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Second-order photonic topological insulators (SPTIs) with topologically protected corner states possess
extraordinary abilities of robust light steering in lower dimensions. However, previous SPTIs are diffi-
cult for multiband on-chip applications. To overcome this challenge, we design, via the inverse design
method, a SPTI supporting four highly localized corner states within four sizeable band gaps that are
robust to bulk impurities. Importantly, the designed SPTI is made of fully connected dielectric mate-
rials, which can be readily fabricated in nanoscale via electron-beam lithography and integrated into
on-chip circuits. Our work offers potential applications in designing multiband on-chip photonic inte-
grated devices with high efficiency, high capacity, and high robustness for both linear and nonlinear optical
processing.
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I. INTRODUCTION

Photonic topological insulators (PTIs) are systems that
host topological boundary states protected against impuri-
ties in the bulk, offering great opportunities for achieving
the robust steering of light [1]. To date, obeying the
bulk-boundary correspondence principle, PTIs based on
quantum Hall effect [2,3], quantum spin Hall effect [4–6],
and quantum valley Hall effect [7–11] have been achieved.
These PTIs are characterized by the gapless edge states that
are one-dimensional (1D) lower than the bulk. Meanwhile,
toward multiband applications, a PTI supporting dual-band
valley edge states has been demonstrated [12,13].

Recently, a class of high-order PTI that supports lower-
dimensional topological boundary states has been achieved
[14], which goes beyond the conventional bulk-boundary
correspondence. In the two-dimensional (2D) system, the
so-called second-order PTI (SPTI) hosts 1D gapped edge
states and 0D in-gap corner states. Crystalline symme-
try is crucial for engineering the SPTI. Hitherto, several
versions of SPTIs have been realized based on different
symmetric lattices, e.g., C6v- and C3-symmetric hexago-
nal lattice [15–17], C3v-symmetric kagome lattice [18],
and C4v-symmetric square lattice [19–24]. As the energies
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are tightly localized at the corners, SPTIs could enhance
the light-matter interaction, thus having promising appli-
cations in linear and nonlinear integrated optics. To date,
based on the SPTI, topological nanocavity with high qual-
ity factor [25], topological insulator lasers [26,27], and
topologically enhanced nonlinear frequency conversion
[28,29] have been demonstrated. However, most previ-
ous SPTIs only support corner states within one band
gap, limiting multiband applications, e.g., multiband lasers
[30], multiband resonators [31], multiband filters [32],
and so forth. Most recently, multiband valley bands and
second-order corner states have been demonstrated in a
2D SPTI for the transverse magnetic (TM) mode [33].
However, the proposed SPTI is made of isolated pil-
lars, which is difficult to manufacture at the nanoscale
and inconvenient for integration into on-chip photonic
circuits.

To overcome this challenge, with the aid of the inverse
design technique, we herein design a multiband SPTI
made of fully connected dielectric materials in which four
topological corner states within four wide band gaps are
observed. The robustness of these corner states against
defects is further demonstrated. The designed SPTI can
be readily fabricated via electron-beam lithography tech-
nology and integrated into photonic circuits [7,11,34–36],
which can find potential applications in linear and nonlin-
ear on-chip photonic devices.
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II. RESULTS AND DISCUSSION

To design the SPTI made of connected dielectric mate-
rials for integrated optics applications, we focus on the
transverse electric (TE) modes herein [37], where the mag-
netic field is perpendicular to the propagation plane. We
consider a 2D photonic crystal (PC) with C4v symmetry,
which is made of silicon with permittivity of ε = 12.25.
As a band gap is the prerequisite for the existence of cor-
ner states, to design the SPTI hosting multiband corner
states, we first adopt the topology optimization technique,
bidirectional evolutionary structure optimization (BESO)
algorithm [38], to design the PC with multiple band gaps.
Totally, four band gaps at four target frequencies are
assigned. The detailed description of the topology opti-
mization approach is presented in Appendix A. The whole
optimization process takes about two to three hours on a
computer with an Intel i7-6700HQ (2.6 GHz) CPU and
8GB RAM. Note that the optimized structure obtained in
this paper may be not the global optimum solution as our
numerical experience indicates that a different initial struc-
ture could result in different solutions. For the brevity of
analysis, the frequency is normalized as a/λ, where λ is the
wavelength and a the lattice constant. Figure 1(a) shows
the optimized PC with the primitive unit cell (UC) denoted
by the red dashed box. One can see that the dielectric
materials are fully connected without isolated pillars; thus
the structure can be readily fabricated using the method
of electron-beam lithography [7,11,34–36]. From the band
diagram shown in Fig. 1(b), four band gaps (labeled as I,
II, III, and IV, respectively) are observed, which are located
between bands 7 and 8, 19 and 20, 21 and 22, and 23 and
24, respectively. The frequency windows of band gaps I,
II, III, and IV are (0.725, 0.908), (1.182, 1.321), (1.335,
1.409), and (1.451, 1.549) with the gap-midgap ratio being
22.4%, 11.1%, 5.4%, and 6.5%, respectively, which are
significantly wider than those of multiple band gaps in
recently reported SPTIs for TM modes [33], providing
possibilities for producing more localized corner states.

(a) (b)

FIG. 1. (a) Optimized PC consisting of 3 × 3 UCs. (b) The
band diagram, where the inset depicts the first irreducible Bril-
louin zone.

Previous studies on SPTIs engineered in C4v-symmetric
lattices indicate that the trivial and nontrivial UCs can be
selected from the same PC in different ways [39]. Inspired
by this, we choose two kinds of UCs from the optimized
PC: one is the primitive UC (UC1), whereas the other
one (UC2) is obtained by translating UC1 by (a/2, a/2),
denoted by the black dashed box in Fig. 1(a). Next, we use
the 2D polarization P = (Px, Py) to characterize the topol-
ogy properties of UC1 and UC2, which is formulated as
[40–42]

Pi = 1
2

(∑
n

qn
i modulo 2

)
, (−1)qn

i = ηn(Xi)

ηn(�)
, (1)

where i denotes the x or y axis in the 2D plane. ηn denotes
the parity (±) at high-symmetry points X or � of the nth-
order band. The summation

∑
n qn

i means the summation
of q over all the bands below the band gap. Note that using
the parities of the bands at high-symmetry points X and
� to calculate the polarization is much simpler than the
approach based on integration of the non-Abelian Berry
connection [40–42]. Because UC1 and UC2 obey the C4v
point-group symmetry, Px = Py . Note that the parity at X
or � can be identified based on the field profiles of corre-
sponding eigenmodes, i.e., the monopolar and quadrupolar
modes have an even parity (+), whereas the dipolar mode
possesses an odd parity (−). We summarize the parities
at X and � for bands 1–23 (all bands below band gap
IV) in Appendix B. Taking those parities into Eq. (1),
we can judge that, for UC1, P = (0, 0) for band gaps I,
II, and III whereas P = (1/2, 1/2) for band gap IV; for
UC2, P = (1/2, 1/2) for band gaps I, II, and III whereas
P = (0, 0) for bandgap IV. As P = (1/2, 1/2) and P = (0, 0)
respectively indicate the topological nontrivial and triv-
ial phases, we can get that, for band gaps I–IV, UC1 and
UC2 both possess distinct topological properties, ensur-
ing the existence of topological edge modes at the domain
wall between them within all band gaps. Meanwhile, the

(a) (b)

FIG. 2. (a) Projected band diagram of the ribbon structure. (b)
The eigenmodes (normalized absolute magnetic field distribu-
tions) of the topological edge states at k = 0.6π/a, correspond-
ing to the colored circles in (a).
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topological corner charge, defined by Qc = 4PxPy [40–42],
could be induced by the simultaneous nonzero values of
Px and Py . Therefore, it can be inferred that UC1 and UC2
have different corner charges for band gaps I–IV, guaran-
teeing the emergence of topological corner states at the 90°
corner formed between them within all band gaps.

To verify the multiband topological edge states, we
construct a ribbon structure made of six UC1s and six
UC2s with a boundary between them, as sketched in
Fig. 5(a) in Appendix C. Figure 2(a) shows the calcu-
lated band structure of the ribbon structure, from which
one can see that four edge states appear within band gaps
I–IV, respectively. Figure 2(b) presents the eigenmodes at
k = 0.6π/a of edge states within band gaps I–IV [corre-
sponding to the colored circles in Fig. 2(a)], demonstrating
that energies are highly localized at the boundary between
UC1s and UC2s. Importantly, the demonstrated multiband
edge states are all gapped, providing room for producing
multiband corner states.

Next, we create a SPTI made of 6 × 6 UC2s surrounded
by UC1s with a thickness of 4a, as sketched in Fig. 5(b)
in Appendix C, to validate the multiband topological cor-
ner states. Figure 3(a) shows the calculated eigenfrequency
spectrum of the SPTI, from which one can observe that
four corner states, labeled by C1, C2, C3, and C4, appear
within band gaps I, II, III, and IV, respectively, verify-
ing the multiband corner states supported by the designed
SPTI. Figure 3(b) plots the absolute magnetic field dis-
tributions of the corner states C1–C4, confirming that the
energies are indeed localized at the corner. Note that cor-
ner state C3 is less localized than the other corner states
because its frequency is close to the bottom boundary of
band gap III.

Finally, we demonstrate the robustness of the multiband
topological corner states by introducing several impurities
into the SPTI. As sketched in Fig. 5(c) in Appendix C, the

(a) (b)

C1: Ω = 0.898 C2: Ω = 1.218

C3: Ω = 1.328 C4: Ω = 1.522

FIG. 3. (a) Calculated eigenfrequency spectrum of the SPTI.
(b) Normalized absolute magnetic field distributions of the cor-
ner states labeled in (a).

C1: Ω = 0.898 C2: Ω = 1.218

C3: Ω = 1.328 C4: Ω = 1.522

FIG. 4. Normalized absolute magnetic field distributions of
the corner states C1–C4 supported by the SPTI with defects.

defects are introduced by removing the dielectric materials
within UCs denoted by the red circles. Figure 4 presents
the eigenmode profiles of the corner states hosted by the
SPTI with defects. We can find that, compared with the
corner states of the intact system shown in Fig. 3(b),
the eigenfrequencies of all corner states keep invariant
although defects are introduced, verifying that the multi-
band topological corner states are robust against defects.

III. CONCLUSIONS

In summary, toward multiband on-chip optical applica-
tions, we design a SPTI that hosts multiband corner states
with the aid of the inverse design approach. Totally, four
tightly localized corner states are observed within four
sizeable band gaps, whose robustness against defects is
further demonstrated. Most importantly, the designed SPTI
consists of fully connected dielectric materials, which has
several advantages in practical applications: it can be
readily manufactured at the nanoscale using the method
of electron-beam lithography; it can be straightforwardly
connected to a waveguide for the ease of exciting and
detecting the corner states; it can also be easily cou-
pled into photonic integrated circuits, thus having poten-
tial applications in multichannel optical signal processing
and communications. Moreover, through the interaction
of multiband corner states, the proposed system has great
potential in the design of on-chip topological photonic
devices with enhanced nonlinear frequency conversion
[13,29].
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APPENDIX A: TOPOLOGY OPTIMIZATION
METHOD

The eigenvalue equation for 2D PCs in TE mode can be
formulated as [43,44]

−(∇ + ik) ·
(

1
ε(r)

(∇ + ik)H(r)
)

=
(ω

c

)2
H(r), (A1)

where k = (kx, ky) represents the Bloch wave vector and
ε(r) and H (r) represent the dielectric constant and the
magnetic field at position r. As Eq. (A1) contains two
unknown variables, k and ω, two methods, ω(k) and k(ω),
can be used to solve it. The ω(k) method solves ω at the
given k and affords the classical band diagram, whereas
the k(ω) method solves k at the given ω and affords the
complex band diagram [45]. We adopt the k(ω) method
herein and kx and ky are set as kx = k cos θ and ky =
k sin θ , respectively, where θ denotes the wave vector
direction. Using the finite element method, Eq. (A1) could
be converted to

(k2KI + kKII + KIII)u = 0, (A2)

where u denotes the eigenvector of the magnetic field. The
detailed expressions of matrix K I, K II, and K III can be
found in Ref. [44]. Next, to overcome the difficulty of solv-
ing the quadratic eigenvalue equation, we convert Eq. (A2)
into the standard eigenvalue problem as

(K(θ , ω) − kM(θ))U= 0, (A3)

where K =
[

KII KIII
I 0

]
, M =

[−KI 0
0 I

]
, and

U=
[

ku
u

]
. After solving Eq. (A3) at the specific ω and θ ,

we can get k in a complex form, k′ + ik′′. Previous work on
the complex band structure of PC indicates that, within the

band gap of the classical band structure, all waves become
evanescent waves and the minimum k′′ is always larger
than zero [46]. Therefore, if we maximize the minimum
k′′ of all wave vector directions at the given frequency, the
band gap at this frequency will be automatically opened.
And we can get the multiple band gaps by simultaneously
maximizing the minimum k′′ of all wave vector directions
at multiple given frequencies. For a PC with C4v sym-
metry, θ ∈ [0, π/4]. Therefore, the topology optimization
formulation can be expressed by⎧⎪⎪⎨

⎪⎪⎩
max : f (xe) = min(k′′

θg ,ωw)

s.t. : θg ∈ [0 : π
16 : π

4

]
ωw ∈ (ω1, ω2, · · ·)
xe = 0 or 1; e = 1, 2, · · · , m,

(A4)

where the UC is discretized as m elements and xe denotes
the design variable of the element e, which equals 1 when
the element is full of silicon, whereas 0 for air. k′′

θg ,ωw
denotes the minimum imaginary part of the wave vec-
tor at the specific direction θg and frequency ωw. Totally,
four frequencies and ten wave vector directions at each
frequency are considered herein. To update the design vari-
ables, the sensitivity of each element, i.e., the derivative of
the objective function f (xe) about xe, should be derived.
Differentiating both sides of Eq. (A2), we can get

∂k′′
θg ,ωw

∂xe

= imag

⎛
⎝−

vT
(

k2
θg ,ωw

∂KI
∂xe

+ kθg ,ωw
∂KII
∂xe

+ ∂KIII
∂xe

)
u

2kθg ,ωwvTKIu + vTKIIu

⎞
⎠ .

(A5)

Upon getting sensitivities of all elements, we start from
a random initial structure without any topological band
gaps and use the BESO algorithm to iteratively update
the design variables [38,44]. BESO increases the design
variable of the element with higher sensitivity, xe =
min[1, xe + 0.1], and decreases that with lower sensitivity,
xe = max[0, xe − 0.1]. As a result, a design is constructed
with the updated design variables. The finite element anal-
ysis and BESO update are repeated until the objective
function is maximized [38]. In the optimization, the UC
is constrained with C4v symmetry.

TABLE I. Parities at high-symmetry points X and � of the band structures for UC1 and UC2.

Order of band

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

UC1 � + + + − − + + − − − − + + + + − − + + − − − −
X − + + − − + − + − + + − − + + − − − + + + − +

UC2 � + + + − − + + − − − − + + + + − − + + − − − −
X + − − + + − + − + − − + + − − + + + − − − + −
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(a) (b) (c)

FIG. 5. Schematics of supercells for calculating edge and corner states. (a) The supercell for calculating edge states. (b) The metas-
tructure for calculating corner states. (c) The metastructure with defects for demonstrating the robustness of corner states. The regions
of UC1s and UC2s are denoted by blue and red colors, respectively.

APPENDIX B: PARITIES AT HIGH-SYMMETRY
POINTS X AND � FOR UC1 AND UC2

Table I gives the parities at high-symmetry points X and
� of bands 1–23 (below band gap IV) for UC1 and UC2,
where the parities with opposites signs are shaded with
blue color, which can be taken into Eq. (1) to identify the
topological properties of UC1 and UC2.

APPENDIX C: SCHEMATICS OF SUPERCELLS
FOR CALCULATING EDGE AND CORNER

STATES

Figure 5(a) plots a schematic of the supercell for cal-
culating edge states. Figures 5(b) and 5(c) sketch the
metastructure, i.e., SPTI, with and without defects for
demonstrating corner states, respectively.
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