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The nonlinear dynamics of microelectromechanical resonators has recently garnered significant atten-
tion for their potential use in high-precision detection and information processing. In this paper, we
report resonant excitation as a powerful tool for generating nonlinear mode coupling in a cantilever
microresonator. It is discovered that resonant driving at its second flexural mode f2 under moderate driving
amplitude gives rise to blue and red sidebands due to mode coupling between the fundamental mode and
the second flexural mode. Detuning the driving frequency enables a continuous shift in the frequencies of
the blue and red sidebands with a frequency span of 220 Hz. Further increase in the drive amplitude at f2
mode splitting, and broadband acoustic frequency comb with a frequency span exceeding 500 kHz. Our
findings pave the way towards parametric control based on injection locking for manipulating multimode
mechanical resonator systems.
DOI: 10.1103/PhysRevApplied.17.054015

I. INTRODUCTION

Mechanical resonators with high precision and excel-
lent compatibility with various materials and IC circuits
[1] have become a highly flexible platform for the devel-
opment of high-performance sensors [2–6], filters [7–9],
gyroscope [10], transducers [11,12], and oscillators [13–
15], and as tools for fundamental scientific endeav-
ors. Recently, the nonlinear dynamics of microresonators
has been explored for their potential use in quantum
state manipulation and information processing [16–18]
owing to their low energy consumption and the ability
to achieve efficient energy transfer and strong coupling
between different modes [19–22]. Parametric excitation
has become a routine technique to achieve mode cou-
pling in a nonlinear system. Thus far, various non-
linear effects, such as mechanical sideband [23–25],
injection locking [26,27], four-wave mixing [28], and
parametric normal-mode splitting [29,30], have been
experimentally demonstrated in mechanical microres-
onators. Acoustic frequency combs (AFCs) in mechanical
microresonators have recently received considerable atten-
tion. AFCs, which consist of a series of equally spaced
discrete frequencies, have potential applications in quan-
tum information processing, enhanced heat or sound trans-
port, and high-throughput, high-precision signal sensing
and imaging. The previously reported AFCs mostly arise
from degenerate four-wave mixing (D4WM) of two nearby
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modes through cubic nonlinearities [31–35]. As a result,
these AFCs usually exhibit a limited number of “teeth,”
e.g., less than 20, as the required zero-dispersion condition
is difficult to manage to be satisfied [36–38].

In this work, we demonstrate resonant excitation as a
powerful tool for nonlinear mode coupling in a cantilever
microresonator. By moderate resonant driving at the sec-
ond flexural mode f 2 of the microcantilever, sidebands
located at the sum and difference frequencies between
the second flexural mode f 2 and the fundamental flexu-
ral mode f 1 are observed. In comparison, strong resonant
driving at f 2 results in frequency combs with a frequency
span across multiple modes from 0 to 500 kHz.

II. EXPERIMENTAL DETAILS

Figure 1(a) shows the measurement setup and a SEM
image of the cantilever beam used in this investigation.
We use a monocrystalline silicon microcantilever beam
with dimensions of 450 × 50 × 2 µm3. The cantilever
is mounted on a piezoelectric disc attached on a cuboid
support with a size of 2 × 1 × 3 mm3 and placed in a
vacuum chamber at approximately 10−2 mbar at room
temperature. The piezoelectric disc is made of lead zir-
conate titanate (PZT) ceramic (d33 ∼ 350 pmV−1), with a
diameter of 30 mm and a thickness of 2 mm. The piezo-
electric disc oscillates vertically through an alternating
voltage applied through two electrodes on the top and
bottom sides. A function generator (model 332200A, Agi-
lent, USA) is used for the application of a sinusoidal ac
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FIG. 1. (a) Measurement setup and SEM image of a microcantilever. The SEM image is mirrored as compared to the schematic
drawing of the cantilever. (b), (c) Downward sweep frequency responses of the fundamental and second flexural modes under different
driving voltages, respectively. The insets are the corresponding mode shapes of the two modes. (d) Schematic illustration of the
coupled system. A moderate driving power at f 2 gives rise to a red (fr) sideband and a blue (fb) sideband owing to the coupled
interaction between f 1 and f 2. A strong driving power creates frequency combs because of higher-order nonlinear interactions.

pump at frequency f pump and voltage Vpump. The cantilever
motion is monitored using a Doppler vibrometer (model
OFV-5000/534, Polytec, Germany) equipped with a high-
precision low-noise lock-in amplifier (model MFLI5M,
Zurich Instruments, Switzerland) and a network analyzer
(E5061B, Agilent, USA). We pick up a point with the
largest displacement on the microcantilever for the detec-
tion of vibrational signals, as marked by a red dot on the
SEM image of Fig. 1(a). The motion of the cantilever beam
consists of multiple resonant modes. Herein, the funda-
mental and second flexural modes of the cantilever beam
are the modes of interest.

III. RESULTS AND DISCUSSIONS

Figures 1(b) and 1(c) show the downward sweep fre-
quency responses of the fundamental and second flexural

modes, respectively, under different driving amplitudes.
A finite-element-method simulation verifies that the two
modes have different mode shapes (see the insets). The
resonance frequencies and Q factors of the two modes are
determined by Lorentzian fitting of the experimental data
obtained at a small probe amplitude Vprobe= 0.1 V. The res-
onance frequencies are f 1= 14.44 kHz and f 2= 90.31 kHz.
The ratio f 2/f 1= 6.25 is close to the theoretical value
of 6.27 for a homogeneous cantilevered Euler-Bernoulli
beam [39]. The corresponding Q factors of the two modes
are Q1= 365.6 and Q2= 1913.0. In particular, as shown
in Fig. 1(c), the second flexural mode exhibits a soften-
ing Duffing nonlinearity upon increasing the probe voltage
Vprobe from 0.4 to 1 V (peak voltages).

The resonant excitation gives rise to a nonlinear chan-
nel formed by interactions between different harmonics of
the microresonator and the piezoelectric disc for energy
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FIG. 2. (a) Logarithmic (base 10) scale contour plot of the PSD spectra of the cantilever beam upon increasing the drive voltage
Vpump at f 2. The color bar indicates the amplitude in dB. (b) Two typical line profiles extracted from (a) without (bottom) and with (top)
the sidebands at fr and fb. (c) The PSD spectra measured by detuning the drive frequency f pump at Vpump= 17 mVrms. This inset shows
that the first flexural mode at f 1 remains stable as the f pump changes. The color bar indicates the amplitude in dB. (d) Drive frequency
f pump varying from 90.20 to 90.40 kHz in a step of 0.01 kHz results in a linear dependent variation of the red and blue sidebands, as
confirmed by the least-squares fittings (solid lines).

transfer between the coupled modes. To demonstrate the
nonlinear behavior of the system under resonant driving,
we apply a sinusoidal excitation signal at f pump= f 2 of
different driving amplitudes to the microcantilever. The
signal at f 1 arises from thermal noise [40]. As schemat-
ically depicted in Fig. 1(d), we first apply a moderate
driving excitation f pump in the second flexural mode f 2.
We measure the power spectral density (PSD) of the can-
tilevered beam by varying the driving amplitude Vpump
from 11 to 18 mVrms (root-mean-square voltage). Figure
2(a) shows the PSD spectra around f 2, detected using
the autocorrelation technique [41]. As shown in Fig. 2(a),
increasing the driving amplitude at f 2 creates two side-
bands at the difference f 2 − f 1 and the sum f 1+ f 2, which
clearly indicates mode coupling between the two modes at
f 1 and f 2. The frequency difference f 2 − f 1 (75.87 kHz)
and the sum f 1+ f 2 (104.75 kHz) are denoted as fr and
fb, respectively. Figure 2(b) shows two typical line profiles

extracted from Fig. 2(a) before and after the formation
of the two sidebands. The underlying mechanism can be
understood as follows. The generation of sidebands around
f 2 arises from modulation of the mode f 2 by the first mode
at f 1 as a function of time [42].

For a resonator, injection locking involves parametric
driving at a frequency close to its natural resonance fre-
quency. Once the drive amplitude exceeds a threshold
value, the resonator can be locked to the drive in frequency
and phase. We then measure the PSD spectra around f 2 by
varying the drive frequency f pump from 90.1 to 90.2 kHz
at a constant drive voltage Vpump= 17 mVrms. As shown in
Fig. 2(c), increasing f pump from 90.1 to 90.2 kHz resulted
in injection locking of the second flexural mode by the
driving signals [43]. This inset of Fig. 2(c) shows that
the mode at f 1 remains stable as the drive frequency
f pump changes. Note that the first flexural mode at f 1 is
maintained at a constant frequency when the f 2 mode
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FIG. 3. When the drive frequency f pump 90.31 kHz is equal to f 2, the drive voltage Vpump gradually increases from 0.3 to 1 Vrms. (a),
(b) Logarithmic (base 10) scale contour plots of the first and second flexural mode PSD responses as functions of the Vpump. The color
bar indicates the amplitude in dB. With the Vpump increasing, the parametric coupling is enhanced. The red lines are displayed under
a strong resonant drive with a mode splitting of 0.32 kHz. (c) Extracted PSD spectra from (b) for a strong parametric drive power
Vpump= 0.7 Vrms at f pump= 90.31 kHz is equal to f 2.

is driven at different frequencies. The maximum locking
range [26,27,44] in this case can be written as

�δ = f2
2Q2

× Ainj

Aosc
× 1√

1 − (Ainj/Aosc)
2

. (1)

Thus, it depends on the amplitude ratio of the injection-
locked oscillation Ainj and the original resonant oscillation
Aosc at f 2 and the ratio of f 2 to the mechanical quality factor
Q2.

The continuous frequency shift of the sidebands real-
ized by the injection locking is demonstrated by measuring
the sideband frequencies as a function of f pump. The red
and blue curves in Fig. 2(d) correspond to the red side-
band fr and the blue sideband fb frequency curves as the
drive frequency f pump is increased. As shown in Fig. 2(d),
by changing f pump, we observe that the frequency shifts
of the two sidebands exactly track the frequency shift of
the drive signals with a frequency span of 220 Hz. How-
ever, it should be noted that external driving of a damped
resonator could also result in the above observations.
The ability to tune the sidebands continuously makes this

system an interesting candidate for high-precision signal
detection or filtering applications through sideband mod-
ulation to improve signal-to-noise ratio, with potentials to
be integrated into atomic force microscopy (AFM).

Second, we apply a stronger drive at the second flex-
ural mode f 2. Figure 3 is a power spectra obtained by
frequency scan at zero voltage through thermal noise exci-
tation. Figures 3(a) and 3(b) depict the response of the
microcantilever to a gradual increase in the drive volt-
age Vpump from 0.3 to 1 Vrms at f pump = f 2= 90.31 kHz.
Notably, when the drive voltage reaches 0.7 Vrms, two
new narrow peaks separated by �f ′ = 0.32 kHz suddenly
appear at 12.73 and 13.05 kHz. The center frequency
f 1

′ between the two peaks is located at 12.89 kHz with
a frequency ratio f 2/f 1

′ = 7.006, suggesting the occur-
rence of (1:7) internal resonance (IR). The frequency ratio
remains at 7.006 and deviates slightly from 7, which could
be related to frequency pulling induced by mode cou-
pling and/or geometric uncertainties [44]. The mode at
f 1

′ undergoes a mode splitting and is divided into two
satellites at 12.73 and 13.05 kHz with a frequency sep-
aration �f ′ = 0.32 kHz, as depicted by the red lines in
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Fig. 3(a) [45]. From Fig. 3(b), we also observe alternative
satellites with a separation �f ′′ = 1.84 kHz. From the fre-
quencies extracted from the experimental data, we find that
f 1

′ ≈ 7�f ′′.
Furthermore, we observe AFCs upon strong driving,

and the frequency combs show a well-defined interval
�f = f 1

′ = 12.89 kHz. The teeth of the combs extend
over a frequency range of approximately 500 kHz. The
generation of the frequency combs can be attributed to
the frequency mixing of the second flexural mode and
the IR-induced injection-locked f 1

′ mode. Energy and
momentum conservation places stringent conditions on
the formation of AFCs. To obtain broadband AFCs, zero
dispersion in a broad frequency range needs to be satis-
fied, analog to optical frequency combs [36,37]. Spring
constant (k) increases as the frequency increases, suggest-
ing a positive dispersion for k. In contrast, the geometric
dispersion for a microcantilever is negative when it is
strongly driven, resulting in Duffing-like softening [46].
Therefore, the broad frequency span can be attributed to
the compensation of the intrinsic spring dispersion of the
microresonator by geometric nonlinearity induced by res-
onant excitation. In addition, as shown in Fig. 3(c), we
observe that the modes at f 2, 3f 2, and 5f 2 with large
amplitudes are significantly more prominent than other
modes.

There are abundant nonlinear behaviors in a nonlinear
system with coupled modes when forcedly pumped at one
of the resonant modes. In this study, the signal f pump is
applied at f 2, which induced large anharmonic deforma-
tions of both the piezoelectric disc and the cantilever beam.
For a symmetric anharmonic oscillator, the restoring force
can be expressed as follows:

F(x2) = −ω2
2x2 −

N∑
j =1

aj x2j +1
2 , (2)

where x2 is a displacement of the system and aj are
the nonlinear coefficients. The dynamic behaviors of the
system can be expressed as follows [47–51]:

ẍ1 + γ1ẋ1 + ω2
1x1 + α12x1x2 = 0, (3)

ẍ2 + γ2ẋ2 + ω2
2x2 +

N∑
j =1

aj x2j +1
2 + α21x1x2

=
∞∑

n=1

An sin nωp t, (4)

where xi denotes a displacement; γ i is the dissipation rate;
ωi is the natural frequency; subscript i = 1, 2 denotes the
modes f 1 and f 2, respectively; and α12 and α21 denote the
quadratic coupling coefficients. The right-hand side of Eq.
(4) represents a driving force possessing an infinite number

of harmonics characterized with driving frequencies nωp
and amplitudes An, where n is an integer. Alternatively,
Eq. (4) can be rewritten as

ẍ2 + ω2
2x2 + α21x1x2 = f(ωp t, x2, ẋ2), (5)

which can be evaluated by using the method of aver-
aging based on perturbation [47,48,52] by introducing
x2= β cos(ω2t + φ) into the f(ωp t, x2, ẋ2). The result is

ẍ2 + ω2
2x2 + α21x1x2

= f(ωp t, β cos(ω2t + φ), −βω2sin(ω2t + φ)). (6)

Subsequently, the Taylor series expansion of f (ωp t,
β cos(ω2t + φ), −βω2 sin(ω2t +φ)) will include sin(n
ωp + mω2)t and cos(nωp + mω2)t in the expansion, which
indicates that there are harmonic components with com-
bined frequency at nωp + mω2 in the interference force. In
other words, when nωp + mω2=ω2, Eq. (5) has solutions,
and resonance occurs at pω2/q, where p and q are integers
[53–56].

We then show that the interval of the frequency combs
can be finely tuned through frequency detuning of the
drive frequency f pump around the mode f 2. In the exper-
iments, f pump is varied from 90.20 to 90.40 kHz in a
step of 0.01 kHz for a strong parametric drive volt-
age Vpump= 1 Vrms. AFCs with different comb densities
and frequency intervals �f are obtained, as confirmed
in Fig. 4. Notably, mode locking occurs when the fre-
quency interval �f = f 1

′ is a rational multiple of that of
the mode f 2, pf 2/q. In our experiments, rational multiples
we observe include 1/3, 1/4, 1/5, 1/6, 1/7, 1/8, 1/9, 1/11,
1/12, 1/13, and 1/14. Note that a similar phenomenon,
named Devil’s staircase, had been reported on the shunted
Josephson junction in the 1970s by Belykh and Pedersen
[57,58], which is closely linked to “Arnold tongues” [59–
62] that occurs when two or more nonlinear oscillators are
coupled and their phases are locked (synchronized) to a
rational multiple. Arnold tongues appear most frequently
between oscillators, especially when one oscillator drives
another, but not the other way around. This situation is
similar to our case where the microcantilever resonator
is driven by the piezoelectric disc. In addition, mechani-
cal microresonators have tremendous potentials to be used
as high-frequency clocks that demands high-frequency
stability [63,64]. However, as the dimensions of microres-
onators shrink, they become vulnerable to external inter-
ferences [65], such that developing technologies that sup-
port multichannel frequency stabilization is necessary [14,
66–68]. We show that the AFCs demonstrated in this
work can be used as a multichannel frequency stabilizer
that can effectively resist laser-induced photothermal effect
[69–71]. Details are given in Note S1 within the Supple-
mental Material [72].
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FIG. 4. (a)–(t) Logarithmic (base 10) scale plots of the PSD spectra of the microcantilever under parametric excitation by varying
the drive frequency f pump from 90.20 to 90.40 kHz in a step of 0.01 kHz at a fixed drive voltage Vpump= 1 Vrms. A fine tune of the
frequency interval �f for the AFCs is obtained.

Notably, as a symmetric anharmonic oscillator has only
odd harmonics, the amplitudes at f 2, 3f 2, and 5f 2 are
more prominent than those of other modes [73]. In addi-
tion, newly formed modes at f 1

′ = pf 2/q appear owing to
coupled nonlinear responses induced by resonant excita-
tion. Subsequently, f 1

′ and f 2 undergo second-order non-
linear coupling to generate mutually coupled sidebands
equally spaced around f 2. If the sidebands are sufficiently
intense, they can further interact with high-order harmon-
ics of f 2 and ultimately generate frequency combs with
a frequency interval of f 1

′ and a span of 500 kHz. In
other words, the frequency combs is generated because
f 1

′ and f 2 produce a cascade second-order nonlinear
process [36,74].

IV. CONCLUSION

In this study, we demonstrate resonant excitation as
a tool that can manipulate nonlinear mode coupling in
a cantilever beam microresonator. For small amplitude
excitation, the microcantilever shows two flexural modes
at f 1= 14.44 kHz and f 2 = 90.31 kHz. As we increase
the drive amplitude to exceed a moderate threshold, the
spectrum near f 2 shows two sidebands at the frequen-
cies f 2 − f 1 and f 2+ f 1. A slight detuning of the drive
frequency resulted in a continuous frequency shift of
the sidebands for a frequency span of 220 Hz. As the
drive amplitude grows further and exceeds a relatively
high threshold, AFCs across multiple modes are observed.
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A frequency detuning of the drive results in AFCs with
different frequency intervals �f = pf 2/q. The presented
method opens up a path towards parametric control based
on injection locking for the controlled manipulation of
multimode mechanical resonator systems.
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