28)

Then a simple relation between the external and internal
field amplitudes can be yielded

2
ar(t) = —=ain (). (29)

N
where oy (7) is the average value of a;,. We assume the
temporal function of ayi, (¢) is f(¢), which has an envelop

with duration t and satisfies the normalized condition
ffooo f(#)*dt = 1. If the photon number of a single pulse is

Nin, then oy, will become oy (1) = /Nipf (£). At this case,
o, (f) can be expressed as

) = o) = 2/ Ys —ar, G0
where a = 2./N;,/«. Then the Hamiltonian Hqy becomes
HEY = hgay () (be ™ + bTe ™) (@] +a1).  (31)
By defining x;, = (a| +a)/v2, pi=i(a —a)/v2,

Oy = (BT +b)/v2, Ly = i(b" — b)/+/2, the Hamilto-
nian H{J{ becomes HEY = 2hgay (H)x. [0y cos(21) +

Ly sin(21)]. When the condition  « 77! « « is satis-
fied, we can neglect the second term of the Hamiltonian
H{5y and obtain the following effective Hamiltonian as

Her = 2hga (H)x10y . (32)

This above Hamiltonian H.s describes the effective inter-
action between the optical mode a; and the torsional
mode b.

B. Input-output relation

Based on Eq. (32), we can describe the dynamics of the
optical and mechanical quadrature operators by the set of
the following Langevin equations:

dx (1)
dt
dpr(f)
dr
d@M
o O
dLM
dt

= __xL(t)+\/_x (1),

= —2ga(H)0y — —pL(t) + Vp (0,

= —ZgOlz(Z)XL(f), (33)

where x"(¢) and p["(#) are the quadratures of 1nput noise,
which satlsfy the commutation relation [x ®),p; ( )] =

6 (t— t’). Invoking adiabatic elimination of the optical

intracavity field dx; (¢) /dt ~ 0 and dp; (f) /dt =~ 0, we have
the following equations:
2
x, (1) = TXL (1),
4gay (1)
= — Our. 34
pr() = \/— pin) pal (34)

By means of the usually optical input-output relation
a™(t) + a(t) = /ka,(t) we find

XUt = X (D),

P = p 0 — gjz_(t) O (),
doy
a0
dL
7:4 = —Zg(xz(t)xL(t). (35)

In order to derive optomechanical input-output relation,

we define time collective optical quadratures xiVout —

f f(t) 1n/0ut(t)dt pln/out f f(l‘)pm/out(t)dl‘. It is easy
to verify that x_f“’“t and p"’"‘lt also satisfy the standard
commutation [x}”°", pj»’ "“t] = i. Besides, we define 6} =

Oy (t = —00) and 05" = 6y, (t = +00). As ay(?) is a short
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pulse, 0% and 6" represent the ), quadrature before and
after the optomechanical interaction, respectively.

Firstly, from equation d6y,/dt = 0, we can get the con-
clusion that 6)/(f) = 0in = 69", which means 6y (¢) is
a constant operator during the optomechanical interac-
tion. Secondly, multiplying the equation x{"(¢) = x"()
by f(¢) and integrating it over the whole time interval,
we obtain the equation x{" = xI' . Similarly, also multi-
plying the equation p{U'(r) = pi(f) — 4g6y0x(1)/ /K by
f(® and integrating it over the whole time interval, we
have p™ = pit — (4g/ /i) [, f(Dex ()0 (Dt = p}* —
(48031 /i) [ f Doz (Dt

Defining x = (4g//x) ffooo f(®Hay(®)dt, and consider-
ing oy () = af (), we have

4 0 8g+/Nin
= [ fomon=2200 e
VE J_ oo K
As a consequence, we have p" = pi" — x0in | Thirdly,

from equation dLy /dt = —2go(#)x (1), we know that
Lyt — Ly = —2g [ ax(t)x (7). Using Eq. (34), we have

L = Ll = —(4g /o) [22, ex(Ox(0dt = —(4ger//K)
Xt = —xxp.

Finally, we have the following input-output relation
[63—67]:

out

P =pi" — X0,
Gout _ Qin
M — YM>

LYy = Lijy — xx}. (37)

Through this optomechanical interaction, the optical
quadratures x; and p; partially exchanges information
with the torsional quadratures ), and L,,. Therefore, the
torsional oscillator becomes correlated with the optical
mode a;. It is worthwhile to note that our spin angular-
momentum optomechanical interaction (26) makes the
input-output relation (37) without a classical momentum
term, which usually occurs in linear momentum optome-
chanical systems [63,64,66], therefore, we do not need
to compensate for the influence induced by the classical
momentum term.

Noting that when xy > 1, Eq. (37) allows an effective
coherent control of the torsional oscillator by very few
photons of the optical mode a;, and thus provides a plat-
form to realize single-photon optomechanics [36], even
though this system does not satisfy the usually single-
photon strong-coupling condition g > €2 [36]. The require-
ment for the realization of single-photon optomechanics,
namely to achieve x > 1 is Nj, > 6.45 x 107, which is
feasible in the state-of-the art experiment [35,64].

As powered by the strong single-photon optomechan-
ical coupling with x > 1, the torsional oscillator can

be squeezed and cooled efficiently in this system using
a single-pulse-measurement protocol [64]. By pumping
mode a, with a single coherent pulse and then performing a
homodyne detection on quadrature p*, the torsional oscil-
lator will be projected into a state that inherits the features
of the input state of the optical mode a;. As an example,
we assume that the input state of the optical mode a; is a
vacuum state, and the input state of the torsional oscillator
is a thermal state with the mean phonon number 7. Accord-
ing to the input-output relation Eq. (37) and noticing that
A (pf™"), the variance of p{™* becomes 0 by the homodyne
detection, we obtain

A(@]?/}H)Z — X_ZA (p[iln)2 + X_2A (pi)ut)2 — 1/(2)(2)’

A = A (LE) + A () = G+ 1/2) + 22/2.
(38)

Therefore, when x > 1, ABY")? = 1/(2x?) < 1/2, the
Oy quadrature is thus squeezed to the level of the vac-
uum fluctuation and L,; quadrature is almost unaffected.
As a consequence, this torsional oscillator is squeezed into
an asymmetrically cooled state (namely squeezed thermal
state) [64,65].

IV. PREPARATION OF NON-GAUSSIAN AND
NONCLASSICAL QUANTUM STATES

A. General preparation process

In this section, we discuss the preparation process of the
non-Gaussian and nonclassical quantum states of our tor-
sional oscillator. Due to the quintessential embodiment of
the manifestly nonclassical properties of quantum mechan-
ics, Schrodinger cat state and single-phonon state have
been widely researched [68—70]. However, it is still very
difficult to prepare the motion degree of macroscopic
objects in cat state or single-phonon state. Here we demon-
strate that the torsional oscillator can be prepared in a
Schrodinger catlike state and squeezed single-phonon state
using a two-pulse-measurement protocol, see Fig. 4. The
first pulse is used to cool the torsional oscillator, as we
have explained before. The second set of pulses includes
a coherent laser pulse (to pump the mode a,) and an opti-
cal catlike state pulse [71] (to pump the mode a;) or a
single-photon state pulse. The subsequent homodyne mea-
surement on the output field pp™* will partially transfer the
quantum state from the optical mode a@; to the torsional
oscillator, thus preparing the torsional oscillator into a
Schrodinger catlike state or squeezed single-phonon state.

We use Wigner function to characterize the state of the
torsional oscillator. In the Heisenberg picture, if the time
evolution of all the quadratures r of a continuous-variable
system can be described by a linear transformation

r(T) = Mr(0), (39)
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(@) Cooling and Squeezing Preparing
P1vac P1cat
P2coh Hom Py p2c0h—A-. Houm P
i Ot =m/2
leJIl / pl(\)/lut
pMSqul pMSquZ
(b) p,i\f,‘ PMsqu1 PMsqu2 /31(1)/111t
L L L L
] ] 0 0
FIG. 4. (a) Protocol for the preparation of macroscopic

Schrodinger catlike state of the torsional resonator includes three
steps: (1) the torsional resonator is cooled and squeezed (pit —
Pmsqui) by the first optomechanical interaction Hoy and the
homodyne detection of the py** quadrature of the optical mode
a; (Pp) with the input optical state pjyc (vacuum state) and
P2coh (coherent state pulse); (2) the free evolution of the tor-
sional resonator for time Qf = /2 (pmsqui = PMsqu2); (3) the
torsional resonator is prepared into a Schrodinger catlike state
(Pmsqz = piit) by the second optomechanical interaction Hom
and the homodyne detection of the optical mode a; (P) with
the input optical cat state pjcar and ppcon (coherent state pulse).
(b) illustrates the Wigner functions of the mechanical state of the
torsional resonator during the experimental protocol.

then at time 7 =1, the Wigner function of the total
system is

W(r,T) o« W(M™'r,0). (40)
This equation connects the Wigner function at time t =T
and at time ¢ = 0 (see Appendix A for more details). For

our optomechanical system, the input-out relation (37)
provides us with a transformation matrix M

1 0 0 0
o 1 —x o0

M=149 0o 1 o (41)
—-x 0 0 1

We assume the initial quantum state p(0) = p; ® o,
where py is the density matrix of the input optical mode
aiin and py is the density matrix of the mechanical mode.
The corresponding initial Wigner function is W(r,0) =
Wy (xr, pL) Wi (e, par). After the optomechanical interac-
tion (37), the Wigner function of this system is

W, T) = WM 'r,0)

= Wi (xr,pr + xxa) Wy Gar, py + xx1).  (42)
Through this process, the torsional oscillator becomes
correlated with the output mode of a;.

Then if we perform quantum measurement on the sub-
system p; with a measurement operator I1, the resulting

Wigner function will be [72]

Wmeas (xMaPM) X / der W(l‘) WH (XL,PL)a (43)

where Wi (xz,pr) is the Wigner function of the measure-
ment operator I1. Furthermore, the corresponding success
probability [72] is

P = / f ey dpudpL WO WnGrpr). (44)

For perfect homodyne detection, the corresponding
Wigner measurement function [72] is

Whomo(vapL) X 8(pL _p)’ (45)

where p is the result of measurement.

B. Squeezed single-phonon state

We use the two-pulse-measurement protocol to prepare
our torsional oscillator into squeezed single-phonon state.
Given the input optical single-photon state of mode a; with
the Wigner function Wy (xz,pr) o exp (—%xi - %pf)(xi +
pf — 1) and a precooled mechanical state with the Wigner
function Wy Oy, Lur) o< exp [—0%/(2Vee) — L3,/ 2V11)],
where V', and Vg are the variance of Ly, and 6,,, respec-
tively, the Wigner function of the resulting mechanical
state W (O, Ly) 1s

W (Om,Ly) = // dxrdpi Wi (xp,pr + x60um)

X Wi (Orr, Lye + xx1) Whomo (X1, PL)-
(46)

If we choose x = 1, the success probability can be calcu-
lated by Eq. (44) and the exact expression is

2

p
24 Vg

Pr(p) ocexp (— )\/4172 + Voo (2 + Vo). (47)

Obviously, the value of Pr(p) depends on the result of
measurement p and different p will correspond to dif-
ferent resulting mechanical states. In order to simplify
calculation, we choose p = 0 and other choice of p is
also acceptable. This can be achieved by using a narrow
acceptance window around p = 0 to perform postselection
measurement to make the outcome of homodyne measure-
ment around 0, in which case the success rate goes down
but all mechanical states are created identically. Finally,
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the resulting mechanical state is

1 1
W(O, L) o exp [‘5“ + V)63, — S+ m)%}

x [(1+ Veo)Og; + (1 + Voo) 'Ly, — 1].
(48)

It is obvious that when Vi, > 1, Wigner function
W(6y, Lyy) will near the Wigner function of squeezed
single-phonon state and when V;; — oo and Vgg — 0,
W(6u, L) will near the Wigner function of single-phonon
state.

C. Schrodinger catlike state

Compared with the macroscopic mechanical cat states,
which are difficult to realize in experiments, the tech-
nologies of preparing optical cat state are much more
mature [73—75]. Here we use the generalized photon sub-
traction method [71] to prepare optical cat state and the
corresponding process is discussed first, see Fig. 5(a).

In the generalized photon subtracted method, the origi-
nal optical input state are two unentangled squeezed states
with squeezing parameters | and r,. The corresponding
Wigner function of input state is

Win(X12, P11s X212, p21) X< Wy (X110, p12) Wiy (X2, P21), (49)

where

2 2
XL Pr

2 exp(2r) 2 exp(—2r) i| (50)

W.(x1,pr) o exp [—

is the Wigner function of squeezed state.
Then an asymmetric beam splitter with transmittance
Tiop is utilized to exchange the quantum states of the

two squeezed states. If we define rz = (xyz,p1z, X210, P21),
after going through the beam splitter, the resulting optical
quadratures will be

rp — Mirxp, (51)

where M;

VT 0 VI=Tap 0
0 VTap 0 JT-Ty
—/1=Tup 0 Toap 0 '
0 ~T=Tap 0 VTap

(52)

is the transmission matrix of the beam splitter. According
to the time-evolution formalism of Wigner function (40),
the corresponding optical Wigner function Wiy, is

Witap (X125 P12, %21, o) o Win(My 'rr). (53)

By using a photon-number-resolved detector to measure
the output photon number of the squeezed light r,, the
quantum state of the output photon on port r, will be
projected into a catlike state

Wincat(X12,P11) O(fdeLdp2LWLtap(leaplL,XZL,pZL)
X Wy(x12,p12), (54)

where W,,(x12, pr2) is the m photons’ Wigner measurement
function (see Appendix B). Following these processes, we
can prepare optical catlike states successfully.

By means of the optomechanical interaction (37), our
torsional oscillator can be easily prepared into Schrédinger

Wmcat(lev plL)

(a) Wia(x21,021)  (B)
PaL
Wr1 (%11, D11) ‘ >
2L
P1L #
X1L
BS: Ttap

_ _in
=21

= [P i
= i — X0

=0 W(Om, L)

m

Win (X210, P21)

= Li]\I}[ - XajllnL = #LM
Om

FIG. 5.

(a) The preparing process of the optical cat state with Wigner function Wica(x12,p12). BS is a beam splitter with transmit-

tance Ti,p, m represents the photon number resolving detection with m photons detected and W,,(x2;, p21) is the corresponding Wigner
function. (b) State transformation and preparing process of the resulting mechanical catlike state with Wigner function W(0yy, Lyy).

out

i}t represents the homodyne detection on the output optical quadrature pf}*.
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(a) m=0

FIG. 6. The Wigner functions of the torsional oscillator pre-
pared in Schrddinger catlike states with 8, quadrature squeezed.
In our numerical calculation, we choose x = 1, the squeezing
parameters r; = —rp = 1.15 (i.e., 10 dB of squeezing), Tip =
(€1 — 1)/(e¥1t — e~21) 2 0.909 [71] and the environment tem-
perature 7 = 100 mK.

catlike state, see Fig. 5(b), and the corresponding Wigner
function is

WO, L) /dledplLWmcat(lesplL + x0um)

X Wy Oum, Lye + xx)8(@1i. —p).  (55)

Noting that the Wigner function of the prepared tor-
sional cat state depends on two squeezing parameters 71,
73, the transmittance Ti,, of an asymmetric beam splitter
and the subtracted photon number m. Using experimen-
tal feasible parameters r; = —r, = 1.15 (i.e., 10 dB of
squeezing), Tt,, = (€1 —1)/(e¥1 — e 21) 2 0.909 [71]
and also choose p = 0 and x = 1, the Wigner functions of
the resulting mechanical states for m = 0, 1,2, 3 are plot-
ted in Fig. 6. It can be seen that when m > 0, the Wigner
function W(6y,, L)) for the output state of the torsional
oscillator has negative-valued interference fringes between
two significantly separated components, which demon-
strates the feature of Schrddinger cat state. Noting that
even if our proposal is similar to Ref. [66], in our proposal
we use the generalized photon subtraction method [71] to
prepare optical cat state instead of the photon subtraction
method [34], which is utilized in Ref. [66], thus dramati-
cally increasing the success probability [71] of generating
optical cat state.

V. EXPERIMENTAL FEASIBILITY

The decoherence of the torsional oscillator is mainly
induced by the thermal noise [48]. We consider the
torsional oscillator at temperature 7 = 0.1 K with the
mechanical quality factor Q,, = 10° and the torsional res-
onance frequency Q = 2w x 500 kHz that are feasible
in experiments [27,44,48,53—56]. For a mechanical cat
state |a) = | — o) with the amplitude o = 1.5, which is
comparable to the m = 2 and m = 3 states in Fig. 6, the
decoherence time [76] is estimated to be

2~ 2(1 + |aH)al] ™! ~ 11.75 ps. (56)
For squeezed thermal state [77],
tih = @al) ™! & 38.19 us. (57)

Besides, for squeezed single-phonon state, we approximate
the decoherence time to be [78]

T & (6nT) ! A 12.73 ps. (58)
Compared to the torsional oscillation period 3, =
27/ 2 = 2 us, we find that it is feasible to use the present
torsional model to observe macroscopic quantum effects
under the realistic decoherence.

According to Eq. (25), if 6(z) = cos(kz) and |B; —
B2l =k > L~', the coupling constant g o 8efzp o
SeL™'/? (see Appendix C). In order to observe quantum
effects in longer macroscopic scale, we can increase the
length L from 0.1 mm to 1 cm, e.g., with a centimeter-long
optical cavity on a nanofiber [40], then the coupling con-
stant g will reduce by an order of magnitude, which can
be compensated by using the optical material with a higher
optical anisotropy d¢ as compared with o quartz, such as
TiO, (8€ = 1.536) [79] and YVO4 (8¢ ~ 0.936) [80] for
A =0.63 um.

VI. SUMMARY

We theoretically propose an angular-momentum opto-
mechanical system, which is based on spin angular-
momentum exchange interaction between light and a
torsional oscillator. Our analysis shows that this system
can be used to manipulate the torsional quantum state of a
torsional oscillator and prepare Schrodinger catlike states
with macroscopic length scale, thus providing a platform
to explore the fundamental problems related with quantum
torsional motion, such as the macroscopic decoherence,
rotational friction [37,38], and so on. Furthermore, the rel-
atively long optomechanical interaction length may signif-
icantly increase the scalability of optomechanical system,
and thus provides us with a possibility to explore hybrid
quantum optomechanics, e.g., to investigate nondemoli-
tion measurement of the phonon energy [81], sympathetic
cooling of a mechanical oscillator [82].
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APPENDIX A: TIME EVOLUTION OF WIGNER
FUNCTION

If the time evolution of all the quadratures r of a bosonic
system can be described by a linear transformation, which
means that

r(7) = Mr(0), (Al)
then the Wigner function and characteristic function of
this system at time 7 can also be totally described by
matrix M and the original density matrix p(0). In order
to connect the Wigner function W(r,7) at time 7 with
the Wigner function W(r,0) at time 0, we consider the
following calculation.

Firstly, we consider the time evolution of characteristic
function. At time 7, the displacement operator [72] is

D(B,T) = explir(T)" - Q]
= exp[i[Mr(0)]" - QB]

= exp[iBT Q" Mr(0)]. (A2)

Defining a vector y = QMTQB, we have the following
relation:

BTQ™Mr(0) = —BTQTMQQr(0)
= B (-Q"MQ) Q"r(0)

= BT QMQ)Q r(0)
= yTQTr(0)
=r0)" - Qy. (A3)
Therefore, at time 7'
DB, T) =exp[r(0)"- Qy]=D(y,0). (A4
The corresponding characteristic function [72] is
x(B,T) =Tr[p(T)D(B,0)]
= Tr{p(0)D(B, 7]
= x(v,0). (AS)

Secondly, we consider the time evolution of Wigner func-
tion. If we define QM7Q = K, then y = KB. At time T,

W, T) = / "B (B, ) exp(—ir” - 2B)

(271—)271

/dZ"ﬁX(Kﬁ,O) exp{—ir’ - QB}.
(A6)

~ o

Using coordination transformation 8’ = K8, we have

- Qp=r"-QK'p
— rT . (Mfl)ngflﬂ/
=WM'r".Qp. (A7)

Therefore, the Wigner function of the total system at time
Tis

W(r,T) o / d*"B' x(B',0) expl—i(M~'r)" - @B’}

(A8)

(27T)2n
= WM 'r,0).

APPENDIX B: WIGNER MEASUREMENT
FUNCTION

The positive operator-valued measure for photon-
number-resolved detection with detection efficiency 7 is

o0

M =TM,m) =n"Y (1 —n*"CkIkK,

k=m

(B1)

where C¥ = m!/k!(m — k)!. The corresponding Wigner
function [72]

_1\m,,m 2 2
W(X,Y):l =" <X +Y>

22—t "\ 2y
n

— 1 (x? Yz}, B2
2(2—77)( + ) (B2)

X exp{—

where L;(x) is a Laguerre polynomial.
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APPENDIX C: g12MA

Considering the normalized condition of E;(x) and
E,(x), we can express gioma as

Ozp
812MA = B (Gxx -

Eyy) A/ w1y
/ (EZYETy n EzyETx> dxdy

\/f E; - €Edxdy - \/f E, - & Eydxdy

L/2
—L)2

X
\/f_Lﬁz cos (B1z)* dz - \/f—LZz cos (Brz)* dz

coni(3)

—L)2

X

cos(k;z) cos (B1z) cos (Brz) dz

L/2

(CDH

In the last step, we use the approximation that

_Lﬁz cos(B1z)%dz ~ —LZZ cos(Boz)2dz ~ L)2.

Furthermore, if 6 (z) o cos(k;z), then gjoma will be

1 L/2
ZioMAa X — / cos(k;z) cos (B1z) cos (Baz) dz
L) _1p

_ sin(GL(=B1 = B2 + k)
2Bt B k)
sin (3L (B1 — B2 + k)
2L(B1 — P2 + ko)
sin (3L (=B + B2 + k)
2L(=p1 + B2 + ke)
sin (;L (B1 + B2 + k1))
2L(B1 + B2 + ko)

(C2)

In this system, By ~2x /A and B, ~ 27 /A where A
is the wavelength of the electromagnetic field. If L >
0.1 mm, 1L > 1 and B,L > 1. When By — B, =k, >
L7, sin (3L (B1 = B2 + k) /(B — B2 + k)L = sin(kiL)/
2L < 1andsin (3L (B1 — B2 — k) /2(B1 — B — k)L =
1/4. Noting that 67p = /h/(2L5Q) o L~/2, we have
g2 X giomMA X 8€0zp SelL™1/2,
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