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High-Q Surface Light Emission from Active Parity-Time-Symmetric Gratings
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This work presents a theoretical investigation of an active photonic grating of the parity-time- (PT)
symmetric architecture. The analytical study of the free-space mode propagation from the grating struc-
ture indicates the unique bifurcation property due to the PT-symmetry modulation. It is shown that
both the gain-loss contrast and the lattice constant parameters are critical factors to modulate the active
photonic system in between the PT-symmetry to the symmetry-broken phases. Furthermore, numerical
simulations via the rigorous coupled-wave analysis (RCWA) method discover the existence of a unique
spectral singularity phenomenon in this PT grating structure, which corresponds to a nontrivial single
mode and near-zero bandwidth photonic resonant emission. Also, the guiding procedure for fulfilling
spectral singularity modes is found to be related to the unique formation of the scattering matrix applied
in the PT-symmetric photonic gratings. This theoretical work takes a fresh look into the active PT-
symmetric photonic gratings focusing on the discovery of nontrivial free-space emission modes, which
could contribute to the development of high-performance surface-emitting semiconductor devices.
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I. INTRODUCTION

Photonic gratings as optical components operating at the
subwavelength region can be considered the aspiration of
modern nanophotonics concepts such as photonic crystals
and metamaterials [1]. Its applications have been expanded
broadly from telecommunications [2] and astronomy [3]
to chemistry [4] and biosensing [5]. The unique proper-
ties of photonic gratings are associated with the spatial
modulation of the refractive index (RI). By optimizing
grating parameters, including the period, thickness, and
fill factor, we can modulate the amplitude and phase of
the incident wave for various light-manipulation purposes,
including optical filters [6], reflectors [7,8], absorbers [9],
and resonators [10,11].

More recently, by drawing the fundamental concepts in
quantum physics [i.e., parity-time (PT) symmetry] [12]
to the realm of optics and photonics, alternative pho-
tonic applications, such as unidirectional emission [13]
and asymmetric diffraction [14], appeared from periodi-
cal structures, including photonic gratings. The simplest
definition of a PT-symmetric system is a non-Hermitian
system whose Hamiltonian remains invariant under parity
(p −→ −p , x −→ −x) and time-reversal (p −→ −p , x −→
x, i −→ −i) operators, where p , x, and i are momentum,
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location, and imaginary unite, respectively [12]. It is indi-
cated that to satisfy this condition, the related potential
should be V̂(x) = V̂∗(−x). The equivalent condition for a
optical system is n(x) = n∗(−x) [15].

In practice, two geometrically identical coupled waveg-
uides, one showing loss and the other one indicating the
same amount of gain, can be the simplest example of
an optical PT-symmetric system [15]. In this system, by
increasing the gain (loss) coupling contrast between these
two waveguides, the system transits from a PT-symmetric
regime where all eigenvalues are real into a PT-symmetry
broken regime where the eigenvalues are complex. Such
a PT-symmetry broken phase shows extraordinary proper-
ties such as single-mode lasing [16]. In addition, there is
also a transient point between these two regimes named
exceptional point (EP). Both eigenvalues and eigenstates
coalesce at EP [17], which has led to an enhanced sen-
sitivity, resulting in supersensitive detectors [18,19]. The
uniqueness of a PT-symmetric system lies in the bene-
ficial role of optical loss, while in trivial systems, loss
always has a destructive effect and it should be elimi-
nated.

Over the past few years, scholars found that using more
complicated optical platforms to realize the PT-symmetry
concept can introduce nontrivial outcomes. For instance,
one-dimensional bilayer heterostructures [20] could mix
the PT-symmetry and PT-broken phase leading to a selec-
tive manipulation of electromagnetic radiation. Another
example is the asymmetrical propagation of picosecond
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pulses [21] enabled by the quasi-PT symmetry, which is
useful for short-pulsed spectroscopy and optical commu-
nications applications. Moreover, leveraging PT symmetry
in metasurfaces also enables more freedom to control
the polarization of electromagnetic waves [22]. Further-
more, combining PT symmetry with other quantum con-
cepts such as chirality has revealed more effects, including
advanced polarization control, leading to chiral unidirec-
tional lasers and wave isolators [23]. In addition, loss-
induced transparency [24], nonreciprocal light propagation
[25], unidirectional invisibility [13,26], and directional
emission [27] are other unique properties of PT-symmetric
systems that have been successfully revealed.

Among different photonic platforms for PT-symmetry
studies, grating structures [28–31], have also attracted
some special attention due to their unique light control
properties. By far, reported studies have mostly focused on
asymmetric diffraction [28], and unidirectional properties
[32] based on passive grating designs. Herein, we instead
investigate an “active” type of the PT-symmetric grat-
ings and study the possible nontrivial phenomena besides
the asymmetric diffraction effect. This research theoreti-
cally studies the emission properties of diffracted modes
from an active grating by the Helmholtz equation, driving
the related matrix and indicating symmetry, symmetry-
broken, and exceptional-point regions. Moreover, numer-
ically through the RCWA method, a nontrivial supernar-
row emission is stimulated, and its resonating properties
induced by PT-symmetric diffraction grating are discussed
in detail.

II. THEORY AND ANALYTICAL SOLUTIONS

As just mentioned, the guiding procedure in gratings lies
in the spatial RI modulation. On the other hand, to real-
ize the PT symmetry, the RI modulation needs to satisfy
n(x) = n∗(−x). Therefore, the real part of RI modulation
has to be a symmetric function, and its imaginary part
should be an asymmetric function. Thus the RI modulation
can be defined as

n(x) = n0 + ncos(2πx/a) + iγ sin(2πx/a), (1)

where a is the period, n0 is the effective refractive index,
and n and γ are the real and imaginary parts of the
refractive index modulation, respectively.

Figure 1(a) shows the real (solid blue line) and imagi-
nary (dashed red line) parts of the PT-symmetric refractive
index distribution. The positive part of the imaginary RI
indicates gain, and the negative part shows the induced
loss. Figure 1(b) displays the real part of the RI modula-
tion in two dimensions where the RI solely changes in the
x direction, and the incident light is perpendicular to the
periodicity. A−, A0, and A+ show the amplitude of the −1,
0, and +1 orders of diffracted grating modes, respectively.

(a)

(b)

FIG. 1. (a) Real and imaginary parts of a PT-symmetric RI
modulation in the x direction. (b) The real RI modulation in x
and z direction.

Here, we study the wave propagation of an incident light
entering along the z axis where the wave E(x, z) obeys the
Helmholtz equation [33,34]:

∇2E + k2
0n2(x)E = 0, (2)

in which k0 = 2π/λ. Since the incident light is normal to
the periodicity, both x and z components are effective. The
general solution for E(x, z) can be derived from Bloch’s
wave equation:

E(x, z) = u(x)ei �β·�r, (3)

where u(x) is a periodic function in the x direction

u(x) =
∞∑

m=−∞
Ame−i2πmx/a, (4)

and in a two-dimensional (2D) plane

ei �β·�r = eiβxxeiβzz. (5)
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By substituting Eqs. (4) and (5) into Eq. (3):

E(x, z) =
∞∑

m=−∞
Ameiβzzei(βx−2πm/a)x. (6)

Considering the normal light incident, the wave number in
x direction equals 2πm/a, and consequently, the dispersion
relation leads to

βz =
√

k2
0n2

0 − (2πm/a)2. (7)

If we consider the grating in a diffracted regime where
a >> λ, βz will be reduced to βz = k0n0. Thus, Eq. (6) can
be rephrased as

E(x, z) =
∞∑

m=−∞
Ame−i[mKx−k0n0z], (8)

where Am is the amplitude of the mth diffracted mode, and
K = 2π/a.

To analytically solve Eq. (2), in addition to E(x, z) we
need to find n(x). Through Eq. (1), supposing n and γ

are significantly smaller than n0, the RI modulation can be
rephrased as

n(x) =
√

n2
0 + n0[c+eiKx + c−e−iKx], (9)

where c+ = n + γ and c− = n − γ . Now, by substituting
Eqs. (8) and (9) into Eq. (2), and considering the Raman-
Nath approximation the wave-coupled equation [Eq. (10)]
is obtained [29,35,36].

∂Am

∂z
+ im2K2Am

2k0n0
− ik0

2
[c−Am+1 + c+Am−1] = 0. (10)

In contrast with Bragg gratings, in which only two first
orders (m = 0, 1) at Bragg angle show nonzero ampli-
tude, higher orders can indicate nonzero amplitude in thin
gratings. However, in this active PT grating work with
a normal incident light input, the amplitude of higher
orders (m = ±2) are set to be significantly small [35].
Therefore, neglecting higher orders, which give us a rea-
sonable approximation of the exact solution and provide a
clear insight into the PT-symmetry concept [29]. Hence,
Eq. (10) reduces to a set of coupled equations [Eq. (11)],
which can also be written in a matrix form, shown in

Eq. (12).

∂A0

∂z
− ik0

2
[c−A+1 + c+A−1] = 0,

∂A+1

∂z
+ iK2A+1

2k0n0
− ic+k0A0

2
= 0,

∂A−1

∂z
+ iK2A−1

2k0n0
− ic−k0A0

2
= 0,

(11)

M

⎡

⎣
A+1
A0

A−1

⎤

⎦ = i∂
∂z

⎡

⎣
A+1
A0

A−1

⎤

⎦ ,

M =
⎡

⎣
σ −k0c+/2 0

−k0c−/2 0 −k0c+/2
0 −k0c−/2 σ

⎤

⎦ ,

(12)

where σ = K2/2k0n0. To solve the equation, the eigenval-
ues are obtained as follows:

λ1 = σ , (13)

λ2 = 1/2[σ +
√

2k2
0(n2 − γ 2) + σ 2], (14)

λ3 = 1/2[σ −
√

2k2
0(n2 − γ 2) + σ 2]. (15)

While λ1 is independent of the real and imaginary parts of
the refractive index modulation, λ2 and λ3 are dependent
on the real and imaginary parts. And once Eq. (16) is sat-
isfied, the system will be located at its exceptional point,
and λ2 and λ3 and their related eigenstates coalesce.

γ =
√

n2 + σ 2

2k2
0

. (16)

Further, once the imaginary part of the refractive index

modulation is γ >

√
n2 + σ 2

2k2
0
, the system enters into the

symmetry-broken phase, indicating imaginary eigenval-
ues. Figures 2(a) and 2(b) show the real and imaginary
parts of eigenvalues according to the imaginary part of the
refractive index (γ ), where the dashed blue line indicates
λ2 and the solid red line displays λ3. As we can see, in the
symmetry region, both eigenvalues show a pure real value.
However, immediately after the exceptional point, shown
here by the dashed gray line, two eigenvalues bifurcates so
that one of them possesses a negative imaginary part (λ3)
and the other one indicates a positive imaginary part (λ2).
It can be interpreted that one mode is trapped mostly in
gain and the other one captured in loss and suppressed.
The bifurcation is the most remarkable property of PT-
symmetric systems [37,38]. This unique property is used
in designing single-mode lasers [39,40], where undesired
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(b)

(a)

FIG. 2. (a) Real part and (b) imaginary part of eigenvalues
according to the γ for a system with the periodicity of 2 μm.
The exceptional point is shown by the dashed gray line.

competing modes are captured in the loss and suppressed,
and only confined modes in the gain are amplified.

In gratings that incident light is parallel to the periodic-
ity [along x direction in Fig. 1(b)], only the ratio between
real and imaginary parts of the refractive index (n and γ )
determines the phase of the system [26]. However, in our
designed grating, where the incident light is perpendicular
to periodicity, the period plays an essential role.

Figures 3(a) and 3(b) show the real and imaginary
parts of eigenvalues according to different period selec-
tions, respectively. This figure indicates that increasing the
period will drive the system into the symmetry-broken
phase. The dashed gray line shows the location of the
exceptional point. As reflected from Eq. (16) in addition
to real and imaginary parts of RI modulation, period and
the effective refractive index can alter the system phase

(b)

(a)

FIG. 3. (a) Real and (b) imaginary parts of eigenvalues accord-
ing to the period for a PT-symmetric grating. The exceptional
point is shown by the dashed gray line.

from symmetry to symmetry-broken phase. In other words,
more design freedom exists in this unique active photonic
grating platform.

This section analytically solves the Helmholtz equation
for the dominant grating modes considering the Raman-
Nath approximation. We show the impact of the imaginary
part of RI modulation and period to shift the system from
a PT-symmetry phase to the symmetry-broken stage. In
the following section, we design a thin grating that fol-
lows the theory described above, and report the unique
PT-symmetric photonic modes solved numerically by the
RCWA method. Moreover, the related electric field and
amplitude distribution over the grating is displayed, which
extends the understanding of physical mechanisms lead-
ing to extraordinary phenomena observed in the active
PT-symmetric photonic grating structures.

III. NUMERICAL SIMULATIONS

Figure 4 presents both a 3D schematic of the PT grat-
ing structure, where yellow and red parts show the gain
and loss (| γ |), as well as its cross-section setup for con-
ducting the numerical simulation study in this section. It
is noted that, the InxGa1−xAs material system is adopted
for the design and study of the PT-symmetric grating
effects, considering their large optical gain and loss tun-
ability, and the well-established fabrication process for the
dimensional accuracy control. Also, it has been the primary

(b)

(a)

FIG. 4. (a) Three-dimensional (3D) schematic of the PT-
symmetric gratings; (b) cross-section schematic of the grating,
showing three divided regions: the upper-half vacuum region, the
grating region, and the lower-half substrate region. �, a, and s are
the grating period, gap, and bar width.
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choice for studying PT photonics [40–42] in the near-
infrared range. It is noted that conclusions to be made can
also be applied to other material systems in other spectral
domains. For example, antimony (Sb)-based III-V [43,44]
and lead-chalcogenide materials [45–49] can be options for
the mid-infrared active PT exploration.

One of the most well-known criteria of PT-symmetric
systems is the spatial bifurcation of two modes in the
symmetry-broken region. As presented in Fig. 2, in the
symmetry-broken phase, two modes with the same real
part of eigenvalues show the bifurcation, where one is
captured mostly in the gain and the other trapped mainly
in the loss. Thus, one mode is amplified while the other
one is suppressed. This phenomenon is the primary mech-
anism behind the single-mode lasing in most of the PT-
symmetric lasers. We expect that the numerical simulation
demonstrates the same mechanism.

Figure 5 shows the spatial electric field distribution over
a grating with the period of 1 μm and the thickness of 821
nm. The substrate and gain-loss areas are demonstrated in
this figure, where G stands for gain and L stands for loss.
The grating parameters are selected in a way that satisfies
the Raman-Nath approximation criteria [Eq. (17)] that is
implemented in the theoretical section

Q
′
ζ < 1

Q
′ = 2πλd

n0�2cosθ

ζ = πnd
2λn0

.

(17)

(b)

(a)

(c)

FIG. 5. Electric field distribution over the PT-symmetric grat-
ing where (a) γ = 0.2, associated with the symmetry phase. (b)
γ = 0.22 associated with the symmetry-broken phase (amplified
mode). (c) γ = 0.22 associated with the symmetry-broken phase
(suppressed mode).

In Eq. (17), λ is the free-space wavelength, d is the
grating thickness, n0 is the effective refractive index, � is
the grating period, n is the real part of the RI modulation,
and θ is the incident angle.

Figure 5(a) shows the symmetric distribution of the elec-
tric field over the gain and loss areas so that no mode
experiences net amplification or suppression. This pattern
can be associated with the PT-symmetry phase, where both
eigenvalues are purely real. By increasing gain-loss (γ )
from 0.2 to 0.22, the system is shifted to the symmetry-
broken phase, where one mode is captured in the gain
and experiences the amplification. Figure 5(b) displays this
mechanism clearly. However, the other mode is trapped in
the loss and is suppressed [Fig. 5(c)].

After indicating the bifurcation over the PT-symmetric
diffraction grating, it is also found that the PT grating sys-
tem can produce a nontrivial single-mode surface emission
with a proper configuration of grating structure parame-
ters and gain-loss contrast (γ ). Figure 6 illustrates three
surface-emitting spectra from the PT grating structure with
the period of 1 μm, the fill factor of 0.55, the thickness
of 800 nm. Figure 4(b) shows the setup of our simula-
tion model that includes three regions: the upper vacuum
region, the middle grating region, and the lower substrate
region. Considering the thicknesses of the upper and lower
layers are generally multiorders of magnitude higher than
the one of the middle grating layer, both of these two lay-
ers are set to be semi-infinite in our simulation. In addition,
since the simulation path follows the input plane towards
the output plane as indicated in Fig. 4(b), the upper vac-
uum space and lower substrate are also defined as the

(a) (b)

(c)

(d)

FIG. 6. (a) Logarithm form of the total transmitted spectra
over wavelengths from the grating with γ = 0.18 (the black
dotted line), γ = 0.2 (the red dashed line), and γ = 0.22 (the
solid blue line). The amplitude distribution of the spectrum with
γ = 0.2 and γ = 0.22 is displayed over one grating period in
the inset. The transmitted emission coefficient map over wave-
lengths where γ changes from 0 to (b) 0.18, (c) 0.2, and
(d) 0.22.
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reflection and transmission regions. As such, the spec-
tra in Fig. 6 are also noted as the transmitted emission
spectra because they are observed from the substrate end
(Z = D).

It should be pointed out that a similar single-mode PT
emission can also be observed from the upper vacuum
region, while the contributions from the diffraction orders
are different. It is known that the cutoff condition [50] to
prohibit the propagation of the higher ±1 orders diffrac-
tion is � < λ0/n, where �, λ0, and n are period, free-space
wavelength, and refractive index, respectively [40]. In the
upper-half vacuum region where n = 1, the wavelength
(i.e., near 1.46 μm) is higher than the grating period (� =
1 μm), which makes the ±1 orders evanescent. There-
fore, the high-Q emission observed from the upper region
is solely contributed by the ground diffraction order. In
contrast, considering our semi-infinite substrate’s n = 1.47
(ε > 2.1), in the lower substrate region, these two higher
orders are not evanescent and allowed to propagate. Thus,
the transmitted emission spectra in Fig. 6 are the combined
emission effects from both the ground m = 0 and allowed
±1 orders.

To better understand the dynamic of this nontrivial PT
emission, we compare the diffraction efficiency of the
transmitted modes in the logarithm form, where γ = 0.18,
γ = 0.2, and γ = 0.22. Figure 6(a) illustrates this compar-
ison, where the solid blue line is related to the system with
γ = 0.22, the dashed red line is associated with γ = 0.2,
and the black dotted line is associated with γ = 0.18. The
inset shows field amplitude distribution over a unit cell in
a grating with γ = 0.2 and γ = 0.22. The magnitude of
amplitude is displayed by the colored bar. Furthermore,
Figs. 6(b), 6(c), and 6(d) show the 2D transmitted emis-
sion coefficient map over wavelengths, where γ changes
from 0 to 0.18, 0.2, and 0.22, respectively. As we can
see, the broadness of the mode decreases by increas-
ing γ , which matches with the full-width half maximum
of the spectrum in Fig. 6(a). The main reason for this
significant difference is attributed to the intensity of the
confined field in the gain area. The inset illustrates that
the amplitude of the confined mode in the gain area for
the grating with γ = 0.22 is almost 103 greater than the
amplitude of the trapped mode in the gain for the same
grating but with γ = 0.2. The physical mechanism for this
extraordinary phenomenon has roots in the scattering the-
ory in PT-symmetric systems and the concept of spectral
singularity [51–53].

Grating structures can be regarded as a typical scatter-
ing system in which the light propagation properties can
be mathematically defined by using the scattering matrix
function S. Here, Eq. (18) shows a general S matrix (of
dimension n × m) that associates the amplitudes of incom-
ing modes (φ1 · · · φm) to the amplitudes of corresponding

outgoing modes (η1 · · · ηm).

S

⎡

⎢⎣
φ1
...

φm

⎤

⎥⎦ =

⎡

⎢⎣
η1
...

ηm

⎤

⎥⎦ . (18)

To solve eigenvalues of the S matrix, Eq. (19) should be
satisfied, where I is the identity matrix, and λ stands for
the eigenvalues of the S matrix. A required condition to
define an S matrix is the unitary condition (|det S|=1).

| S − λI | =0. (19)

For passive structures with real frequencies, this unitary
condition is only satisfied by having unimodular S-matrix
eigenvalues (| λm |=1) [54]. Applying the PT operator on
S matrix meets the unitary condition. However, in con-
trast with passive structures, the only way to meet the
unitary condition in PT-symmetric systems is not having
unimodular eigenvalues. In these systems, the unitary con-
dition can be satisfied by pairs reciprocal moduli as well
(λm=1/λ∗

m) [55]. The former possibility to satisfy the uni-
tary condition is related to the PT symmetry (unimodular
eigenvalues), and the latter way (reciprocal eigenvalues) is
associated with the PT-symmetry broken phase.

In the PT-symmetry broken phase, there are points at
which poles and zeros of the S matrix intersect on the real
axis [56,57]. This intersection makes λm approach zero or
equivalently 1/λ∗

m = ∞, while their product is still unity.
In fact, such singular points are known as the spectral
singularity, corresponding to an extraordinary amplitude
enhancement of the transmitted emission modes. In this
study, via optimizing the grating structure and the intro-
duced optical gain-loss, the active photonic system reaches
the vicinity of the spectral singularity, where its imagi-
nary part of the complex frequency solution is almost zero
[51,58,59]. Consequently, the nontrivial optical resonance
raising from the active PT grating structure appears in the
form of a high-Q-factor surface-emitting single mode.

Figure 7 indicates Q factors of the resonant mode
(1.463 μm) with different introduced gain-loss (γ ) to the
grating. The calculation is based on the finite-difference
frequency-domain method [60]. A sharp enhancement is
observed when γ touches 0.22. This figure shows that
only at a specific gain-loss value, here γ = 0.22, spectral
singularity can occur, and higher or lower values cannot
satisfy the spectral singularity condition. This is matched
with the theory that claims only at the spectral singularity
point, where λm goes to zero while 1/λ∗

m goes to ∞. And
the giant transmitted emission enhancement is related to
1/λ∗

m, where its amplitude approaches infinity. Addition-
ally, we want to point out that, although such an ultra-
high-Q mode (> 107) has been achieved by other passive
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FIG. 7. Q factor of the resonance mode in the logarithm form
with different introduced gain-loss (γ ) to the grating.

structures, including whispering gallery cavities [61], and
waveguide-coupled resonators [62,63], they all carry mul-
tilongitudinal modes and travel laterally in the same plane
as their waveguides sit. The ultra-high-Q mode in our work
is uniquely created from the active material and emits in
the direction perpendicular to the gratings, which can lead
to a pathway to develop the single-mode surface-emission
laser devices. Moreover, in other mentioned works, the
loss is considered an unwanted factor to be suppressed in
order to achieve the high-Q performance. But here, due
to the nontrivial properties of the PT-symmetry system,
the loss becomes a beneficial role to provide fundamen-
tally freedom to manipulate light and stimulate the high-Q
emission.

IV. CONCLUSION

In this work, we report an alternative active grating
platform with the optical gain and loss to realize non-
trivial PT-symmetry modulation effects. Herein, by solv-
ing the Helmholtz equation in the Raman-Nath approx-
imation, the bifurcation leading to confining the ampli-
fied mode in the gain region is indicated. We show
that in the PT photonic grating structure, in addition
to the gain-loss parameter, the period selection can also
drive the system from PT-symmetry to the symmetry-
broken phase. Moreover, a near zero-bandwidth photonic
emission mode (i.e., at 1.463 μm) can be stimulated
and numerically demonstrated through the RCWA sim-
ulation. It is suggested that, by optimizing the optical
gain-loss contrast, this nontrivial high-Q-factor resonance
mode is the result of the photonic system’s special spec-
tral singularity effect, where one of the scattering states
approaches zero while its reciprocal state approaches infin-
ity. Considering the functionality of gratings in a broad

range of applications, we anticipate introducing active
PT-symmetric gratings will offer alternative engineer-
ing strategies for developing high-performance surface-
emitting lasers, and thus, advancing modern on-chip
photonic applications.
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