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Single spin qubits based on phosphorus donors in silicon are a promising candidate for a large-scale
quantum computer. Despite long coherence times, achieving uniform magnetic control remains a hurdle
for scale-up due to challenges in high-frequency magnetic field control at the nanometre scale. Here,
we present a proposal for a flopping-mode electric dipole spin resonance qubit based on the combined
electron and nuclear spin states of a double phosphorus donor quantum dot. The key advantage of utilizing
a donor-based system is that we can engineer the number of donor nuclei in each quantum dot. By creating
multidonor dots with antiparallel nuclear spin states and multielectron occupation we can minimize the
longitudinal magnetic field gradient, known to couple charge noise into the device and dephase the qubit.
We describe the operation of the qubit and show that by minimizing the hyperfine interaction of the
nuclear spins we can achieve π/2 − X gate error rates of about 10−4 using realistic noise models. We
highlight that the low charge noise environment in these all-epitaxial phosphorus-doped silicon qubits will
facilitate the realization of strong coupling of the qubit to superconducting microwave cavities, allowing
for long-distance two-qubit operations.
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Electron spin resonance (ESR) using high-frequency
magnetic fields allows for high-fidelity single-qubit (F >

99%) gates in donor-based silicon qubits [1]. The tech-
nical complexity of generating local oscillating magnetic
fields at nanometre length scales in semiconductor qubits,
however, remains a challenge for the future scalability
of magnetic control [2]. The tight packing in exchange-
based spin qubits, in which donors are only a few tens
of nanometres apart, creates a challenge in minimizing
crosstalk between them [3]. As a result, there has been a
growing interest in electric dipole spin resonance (EDSR)
to electrically control qubits with local electric fields and
coupling the qubits via their charge dipole moment. Elec-
tric dipole spin resonance is achieved by coupling the spin
of an electron to its charge degree of freedom, allowing the
spin state to be controlled by moving the electron using
electric fields [4]. This spin-charge coupling can be cre-
ated by a number of different physical mechanisms such as
the use of large spin-orbit coupling materials [5–7], mag-
netic field gradients from micromagnets [8–11], and the
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hyperfine interaction between the electron and surrounding
nuclear spins [12–14].

Depending on the nature of the physical mechanism that
couples the spin and charge degree of freedom there are
also various differences in the way EDSR can be used to
drive qubit operations. The use of materials with intrinsic
spin-orbit coupling such as III-V semiconductor materials
[5–7,15] or triple quantum dots [16–18] allows for EDSR
without the need of any additional control structures [8].
For material systems with low intrinsic spin-orbit cou-
pling such as electrons in silicon, it is difficult to operate
a qubit using EDSR without creating spin-orbit coupling
using extrinsic mechanisms. To generate a synthetic spin-
orbit coupling, micromagnets were therefore introduced
to create a gradient magnetic field near the spin qubits
[8]. However, these micromagnets not only require fur-
ther processing steps, complicating device architectures,
but have also been shown to introduce additional charge
noise [19]. When an electron is moved back and forth
within the magnetic field gradient perpendicular to the
static magnetic field B0, it experiences an effective oscil-
lating magnetic field with a corresponding energy ��⊥,
which can be used to drive spin rotations [10]. However,
any stray magnetic field gradient parallel to B0 with a
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corresponding energy, ��‖, leads to charge-noise-induced
dephasing. In this manuscript, we consider flopping-mode
EDSR where a single electron is shuttled between two
donor-based quantum dots [11,20,21] rather than shaking
an electron within a single quantum dot (QD) [6]. The
proposed qubit is shown to achieve long coherence times
by reducing the longitudinal magnetic field gradient while
maintaining a large, approximately 100 MHz, transverse
magnetic field gradient. Additionally, these flopping-mode
qubits can then be measured via dispersive charge readout
[11] or by direct single-shot spin readout [22].

In Figs. 1(a)–1(c) we describe three different flopping-
mode qubits in silicon. The two magnetic field gradi-
ents, ��⊥ (single-qubit gate speed) and ��‖ (qubit
dephasing), present in each design arise from different
physical mechanisms. Figure 1(a) shows the quantum-
dot–donor hybrid qubit (flip-flop qubit) [14]. Here, the
spin-charge coupling arises from the hyperfine interac-
tion of the electron spin with the nuclear spin of a
single phosphorus donor that can be used to generate
electron-nuclear spin quantum-dot–donor transitions [23].
The flopping-mode operation EDSR is performed by posi-
tioning the electron in a superposition of charge states
between the donor nuclei and an interface quantum dot
created using electrostatic gates. In this charge superpo-
sition state the hyperfine interaction is known to change
from A ≈ 117 MHz on the donor to A ≈ 0 MHz on the
quantum dot [14]. The qubit states are |0〉 ≡ |⇑↓〉 and
|1〉 ≡ |⇓↑〉 (|nuclear spin, electron spin〉). The transverse
magnetic field gradient ��⊥ (green) in this case arises
from the changing hyperfine interaction as the electron
is moved away from the donor nucleus. This voltage-
dependent hyperfine can then be used to resonantly drive
the qubit states by applying an oscillating electric field.
The longitudinal magnetic field gradient ��‖ (blue) is cre-
ated by the difference in the electron g factor between the
quantum dot and donor such that the qubit energy differs
whether the electron resides on the quantum dot or the
donor.

The second flopping-mode qubit implementation,
shown in Fig. 1(b), is the quantum-dot–quantum-dot sys-
tem [24]. Here the qubit states are the pure spin states
of the electron in the ground charge state of the double
quantum-dot system, |0〉 ≡ |↓〉 or |1〉 ≡ |↑〉. The trans-
verse magnetic field gradient ��⊥ required to drive qubit
rotations is generated by an additional micromagnet (about
300 nm away) designed to create a large magnetic field
gradient (about 10 mT) across the quantum dots [25]. The
flopping-mode EDSR is performed by biasing a single
electron to a superposition between two charge states of
different quantum dots and applying an oscillating electric
field on resonance with the qubit energy. The stray field
of the micromagnet is known to create a magnetic field
gradient parallel to the external magnetic field correspond-
ing to ��‖ that leads to dephasing of the qubit.

In this paper we propose an asymmetric donor quantum-
dot flopping-mode qubit shown in Fig. 1(c). In this
implementation the qubit utilizes the hyperfine interaction
to create a flip-flop transition of an electron spin with a
nuclear spin on only one of the quantum dots. The other
nuclear spins on the second quantum dot are then used
as a resource to reduce the dephasing rate of the qubit.
This builds on a previous proposal where the electron spin
could be electrically controlled by simultaneously flip flop-
ping with all nuclear spins across both quantum dots [26].
In principle, each donor quantum dot can be defined by
any number of nuclear spins. Whilst a 1P-1P configu-
ration is possible [27], here we consider an asymmetric
donor system to reduce the dephasing anticipated from
the longitudinal magnetic field gradient. As the number
of donors comprising the quantum dot is increased, the
hyperfine strength of the first electron on that quantum
dot becomes larger [28]. This is useful for increasing the
transverse magnetic field gradient required for qubit driv-
ing and can make the hyperfine interaction significantly
different between the quantum dots to selectively drive par-
ticular flip-flop transitions. However, the larger hyperfine
on the secondary quantum dot also makes the longitudi-
nal magnetic field gradient larger. To reduce this effect,
we propose filling one of the quantum dots with more
electrons to create a shielding effect of the outer elec-
tron to the donor nuclear spins. This results in a reduced
hyperfine coupling [28] and lower dephasing rate for any
orientation of nuclear spins. In particular, we consider the
specific case of a single donor coupled to a 2P quantum
dot (2P-1P) at the (2, 1) ↔ (3, 0) charge transition so that
the two inner electrons on the 2P (left) quantum dot lower
the hyperfine interaction of the outermost electron. These
donor-based quantum dots can be fabricated with atomic-
precision using scanning tunneling microscopy with ±1
lattice site accuracy [29–31].

Nuclear spin control of the donors in the 2P quantum dot
allows further engineering of the total hyperfine coupling
experienced by the electron. As we show later, this reduces
the longitudinal magnetic field gradient ��‖ and leads
to increased coherence times. The qubit states are |0〉 ≈
|⇓⇑⇑↓〉 and |1〉 ≈ |⇓⇑⇓↑〉 that are coupled via a flip-flop
transition of the electron with the 1P (right) nuclear spin.
Such a donor-donor implementation therefore also uses the
hyperfine interaction from the electron-nuclear spin sys-
tem to drive qubit transitions as with the flip-flop qubit
in Fig. 1(a). The key difference is that the magnetic field
gradient can be precision engineered during fabrication
by controlling the number and location of donors in each
quantum dot via scanning-tunneling microscopy hydrogen
lithography [30]. Additionally, the nuclear spin orientation
can be controlled during qubit operation to further opti-
mize ��‖ for each qubit in an array. Since the hyperfine
interaction is known to change considerably for multidonor
quantum dots, we can make ��⊥ up to about 300 MHz
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FIG. 1. Flopping-mode electric-dipole spin resonance qubits and their properties. Three different flopping-mode EDSR qubits imple-
mented using (a) quantum-dot–donor, (b) quantum-dot–quantum-dot, and (c) donor-donor sites. The longitudinal (blue) and transverse
(green) magnetic field gradients, ��‖ and ��⊥ are shown next to the different implementations. The quantum-dot–donor and donor-
donor implementations both use the hyperfine interaction from the electron-nuclear spins that are naturally present in donor systems to
generate a spin-orbit coupling. The quantum-dot–quantum-dot system requires an additional micromagnet to create a spatially varying
magnetic field to induce an artificial spin-orbit coupling. The electron wave function is shown as the white cloud with a spin orien-
tated parallel to the external magnetic field B0. The donor nuclei are shown as yellow positive charges. (d) The energy spectrum for a
single electron in a magnetic field (EZ = γeB0) near the charge degeneracy between two different charge states with tunnel coupling
tc. The energy spectrum at ε = 0 for (e) quantum-dot–donor, quantum-dot–quantum-dot, and donor-donor implementations show
the additional nuclear spin states for donor systems. (f) The qubit dephasing rate for different longitudinal magnetic field gradients,
��‖ = ��⊥ (yellow) and ��‖ = ��⊥/100 (blue) with ��⊥ = 117 MHz. The smaller the longitudinal magnetic field gradient,
the more gradual the change in qubit energy, which results in lower errors over a larger detuning range. (g) Summary of the effective
magnetic field gradients found in the different flopping-mode EDSR qubits.
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and ��‖ less than a few megahertz [30]; see Fig. 1(g).
This is in contrast to the flip-flop qubit where ��‖ is deter-
mined by the difference in the electron g factor on the
donor atom and the quantum dot, the latter being known
to vary due to atomic steps at the interface where the quan-
tum dot is formed [32]. We note that, through optimization
of the magnetic field orientation, the g factor difference
between the quantum dot and the donor can be made small,
allowing for comparable qubit fidelities as those proposed
for our donor-donor implementation. However, local vari-
ations in the g factor between different quantum dots (due
to atomic-scale differences at the Si/SiO2 interface) and
nondeterministic positioning of the ion-implanted donors
mean that the optimal magnetic field for each qubit will be
different.

In this paper we show that the additional nuclei in these
multidonor quantum dots can be used to minimize the
dephasing rate of the qubit. This is because the strength
of the hyperfine interaction with the nuclear spins that are
not flipping with the electron spin largely determines the
dephasing rate. By engineering the hyperfine strength on
the multidonor quantum dots, we therefore maximize the
coherence time of the EDSR qubit. By directly control-
ling the nuclear spin states and the number of electrons on
the double donor flopping-mode EDSR qubit, we can also
operate over a wide range of magnetic fields and tunnel
couplings. Most importantly, the qubit shows low errors,
< 10−3, below the error threshold for surface code error
correction, with realistic noise levels in isotopically puri-
fied silicon-28 [1,33]. The robustness of the qubit to
magnetic field and tunnel coupling variations is par-
ticularly useful for scaling to large qubit arrays where
inevitable imperfections in fabrication can reduce qubit
quality. Finally, we show that the low error rate and the
spin-charge coupling predicted for the qubit will allow
for strong coupling to superconducting microwave cav-
ities. This spin-cavity coupling has been systematically
studied by Osika et al. [27], who considered the specific
case of a 1P-1P double donor system. They showed that
the use of a symmetric hyperfine coupling in a 1P-1P
or the recently discovered electrically induced spin-orbit
coupling [34] allows for strong coupling of a phosphorus-
doped silicon qubit to a superconducting cavity (simulated
using finite element modeling). These two papers highlight
multiple routes for achieving two-qubit couplings between
silicon-phosphorus qubits via superconducting microwave
resonators.

A generic energy level spectrum for all flopping-mode
EDSR qubits is shown in Fig. 1(d). The spectrum describes
a single electron near the degeneracy point of two differ-
ent charge states as a function of the detuning between
them, ε (that is, at ε = 0 the charge states are equal in
energy). The charge states have a tunnel coupling, tc, and
the electron spin states are split by the Zeeman interaction
EZ = γeB0 in a static magnetic field, B0, where γe is the

electron gyromagnetic ratio. The system is described by
the spin of the single electron and the bonding and anti-
bonding charge states [|+〉 = (|L〉 + |R〉)/√2 and |−〉 =
(|L〉 − |R〉)/√2, where |L〉 and |R〉 are the left and right
quantum-dot orbitals, respectively], resulting in a set of
four basis states {|↓ −〉, |↑ −〉, |↓ +〉, |↑ +〉} correspond-
ing to the red, green, blue, and yellow states in Fig. 1(d).
The spin-charge coupling is maximized when the charge
ground state |↑ −〉 (green) hybridizes with the charge
excited state |↓ +〉 (blue), which at ε = 0 occurs when
EZ ≈ 2tc [see Fig. 1(d)]. In donor-based systems these
electron spin states are split due to the hyperfine inter-
action of the electron with the quantized nuclear spin
states. In Fig. 1(e) we show a comparison of the energy
levels involved for the quantum-dot–donor, quantum-
dot–quantum-dot, and donor-donor implementations at
ε = 0. The quantum-dot–quantum-dot system is com-
prised of only charge and electron spin states. The presence
of nuclear spins in donor systems increases the number of
states by a factor of 2n, where n is the number donors [we
note that the donor–quantum-dot flopping-mode qubit has
eight combined electron, nuclear, and charge states and our
proposal for a 2P-1P system has 32; see Fig. 1(e)]. Impor-
tantly, for operation of the donor-based EDSR qubit, the
electron and nuclear spins must be antiparallel, |⇑↓〉 or
|⇓↑〉, to allow for the flip-flop transition. Whilst the qubit
does not need a micromagnet to generate a spin-charge
coupling, it is important to minimize any unwanted nuclear
spin flip-flop transitions that can lead to leakage out of the
computational basis. We show that the added leakage path-
ways from the nuclear spins can be largely controlled by
Gaussian pulse shaping, leading to error rates on the order
of 10−4. In the long term this can be improved further using
pulse shaping techniques such as derivative reduction by
adiabatic gates (DRAG [35], which we do not consider in
this work).

Minimizing the magnetic field gradient ��‖ parallel
to B0 is important to prevent dephasing of the qubit.
The longitudinal magnetic field gradient arises from either
the stray field of the micromagnet [19,36] or from the
isotropic hyperfine interaction [28] that takes the form
A(sxix + sy iy + sziz) in the Hamiltonian, where si (ii) is the
electron (nuclear) spin operator. The fact that the hyperfine
interaction is isotropic means that irrespective of the mag-
netic field orientation there will always be some hyperfine
component parallel to the external magnetic field result-
ing in an energy gradient ��‖ (with respect to detuning).
Since charge noise couples to the qubit via charge detun-
ing, the smaller this gradient, the flatter the qubit energy
as a function of detuning, and the lower the charge-noise-
induced dephasing during qubit operation. In Fig. 1(f)
we plot the qubit dephasing rate as a function of tunnel
coupling at ε = 0 (where the qubit drive is performed)
for two different values of ��‖ = ��⊥/100 MHz (small
��‖) and ��‖ = ��⊥ MHz (large ��‖). We can see
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that the qubit dephasing rate remains smaller over a wider
range of tunnel couplings for small ��‖ compared to
large ��‖, indicating that the qubit will perform better
when ��‖ is minimized. In general, for flopping-mode
qubits, it is beneficial to maximize ��⊥ (qubit driv-
ing) and to minimize ��‖ (qubit dephasing). To sum-
marize, in Fig. 1(g) we compare the physical parameters
that would be expected for the three different flopping-
mode EDSR qubit implementations. We can see that the
quantum-dot–quantum-dot implementation obtains very
large ��⊥ ∼ 900 MHz, allowing for fast qubit operations;
however, ��‖ ∼ 15–80 MHz is also relatively high, lead-
ing to faster qubit dephasing. The quantum-dot–donor and
donor-donor qubits both have similar ��⊥ ∼ 100 MHz
values due to similar hyperfine interaction strengths from
the phosphorus donor. However, by minimizing the hyper-
fine interaction on the multidonor quantum dot instead
of the difference in g factors, we can achieve ��‖ ∼
0 MHz for the donor-donor EDSR qubit, smaller than other
flopping-mode qubits. At the same time the donor-donor
implementation operates away from interfaces that lead
to charge noise and do not require additional micromag-
nets that can also induce charge noise [19]. In the next
sections we theoretically investigate the fidelity of single-
qubit gates and microwave cavity coupling for two-qubit
gates. In particular, we focus on the benefits of using two
different size donor quantum dots (2P-1P) for flopping-
mode EDSR to maximize ��⊥ and minimize ��‖ by
controlling the nuclear spins and the electron shell filling
on both donor-based quantum dots.

The qubit we propose utilizes flopping-mode EDSR
to electrically drive the electron-nuclear flip-flop transi-
tion where the two charge sites are defined by donor-
based quantum dots. The Hamiltonian for a single electron
between two tunnel-coupled donor-based quantum dots
approximately 10–15 nm apart with NL (donors in the left
quantum dot) and NR (donors in the right quantum dot) is
given by

H = HZeeman + HCharge + HHyperfine, (1)

where HZeeman = γeB0sz + γnB0
∑

iz is the Zeeman term
for both the electron (γe ≈ 27.97 GHz, the electron gyro-
magnetic ratio) and nuclear spins (γn ≈ −17.41 MHz, the
nuclear gyromagnetic ratio), HCharge describes the tunnel
coupling tc and detuning ε between the charge states of the
donors that have an excess electron on one of the quantum
dots (2nl, 2nr + 1) ↔ (2nl + 1, 2nr), and HHyperfine repre-
sents the detuning-dependent contact hyperfine interaction
(AL and AR for the left and right quantum dots) of the out-
ermost electron spin to each of the NL + NR phosphorus
nuclear spins (see Appendix A).

In principle, each quantum dot can be formed by any
number of phosphorus donors; however, here we inves-
tigate the specific case of NL = 2 and NR = 1, that is,

the 2P-1P system [see Fig. 2(a) for the energy level dia-
gram at ε = 0]. The qubit states are defined as |0〉 ≈
|⇓⇑⇑↓ −〉 and |1〉 ≈ |⇓⇑⇓↑ −〉 and a transition between
the two states corresponds to a flip flop of the electron
spin with the nuclear spin on the right donor quantum
dot. The nuclear spin states on the left donor quantum
dot remain unchanged during the transition. The charge
state |−〉 is defined by the two quantum-dot orbitals associ-
ated with the (3, 0) ↔ (2, 1) charge transition. To compare
the donor-donor flopping-mode qubit to the quantum-
dot–quantum-dot and quantum-dot–donor implementa-
tions, we approximate the Hamiltonian in Eq. (1) using
a Schrieffer-Wolff transformation to a general flopping-
mode Hamiltonian in terms of the transverse (��⊥) and
longitudinal (��‖) gradients (see Appendix A):

H = �z

2
σz + ετz + tcτx +

(
��‖

4
σz + ��⊥

4
σx

)

τz. (2)

Equation (2) is written in a similar format to Eq. (1), where
σi (τi) are the Pauli operators for the combined electron-
nuclear spin (charge) degree of freedom. The first term,
�z, is the energy of the combined electron-nuclear spin
state (which depends on the exact value of the left and right
donor hyperfine, AL and AR),

�z =
√

�2
s + A2

R/4, (3)

where �s = (γe + γn)B0 + ∑NL
k AL,k〈izL,k〉/2 is the Zeeman

energy with a correction due to the hyperfine interaction of
the electron with the nuclear spins in the left quantum dot
and 〈izL,k〉 is the expectation value of the z projection of the
kth nuclear spin on the left quantum dot. The charge part
of the Hamiltonian is described by the second (detuning ε)
and third (tunnel coupling tc) terms of Eq. (2). The last term
in Eq. (2) corresponds to the charge-dependent hyperfine
interaction,

��‖ =
NL∑

k

AL,k〈izL,k〉 cos θ − AR sin θ , (4)

��⊥ = AR cos θ −
NL∑

k

AL,k〈izL,k〉 sin θ , (5)

where tan θ = AR/(2�s). Since �z is typically larger than
5 GHz and therefore larger than AR ∼ 100 MHz, the sine
and cosine terms simplify to sin(θ) ≈ 0 and cos(θ) ≈ 1,
and the expression for the gradients in turn simplify to
��‖ ≈ ∑NL

k AL,k〈izL,k〉 and ��⊥ ≈ AR. This means that
we can control ��‖ in the fabrication process by engineer-
ing the number of the donor atoms in each quantum dot.
During qubit operation we can optimize ��‖ by control-
ling the nuclear spins on the left quantum dot using nuclear
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FIG. 2. Operation of the donor-donor flopping-mode qubit. Because of spin conservation, only a subset of the nuclear spin states in
the hyperfine manifold in (a) need to be considered for qubit operation. For a 2P-1P donor-donor device, the qubit states are displayed
in red and green, the lowest (highest) excited charge state in blue (yellow), and the nuclear spin leakage states where the total spin
of the system is conserved are shown in black. The leakage probability of the nuclear spin states can be minimized by careful pulse
design. The states not involved in the qubit operation (other nuclear spin states with no leakage pathway) are shown as dashed gray
lines. (b) Control of the electron number using electrostatic gates and nuclear spin orientation (

〈
izL

〉
) using NMR allows us to tune the

hyperfine coupling 〈AL〉 and longitudinal magnetic field gradient ��‖. (c) Leakage out of the qubit subspace needs to be considered
both when initializing the qubit for control and when driving the qubit at ε = 0. (d) Initialization of the qubit ground state for a 2P-1P
donor-donor qubit at the (3,0) ↔ (2,1) electron configuration from the localized electron state (at ε = 110 GHz) to the hybridized state
(at ε = 0), using a variable pulse time tpulse, at B = 0.3 T, tc = 5.9 GHz. The qubit population that leaks into the excited charge states
and other nuclear spin states at the end of the transfer are displayed as a function of the pulse time. (e) Driving of the qubit states using
microwave pulses allows full control of the qubit states. Gaussian pulse shaping allows for the reversal of state leakage during the
qubit operation (top). We show the charge (blue) and nuclear spin (black) leakage probabilities during the π/2 − X Gaussian pulse for
the donor-donor qubit using optimal parameters for this device, drive amplitude of εamp = 0.9 GHz at B = 0.23 T, and tc = 5.6 GHz
(bottom). The irreversible leakage for the nuclear spin states is about 1 × 10−5 well below the 1% error required for fault tolerance.

magnetic resonance (NMR) [37] or dynamic nuclear polar-
ization [38]. The nuclear spins can be initialized into the
correct spin state by NMR by direct magnetic control or
by repeated application of a dynamic nuclear polarization
sequence that can polarize the nuclear spins. Additionally,
by controlling the electron shell filling in the left quantum

dot we can reduce the overall magnitude of the hyper-
fine interaction, thereby lowering ��‖. Figure 2(b) shows
a table of different nuclear spin and electron configura-
tions determining the magnitude of the hyperfine coupling
strengths AL,k and their effect on the value of ��‖. In gen-
eral, the larger the quantum dot, the larger

∑
AL,k since the
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phosphorus donors create a stronger confinement poten-
tial for the electron that increases the contact hyperfine
strength. However, by adding a pair of electron spins to
the left quantum dot (increasing the total electron number
from 1 to 3), the two innermost electrons form an inactive
singlet state that screens the outermost electron defining
the qubit from the nuclear potential of the donors. The
shielding decreases

∑
AL,k and results in longer dephas-

ing times. Furthermore, the presence of more then one
donor in the left quantum dot allows a further reduction of
the longitudinal gradient ��‖ by controlling their nuclear
spins. From Fig. 2(b) we can see that by using antipar-
allel nuclear spin states (〈izL,1〉 = 1/2 and 〈izL,2〉 = −1/2)
on a 2P quantum dot we can lower the value of ��‖ to
close to 0. This ability to control the number of electrons
and nuclear spin states on the left quantum dot forms the
motivation for operating the qubit using |0〉 ≈ |⇓⇑⇑↓ −〉
and |1〉 ≈ |⇓⇑⇓↑ −〉 at the (3, 0) ↔ (2, 1) transition. Note
that the nuclear spin states |⇑⇓〉 and |⇓⇓〉 for the 2P are
equivalent to |⇓⇑〉 and |⇑⇑〉, respectively, and so were not
explicitly included in Fig. 2(b).

Additional nuclear spin states could create more leakage
pathways out of the computational basis, but here we show
that these additional nuclear spins behave as a resource and
are not a limiting factor for the qubit operation. In particu-
lar, there are two crucial steps in the qubit operation where
leakage from the computational basis can occur: during
initialization and during driving of single-qubit gates.

First, we describe and examine the initialization process
for potential charge and nuclear spin state leakage. Excited
charge state leakage is present in all flopping-mode EDSR-
based qubits due to the hybridization of charge and spin.
For |ε| � tc, there is no chargelike component of the qubit
and the ground state can be initialized simply by load-
ing a |↓〉 electron from a nearby electron reservoir [22].
The nuclear spins can also be initialized via NMR [37]
or dynamic nuclear polarization [39] to place the nuclear
spin in the |⇑〉 state. Next, the detuning is ramped to
ε = 0 to initialize the |0〉 qubit state; see Fig. 2(c). Dur-
ing the ramp, the qubit can leak out of the computational
basis via charge excitation into the excited charge state or
through unwanted nuclear spin flips (see Appendix B). In
Fig. 2(d) we show the simulated leakage probability of a
donor-based flopping-mode qubit for both of these leak-
age pathways during the initialization ramp as a function
of ramp time with tc = 5.6 GHz, �AL = |AL,1 − AL,2| =
1 MHz, and B0 = 0.23 T. We can see that, regardless of the
initialization pulse time tpulse, the leakage into the excited
charge states [blue line in Fig. 2(d)] is the dominant path-
way compared to the nuclear spin leakage [black line in
Fig. 2(d)]. The nuclear spin leakage is much lower com-
pared to the charge leakage because the probability of
a flip-flop transition away from ε = 0 is small since the
hyperfine strength changes very slowly with detuning com-
pared to the charge states and the nuclear spin leakage

states are weakly coupled to the qubit states. The charge
leakage mechanism exists for all flopping-mode EDSR-
based qubits due to the nonadiabaticity of the initialization
pulse. By ramping slow enough however, we can initial-
ize the qubit at ε = 0 with a leakage error of 10−3 for
a tpulse = 4 ns ramp. The nuclear spin leakage does not
depend heavily on the pulse time and remains well below
the charge leakage with an error of about 2 × 10−5. There-
fore, we can conclude that the nuclear spin state leakage is
not a limiting factor in the initialization of the qubit.

In Fig. 2(a) we show the full energy spectrum of the
donor-donor implementation at zero detuning, ε = 0. On
the right we show the qubit states (red and green) and
the lowest charge leakage state (blue) with their relative
energies. There are 32 spin and charge states in the full
system (black and gray). Two types of leakage errors can
occur during driving due to the presence of the nuclear spin
states in the 2P-1P donor-based flopping-mode qubits (see
Appendix C for a detailed discussion). These two leakage
errors only become critical for nearly degenerate nuclear
spin states. This can be the case when the hyperfine values
are similar, for example when AL,k ≈ AR. The first leak-
age error in the 2P-1P donor-based flopping-mode qubits
is due to an unwanted electron-nuclear flip-flop transition
with the nuclear spins in the left quantum dot, such as the
transition |⇓⇑⇑↓ −〉 → |⇓⇓⇑↑ −〉, and is proportional to
(AL,k/AR)2. Therefore, it is optimal to make AL,k � AR to
limit the unwanted flip-flop events. This is easily achieved
by creating asymmetric donor-based quantum dots since
the hyperfine strength depends on the number of donors
and the presence of inactive electron shells in the quantum
dot [28]. The second leakage process involves an unlikely
simultaneous electron-nuclear flip flop with all three of the
nuclear spins (for example, |⇓⇑⇑↓ −〉 → |⇑⇓⇓↑ −〉).
For the corresponding error to be small, the energy gap
�AL/4 between the qubit states and the nearest leakage
state needs to be nonzero. This is likely the case due to
the presence of electric fields in a real device and so this
leakage pathway is easily avoidable. Leakage states have
been extensively investigated in the superconducting qubit
community [40]. Well-designed pulses have minimized
leakage out of the computational basis by adiabatically
reversing the leakage process [35]. The simulations per-
formed for the remainder of the paper use a Gaussian pulse
shape [41] [shown in Fig. 2(e), top] to partially reverse the
leakage process due to charge and nuclear spins. Using a
Gaussian pulse does not fully reverse the leakage process
and inevitably there will be some leakage error at the end
of qubit gate; see Fig. 2(e), bottom, at the end of the pulse
(t ≈ 65 ns).

To further investigate the qubit performance in Fig. 3 we
show the qubit error for a π/2 − X gate as a function of
magnetic field and tunnel coupling, including dephasing,
relaxation, and leakage errors (see Appendix C). Impor-
tantly, the gate error remains low (< 10−3) over a wide
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FIG. 3. The π/2-gate error of the all-epitaxial flopping-mode
donor-based qubit. Qubit error with �AL = |AL,1 − AL,2| =
1 MHz as a function of the external magnetic fields B0 and spin-
charge detuning �/�z = (2tc − �z)/�z at ε = 0. The gate error
remains below 10−3 over a magnetic field range of 0.4 T and
for �/�z values from 0.5 to more than 2.5. The optimal oper-
ating point with a minimum error of 2 × 10−4 is shown with a
black dot. The inset shows the three-level energy diagram for
the qubit with energy �z , tunnel coupling tc, and spin-charge
detuning � = 2tc − �z .

range of magnetic fields (about 0.1–0.5 T) and for rela-
tive changes in the tunnel couplings of more then 300%,
corresponding to a tolerance of more then 8 (17) GHz at
B = 0.2 (0.4) T. We note that the other flopping-mode
qubits have only been optimized over a much smaller
parameter space, confined to the location of so-called error
sweet spots, that restrict the operational range of magnetic
field and tunnel couplings [14,24]. The wide operational
parameter space is crucial in a large-scale architecture with
a fixed magnetic field where small uncertainties in the tun-
nel coupling during fabrication can lead to variation in the
qubit performance. The large range of tunnel couplings
where the donor-donor qubit can operate means that these
small uncertainties will not be detrimental to the overall
quantum computer performance. By optimizing the mag-
netic field and tunnel coupling during fabrication we can
achieve a minimum gate error of 2.0 × 10−4, well below
the surface code fault-tolerant threshold.

Finally, we examine the suitability of the proposed
flopping-mode qubit for two-qubit couplings. Because of
the chargelike character, the flopping-mode qubit can be
coupled directly via the charge dipole interaction [14]. The
range of the dipole interaction can be extended using float-
ing gate structures [42] or by coupling two qubits to a
superconducting microwave resonator [43]. Indeed, one of
the most attractive properties of spin-charge coupling is
that it allows for coupling of single spins to microwave
cavities that can be used for two-qubit gates between

distant qubits [44,45]. Spin-cavity coupling is achieved
by carefully designing the cavity frequency fc to be on
resonance with the qubit frequency, that is, 2tc ≈ γeB0
≈ fc. Recent high-kinetic inductance cavities have pro-
duced large zero-point voltage fluctuations of the order of
20 μV with photon loss rates of the order of κ = 1 MHz
[45,46]. For our donor-donor qubit, this would correspond
to a charge-cavity coupling of the order of tens of mega-
hertz. Following the detailed work in Osika et al. [27]
where a specific implementation of the 1P-1P qubit is dis-
cussed, we assume that the charge-cavity coupling is of the
order of 100 MHz. Note that the simulations in Osika et al.
[27] were performed without the kinetic inductance of the
superconductor and, as such, the 100 MHz charge-cavity
coupling should be taken as a lower bound.

In Fig. 4(a) we plot the expected ratio of the spin-cavity
coupling strength, gSC to the qubit dephasing rate γ for
an optimized 2P-1P qubit with ��‖ = 0.5 MHz by ini-
tializing the nuclear spins in antiparallel states and using
the three-electron regime. The dephasing rate γ is calcu-
lated by converting the error probability into a coherence
time based on the π/2 gate time for each value of tc and
B0 (see Appendix D). The qubit dephasing rate itself is
smaller than gSC for all values of tc and B0 shown, indi-
cating that qubit coherence is not the limiting factor in
achieving the strong coupling regime. To achieve strong
qubit-cavity coupling, gSC also needs to be faster than the
decay rate of the cavity such that the cooperativity is larger
than one: C = g2

SC/γ κ > 1. In Fig. 4(b) we show the esti-
mated coupling parameters for the different flopping-mode
qubit implementations discussed in this work. Theoretical
analysis of the EDSR protocol yields T∗

2 = 17.6 μs for the
2P-1P configuration. Taking this coherence time as a rea-
sonable estimate of the spin dephasing rate for qubit-cavity
coupling suggests that it would allow the strong-coupling
limit to be reached, gSC/γ = 47.8. The cooperativity of
the 2P-1P qubit is comparable to the other flopping-mode
EDSR systems, indicating that the qubit can also be cou-
pled to superconducting resonators for two-qubit gates.
Note that all of the proposed implementations can reach the
strong coupling regime with C > 1, allowing for two-qubit
interactions using superconducting cavities.

In summary, we propose the implementation of a
flopping-mode EDSR donor-based qubit and have per-
formed detailed calculations of the error sources. The
nuclear spins not directly involved in the qubit flip-flop
transition can be used to engineer the longitudinal mag-
netic field gradient to increase the qubit coherence time.
We show that the donor-donor molecule qubit can achieve
error rates below the 1% necessary for fault-tolerant quan-
tum computation. The qubit can be operated over a wide
range of magnetic fields (0.4 T) and for relative variations
in the tunnel coupling above 300% (about 5–20 GHz).
Fast, high-fidelity single-qubit gates with errors of the
order of 10−4 are theoretically predicted, comparable to
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(a)

(b)

FIG. 4. Strong coupling of the all-epitaxial flopping-mode
qubit to a superconducting cavity resonators. (a) For the 2P-1P
with the 2P nuclear spins in |⇓⇑〉 at the (2, 1) ↔ (3, 0) charge
transition, ratio of the spin-cavity coupling strength gSC to the
qubit decoherence rate γ as a function of the spin-charge rel-
ative detuning �/�Z and the external magnetic field B0. We
assume charge coupling of the qubit to cavity to be 100 MHz.
(b) Table of the main qubit-cavity coupling characteristic values
for different flopping-mode implementations. The cooperativity
is defined as the product of gSC/γ and gSC/κ . For each imple-
mentation, all values are calculated at the tunnel coupling and
magnetic field values, where C is a maximum under the condition
that the qubit drive error is below 0.1% (not necessarily where
gSC/γ is the largest) and is therefore lower than the maximum
achievable coupling of gSC/γ = 85 in (a). For the QD-donor
qubit [14], we chose ��‖ = 117 MHz, and �γ = −0.2% corre-
sponding to ��‖ = 11 MHz at B = 0.2 T. For the QD-QD qubit
we choose gradient values as cited in Refs. [24] and [11], respec-
tively. In Benito et al. [24], ��⊥ = 0.96 GHz (corresponding
to 2bx = 4 μeV) and ��‖ = 78 MHz (corresponding to 2bz =
0.32 μeV). In Croot et al. [11], ��⊥ = 0.84 GHz (correspond-
ing to 2bx = 30 mT) and ��‖ = 15 MHz (corresponding to
2bz ≈ 0.5 mT).

that found in other semiconductor qubits with full electri-
cal control [10,47]. Finally, we examine the possibility of
coupling this qubit to a superconducting cavity resonator
where we show that strong coupling is achievable with
a cooperativity C ∼ 130. Based on the low qubit error
rate, small qubit footprint, versatility in two-qubit cou-
pling, and robustness to fabrication errors, we have shown
that flopping-mode EDSR based on two donor quantum
dots provides an attractive route for scaling in donor-based
silicon computing.
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APPENDIX A: CONVERSION OF THE
DONOR-DONOR HAMILTONIAN TO THE

GENERIC FLOPPING-MODE HAMILTONIAN

We show in the following that the full Hamiltonian
describing the double donor quantum-dot system can be
reduced to the four-dimensional flopping-mode Hamilto-
nian in Eq. (2) in the main text. This generalized Hamilto-
nian accurately describes the flopping-mode operation of
the system, but does not include leakage into nuclear spin
states. The spin states in Eq. (2) correspond to the com-
bined electron-nuclear spin state of the phosphorus atoms,
such that the electron flip flops with the single nuclear spin
NR = 1 on the right dot while all other NL nuclear spins on
the left dot do not participate in the dynamics.

The full Hamiltonian of the double quantum-dot system
with a total of N = NL + NR nuclear spins can be writ-
ten in the product basis (

⊗NL
k=1 |⇑k / ⇓k〉)L ⊗ |⇑ / ⇓〉R ⊗

|↑ / ↓〉 ⊗ |L/R〉 of the combined nuclear and electron
spin as well as charge Hilbert spaces Hn, Hs, and Hc,
respectively:

H = γeB · s + γnB ·
N∑

k=1

ik + (ετz + tcτx)

+
NL∑

k=1

AL,k(ik · s)(1 + τz)/2 + AR(iN · s)(1 − τz)/2.

(A1)

Here we have defined the spin vector operators s and ik of
the electron and the kth donor nucleus, respectively, the τi
are the Pauli operators acting on the charge subspace Hc,
B = (0, 0, B0) is the external static magnetic field, AL,k is
the kth contact hyperfine strength for the left quantum dot,
and AR is the hyperfine term for the right donor. Note that,
for convenience, we have defined the right donor nuclear
spin to be the N th nuclear spin operator.

The only coupling terms within the nuclear and electron
spin subspace Hn ⊗ Hs are due to the hyperfine interac-
tion. The full Hilbert space (electron, nuclear, and charge)
can be decomposed into a direct sum of H -invariant sub-
spaces according to their total spin polarization m (electron

054006-9



F.N. KRAUTH et al. PHYS. REV. APPLIED 17, 054006 (2022)

TABLE I. Dimensions of the invariant spin and charge sub-
spaces of the same spin polarization m with a single electron spin
and N donors.

m

N −5/2 −2 −3/2 −1 −1/2 0 1/2 1 3/2 2 5/2

1 0 0 0 2 0 4 0 2 0 0 0
2 0 0 2 0 6 0 6 0 2 0 0
3 0 2 0 8 0 12 0 8 0 2 0
4 2 0 10 0 20 0 20 0 10 0 2

and nuclear spin):

H =
(N+1)/2⊕

m=−(N+1)/2

H N+1
m =

(N+1)/2⊕

m=−(N+1)/2

H N+1
s,m ⊗ Hc.

(A2)

Note that the electron spin introduces the extra state (sum-
mation is over N nuclear spins and one electron spin) and
that the decomposition of the spin subspaces into H N+1

s,m is
carried over to the charge subspace. Because of spin con-
servation, the charge part of the Hamiltonian only connects
states with the same subspace H N+1

m of total spin m and,
as a result, simply doubles the size of the Hilbert space.
Table I highlights the dimension of the invariant subspaces
H N+1

m of same spin polarization m for different donor
numbers N . Any of the invariant subspaces in Table I offer
the possibility of a flip-flop transition with the right nuclear
spin except the two two-dimensional spaces H N+1

±(N+1)/2
that correspond to when the electron and nuclear spin(s)
are fully polarized. The N = 1 system (a single nuclear
spin in the right quantum dot) corresponds to the quantum-
dot–donor (flip-flop) qubit and is the only case where one
of the subspaces is four dimensional and directly corre-
sponds to a flopping-mode EDSR qubit. In all other values
of N the subspaces are larger than four dimensional since
the electron spin can flip flop with more than one nuclear
spin. In the donor-donor implementation in the main text
(N = 3, two nuclei on the left quantum dot and one on
the right quantum dot) there are therefore five invari-
ant subspaces with spin polarization m = −2, −1, 0, 1, 2
and respective dimensions 2, 8, 12, 8, 2. The m = ±2 sub-
spaces correspond to all the spins being parallel, |⇓⇓⇓↓〉
and |⇑⇑⇑↑〉, respectively, and cannot be used for EDSR
since there is no electron-nuclear flip-flop transition. If
the system reaches either of these states then NMR or
dynamic nuclear polarization would be needed to flip one
of the nuclear spins into the opposite spin state. The m = 0
subspace is especially attractive as the spectator nuclear
spins on the left quantum dot can be initialized within that
subspace in such a way as to minimize the effective longi-
tudinal magnetic field gradient as discussed extensively in
the main text.

It is possible to reduce the Hamiltonian further, by treat-
ing the coupling to the NL nuclear spins perturbatively.
Under the condition that the subspaces are nondegener-
ate, it is possible to fully remain within the qubit subspace
by performing an appropriate state initialization and by
driving adiabatically at the frequency defined by the qubit
splitting. The individual dipole moments and energy gaps
all determine how fast a transition can be driven adiabat-
ically, without leaking into the other states. The super-
conducting community has undertaken extensive work to
design pulse sequences that reduce leakages to nonqubit
subspaces while allowing fast driving, and thus minimize
the influence of dephasing and relaxation errors. We show
in the qubit error section how we model the leakage out of
the qubit subspace, and how we engineer the pulse shape
to minimize the latter.

The Hamiltonian in Eq. (A1) can be approximated by
projecting the full Hilbert space to a smaller subspace
using a first-order Schrieffer-Wolff transform about the
hyperfine interaction. Effectively, we restrict the Hamil-
tonian to the four-dimensional subspace spanned by the
spin states |NL〉 ⊗ |⇓〉 ⊗ |↑〉 and |NL〉 ⊗ |⇑〉 ⊗ |↓〉, and the
two orbital charge states |L〉 and |R〉. The state |NL〉 corre-
sponds to the nuclear spin configuration of all NL nuclear
spins in the left dot. This can be achieved by performing
the following transformations on the Hamiltonian:

ik · s �→
{

1
4 (−1 + 2σx) if k = N ,
〈ikz〉σz/2 if k < N .

(A3)

Here σi is now defined in the new four-state basis. The
nuclear Zeeman terms become:

ikz �→
{

−σz/2 if k = N ,
〈ikz〉1 if k < N .

(A4)

These transformations essentially select the matrix ele-
ments of the multidimensional matrices ik · s and ikz that
correspond to the last two dimensions of the Hilbert space
(right nuclear spin state and electron spin state).

After performing the transformation and subtracting
global energy shifts, we get

HE =
[

1
2

[(γe + γn)Bz + Mn]σz + AR

4
σx

]

+
[(

ε + AR

8

)

τz + tcτx

]

+ 1
4
(2Mnσz − ARσx)τz,

(A5)

where we capture the influence of the effective magnetic
field produced from the spectator nuclear spins as the
averaged hyperfine interaction Mn = ∑NL

k=1 AL,k〈ikz〉/2.
We can diagonalize the spinlike terms (σi) in Eq. (A5),

which results in a small rotation of the quantization axis
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due to the nuclear spin Zeeman and hyperfine terms. After-
wards, we finally recover the Hamiltonian of the form
described in Eq. (2), with the parameters

�z =
√

�2
s +

(
AR

2

)2

, (A6)

with �s = (γe + γn)B0 + Mn + δ�(2)

2
, (A7)

εA = ε + AR

8
+ δ�(2)

4
, (A8)

��‖ = (2Mn − δ�(2))cos(θ) − ARsin(θ), (A9)

��⊥ = ARcos(θ) + (2Mn − δ�(2))sin(θ). (A10)

The correction term δ�(2) = O[A2
L/(γe + γn)B0] arises

from the higher-order terms of the Schrieffer-Wolff approx-
imation that we neglect for the following analysis since
they only have a small effect on the Hamiltonian param-
eters. Very close to nuclear spin level crossings, some
even higher-order effects describing nuclear spin state
hybridization via the electron hyperfine interaction become
relevant, but can be safely neglected by staying clear of
the levels crossings during driving of the qubit, and can be
traversed diabatically when initializing the qubit.

The angle θ corresponds to a very small rotation of the
qubit quantization axis due the perpendicular component
of the hyperfine interaction:

cos(θ) = �s

�z
≈ 1, (A11)

sin(θ) = AR/2
�z

≈ 0. (A12)

Finally, the new spin basis is defined as

↑̃/↓̃ = 1√
2

[∓
√

1 ± cos(θ), ∓
√

1 ∓ cos(θ)
]
,

expressed in the explicit combined nuclear and electron
spin basis {|NL〉 ⊗ |⇓↑〉, |NL〉 ⊗ |⇑↓〉}.

Note that, similarly to the quantum-dot–donor qubit, the
coupling between the qubit states is purely determined by
the hyperfine coupling to the nuclear spin that the electron
spin flip flops with (AR). However, ��‖ is determined by
the averaged hyperfine interaction Mn of the electron with
the nuclear spins in the left quantum dot, which are not
involved in the qubit dynamics, and that we therefore call
the spectator nuclear spins. As we covered in the main text,
we can engineer this averaged hyperfine interaction Mn in
order to minimize ��‖ and in turn increase the dephasing
time of the qubit.

APPENDIX B: ADIABATIC ORBITAL STATE
TRANSFER

The adiabatic orbital state transfer displayed in Fig. 2(d)
is calculated numerically for a 2P-1P device operated at
the (2, 1) ↔ (3, 0) electron state with the nuclear spins on
the left quantum dot initialized in antiparallel spin states
at a magnetic field of B = 0.3 T and a tunnel coupling of
tc = 5.9 GHz. We choose a difference in the hyperfine
coupling to the two nuclei in the left dot of �AL =
1 MHz based on the measured couplings from a 2P quan-
tum dot [30]. We start the adiabatic ramp at ε(t = 0) =
110 GHz away from the charge degeneracy point where
the spinlike state only has 0.1% of the charge compo-
nent and qubit coherence times are approximately those of
a single electron spin. At this position, we initialize the
qubit into an even superposition of the two qubit states,
|0〉 ≡ |⇓⇑⇑↓ −〉 and |1〉 ≡ |⇓⇑⇓↑ −〉. We then perform
a numerical time evolution of that state under the influ-
ence of a linear detuning pulse ending at ε = 0, where the
qubit can be driven electrically. At the end of the pulse of
duration tp , some of the qubit population has leaked out of
the qubit subspace. The leakage probability into the charge
excited states is calculated by summing the end state popu-
lation in the excited charge states |+〉, whereas the leakage
probability due to nuclear spin states on the left quantum
dot flipping is estimated by summing the end state popu-
lation in the nuclear spin states in the ground charge states
|−〉 (excluding the qubit states).

APPENDIX C: THEORETICAL ERROR MODEL
FOR THE FLOPPING-MODE EDSR QUBIT

During electric driving of the qubit, dephasing, T1 relax-
ation and state leakage introduce errors in the operation
of the qubit. In our error model, we include dephasing of
the qubit due to electric field noise, T1 relaxation of the
charge qubit, and leakage out of the qubit states. We do
not include pure spin dephasing (about one kilohertz) and
relaxation (about one hertz) as both are orders of mag-
nitude lower than the charge-related error sources [1]. In
Fig. 5, we display the dominating error sources corre-
sponding to the error calculation in Fig. 3 of the main
text. At low magnetic field and hence low tunnel cou-
pling the charge T1 relaxation is small and the qubit error
is dominated by dephasing and leakage errors. At low
spin-charge detunings, � = 2tc − �z, the qubit is limited
by leakage due to unwanted nuclear spin flips on the left
quantum dot. At high magnetic field and large spin-charge
detuning excited charge state T1 relaxation dominates the
qubit error. In the following sections we describe the
different error sources associated with the donor-donor
flopping-mode qubit that were investigated to generate
Fig. 5.
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FIG. 5. Limiting error source for the 2P-1P qubit at the
(2,1)↔(3,0) transition with �AL = 1 MHz. Overlayed over the
error plot from Fig. 3(b), we show the three regions where dif-
ferent error sources dominate the total error at the optimal drive
amplitude. For high spin-charge detuning �/EZ and high mag-
netic field, the T1 error limits the total error. For low magnetic
fields, charge dephasing mostly dominates the error. Leakage
errors only start being significant for small spin charge detun-
ing and magnetic fields. In that region, only leakage to the near
degenerate states is significant.

1. Flopping-mode EDSR Hamiltonian with electric
drive

Driving of the qubit is achieved by applying an electric
field burst E(t) = Ed × g(t, tp) cos(ωdt), oscillating with
frequency ωd, for a pulse time tp and with a time-dependent
pulse envelope g(t, tp). In all our simulations, we use the
Gaussian pulse shape depicted in Fig. 2(e) (top graph)
that has been shown to reduce excited state leakage when
driving superconducting transmon qubits [35],

g(t, tp) = 1 − exp[2t(tp − t)/t2p ]

1 − e1/2 . (C1)

The symmetric Gaussian pulse shapes cannot fully reduce
leakage during qubit driving, but can help reverse leakage
state excitation [see Fig. 2(e) (bottom graph)].

The oscillating electric field drive can be written as a
time-dependent detuning parameter in the flopping-mode
Hamiltonian in Eq. (2):

ε̃(t) = ε + εd(t).

Here εd(t) := (eEdd/2h)g(t, tp) cos(ωdt) is the detuning
drive, ε is the static detuning, and d is the distance between
the two quantum dots.

The full driven system can then be expressed as the
sum of the static Hamiltonian in Eq. (2) and the time-
dependent drive Hamiltonian Hd = εd(t)τz expressed in
the basis defined by the product states {|i〉, i = 0, . . . , 3} =
{|↓ −〉, |↑ −〉, |↓ +〉, |↑ +〉}; the driven Hamiltonian takes
the form

Hrl =

⎛

⎜
⎝

0 �r �l 0
�r �s 0 �l
�l 0 �c �r
0 �l �r �c + �s

⎞

⎟
⎠ , (C2)

where �s (�c) is the spin (charge) qubit energy (�c =
2
√

ε2 + t2c), �r is the coupling between the two qubit
states, and �l is the coupling of each qubit state to it’s cor-
responding excited charge states. In the following section
we use Hamiltonian (C2) to estimate the charge dephasing
error for the donor-donor flopping-mode EDSR qubit. As
described in Sec. A, this Hamiltonian describes the system
very well apart from nuclear spin leakage.

2. Charge dephasing error modeling

To model the charge dephasing error of the qubit, we
assume that the charge noise couples through small per-
turbations δε in the detuning ε. We further assume that
these perturbations are well described as a random vari-
able δε described by a Gaussian probability distribution
function P(δε), centered about the value of ε [33] with a
standard deviation of σε. For comparison with the other
flopping-mode EDSR proposals, we use an electric field
noise of about 125 V/m, similar to that used in other
flopping-mode proposals [14,24] and corresponding to a
standard deviation in the static detuning parameter of about
σε = 0.3 GHz.

The charge dephasing error of the unitary evolution
associated with the π/2 − X gate is determined by the
deviation of the expectation value of the noisy unitary evo-
lution projected onto the ideal unitary evolution Uid of an
initial qubit state i,δε [14], averaged over the charge noise
detuning distribution, P(δε):

eε = 1 − 〈|〈i,δε|U†
δεUid|i,δε〉|2〉δε . (C3)

We have developed an analytical model of the state overlap
O(δε, i,δε) := |〈i,δε|U†

δεUid|i,δε〉|2, allowing for aver-
aging of the error over all possible initial states i,δε of
the Bloch sphere, which is crucial considering that the gate
error can vary by up to an order of magnitude depending
on the initial qubit state.

Using the above model, charge noise effectively cou-
ples into the noisy unitary time evolution Uδε through
the unwanted perturbation of the different Hamiltonian
parameters in Eq. (C2). Provided the system is driven adi-
abatically, the dynamics are mostly confined to the qubit
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subspace that is well described by the two-level Hamilto-
nian, �zσz + �rσx, where 2�z is the qubit energy splitting
and �r the qubit Rabi frequency. Both �z and �r are
dependent on ε and offer distinct pathways for charge noise
to couple into the time evolution, which we define as the
z- and x-noise channels, respectively. For a given detun-
ing perturbation δε, we write the instantaneous values as
�z(ε + δε) = �z(ε) + δz and �r(ε + δε)/2 = �r(ε)/2 +
δx = x + δx. In the rotating frame, when driving the qubit
on resonance, the reduced two-level Hamiltonian becomes

Hr(δz, δx) = δzσz + (x + δx)σx. (C4)

The time evolution associated with this Hamiltonian can
be modeled analytically if we approximate the Gaussian
drive pulse εd g(t, tp) as a constant pulse εdḡ, where ḡ =
0.633 is the average value of g(t, tp). With the Hamil-
tonian, Eq. (C4), and drive pulse, we calculate the state
overlap O(δε, i,δε) in Eq. (C3) for an initial state i =
cos (θ/2)|0〉 + sin (θ/2)eıφ|1〉 using

O(δε, i,δε) ≈ |〈i|U(Hr(0, 0), tπ/2)
†

× U(Hr(δz, δx), tπ/2)|i〉|2. (C5)

Here we estimate the π/2 gate time to be tπ/2 = π/(4ḡx).
The unitary time evolution operator U of the Hamiltonian
H can be calculated explicitly as the matrix exponen-
tial U(H , tg) = exp(−ıHtg). In Fig. 6 we compare the
fully numerical error calculation (square markers) with the
analytical error model described above (solid line) for a
range of initial states on the Bloch sphere. The numeri-
cal calculation computes the overlap in Eq. (C3) using the
full flopping-mode Hamiltonian (C2), while the analytical
model uses the analytical expression corresponding to Eq.
(C5). In black we include all the noise channels present in
Eq. (C2), whereas in red and blue we only include the x-
and z-noise channels. The analytical model can be seen to
fit the numerical calculations very well, highlighting the
fact that the charge noise predominantly enters the dephas-
ing error through the z- and x-dephasing channels that
affect the qubit states directly, and that dephasing contri-
butions through the excited charge leakage states can be
neglected.

Figure 6 also highlights certain qubit states that are pro-
tected against noise channels within the qubit subspace.
This translates into a large variation in error rate depending
on the initial qubit state, motivating the need for averaging
the qubit error. In Fig. 6(a) the z error goes to zero for the
initial state with φ = π/2 and θ = π/4. This initial state
has no z dephasing as it corresponds to a symmetric rota-
tion through the |1〉 state of the Bloch sphere such that any
unwanted phase accumulation during the first half of the
pulse is reversed in the second half of the pulse. Two other
states where the x dephasing approaches zero are shown
in Fig. 6(b) at θ = π/2 and φ = 0 (modπ). These angles

(a)

(b)

FIG. 6. Charge noise dephasing modeling. Both (a) and (b)
show the angle dependence of the dephasing charge noise for
φ = π/2 and θ = π/2 as a function of the longitudinal and
azimuthal angles θ and φ, respectively. The dark line displays
the error when considering all channels through which charge
noise can couple into the system. The red and blue lines only
consider the x- and z-charge noise channels. The analytical model
(lines) accurately fits the numerical calculation (square markers).
In (a), the z error goes to zero at θ = π/4 because variations δz
are echoed out when passing the pole. In (b), the x error goes to
zero at φ = 0 (mod π) because the start state is on the x axis of
the Bloch sphere. We use a magnetic field of 0.3 T at ε = 0 and
tc = 4.5 GHz for a drive amplitude εd = 0.2 GHz.

correspond to the two initial states along the x axis of the
Bloch sphere. These two states are not affected by x rota-
tions and consequently do not experience dephasing due
to noise along the x axis. The inclusion of both errors (in
black) limits the magnitude of the error variations in this
instance; however, there is still a significant variation in
error rate depending on the initial state that needs to be
considered when operating the qubit. Additionally, if a par-
ticular qubit is dominated by either z or x noise then the

054006-13



F.N. KRAUTH et al. PHYS. REV. APPLIED 17, 054006 (2022)

variation in error as a function of the initial state can vary
by orders of magnitude.

The first step towards calculating the full dephasing
error is to analytically integrating the overlap model in
Eq. (C5) over all the initial states on the Bloch sphere. We
find that the state averaged overlap between the perturbed
(noisy) and the nonperturbed (ideal) time evolution is then
given by

〈O(δε, i,δε)〉B

≈ OB(δz, δx)

= 1
6�2

2L

[

4(x + δx)2 + 3δz2 + δz2 cos
(

π

2
�2L

x

)

+ 2(x + δx)�2L sin
(

π

2
�2L

x

)]

, (C6)

where we have defined the Rabi splitting �2L =√
δz2 + (x + δx)2. As expected, the expression evaluates

to 1 for δz = 0 and δx = 0, since the noisy time evolution
is equal to the ideal (noiseless) case, that is, there is no
charge noise in the system.

In our case both x and z noise perturbations δz and δx
are dependent on the electric detuning noise variable δε.
The second and final step in obtaining the fully averaged
analytical charge dephasing error is performed by averag-
ing 1 − OB[δz(δε), δx(δε)] [as described in Eq. (C6)] over
the electric detuning noise variable δε:

〈eε〉B = 1 − 〈OB[δz(δε), δx(δε)]〉δε . (C7)

We calculate this average over the Gaussian distributed
random variable δε numerically.

In the next section, we investigate the various leakage
pathways present in the donor-donor implementation. The
leakage errors become dominant for strong qubit driving
and for near degeneracies in the hyperfine couplings of the
electron to the different phosphorus nuclear spins.

3. Leakage modeling

The second error type that we consider in our model is
state leakage of the qubit subspace. The donor-donor qubit
states defined in the main text can potentially leak to the
ten other states of the Hilbert space of same magnetiza-
tion; see Fig. 7(a). Leakage into any of the six states in the
excited charge state branches [light blue square in Fig. 7(a)
and in the inset] is dominated by the direct charge excita-
tion (|−〉 → |+〉) from the qubit states shown in red and
green in Fig. 7 to their excited charge state counterparts in
blue and yellow, which have the same electron and nuclear
spin configurations as the qubit states. Leakage to these
two excited charge states during electric driving is the
dominant leakage process due to their large electric dipole
moment. Leakage into the excited charge subspace will be

referred to as the “charge leakage pathway” and is repre-
sented in Fig. 7(b). In the ground charge state branch [light
green square in Fig. 7(a) and in the inset], there are four
states that the qubit can leak into, depicted by black dotted
lines in Fig. 7. These four states can be broken into two
more leakage pathways that we refer to as “nuclear spin
leakage pathways.” The first nuclear spin leakage pathway
corresponds to a flip-flop transition of the electron with
one of the nuclear spins on the left quantum dot instead of
the right dot [see Fig. 7(c)]. Indeed, the ground (excited)
qubit state |⇓⇑⇑↓ −〉 (|⇓⇑⇓↑ −〉) can leak to the spin
state |⇓⇓⇑↑ −〉 (|⇑⇑⇓↓ −〉) via a flip-flop transition, ffL2
(ffL1) with the second (first) nuclear spin on the left quan-
tum dot. We call this leakage pathway “type-I nuclear
spin leakage.” The second nuclear spin leakage pathway
in the donor-donor qubit corresponds to leakage from the
qubit states into the near degenerate levels |⇑⇓⇓↑ −〉 and
|⇑⇓⇑↓ −〉 via three simultaneous electron-nuclear flip-
flop transitions with all the nuclear spins in the system
(ff3×). This second nuclear spin pathway is displayed in
Fig. 7(d), and will be referred to as “type-II nuclear spin
leakage.”

For all three independent leakage pathways (one charge
and two nuclear spin flips), the four-level system consist-
ing of the qubit states |0〉 and |1〉 and their respective
leakage states (|2〉 and |3〉) is described by the following
Hamiltonian in the basis {|i〉, i = 0, . . . , 3}:

Hrl =

⎛

⎜
⎝

0 �r/2 �l/2 0
�r/2 0 0 �l/2
�l/2 0 �ql �rl/2

0 �l/2 �rl/2 ±�ql

⎞

⎟
⎠ . (C8)

We define �r to be the coupling between the two qubit
states, �l the coupling to the leakage states, �rl the cou-
pling between the leakage states, and �ql the energy gap
between qubit and leakage states. The coupling strength
�rl between the leakage states and the sign of the gap ±�ql
turn out to be irrelevant to the total leaked state proportion
due to the coupling strengths �l being symmetrical. Using
the Hamiltonian in Eq. (C8) we can model the different
leakage pathways analytically and substitute in the various
strengths of the coupling and detuning terms.

To minimize state leakage, we adiabatically drive the
qubit transition by slowly increasing and then decreasing
the drive amplitude in time using the symmetric Gaus-
sian pulse shape displayed at the top of Fig. 2(e). The
time-dependent drive leads to a time-dependent occupa-
tion of the leakage states in all three leakage pathways that
increases and decreases with the pulse amplitude. The use
of the symmetric continuous pulse shape allows for most of
the leakage state population (both charge and nuclear spin
leakage) to be de-excited in the second half of the pulse
[35], for small drive amplitudes less than the energy sep-
aration between the qubit state and the leakage state [see
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(a) (b)

(d)(c)

FIG. 7. Leakage pathways for the 2P-1P donor-based
flopping-mode EDSR qubit. (a) Simplified energy spectrum at
ε = 0 (see inset) for the flopping-mode qubit in the main text.
The qubit states |0〉 ≡ |⇓⇑⇑↓ −〉 and |1〉 ≡ |⇓⇑⇓↑ −〉 are
shown in red and green, respectively. The excited charge states
of the same electron and nuclear spin states as the qubit states are
shown in blue and yellow. The black dotted (leakage type I) and
dashed (leakage type II) lines correspond to the different nuclear
spin leakage states discussed in the main text. (b) The charge
excitation leakage pathway. Charge leakage, shown by the solid
arrow lines, results from accidental excitation of the charge state
of the double quantum dot. The qubit frequency is shown as ffR
(that is, a flip-flop transition with the right nuclear spin) and the
leakage state energy separation �ql used in simulating the leak-
age error is shown between the green and blue states. (c) Type-I
nuclear spin leakage corresponds to a single flip-flop transition of
the electron with the first nuclear spins on the left quantum dot,
ffL,1 (|⇓⇑⇓↑ −〉 → |⇑⇑⇓↓ −〉), and the second nuclear spin on
the left quantum dot, ffL,2 (|⇓⇑⇑↓ −〉 → |⇓⇓⇑↑ −〉), shown
by the black arrows. (d) Type-II nuclear spin leakage occurs
when the electron flip flops with all three nuclear spins
simultaneously, ff3×. Flip-flop transitions of this type can
occur in both directions (|⇓⇑⇑↓ −〉 → |⇑⇓⇓↑ −〉 and
|⇓⇑⇓↑ −〉 → |⇑⇓⇑↓ −〉) and cause leakage out of the
computational basis of the qubit.

Fig. 2(e)]. We call the integrated leakage population dur-
ing the pulse “reversible leakage” as it is mostly reversed
at the end of the pulse.

Pulse shaping however cannot fully reverse the leakage
population. We call the remaining leakage population at
the end of the pulse “irreversible leakage.” It is a source of
error for all leakage pathways as it leads to a finite prob-
ability of the system to be measured outside of the qubit
subspace. The irreversible leakage error is simply given
by the occupation probability of the leakage states at the
end of the pulse. The reversible leakage mechanism can

also lead to errors if the leakage state is itself prone to
errors. We have seen in the previous section that charge
dephasing via the excited charge states is negligible. The
same holds for the nuclear leakage states. However, relax-
ation of the leakage state can lead to significant errors for
the charge leakage pathway. Indeed, the excited charge
states can relax to the ground state due to T1 charge relax-
ation. The excited charge state is temporarily occupied
during qubit operation, leading to a finite probability for
the qubit state to relax back to the ground state. We call this
drive-T1 error as it only occurs during driving of the qubit.
Reversible leakage into nuclear spin states (in the ground
charge state branch) does not lead to additional relaxation
errors because all nuclear spin states have long relaxation
times.

Reversible leakage can be characterized by the inte-
grated probability of the qubit state being in the two
leakage states, during the π/2 Gaussian pulse of dura-
tion tπ/2, with the aim to later use the quantity in order
to calculate the T1 relaxation error associated with it:

Id :=
∫ tπ/2

0

3∑

i=2

|〈(t′)|i〉|2dt′. (C9)

In Sec. C 4, we derive how this leakage integral Id in
Eq. (C9) enters the calculation of the drive-T1 error. The
integral Id can be estimated by assuming a noiseless uni-
tary time evolution of an initial state on the Bloch sphere.
We find that the integral is independent of the start state
and can be well approximated to second order in �l/�ql:

Id ≈ αd
1
�r

�2
l

�2
ql

. (C10)

The coefficient αd is related to the Gaussian pulse shape
used to drive the qubit and is equal to 0.046 for the specific
case described in Eq. (C1). The integral is independent
of the initial qubit state due to the fact that the coupling
strengths �l of the qubit states to the leakage states are
equal, so that any superposition of the two qubit states
is equally likely to leak out of the qubit subspace. The
total leakage state population is inversely proportional to
the coupling �r between the qubit states and is thus pro-
portional to the gate time tπ/2 = π/(2ḡ�r), reflecting the
fact that shorter pulses lead to a smaller integrated leak-
age probability. The leakage is also inversely proportional
to the qubit-leakage state energy gap, highlighting that
smaller energy separations lead to larger leakage proba-
bilities. As we cover in Sec. C 4, this analytical model in
Eq. (C10) is used in the calculation of the T1 relaxation
error.

We now turn to the irreversible leakage error which is
the probability of the system being in the leakage states |2〉
and |3〉 at the end of the π/2 pulse,
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eleak = pleak =
3∑

i=2

|〈(tπ/2)|i〉|2. (C11)

The leakage probability pleak has two distinct regimes
depending on the respective magnitudes of the qubit driv-
ing strength �r and the energy gap �ql to the nearest
leakage state. In both regimes the leakage probability is
related to the ratio λ = �l/�r of the leakage and qubit
coupling strengths. In the first regime, where the qubit
drive amplitude �r is smaller than the energy gap to
the nearest leakage state �ql (“weak driving regime”),
the leakage population grows polynomially with drive
amplitude �r as the qubit drive become less adiabatic:

pleak ≈ αleakλ
2 �4

r

�4
ql

. (C12)

Here αleak = 0.37 is a constant related to the Gaussian
pulse shape determined through numerical simulation. For
the charge leakage pathway, a significant leakage contri-
bution is attributed to the factor λ2 in Eq. (C12), because
the coupling of the excited charge state is always greater
than the qubit state, and typically results in a factor λ much
larger than 1. However, for this charge leakage pathway,
the gap �ql is usually much larger than the qubit coupling,
so that the remaining factor (�r/�ql)

4 is much smaller
than unity, and the leakage probability can remain small
despite a large ratio λ. In the second regime, in which
the qubit drive amplitude becomes larger than or com-
parable to the energy gap to the leakage state �r > �ql
(“strong driving regime”) the leakage population asymp-
totically approaches a constant value. Indeed, at high drive
amplitudes, the power-broadened qubit transition overlaps
with the leakage transition and both transitions are driven.
If the coupling to the leakage state is smaller than the cou-
pling between the qubit states (λ < 1), the qubit will only
leak out at a maximum probability described only by the
ratio λ:

pleak ≈
(

π

4

)2

λ2. (C13)

The leakage probability for the nuclear spin leakage of type
II can easily fall into this regime, because the energy gap
to the leakage state (�ql = �AL/2 � 500 kHz) is often
smaller than the optimal Rabi frequency. However, despite
this small energy gap, the leakage probability in this partic-
ular leakage pathway remains small. Indeed, the coupling
strength �l to the leakage state in this leakage pathway is
much smaller than the qubit coupling, leading to a factor
λ much smaller than one and resulting into a low leakage
probability according to Eq. (C13).

For the error calculations in the main text, we use a
combination of Eqs. (C12) and (C13) to model the leakage

probability within each leakage pathway when driving the
qubit. In the next section we cover how the T1 charge
relaxation can lead to two types of errors, one related
to the excited charge state proportion naturally present
in the qubit, the other linked to the excited charge state
proportion excited during the reversible leakage process
described in this section.

4. Charge T1 relaxation modeling

Relaxation errors of the proposed donor-donor qubit can
be due to nuclear spin, electron spin, or charge relaxation.
Any relaxation of the electron spin, the nuclear spin, or
the excited charge state translates into relaxation of the
qubit. These three relaxations occur over a wide range of
characteristic timescales.

The T1 relaxation times of nuclear spins of a phospho-
rus donor in silicon has been measured to be of the order
of minutes [37,48], whereas the relaxation time of electron
spins on phosphorus donor quantum dots has been mea-
sured to be of the order of seconds [49–51] at magnetic
fields of about 1 T. The relaxation time of a charge qubit
defined by the symmetric and antisymmetric superposi-
tions of two tunnel-coupled quantum-dot orbitals however
has been measured to be of the order of only a few
nanoseconds in GaAs quantum dots [52] and in Si/SiGe
gate-defined quantum dots [53]. The charge relaxation rate
1/Tc

1 in silicon donor quantum dots has been theoretically
estimated for a charge qubit defined by a phosphorus donor
quantum dot and an interface quantum dot. Boross et al.
[54] predicted the charge relaxation rate to be proportional
to the charge qubit energy splitting and to the square of the
tunnel coupling 2tc between the two quantum dots,

1/Tc
1 ≈ �(2

√
ε2 + t2c) · (2tc)2 (GHz), (C14)

where the coefficient � ≈ 2.37 × 10−6 (ns2) is a silicon-
specific constant [14,54]. At zero detuning, where the qubit
is operated, the charge relaxation rate is proportional to
t3c . For a typical charge qubit splitting of 11 GHz corre-
sponding to a magnetic field of 0.4 T for an electron spin
qubit, Eq. (C14) yields a relaxation time of about 300 ns.
Since the electron and nuclear spin relaxation times in our
qubit can be expected to be of the order of seconds or even
minutes, we expect that charge relaxation will be the dom-
inating relaxation mechanism. In our calculations, we use
Eq. (C14) to calculate the relaxation rate 1/Tc

1 of the pure
charge qubit.

The charge T1 relaxation of the charge excited state is
well described by an exponential decay process described
by the error 1

2 [1 − exp (−t/Tc
1)]. This error does not fully

describe the relaxation of the qubit state since it only par-
tially overlaps with the excited charge state, making it less
probable for the qubit to decay in the equivalent time as the
charge qubit. The exponential decay of our proposed qubit
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therefore needs to include the time-integrated overlap of
the qubit wave function with the excited charge state. The
qubit relaxation error can be calculated using [14]

eT1 = 1
2

(

1 − exp
[

−
∫ tπ/2

0

∑

s

|〈(t′)|s, +〉|2 1
T1

dt′
])

,

(C15)

where |s, +〉 = |s〉 ⊗ |+〉 are the product states contain-
ing the excited charge states |+〉. The qubit relaxation
errors grow exponentially with the gate time tπ/2 and with
the overlap

∑
s |〈(t)|s, +〉|2 of the qubit states with the

excited charge state.
There are two ways by which the qubit states can over-

lap with the excited charge state during a π/2 − X gate.
Firstly, while the qubit ground state |0〉 does not over-
lap at all with the excited charge state (due to the large
energy separation, ∝ tc), the qubit excited state |1〉 is engi-
neered to have a small excited charge state proportion
p1,+ = ∑

s |〈1|s, +〉|2. This is a result of the hybridization
of the spin qubit with the charge qubit that allows elec-
tric driving of our qubit. Secondly, the qubit states can also
overlap with the excited charge state by reversible leakage
into the excited charge states during qubit operation. Those
two effects result in a total time-dependent overlap of the
qubit states with the excited charge state given by

∑

s

|〈(t)|s, +〉|2 ≈ |〈(t)|1〉|2p1,+ +
3∑

i=2

|〈(t)|i〉|2.

(C16)

The relaxation error in Eq. (C15) is related to the time
integral of overlap (C16):

∫ tπ/2

0

∑

s

|〈(t′)|s, +〉|2dt′ = I1 × p1,+ + Id. (C17)

Here I1 := ∫ tπ/2
0 |〈(t′)|1〉|2dt′, and the integral Id ≈

αd(1/�r)�
2
l /�

2
ql was derived in the previous section

describing reversible leakage [Eq. (C10)] and describes the
excited charge leakage population. It is dependent on the
Rabi frequency �r, the coupling strength to the excited
state �l, and the energy separation �ql between the qubit
states and the nearest excited charge state.

The integral I1 of the |1〉 state overlap can be approx-
imated by calculating the noiseless time evolution of an
initial qubit state |i〉 = cos θ/2|0〉 + sin θ/2eıφ|1〉 during
a π/2 − X gate:

I1(θ , φ) ≈ 1
�r

1
4
(π − 2 cos θ − 2 sin θ sin φ). (C18)

The full relaxation error in Eq. (C15) for a given initial
state can then be written as

eT1(θ , φ) = 1
2 (1 − e−I1(θ ,φ)p1,+/T1e−Id/T1). (C19)

Finally, the relaxation error averaged over the Bloch sphere
is given by

〈eT1〉B = 1
2 (1 − 〈e−I1(θ ,φ)p1,+/T1〉Be−Id/T1). (C20)

The Bloch sphere average of the term e−I1(θ ,φ)p1,+/T1 can
be approximated analytically. Integration over φ results in
a Bessel function that can be approximated to third order
in β = p1,+/�rT1:

〈e−Ii(θ ,φ)O1,+/T1〉B ≈ e1/4(2+π)β β − 2 + eβ(β + 2)

4β
.

(C21)

The relaxation error of the qubit is calculated using Eqs.
(C20) and (C21), and the parameters entering the equation
are calculated numerically. The estimation of the pure
charge relaxation rate uses Eq. (C14).

5. Combining all errors

Finally, we combine the dephasing error, the relaxation
error, and the irreversible leakage errors into one total
error formula, assuming that these errors originate from
independent random processes:

etot(θ , φ) = 1 − [1 − eε(θ , φ)][1 − eT1(θ , φ)](1 − eleak).
(C22)

The average of this error over the Bloch sphere can be
approximated as the product of the averages of each error,
yielding the final error metric used in the main text:

〈etot(θ , φ)〉B ≈ 〈1 − eε〉B〈1 − eT1〉B(1 − eleak). (C23)

APPENDIX D: CALCULATION OF THE
SPIN-CAVITY COUPLING AND THE QUBIT

DEPHASING TIME

We investigate the qubit-cavity coupling characteristic,
which is shown in Fig. 4 of the main text. Strong coupling
of a cavity to a qubit can be achieved if the qubit-cavity
coupling strength gSC is larger than the dephasing rate γ

of the qubit as well as the decay rate κ of the cavity. The
coupling strength gSC can be calculated as the product of
the qubit electric dipole transition matrix element χ01 and
the electric field amplitude produced by the cavity at the
location of the qubit. Following the cavity simulation of
Osika et al. [27], we use detuning amplitudes of about
εc = 100 MHz, and a cavity decay rate κ = 1 MHz. The
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detuning amplitude corresponds to zero point voltage fluc-
tuations of the cavity of the order of 0.4 μV for quantum
dots separated by about 10 nm, or, equivalently, to cavity
electric fields of about 10 V/m. We calculate the transi-
tion matrix element χ01 numerically and estimate the qubit
dephasing rate γ = 1/T∗

2 by converting the average qubit
error using the formula

T∗
2 ≈ 2

√
2

√
t2π/2

log[1/(1 − 2 error)]
. (D1)

The dephasing rate is then calculated as a function of
magnetic field strength and tunnel coupling, while the cav-
ity detuning amplitude εc and the cavity decay rate κ

are assumed to be constant across the parameter range
investigated in Fig. 4.
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