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We consider mediated interactions in an array of floating transmons, where each qubit capacitor con-
sists of two superconducting pads galvanically isolated from ground. Each such pair contributes two
quantum degrees of freedom, one of which is used as a qubit, while the other remains fixed. However,
these extraneous modes can generate coupling between the qubit modes that extends beyond the nearest
neighbor. We present a general formalism describing the formation of this coupling and calculate it for
a one-dimensional chain of transmons. We show that the strength of coupling and its range (that is, the
exponential falloff) can be tuned independently via circuit design to realize a continuum from nearest-
neighbor-only interactions to interactions that extend across the length of the chain. We discuss how this
coupling breaks integrability, allowing the system to locally equilibrate, and so enables exploration of
quantum thermalization. We present designs with capacitance and microwave simulations showing that
various interaction configurations can be achieved in realistic circuits. Such a coupling could be used in
analog simulation of different quantum regimes or to increase connectivity in digital quantum systems.
Thus the mechanism must also be taken into account in other types of qubits with extraneous modes.
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I. INTRODUCTION

Superconducting quantum circuits are one of the lead-
ing experimental platforms in the quest for achieving
larger-scale quantum processors [1]. Most recently, larger
and increasingly complex circuits comprising lattices of
qubits are being used in order to perform proof-of-principle
demonstrations of quantum algorithms [2], quantum error
correction [3], and simulations [4–9]. Most of these exper-
iments take the form of a planar configuration of qubits,
where coupling appears only between nearest-neighbor
(NN) pairs. Longer-range coupling such as next-nearest
neighbor (NNN) and beyond are commonly small, and are
generally treated as parasitic interactions [10].

We consider here arrays of “floating” qubits, whose
shunt capacitor is implemented by two floating electrodes.
This is in contrast with “single-ended” qubits, which have
one grounded electrode (e.g., Ref. [11]). The floating archi-
tecture has several advantages from an experimental point
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of view, including the decoupling of flux biasing lines, and
is natural for experiments where the qubits have a non-
linear topology [12]. A fundamental difference between
the two architectures is that a floating qubit has 2 quan-
tum degrees of freedom, defined by the phase between the
electrodes and their phase relative to ground. While direct
capacitive coupling is substantial only between nearest-
neighbor qubits, the set of extra quantum degrees of free-
dom present in floating qubit architectures can mediate
longer-range coupling, as shown in Fig. 1(b). Note that
these interactions are not mediated by the intervening qubit
modes, and are not affected by their frequency detuning.

Such mediated interactions can be significant. Where
they are not deliberate, they must be understood so that
spurious coupling between the qubits is minimized. How-
ever, longer-range interactions can also be of interest for
various applications in quantum computation, including
simulating bosonic gases with rich phase diagrams [13],
realizing the quantum approximate optimization algorithm
(QAOA) [14], or efficiently generating the Porter-Thomas
distribution, a hard quantum task [15]. With proper control,
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FIG. 1. We compare two designs for an array of superconduct-
ing qubits. (a) Each “single-ended” qubit is a single supercon-
ducting pad, whose phase difference to ground encodes the qubit.
Different qubits are coupled by direct capacitance. (b) By con-
trast, “floating” qubits are made up of a pair of pads each (here
shown in the same color), and so have 2 quantum degrees of
freedom. The qubit is encoded in the phase difference between
the pads, �−, and these modes are again coupled to each other
by direct capacitance. The average phase to ground, �+, does
not appear in any inductive element, and can be integrated away.
However, because the “+” mode are coupled to the “−” modes
and to each other, they mediate an effective interaction, which
can extend beyond the nearest neighbor (NN). This coupling can
fundamentally change the nature of the system; for example, a
qubit chain with NN hopping is an integrable system: it retains a
memory of its initial state. This is seen in (c), where a chain of
ten qubits is initiated with two excitations, and their trajectories
can be seen even at long times. By comparison, when the floating
qubit array is initiated in the same state in (d), it quickly reaches
local equilibrium. See Sec. IV for more detail.

they can also allow more efficient computation of digi-
tal circuits. Such interactions are also of interest in the
study of localization, where they can, e.g., lead to a
phase with a mobility edge [16]. Such models present a
powerful tool for studying many-body localization and
the eigenstate thermalization hypothesis [17,18], as well
as entanglement dynamics [19]. Recent experiments in
atomic physics using optical lattices have shown the power
of this approach [20,21], but they have been limited in the
parameter space that they can explore.

Here, we describe a design strategy for superconduct-
ing qubit lattices that enables control of this qubit-qubit
coupling beyond the nearest neighbor. While such a
long-range interaction is suppressed in single-ended qubit
arrays, in a lattice of floating qubits we show the coupling
strength can be controlled by adjusting the capacitance
ratios in the circuit. Where the coupling between qubits
i, j takes the form

J|i−j | ≈ J1ξ
|i−j |−1, J1 = χω, (1)

the ratio of the NN coupling to the qubit frequency, χ , and
the drop off of coupling strength with distance, ξ , can be
independently adjusted by the capacitance ratios. We note

that this nonlocal interaction does not require the complex-
ity overhead of direct physical connections—the circuit
contains only nearest-neighbor physical couplings—it is
an effective coupling that can be adjusted by circuit design.

The remainder of the paper is organized as follows. In
Sec. II we perform a circuit analysis for a system of float-
ing qubits and give a general formulation for the mediated
interaction terms. In Sec. III we calculate these coupling
strengths for a one-dimensional chain and show how they
can be adjusted. In Sec. IV we review how this system, as
described, can be used to explore integrability and eigen-
state thermalization. Finally, in Sec. V we demonstrate
the experimental feasibility of such chains by performing
capacitance simulation on their circuit designs.

II. CIRCUIT MODEL

We begin by performing circuit analysis for an array
of qubits with two floating capacitor electrodes. We keep
our discussion general to any qubit modality that uses
a capacitive shunt and where the interactions between
adjacent qubits of a lattice are implemented through capac-
itive coupling. For instance, this applies to the widely
utilized transmon qubit [22] and the capacitively shunted
flux qubit [23]. For simplicity, we first analyze a one-
dimensional chain in our circuit analysis and then gener-
alize our results to higher dimensions.

A. Circuit Hamiltonian

We consider the circuit shown in Fig. 2(a), a
homogeneous one-dimensional chain of N transmons
with two floating capacitor plates each. Following
Ref. [24], we define node fluxes �

(σ)
i and node phases

φ
(σ)
i = 2π�

(σ)
i /�0, for the qubit electrodes on the two

sides of the Josephson junction, σ = a, b, of qubit i. �0 is
the magnetic flux quantum. The system Lagrangian takes
the form

L = T − V , V = −
N∑

i=1

EJ
(i) cos(φ(a)

i − φ
(b)
i ), (2)

where EJ
(i) is the Josephson energy for qubit i. The kinetic

energy is given by

T =
N∑

i=1

⎡

⎣1
2

Cq

(
�̇

(a)
i − �̇

(b)
i

)2
+
∑

σ=a, b

1
2

CG

(
�̇

(σ)
i

)2

⎤

⎦

+
N−1∑

i=1

1
2

Cc

(
�̇

(b)
i − �̇

(a)

i+1

)2
. (3)

As we see, the coupling properties of the circuit are con-
trolled by the qubit capacitance Cq, the ground capaci-
tance CG, and the coupling capacitance between adjacent
qubits, Cc.
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FIG. 2. Schematic circuit diagram for the one-dimensional
chain of floating transmonlike qubits. Each qubit, outlined with
a dashed blue line, has two independent circuit flux nodes, char-
acterized by phases φ

(a)
i , φ

(b)
i , respectively. Nodes of the same

qubit are coupled with a capacitance Cq, adjacent nodes of differ-
ent qubits have a coupling capacitance Cc, and each node has a
capacitance CG to ground. The qubits have Josephson junctions
with Josephson energies EJ

(i). We show both (a) the “A-B”-
coupling scheme, where the coupling elements are placed on
alternating plates, and (b) the “A-A”-coupling scheme, where the
coupling to the preceding and following qubit is done via the
same capacitor plate. Each pattern can repeat indefinitely.

To recover the qubit degrees of freedom, we perform a
variable transformation to “±” variables,

�±
i = �

(a)
i ± �

(b)
i . (4)

Note that the Josephson energy V is diagonal in terms of
the phases φ−

i ∝ �−
i , and so they define the qubit modes.

The kinetic energy in the new basis becomes

T =
N∑

i=1

[
1
2

CG

2
(
�̇+

i

)2 + 1
2

(
Cq + CG

2

) (
�̇−

i

)2
]

+
N−1∑

i=1

1
2

Cc

4
(
�̇+

i − �̇−
i − �̇+

i+1 − �̇−
i+1

)2 . (5)

To elucidate the contributions of these modes to the chain’s
coupling behavior, it is useful to rewrite the kinetic energy
in matrix form, separating “+” and “−” variables and their
respective capacitance matrices,

T = 1
2

(
�̇+

�̇−

)T (C++ C+−
C−+ C−−

)(
�̇+

�̇−

)
. (6)

Here, �± = (�±
1 , �±

2 , . . . )T and the submatrices C±± are
defined by equating Eqs. (5) and (6). A Legendre transfor-
mation yields the circuit Hamiltonian

H = 1
2

(
q+
q−

)T (C++ C+−
C−+ C−−

)−1 (q+
q−

)
+ V , (7)

where q± = (q±
1 , q±

2 , . . . ).

Note that due to the absence of inductive terms including
φ+

i, in the Hamiltonian of Eq. (7), the charges q+
i remain

static. The “+” modes can thus be traced out by demot-
ing q+

i to constants, and we find the effective Hamiltonian
containing only “−” modes to be

Ĥ = 1
2

q̂− Ceff
−1 q̂− − EJ

N∑

i=1

cos φ̂−
i , (8)

where we now promote the variables to operators. The
effective capacitance matrix Ceff of the reduced circuit can
be found by taking the bottom-right quadrant of the inverse
matrix in Eq. (7), and it is given by

Ceff = C−− − C−+ · (C++)−1 · C+−. (9)

Comparing this effective capacitance matrix with the
capacitance matrix of a chain of single-ended qubits (see
Appendix A), we observe that in addition to the direct
capacitance between the qubit “−” modes described by
C−−, it contains an additional contribution mediated by the
“+” modes.

As detailed below, this hidden degree of freedom medi-
ates long-range interactions in the chain independently
of qubit frequencies, enabling us to tailor the long-range
interactions.

Note that while we use the transmon design of Fig. 2(a)
for concreteness, Eqs. (6)–(9) are in fact quite generic,
and the effective capacitance formalism can be used in
higher-dimensional architectures, or even for different
qubit modalities, as long as the φ+

i do not appear in any
of the inductive terms of V . This means it can be used for
other qubit modalities with extraneous degrees of freedom,
such as fluxonium [25] or the 0 − π qubit [26].

Alternative approaches to extract qubit-qubit couplings
in weakly anharmonic circuits are based on extracting their
impedance matrix [27,28].

B. Qubit-qubit coupling strength

To extract the coupling strength between various pairs
of qubits in the chain, it is useful to rewrite Eq. (8) as

Ĥ =
∑

i

Ĥ Q
i +

N−1∑

i=1

N∑

j =i+1

Ĥ c
ij . (10)

The first term represents the single-qubit Hamiltonians
Ĥ Q

i , which contains the diagonal terms of the capacitance
matrix in Eq. (9) and can be expressed in terms of the
charging energy 4EC

(i) = 2e2(Ceff
−1)ii,

Ĥ Q
i = 4EC

(i)n̂2
i − EJ

(i) cos φ̂−
i . (11)

The second term in Eq. (10), which we identify as a
coupling Hamiltonian, contains the off-diagonal matrix
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elements gij = (2e)2(Ceff
−1)ij ,

Ĥ c
ij = gij n̂in̂j . (12)

Here, n̂i = q̂−
i /2e and φ̂−

i form the conjugate pair of
Cooper-pair number operator and phase operator, respec-
tively, associated with qubit i.

Using the set of basis vectors {|ε〉i} in the excitation
basis of the qubits, Ĥ Q

i |ε〉i = ε |ε〉i, the number operators
can be expressed as

n̂i =
∑

ε,ε′
〈ε| n̂i |ε′〉i |ε〉 〈ε′|i , (13)

such that the coupling strengths between the fundamental
transitions of qubits i, j become

Jij = gij 〈g| n̂i |e〉i 〈e| n̂j |g〉j (14)

and its Hamiltonian can be written, for the first two levels

Ĥ c
ij ≈ Ĥ xx

ij = Jij σ
+
i σ−

j + Jjiσ
+
j σ−

i . (15)

States |g〉, |e〉 denote the ground and first excited state
of the qubit, respectively, and we discard counter-rotating
terms and corrections to the qubit frequency.

In the transmon regime, EJ � EC [22], the ratio of
the coupling energy to the qubit frequency for identical
qubits i, j is proportional to the ratio of the coupling matrix
elements,

Jij

ωi
= gij

16EC
(i) + O

(√
EC

(i)/EJ
(i)
)

, (16)

where we approximate the qubit frequency ωi ≈√
8EJ

(i)EC
(i) and | 〈e| ni |g〉 | ≈ (EJ

(i)/32EC
(i))1/4.

We note that in a superconducting circuit, the capaci-
tance is generally fixed, and therefore so are Ceff and the
coupling elements gij . This makes the physical coupling
between qubits hard to tune. However, the qubit’s fre-
quency, which depends on EJ

(i), can often be controlled.
The effective coupling between qubits can thus be con-
trolled by putting them into and out of resonance, allowing
this long-range interaction to be turned on and off at will.
Note that because the interaction is mediated by the “+”
modes, this interaction strength does not depend on the fre-
quency of intermediate qubits, which can thus be detuned
away while longer-range coupling persists.

C. Characterizing the coupling

To analyze the coupling generated by Ĥ xx, we introduce
two dimensionless parameters inspired by Eq. (1).

First, we define the relative coupling strength as the ratio
of the NN qubit coupling to the qubit frequency,

χi ≡
√∣∣(Ceff

−1)i,i+1(Ceff
−1)i,i−1

∣∣/2(Ceff
−1)ii

=
√∣∣gi,i+1gi,i−1

∣∣/16EC
(i) ≈

√∣∣Ji,i+1Ji,i−1
∣∣/ωi, (17)

As we generally expect coupling strength to fall off with
distance, the NN term serves as a proxy for overall cou-
pling strength.

Second, we define the damping factor as the fall off in
strength between the NN and NNN coupling,

ξi ≡
√∣∣∣∣

(Ceff
−1)i,i+2(Ceff

−1)i,i−2

(Ceff
−1)i,i+1(Ceff

−1)i,i−1

∣∣∣∣ =
√∣∣∣∣

Ji,i+2Ji,i−2

Ji,i+1Ji,i−1

∣∣∣∣. (18)

In the case of an exponential drop off, as in the one-
dimensional chain we analyze below, ξ is the decay
constant.

For a uniform, infinite chain, EC
(i) = EC, EJ

(i) = EJ ,
translational invariance makes these parameters invariant
as, χi → χ and ξi → ξ . These then reduce to the form of
Eq. (1). As we show in Sec. III D, this applies in the case
of a long chain as well.

III. TUNING COUPLING STRENGTH IN A QUBIT
CHAIN

Next, we evaluate the one-dimensional chain described
in Sec. II and analytically calculate the coupling strength
ratio χ and damping rate ξ as a function of the circuit
capacitances CG, Cq, and Cc.

We begin by writing out the capacitance matrices
defined by Eq. (6). To simplify the calculation, we take
N → ∞, and find

C++
ij =

[
CG

2
+ Cc

2

]
δi,j − Cc

4
δ|i−j |,1, (19a)

C−−
ij =

[
Cq + CG

2
+ Cc

2

]
δi,j + Cc

4
δ|i−j |,1, (19b)

C+−
ij = Cc

4
(δi,j +1 − δj ,i+1), (19c)

where δi,j = 1 if i = j and 0 otherwise.

A. Effective capacitance

To calculate the effective capacitance induced by the
mediating modes, we must invert C++. We use a Fourier
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transform,

C̃++(k, p) =
∑

m,n

Um(k)C++
mn U∗

n(p), Um(k) = e−ikm

(20)

for −π ≤ k ≤ π , to express C++ in momentum basis,

C̃++(k, p) = δ(k − p)

(
CG

2
+ Cc sin2 k

2

)
, (21)

where it is diagonal and can be immediately inverted.
Using the inverse Fourier transform we can then return
to the lattice basis, finding (C++)−1

ij , and substituting into
Eq. (9) we find

(Ceff)ij = Cqδi,j + Cc,effξ
|j −i|
C , (22)

where

Cc,eff =
√

CG

2

(
Cc + CG

2

)
, (23a)

1/ξC =
(√

CG

2Cc
+
√

1 + CG

2Cc

)2

. (23b)

We observe that interaction mediated by the “+” modes
generates an effective capacitance, which starts at magni-
tude Cc,eff for NN qubit pairs and drops off with factor ξC.
A stronger coupling to ground, CG, increases the energy
of the mediating modes and thus reduces their range,
while in the limit CG/Cc → 0 they generate infinite range
capacitance between the “−” modes.

It is notable that the coupling strength and drop-off
parameters depend on the product and the ratio of CG and
Cc, respectively, allowing the two to be tuned indepen-
dently.

In the typical working regime, where the dominant term
is the qubit capacitance, Cq � CG, Cc, the coupling terms
are simply given by the effective capacitance, suppressed
by Cq,

(
Ceff

−1)
ij ≈ 1

Cq
δi,j − Cc,eff

Cq
2 ξ

|i−j |
C , (24)

and so the coupling parameters are

χi ≈ Cc

8Cq

1 − ξ 2
C

ξC
, ξi = ξC. (25)

The calculation above can be repeated for the alternative
coupling structure shown in Fig. 2(b). We find a similar

expression in this case,

(Ceff)
A−A
ij = (Cq + CG

)
δi,j − CG

2

4Cc,eff
ξ

|j −l|
C , (26)

or

χA−A
i ≈ Cc

8Cq

1 − ξ 2
C

ξC

(
1 − ξC

1 + ξC

)2

, ξA−A
i = ξC. (27)

Here, the drop-off factor remains the same as in Eq. (22),
but overall coupling strength is smaller. This means that at
a fixed ground capacitance, the physical coupling capaci-
tance Cc required to achieve some NN coupling strength J
will lead to larger higher-order terms. In addition, the sign
of the off-diagonal terms is negative here, which means the
coupling terms in the qubit basis will be positive.

B. Strong coupling regime

While it is uncommon experimentally, it is possi-
ble to operate the chain in the strong coupling regime,
Cq ∼ CG, Cc. Here, the full matrix must be used to esti-
mate the coupling strength. One finds that the inverse
capacitance matrix, and thereby the coupling terms, are

(Ceff
−1)ij = 1

Cq,eff

[
δi,j

(
1 + 2χ

ξ

)
− 2χ

ξ
ξ |i−j |

]
. (28)

The details of the calculation and the relations between the
parameters χ , ξ and the capacitances Cq, Cc, CG are given
in Appendix B.

As defined in Eq. (28), χ , ξ are the relative cou-
pling strength and interaction damping ratio of Eqs. (17)
and (18), respectively. As before, the floating transmon
circuit enables independent tuning of both parameters by
setting the circuit capacitances Cq, Cc, CG. For arbitrary
values of Cq,eff = e2/2EC, we can tune χ and ξ in the
ranges

0 ≤ ξ ≤ 1, 0 ≤ χ ≤ 1 − ξ

4
(29)

by choosing

Cq = ξ

ξ + 2χ
Cq,eff, (30a)

Cc = 8χ

1 − (ξ + 4χ)2 Cq,eff, (30b)

CG = 4(1 − ξ)χ

(ξ + 2χ)(1 + ξ + 4χ)
Cq,eff. (30c)

A similar calculation can be followed for the alternative
circuit design of Fig. 2(b), yielding

(Ceff
−1)A−A

ij = 1
Cq,eff

[
δi,j

(
1 − 2χ

ξ

)
+ 2χ

ξ
ξ |i−j |

]
, (31)
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0 ≤ ξ ≤ 1, 0 ≤ χ ≤ ξ(1 − ξ)

4
. (32)

This design is more limited in the strong coupling regime,
with the overall coupling strength bounded for small ξ .
Similarly, for the fixed transmon described in Appendix A,
we find

(Ceff
−1)fixed

ij = 1
Cq,eff

ξ |i−j |, (33)

essentially fixing χ = ξ/2.

C. Boundary effects

Finally, we consider the effects of a finite chain of
length N on the coupling. The capacitance matrix acquires

boundary terms, becoming

C++
ij =

[
CG

2
+ Cc

4
(2 − δi,1 − δi,N )

]
δi,j − Cc

4
δ|i−j |,1.

(34)

The calculation above can be repeated, as shown in
Appendix C, to find that for large but finite N the effective
capacitance matrix becomes

(Ceff)ij ≈ Cqδi,j + Cc,eff

(
ξ

|j −l|
C − ξ

N−|i+j −N−1|
C

)
, (35)

with Cc,eff, ξC as defined in Eq. (23). We see that the bound-
ary effects have the same geometric drop-off factor, ξC
from the edges of the chain as the one that controls the
length of the interaction.

(a) 100-Qubit Chain
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FIG. 3. The coupling parameters χ and ξ , as a function of the capacitance ratios. We fix the qubit frequency by keeping Cq,eff ∝ EC
−1

constant, and vary CG, Cc. (a) Shown for an N = 100 chain each composed of floating qubits with “A-B” coupling, as shown in
Fig. 2(a). The solid lines are the analytical results derived from Eq. (35). The points show numerical results for for χ50, ξ50, at the
center of a chain of N = 100 qubits. The two plots share a horizontal axis, shown at the bottom as the ratio CG/Cq,eff and at the top
as values of CG for a typical system with Cq,eff = 50 fF (EC/2π ≈ 400 MHz). Top: the interaction damping ξ can be tuned between
an approximate nearest-neighbor coupling regime and almost all-to-all coupling by varying CG. Bottom: a large range of coupling
strengths χ is accessible for each value of ξ by adjusting Cc. Recall from Eq. (17) that the NN coupling strength is given by J/ω = χ ,
where ω is the qubit frequency; the right-hand axis shows NN coupling strength for a qubit operating at ω/2π = 5 GHz. We observe
that the numerical results agree with the analytic formula. (b) A similar plot is shown for a 15 × 15 square lattice composed of floating
qubits with “A-A” coupling, where we find the exponential drop-off picture to be simple. In other configurations, we observe a more
complex form, with Ji,j varying differently in different direction, see Appendix D for details.
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D. Numerical results

Figure 3 summarizes numerical results for the interac-
tion damping ξ and the coupling strength χ dependent
on the circuit capacitances CG, Cq, and Cc as given in
Fig. 2(a) (“A-B” coupling). We plot χi, ξi for i = N/2, at
the center of the chain, where boundary effects are small.
Numerical simulations are presented for a qubit chain of
length N = 100. While varying the circuit capacitances,
we fix the effective qubit capacitance Cq,eff ∝ EC

−1, such
that the qubit transition frequencies and their anharmonic-
ities are constant. For CG/Cq � 10−3, this results in a
physical Cq ≈ Cq,eff, while for larger CG/Cq � 1 one finds
0.5 � Cq/Cq,eff < 1.

As noted above, the drop-off rate can be adjusted
between ξ = 0, the asymptotic nearest-neighbor coupling
regime, and ξ ≈ 1, where the connectivity extends far
beyond that, by varying the capacitance ratio CG/Cq.
Changing the relative coupling capacitance Cc/Cq in the
circuit yields similar results, approximately spanning the
entire parameter range 0 < ξ < 1. Therefore, Cc remains
as a tuning knob for the nearest-neighbor coupling strength
J ≡ Ji,i+1, as demonstrated in Fig. 3. J is exponentially
suppressed for small CG/Cq, but is nonzero in the entire
parameter regime. An intuitive picture for the vanishing
interaction strength χ at CG/Cq → 0 is that the effective
dipole moment of the qubit vanishes.

Thus, we can set the long-range interaction damping rate
ξ by varying the ratio CG/Cq, and subsequently choose

the nearest-neighbor coupling strength χ by adjusting Cc,
while preserving the single-qubit properties, by keeping
EC = const.

Our numerical study also verifies the analytic proper-
ties described in Sec. III, including weak boundary effects
and an exponential decay of the coupling described by
Ji,j ∝ ξ |i−j |.

IV. EXPLORING THERMALIZATION AND
INTEGRABILITY

The one-dimensional qubit chain with varying hopping
length presented above can be immediately used to explore
the subject of quantum thermalization.

An isolated quantum system prepared in a nonthermal
state does not, on its own, reach a thermal equilibrium.
However, if it is initially prepared in some pure state that is
not an eigenstate of the system, such systems may appear
to thermalize locally, with the rest of the system acting
as a bath for any small subsystem, an idea known as the
eigenstate thermalization hypothesis [29].

This hypothesis does not apply equally to all systems.
One particularly interesting class of models, which do not
thermalize, are so-called integrable models [30,31], which
have an extensive number of local integrals of motion.
These systems, and the crossover from integrability to
thermalization, have been of interest to physicists for a
long time, both theoretically and experimentally [32–36]

(a) (b)
(NN) State probabilities

FIG. 4. Integrability versus thermalization in an N = 10 qubit chain. In a numerical simulation, the system is initially prepared in
the state |�(0)〉 = σ̂+

1 σ̂+
N−1|0〉⊗N and allowed to evolve under a Hamiltonian with hopping at strength falling off with distance at ξ = 0

(NN hopping only), 0.05, 0.1. (a) We plot the average occupation 〈σ̂ z
i 〉 of each qubit from the initial preparation to a long time Jt = 25.

In the NN case one can clearly see particlelike trajectories, which do not thermalize over time, while for ξ = 0.1, the occupation
numbers quickly become diffuse. In the intermediate case, ξ = 0.05, we observe the trajectories give way to diffuse occupation over
time. (b) Logarithmic scale histograms show how often one finds a Fock state to have some probability Pr at early, intermediate,
and late times, Jt ∈ (0, 25), (25, 50), (50, 75), respectively. In a thermalized quantum system, these probabilities are sampled from the
Porter-Thomas distribution, Ncounts ∝ exp(−Pr × Nstates), shown by a dashed gray line. We observe the system with hopping beyond
the nearest-neighbor approach this distribution, while the integrable NN chain remains unthermalized.
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Notably, this class of system includes the one-
dimensional qubit chain with NN hopping, which is equiv-
alent to a free fermion model via a Jordan-Wigner trans-
formation. The addition of coupling beyond the nearest
neighbor, as in Eq. (1), breaks the integrability of the sys-
tem, allowing it to locally thermalize. We show this effect
in a small, N = 10 chain, numerically, in Fig. 4.

In the absence of hopping beyond the NN, the one-
dimensional chain is equivalent to the integrable free-
fermion chain. In this case, the system remembers infor-
mation about its initial state even at very long times, and
the distribution of Fock-state probabilities remains in its
nonthermalized form. One can trace the trajectories of two
particlelike excitations, in a form reminiscent of the quan-
tum Newton’s cradle [32]. When couplings beyond the NN
are turned on, the system tends towards thermalization, as
the excitation density map is smoothed out and the prob-
abilities of individual states occur at rates sampled from a
Porter-Thomas distribution [37,38].

One exciting possibility brought about by the tuneable
parameters is the ability to go between these two regimes.
In the intermediate regime shown in Fig. 4, at ξ = 0.05,
one can see that a locally thermal form is reached, but
only after a longer time period. The mechanism suggested
in Sec. III could allow experimental realization of these
models at a highly controllable manner, where both the
coupling range ξ and the initial state |�(0)〉 could be tuned
beyond what is easily achievable in atomic systems.

We note that while these systems are easy to simulate at
a low occupation number (e.g., two excitations in Fig. 4)
they are exponentially hard to calculate at finite fractional
(e.g., half) filling. Calculating the evolution of a 20-qubit
chain from an initial state with ten excited qubits would
be prohibitively hard on a classical computer, but easily
within grasp of current experimental setups. Such compu-
tationally difficult tasks are aided by higher connectivity
[15]. These same systems could also be used in exploration
of information scrambling and quantum scarring [12,39].

V. ACCESSIBLE REGIMES IN CIRCUIT DESIGN

In this section, we consider the experimental feasibility
of tailoring the nearest-neighbor coupling and long-range
interaction parameters χ and ξ in a wide parameter range
via microwave simulations of two sample circuits, chosen
to exhibit two different parameter regimes.

We investigate two circuits, each comprising a one-
dimensional chain of seven qubits, see Fig. 5, and we
extract χ and ξ from the central five qubits, referred to
as Q1 through Q5. The qubits at the edge of the lattice
suppress boundary effects.

To analyze each circuit, we first perform a dc capac-
itance matrix simulation using ANSYS Maxwell. This
enables us to numerically calculate the coupling strength
χ and the interaction damping ξ for the specific circuit,
using Eqs. (17) and (18). We subsequently confirm both

Cq
Cc

CG

S11

Cq Cc

Perfect conductor

Substrate

Q1 Q2 Q3 CG

6.5

6.4

6.3

6.2

7.0

6.6

6.2

5.8

10 12 148 10 12 14 16

Q1 – Q2 Q1 – Q3

simulation
fit

Q1 Q2 Q3

S11

5.56

5.555

5.6

5.5

11.82 11.86

Q1 – Q2 Q1 – Q3

simulation
fit

11 12 13 11.84

Q4 Q5

Q4 Q5

Cc(a)

(b) (d)

(c)

FIG. 5. Schematic circuit diagram for the one-dimensional chain of transmonlike qubits with two floating capacitor pads. We show
two designs: (a),(b) a moderate falloff, ξ ≈ 0.25, between NN and NNN coupling, (c),(d) a traditional design with negligible NNN
coupling, ξ � 1. (a),(c) show the circuit realization, where electrodes belonging to the same qubit are equally colored for clarity.
(b),(d) show the simulated spectrum, including the effective NN coupling (between Q1, Q2) and NNN coupling (between Q1, Q3).
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TABLE I. Summary of the interaction parameters calculated numerically based on the simulated circuit capacitances and for the
microwave simulation of the two sample layouts depicted in Fig. 5.

Design
ω1/2π

(GHz)
J12/2π

(MHz)
J13/2π

(MHz)
J14/2π

(MHz)
J15/2π

(MHz) χ ξ

ξ ≈ 0.25 Simulation 6.336 289.5 68.65 17.57 4.60 0.0457 0.2374
±1.1 × 10−5 ±0.05 ±0.02 ±0.007 ±0.03 ±8 × 10−6 ±1.8 × 10−4

Calculation 6.013 279.3 69.45 17.26 4.23 0.0464 0.249

ξ � 1 Simulation 5.557 43.2 0.686 0.145 0.041 0.0078 0.016
±7 × 10−7 ±6 × 10−3 ±8 × 10−4 6 × 10−4 1.5 × 10−4 ±0.0011 ±1.9 × 10−5

Calculation 5.434 46.31 0.18 7 × 10−4 3 × 10−6 0.0085 0.0039

parameters with microwave simulations using Sonnet. In
the Sonnet simulations, we treat the qubits as harmonic
oscillators and replace their Josephson junctions with lin-
ear ideal-element inductors with an inductance of 12 nH.
This is valid since the investigated effect is not dependent
on the inductance in the circuit, as pointed out in Sec. II.

We probe the spectrum of the qubit chain by simulat-
ing microwave reflection at a port connected to an antenna
that weakly couples to Q1, see Figs. 5(a) and 5(c). We then
extract the coupling strength J12 (J13, J14, J15) between Q1
and Q2 (Q3, Q4, Q5) in a simulation with zero inductance
for all qubits except the pair considered, effectively remov-
ing them as circuit modes but preserving their capacitive
contribution. By sweeping the inductance of one of the
qubits forming a pair, respectively, we observe an avoided
level crossing in the simulated spectrum, enabling us to
extract the coupling strength from the minimal separation,
see Figs. 5(b) and 5(d).

We first investigate a circuit implementation with a slow
interaction decay rate ξ ≈ 0.25, as depicted in Fig. 5(a).
The qubit capacitor pads are far away from the surrounding
ground metallization, resulting in a small CG = 16.8 fF.
The qubit capacitance Cq = 42.3 fF and the capacitance
between adjacent qubits Cc = 27.4 fF are larger, due to the
large interdigital finger capacitors. The nearest-neighbor
coupling strength J1,2 and the next-nearest-neighbor cou-
pling strength J1,3 are extracted according to Fig. 5(b) and
the resulting interaction parameters up to distance four are
summarized in Table I. The transition and coupling fre-
quencies we obtain from the capacitance and microwave
simulations are within 5% of each other, with the difference
explained by the fact that the dc capacitance simulation
cannot account for all microwave effects in the circuit.
Since the interaction parameters χ and ξ are ratios of the
extracted frequencies, we find good agreement between the
two simulations.

To demonstrate that the long-range interactions can be
suppressed, we analyze the circuit in Fig. 5(c), featur-
ing large ground capacitances CG = 112 fF but smaller
Cq = 13.3 fF, Cc = 4.88 fF. From the coupling strengths
extracted in Fig. 5(d), we find that the coupling strength
falls off much faster (see Table I), demonstrating that the

long-range interaction can be strongly suppressed by cir-
cuit design. While the coupling strength χ is in good
agreement in both simulations, the predicted ξ based on
the simulated dc circuit capacitances is notably smaller.
We attribute this discrepancy to long-range capacitive cou-
pling channels, which are not taken into account in the
calculation but manifest in the microwave simulation, and
become significant for the small coupling J13, J14, J15.

VI. CONCLUSIONS

We analyze arrays of floating superconducting qubits,
showing that beyond direct capacitive coupling the qubit
modes are subject to additional interactions, mediated
through otherwise-static “+” modes.

We demonstrate that the drop off in coupling strength
in a chain of floating qubits can be adjusted by circuit
design, independently from the effective qubit capacitance
and NN coupling strength. This is in contrast with single-
ended qubit realizations, where the drop off is determined
by these parameters. The coupling strength can be tailored
via circuit design from asymptotically approaching zero to
dropping off at a rate 1 − ξ ∼ 1/N , generating quasi-all-
to-all coupling without adding direct connections.

The implementation of longer-ranged coupling has
potential uses in many applications, including QAOA and
quantum simulation. It may also be interesting to consider
the interplay of these modes with direct capacitive cou-
pling beyond the nearest neighbor [40]. In addition, the
mediated interaction mechanism we show here may be sig-
nificant in other applications where extraneous quantum
modes exist but are not used as part of the qubit, includ-
ing the fluxonium [25] and 0 − π [26] qubits. There they
can be considered either as a resource to utilize, but also
as a potential source of unwanted interactions between the
qubits.
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APPENDIX A: LONG-RANGE INTERACTIONS IN
A LATTICE OF SINGLE-ENDED QUBITS

We calculate here the qubit coupling in a one-
dimensional chain of single-ended transmonlike qubits, see
Fig. 6. This architecture is used in “Xmon” qubits [11],
for instance. In analogy to the treatment carried out in
Sec. II A, we write down the Lagrangian

L = 1
2
�̇

TĈ�̇ + EJ

N∑

i=1

cos φi, (A1)

with capacitance matrix

Ĉ =

⎛

⎜⎜⎝

Csh + Cc −Cc 0 . . .

−Cc Csh + 2Cc −Cc . . .

0 −Cc Csh + 2Cc . . .
...

...
...

. . .

⎞

⎟⎟⎠ .

(A2)

Performing a Legendre transformation yields

H = 1
2

qTĈ−1q − EJ

N∑

i=1

cos φi, (A3)

Cg

Csh Csh Csh

Cg Cg

Ic Ic Ic

FIG. 6. Schematic circuit diagram for the one-dimensional
chain of transmonlike “single-ended” qubits, with one grounded
capacitor pad. The qubits are assumed to be identical. Each qubit
has one independent circuit node, which has a shunt capac-
itance Csh to ground and adjacent nodes are coupled with a
capacitance Cc.

with the effective capacitance matrix Ĉg
eff ≡ Ĉ. The decay

of the long-range interactions becomes

Ji,i+2

Ji,i+1
= [Ĉeff

−1]i,i+2

[Ĉeff
−1]i,i+1

≈ Cc

Csh
. (A4)

The approximation in Eq. (A4) applies in the realis-
tic regime Csh � Cc. For typical design parameters of
contemporary multiqubit implementations, this ratio is
roughly 1/50.

APPENDIX B: CALCULATION OF COUPLING IN
THE STRONG COUPLING REGIME

We analyze here the full solution for the coupling matrix
Ceff

−1 for the infinite one-dimensional chain.
The capacitance matrices, defined in Eq. (6) are

given by

C++
ij =

[
CG

2
+ Cc

2

]
δi,j − Cc

4
δ|i−j |,1, (B1a)

C−−
ij =

[
Cq + CG

2
+ Cc

2

]
δi,j + Cc

4
δ|i−j |,1, (B1b)

C+−
ij = Cc

4
(δi,j +1 − δj ,i+1), (B1c)

where we take N → ∞.
We use the unitary transformation

C̃++(k, p) =
∑

i,j

Ui(k)C++
ij U∗

j (p), Uj (p) = e−ipj (B2)

to rewrite these in momentum space, finding

C̃++(k, p) = δ(k − p)

(
CG

2
+ Cc sin2 k

2

)
, (B3a)

C̃−−(k, p) = δ(k − p)

(
Cq + CG

2
+ Cc cos2 k

2

)
, (B3b)

C̃+−(k, p) = −iδ(k − p)
Cc

2
sin k. (B3c)
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As these are diagonal, we can immediately invert them,
and we find

Ceff(k, p) = C−− − C−+(C++)−1C+−

= δ(k − p)

⎡

⎣Cq +
CG
2

(
Cc + CG

2

)

CG
2 + Cc sin2 k

2

⎤

⎦ , (B4)

Ceff
−1(k, p) = δ(k − p)

1
Cq

×
⎡

⎣1−
CG
2

(
Cc+ CG

2

)

CG
2

(
Cq+Cc+ CG

2

)
+CcCq sin2 k

2

⎤

⎦.

(B5)

We then perform the inverse transformation,

C̃++
ij = 1

2π

∫ π

−π

dkdp U∗
i (k)C++(k, p)Uj (p), (B6)

to find, in the original lattice basis,

(Ceff
−1)ij = 1

Cq,eff

[
δi,j

(
1 + 2χ

ξ

)
− 2χ

ξ
ξ |i−j |

]
. (B7)

with

Cq,eff = Cq

1 − η1η2
, (B8a)

ξ = η2 − η1

η2 + η1
, (B8b)

χ = η1η2

2(1 − η1η2)

η2 − η1

η2 + η1
, (B8c)

where the parameters η1, η2 are

η1 =
√

CG/2
CG/2 + Cq

, η2 =
√

CG/2 + Cc

CG/2 + Cc + Cq
. (B9)

(a) “A-A/A-A” coupling
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(b) “A-B/A-A” coupling

4 5 6 7 8 9 10 11 12

12

11

10

9

8

7

6

5

4 x

y

(c) “A-B/A-B” coupling
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FIG. 7. Nonisotropic couplings in a two-dimensional square lattice. We plot the coupling strength Jr0,r between the center qubit r0
and the rest of the lattice (bottom), normalized to the nearest-neighbor coupling strength, for different coupling typologies (shown at
the top). The values are calculated for 15 × 15 square lattice with Cc = 0.007Cq, CG = 0.007Cq. (a) We observe that the “A-A/A-A”
topology exhibits a simple isotropic form, with Jr0,r ≈ ξ |r−r0|. (b) If the qubits are connected with “A-B” form along the one axis and
“A-A” along the other, we find stronger couplings, with a negative sign, in the “A-B” direction, and weaker ones with a positive sign
in the “A-A” direction. The coupling is suppressed along the diagonals. (c) With “A-B” topology in both directions, we find a similar
nonisotropic form along the diagonals.
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APPENDIX C: CALCULATION OF BOUNDARY
EFFECTS ON COUPLING IN A CHAIN

We repeat the calculation in Sec. III, now considering
the effects of a final N . The capacitance matrices are now

C++
ij =

[
CG

2
+ Cc

2
(2 − δi,1 − δi,N )

]
δi,j − Cc

4
δ|i−j |,1,

(C1a)

C−−
ij =

[
Cq + CG

2
+ Cc

4
(2 − δi,1 − δi,N )

]
δi,j + Cc

4
δ|i−j |,1,

(C1b)

C+−
ij = Cc

4
[
(δi,N − δi,1)δi,j + δi,j +1 − δj ,i+1

]
. (C1c)

To convert into momentum space we use Eq. (20), taking
Ui(k) → Unk ,i,

Unj =
√

2 − δn,0

N
cos
[
kn(j − 1

2 )
]

, kn = π

N
n, (C2)

for n = 0, . . . , N − 1. We find the discrete equivalent of
Eq. (21),

C++
nm = δn,m

(
CG

2
+ Cc sin2 kn

2

)
. (C3)

We can immediately invert C++ in momentum space. In
the lattice basis, then

(C++)−1
jl =

N−1∑

n=0

Unj
1

C++
nn

Unl

= 1
2

∑

n

cos [kn(j − l)] + cos [kn(j + l − 1)]
CG
2 + Cc sin2 kn

2

.

(C4)

Recalling kn = πn/N , for large but finite N we can then
approximate this sum as an integral. We must be care-
ful where this approximation breaks down; for x ∼ 2M ,
cos kx varies quickly while cos knx does not. To avoid this,
we make use of the equality cos [knx] = cos [kn(2N − x)]
to rewrite the second term in the numerator. We then take
kn = π/N → dk to find

(C++)−1
jl ≈ 1

2π

∫ π

−π

dk
eik|j −l|) + eik(N−|N+1−j −l|)

CG
2 + Cc sin2 k

2

. (C5)

Evaluating the integral, we find

(Ceff)ij ≈ Cqδi,j + Cc,eff

(
ξ

|i−j |
C − ξ

N−|i+j −N−1|
C

)
, (C6)

with Cc,eff, ξC as defined in Eq. (23).

APPENDIX D: 2D LATTICES

While the one-dimensional chain can be described by a
simple power-law strength regardless of the circuit form
chosen, this is not the case in two dimensions. In Fig. 7 we
show how the couplings behave for the different possible
circuit topologies of a square lattice.
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