
PHYSICAL REVIEW APPLIED 17, 034056 (2022)
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Adiabatic quantum-control schemes are widely used in the areas of quantum-information processing
and quantum sensing. The very requirement of adiabaticity in these schemes often leads to problems of
low efficiency and being sensitive to decoherence. To address such issues, various methods have been
developed for accelerating adiabatic processes, but they often need to be designed on an ad hoc basis.
Here we propose and experimentally demonstrate an inverse-engineering approach, where a parameter-
ized state of the Schrödinger equation is employed for constructing desired evolutions. Within a single
and simple frame, the user-defined passages can be flexibly customized for different objectives and sys-
tems. To experimentally benchmark its performance, we implement this approach in a task of coherent
state transfer in a superconducting Xmon device. We find that our method completed the transfer with
the fastest speed and highest efficiency (>99.5%) among all recent experiments performed in similar
configurations.
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I. INTRODUCTION

Quantum processes of an adiabatic nature are widely
used in quantum control and quantum sensing. Among
the many applications are coherent state transfer [1–4],
preparation of quantum states [5–7], as well as dynamic
and geometric quantum gates [8–18]. One celebrated
example is the stimulated Raman adiabatic passage (STI-
RAP), originally proposed for coherent population trans-
fer between two uncoupled or weakly coupled quantum
states via an intermediate state [1,19,20]. It is immune
to the loss through spontaneous emission of the interme-
diate state, and the adiabaticity guarantees its robustness
against fluctuations in control parameters [21]. However,
the very requirement of adiabaticity in these schemes
leads to two issues. Firstly, the efficiency or fidelity
can approach unity only in the long-time limit. Sec-
ondly, a slow passage is undesirable since decoherence is
ubiquitous.

*lius3@sustech.edu.cn
†yung@sustech.edu.cn
‡chenyz@sustech.edu.cn
§These authors contributed equally to this work.

To address such issues, various approaches have been
proposed to accelerate adiabatic processes. These propos-
als can be roughly categorized into two families named
as shortcut to adiabaticity (STA) [22–31] and inverse
engineering [32–36]. The original STA methods utilize a
counterdiabatic driving to recast adiabatic paths [26–30],
which requires a direct coupling between the initial and
final states. On the other hand, inverse-engineering meth-
ods based on dressed states [33] or dynamical invariants
[34] do not require direct coupling. But finding represen-
tations of dressed states or constructing proper dynamical
invariants may become rather complicated, especially for
high-dimensional quantum systems [22].

Alternative methods falling into the category of inverse
engineering have thus been developed [37–40]. Instead
of searching for proper dressed states or dynamical
invariants, these methods set off by parameterizing solu-
tions of the Schrödinger equation that governs the sys-
tem evolution. Arbitrary control passages connecting
the initial and targeted states are realized via care-
fully engineering the above parameters. These meth-
ods have been successfully implemented in two- [37,39]
and three-level systems [38,40], as well as nonlinear
systems [38,39].
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Here we develop a scheme of quantum control via
inverse engineering based on the proposal of Ref. [38].
By designing a parameterized solution of the Schrödinger
equation of a three-level system, we are able to realize
arbitrary passages including both adiabatic and accelerated
ones. For example, our scheme automatically becomes
STIRAP in the adiabatic limit and realizes accelerated
coherent population transfer otherwise. Within the same
framework, our method can easily generate customized
passages that are optimized for the desired control task and
system characteristics such as configuration (e.g., � or �

configuration) and decoherence.
For an experimental demonstration, the method is

applied to realize a coherent population transfer from the
state |0〉 to |2〉 in an Xmon type of superconducting device.
Previously, STIRAP was realized experimentally [3,4,7]
with a fidelity of no more than 97%, which is reproduced
in our experiment. Recently, STA was also experimen-
tally implemented on a superconducting platform for the
same task, with the help of an additional microwave pulse
for counterdiabatic driving [30], but only 96% fidelity
was achieved. In contrast, both STIRAP and our method
require only two microwave pulses to complete the state
transfer. Our method can be more than 4 times faster
than STIRAP for the same fidelity, and the fidelity can
reach >99.5%, after pulse optimization against errors from
leakage and cross-coupling.

II. SETTING THE STAGE

Let us consider a three-level system under two exter-
nal drives with time-dependent amplitudes, �P(t) and
�S(t), as shown in Fig. 1(a). Under the rotating-
wave approximation, the Hamiltonian of this driven
system reads H0(t) = 1

2 [�P(t)|0〉〈1| + �S(t)|1〉〈2| + H.c.].
One of its three eigenstates, |D0(t)〉 = cos θ(t)|0〉 −
sin θ(t)|2〉 [tan θ(t) = �P(t)/�S(t)], is a dark state, which
is dynamically decoupled from the system evolution under
the adiabatic condition [41]. STIRAP uses this dark state to
realize a coherent population transfer from state |0〉 to |2〉
by evolving the mixing angle θ(t), without populating state
|1〉 [41]. In order to keep the system in the dark state, θ(t) is
varied adiabatically to avoid transitions to other eigenstates
of H0(t), which is called “adiabatic passage.”

In the following we maintain the setting of STIRAP, but
provide a broader perspective on the use of “passage” for
quantum control. Specifically, here the concept of passage
is extended by defining some time-parameterized state (as
input) for inverse engineering the driving Hamiltonian (as
output). In this way, one gains higher flexibility in incor-
porating various optimizations for boosting performance.
This strategy can also be applied to other quantum control
applications beyond quantum state transfer. To keep our
notation simple, in the following we label the user-defined
passages used in our study as UDPs.
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FIG. 1. Concept and implementation of various passage
schemes. (a) Multilevel system driven by two external reso-
nant pulses with time-dependent amplitudes. (b) Schematic of
different passages. For multilevel systems with non-negligible
cross-coupling and leakage, unoptimized UDPs may lead to
significant leakage out of the relevant Hilbert space. (c) Cross-
coupling and leakage to higher excitations in a multilevel system
with weak anharmonicity such as an Xmon type of superconduct-
ing device. For example, the Stokes pulse that resonantly couples
|1〉 and |2〉 in (a) can now also introduce an off-resonant coupling
between |0〉 and |1〉 in an Xmon. (d) Envelopes of microwave
pulses used for the four cases studied in this work: STIRAP,
UDP (no optimization), UDP OP, and UDP DRAG (both are
optimized, see the main text for details).

For this purpose, the UDPs for a three-level system can
be generally parameterized as (up to a global phase):

|�UD〉 = cosγ cosβ|0〉 + eiφ1sinγ |1〉 − eiφ2 cosγ sinβ|2〉,
(1)

where β(t), γ (t), φ1,2(t) are generally time-dependent vari-
ables to be determined below. To achieve state transfer
from |0〉 to |2〉, it is sufficient to impose the follow-
ing boundary conditions: γ (0) = γ (T) = 0, β(0) = 0, and
β(T) = π/2 at time t = 0 and t = T > 0, respectively.
Note that in the adiabatic limit, the state defined by Eq.
(1) approaches the dark state in STIRAP and the UDPs
thus approach STIRAP (see Appendix B). In addition
to STIRAP, our method can also retrieve certain other
schemes of coherent control [41,42], such as those based
on dressed states [33] and dynamical invariants [34] (see
Appendix D).

Consequently, the time dependence of the control pulses
can be determined by the passage through the Schrödinger
equation,

�P = 2[β̇ cot γ sin β + γ̇ cos β]e−iφ ,

�S = 2[β̇ cot γ cos β − (γ̇ − iφ̇2 cot γ ) sin β]ei(φ2−φ),
(2)
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where φ ≡ φ1 + π/2. To eliminate the phase factors, we
can choose φ = 0 and φ2 = 0 for simplicity. Note how-
ever that extra care must be taken at t = 0 and t = T, as
the boundary conditions would imply a divergence of the
driving pulses whenever cot γ |γ→0 → ∞.

To overcome such a problem, it is sufficient to maintain
the combination G(t) ≡ β̇(t) cot γ (t) to be finite. In other
words, on the user-defined passage we enforce additional
boundary conditions: G(0) �= 0, G(T) �= 0, and β̇(0) ≈
β̇(T) ≈ 0, where one simple choice for β is found to be
β(t) = π/21/1 + e−10(t/T−1/2). As a result, we rewrite the
above relations as follows:

�P =
√

G2 + γ̇ 2 sin[β + arctan (γ̇ /G)],

�S =
√

G2 + γ̇ 2 cos[β + arctan (γ̇ /G)]. (3)

To demonstrate the flexibility, we provide three options
(i) choose G(t) = �0 to be some constant. (ii) To
reduce the population of intermediate level |1〉 [P1(t) =
| sin γ (t)|2], we can instead choose the parameter
as G(t) = �0[1 + Ae−(t/T−1/2)2/B2

] to reduce γ (t) =
arctan[β̇(t)/G(t)], where A and B can be determined via
numerical optimization (see the Appendix E for details).
(iii) To minimize the cross-coupling and leakage errors,
one can also combine UDPs with the hyper-Gaussian func-
tion g(t) = e−[2(t/T−1/2)]8

of the optimal STIRAP pulses
[43], i.e., G(t) = �0g(t)[1 + Ae−(t/T−1/2)2/B2

].

III. EXPERIMENTAL RESULTS AND ANALYSIS

In the following, we discuss an exemplary implementa-
tion of UDPs using superconducting quantum circuits [see
Fig. 1(c)]. Specifically, we realize a state transfer process
from |0〉 to |2〉 in an Xmon type of superconducting qutrit.
To the first order of approximation, this specific system
can be viewed as an anharmonic oscillator, with an anhar-
monicity about one order of magnitude smaller than its
characteristic frequency. Such a small anharmonicity ren-
ders the Hamiltonian H0(t) introduced above insufficient to
describe an Xmon qutrit driven by two microwave pulses.
Additional terms describing cross-coupling and leakage to
higher excited energy levels must be added to H0(t):

H(t) = H0(t) + 1
2

×
[(

�S√
2

e−iαt|0〉〈1| +
√

2�Pe−iαt|1〉〈2|
)

+ H.c.
]

+ 1
2

[(√
6�S

2
e−iαt +

√
3�Pe−i2αt

)

|2〉〈3| + H.c.

]

.

(4)

Simu. Simu. Expt.
P

0

P
1

P
2

P
0

P
1

P
2

Simu.

Expt.

(c)

(a) (b)

Time (ns)

Time (ns) Time (ns)

FIG. 2. Performance of UDPs. (a) Numerical simulation of the
transfer efficiency (defined as the population of |2〉) towards the
end of three different passages. The oscillatory behavior is due
to the cross-coupling and leakage discussed in the main text. (b)
Evolution of populations during a state transfer using the UDP
OP passage. (c) Transfer efficiencies of two passages: STIRAP
and UDP OP. The two dotted lines at 34 and 150 ns mark the
moments when an efficiency of 96% is achieved for the UDP OP
and STIRAP passages, respectively.

Here we consider only the leakage to state |3〉, and α

is the anharmonicity of the Xmon defined as the differ-
ence between the lowest two frequencies of transition:
α = f12 − f01. With such additional contribution, the pulses
designed based on Eq. (3) [obtained for H0(t)] no longer
give proper passages for the desired transfer. Indeed,
numerical simulations indicate that the transfer process
using such pulses exhibits a strong oscillatory behavior
towards the end, which leads to ambiguity in evaluating the
transfer efficiency [see the UDP curve in Fig. 2(a)]. Such
oscillatory behavior is due to the cross-coupling and leak-
age discussed above. In the following we demonstrate that
by modifying the pulses designed based on Eq. (3) using
certain optimizations, one can effectively suppress these
unwanted effects and achieve the desired state transfer with
high efficiency and fidelity.

Two different ways of optimization are investigated. In
the first one, we adapt the method used in Refs. [43,44]
for optimizing the STIRAP process. In the second one,
we extend the standard method of derivative removal by
adiabatic gate (DRAG) for a three-level system to include
even higher excited states [45–48]. In both optimizations,
we run numerical simulations, using a master equation, to
optimize the overall fidelity of the transfer process. Both
optimized and unoptimized pulses (hereafter referred to as
UDP OP, UDP DRAG, and UDP, respectively), together
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with those used in the STIRAP process, are compared in
Fig. 1(d). Further details of pulse design and optimization
can be found in Appendix E. With such optimizations, the
oscillatory behavior mentioned above can be suppressed
to a large extent. The transfer efficiency can now be deter-
mined to be 99.8% and 99.5% for the two optimizations,
respectively [Fig. 2(a)].

All data reported in this work are acquired on one Xmon
qutrit, and similar results are reproduced on other samples.
The characteristic frequencies of the qutrit used here are
around f10 = ω10/2π = 5.208 GHz and f21 = ω21/2π =
4.958 GHz. The relaxation and dephasing times are T10

1 =
4.82 μs, T10

2 = 5.06 μs, T21
1 = 5.96 μs, and T21

2 = 2.55 μs,
respectively. External microwave drives are applied to the
qutrit through an XY control line [49] (also see Fig. 13 in
Appendix I). The qutrit is capacitively coupled to a res-
onator of quarter-wavelength (ωr/2π = 6.68 GHz), which
is in turn coupled to a transmission line. The state of the
qutrit can be deduced by measuring the transmission coef-
ficient S21 of the transmission line using the dispersive
readout scheme [49]. Further details of the sample and
measurement setup can be found in Appendix I.

To characterize a state transfer process following a spe-
cific passage, we measure population of the three levels of
the qutrit as a function of time. Figure 2(b) shows a typi-
cal data set for the case of the UDP OP passage. The qutrit
is initialized to state |0〉, and the pulse shown on the third
panel of Fig. 1(d) is applied. Within 44 ns, the population
of state |2〉 rises to above 99%, accomplishing a fast and
high-fidelity transfer from state |0〉 to |2〉. Figure 2(c) com-
pares the efficiency of transfer (i.e., population of |2〉) for
two different passages. For the STIRAP case, the maxi-
mum transfer efficiency (about 96%) is achieved at around
150 ns, whereas the UDP OP passage can reach the same
efficiency within 34 ns. Such acceleration helps minimize
losses due to spontaneous emission from excited states.
As a result, the UDP can still achieve high fidelity even
though the population of the intermediate state is nonzero
during the transfer, whereas in STIRAP there is a negligi-
ble occupation of the intermediate state during the whole
process. We also emphasize that while the UDPs used here
do not specifically target at accelerating the transfer, like
those STA-based variants of STIRAP, they nevertheless
accomplish this goal nicely.

Next, we investigate the robustness of different proto-
cols against experimental errors. In Fig. 3, the transfer
efficiencies of five passages against the error in the Rabi
frequency ηp ,s are compared to each other. ηp ,s is defined
as �̃P,S = (1 + ηp ,s)�P,S, where �̃P,S and �P,S are actual
and expected values of the Rabi frequency, respectively.
For the resonant Rabi (RR) method [50,51], two identical
π pulses in the form of �P,S = �0 sin β(t) are applied. The
RR scheme is often used to benchmark protocols of state
transfer and certain quantum gates. The STIRAP CD is an
accelerated STIRAP protocol based on the counterdiabatic

(b)

(c) (d)

(a)

F
d
 = 99.5%±0.3%

FIG. 3. Robustness of the transfer efficiency against error in
the Rabi frequency for five different passages. In all four panels,
lines are results of numerical simulations, symbols are exper-
imental results, and the shaded stripes indicate a range of the
efficiency of (99.5 ± 0.3)%. For comparison, the results of UDP
OP passage are shown in all four panels. In (a), the black line
(STIRAP CD) represents numerical simulation of a state transfer
using STIRAP accelerated by a counterdiabatic (CD) driving, as
reported in Ref. [30].

driving process [30] (see Appendix H for a detailed imple-
mentation). The UDP OP process has the best robustness
in transfer efficiency against the error, larger than 92% in
the range of 0.8–1.2�P,S. Overall, the UDP OP passage is
superior to the RR scheme, the STIRAP cases (both orig-
inal and accelerated forms), and the UDP DRAG passage,
in terms of both robustness and optimal transfer efficiency.

We also investigate, both numerically and experimen-
tally, the effect of detuning in the pulse frequencies on
the transfer efficiency of different methods. Figure 4 plots
the transfer efficiency as a function of the two detun-
ings defined by δ1 = ωd1 − ω10 and δ2 = ωd2 − ω21 [ωd1
and ωd2 are frequencies of the two external drives, see
Fig. 1(a)]. The two methods using our optimization show
similar performance. In both cases, the transfer efficiency
is quite robust against the two detunings as long as their
sum is kept near zero (i.e., the two-photon resonant con-
dition is approximately held). Contours of the transfer
efficiency can be easily identified in the set of experi-
mental data, and are in reasonable agreement with the
numerical simulations (see Appendix F for a comparison).
Overall, the RR and the adiabatic passage cases exhibit
less robust performance against the detuning errors. More-
over, we also run numerical simulations to compare our
protocols to the scheme of STIRAP accelerated by a coun-
terdiabatic driving [30], and find a better robustness in
the transfer efficiency against experimental errors for our
protocols.
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FIG. 4. Robustness of the transfer efficiency against detun-
ing errors δ1,2 for four different passages: (a) UDP OP, (b)
UDP DRAG, (c) resonant Rabi, and (d) STIRAP. Dashed lines
are contours indicating different values of the efficiency. All
four panels are experimental results, and their comparison to
numerical simulations can be found in Fig. 11 in Appendix F.

The Xmon superconducting qutrit used here for demon-
stration has a � configuration. For completeness, we also
perform numerical simulations for another popular case,
the � configuration (see Appendix B and C for details).
Overall speaking, UDPs offer a handy flexibility of cus-
tomization for different tasks of coherent quantum control.
When speed is not the first priority, UDPs can be pushed
to the adiabatic limit and automatically reduces to STI-
RAP. In many other cases, it is possible to find a balance
between efficiency and performance. One particular inter-
esting result is that UDPs can still deliver decent results
even in cases of non-negligible to moderate dephasing,
a welcome feature for quantum-information processing.
Furthermore, UDPs can be generalized to more sophisti-
cated applications. For example, some of the authors of
this work have shown theoretically that UDPs can be used
for state transfer and one-step generation of entanglement
in multiqubit systems [40].

IV. CONCLUSION

In summary, we propose and demonstrate UDPs as a
simple and flexible protocol for quantum control. In this
protocol, user-defined passages for realizing any specified
quantum control are constructed via direct engineering of
parameterized solutions of the Schrödinger equation. The
essential idea of UDPs does not depend on assumptions

specific to particular systems, so it should be readily imple-
mentable on other platforms. In the current work, UDPs
need to be optimized to eliminate the cross-coupling and
leakage errors prevailing in Xmon types of superconduct-
ing devices, due to their relatively small anharmonicity. It
therefore should be expected that on other platforms with
larger anharmonicity, the application of UDPs could be
even more straightforward. Meanwhile, there always exists
the flexibility of incorporating optimizations designed for
specific systems. Finally, we note that the idea of using
parameterized states for solving Schrödinger’s equation
can be extended to nonlinear systems; for some cases, the
population of the intermediate state must be nonzero [38].
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APPENDIX A: GENERAL FRAME OF UDP

Let us consider a three-level system driven by two
resonant external fields:

H0(t) = 1
2

⎡

⎣
0 �P(t) 0

�∗
P(t) 0 �S(t)
0 �∗

S(t) 0

⎤

⎦ . (A1)

A general solution of the corresponding Schrödinger
equation can be written into the following form:

|�UD (t)〉 = [a0(t), a1(t), a2(t)]T, (A2)

where the time-dependent coefficients an(t) satisfy the nor-
malized condition, i.e.,

∑2
n=0 |an(t)|2 = 1. Plugging this

solution into the Schrödinger equation, one obtains

�P(t) = 2i∂ta0

a1
, �∗

S(t) = 2i∂ta2

a1
,

a0∂ta∗
0 + a∗

1∂ta1 + a2∂ta∗
2 = 0 . (A3)
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In UDP, a convenient parameterization of the general
solution that satisfies the above equation is used:

(a0, a1, a2)
T = (cosγ cosβ, eiφ1 sinγ , −eiφ2 cosγ sinβ)T,

(A4)

with such parameterization, customized passages can be
designed by engineering the time-dependent parameters
γ (t) and β(t), and the two phase constants φ1,2. To elimi-
nate the effects of phase factors, we can choose φ1 = π/2
and φ2 = 0 for simplicity. In particular, in the following we
show that both the original STIRAP and its various accel-
erated versions can be produced as different customized
passages in the frame of UDP.

APPENDIX B: GENERATION OF STIRAP BY UDP

Let us first review the STIRAP process. The Hamilto-
nian given in Eq. (A1) has three instantaneous eigenstates:

|E±(t)〉 = 1√
2

[sin θ(t)|0〉 ± |1〉 + cos θ(t)|2〉] ,

|D0(t)〉 = cos θ(t)|0〉 − sin θ(t)|2〉, (B1)

with corresponding eigenenergies E± (t) = ±�rms(t)/2

and D0 = 0, respectively. Here �rms(t) =
√

�2
P(t) + �2

S(t)
and the mixing angle θ(t) = arctan [�P(t)/�S(t)]. The
state |D0(t)〉 is a dark state since it is dynamically decou-
pled from the system evolution. STIRAP uses this dark
state to accomplish a coherent population transfer from
|0〉 to |2〉, without incurring a significant occupation of the
state |1〉, thus avoiding the loss due to spontaneous emis-
sion of the intermediate state. In order to keep the system
evolving in the dark state, the local adiabatic condition
must be satisfied [1,41]:

�rms(t) � |θ̇ (t)| =
∣∣�S(t)�̇P(t) − �P(t)�̇S(t)

∣∣

�2
P(t) + �2

S(t)
. (B2)

When the above adiabatic condition is satisfied, the dark
state |D0(t)〉 is an approximate solution of the Schrödinger
equation, i.e.,

i�
∂

∂t
|D0(t)〉 ≈ H0(t)|D0(t)〉. (B3)

Therefore, the STIRAP scheme can be viewed as one cus-
tomized UDP |�UD (t)〉 = cos γ cos β(t)|0〉 + i sin γ |1〉 −
cos γ sin β(t)|2〉, with the control parameters θ(t) = β(t)
and γ (t) ≈ 0 in the adiabatic limit. To further illustrate
this point, we numerically study the asymptotic behavior
of the UDPs. The results are shown in Fig. 5, where three
relevant quantities are plotted as functions of the evolution
time T. As T increases, the maximum population of the
intermediate state continues to decrease, approaching the

1 5 10 15 20

T/Tmin

10 –2

10 –1

10 0

Dmax
P

/
0

UDP-
max

UDP-P max
1

FIG. 5. Asymptotic behavior of UDP characterized by three
relevant parameters: the maximum difference between the ampli-
tudes of the UPD and STIRAP pulses (as defined in the text; here
normalized to the characteristic pulse amplitude �0), the maxi-
mum population of the intermediate state |1〉, and the maximum
value of the control parameter γ (t). Here the evolution time T is
normalized to a minimum evolution time Tmin of the UDP. With
this minimum time, the UDP pulse during the whole evolution
is no stronger than the maximum value of the STIRAP pulse.
The longer the T is, the weaker the UDP pulse becomes. For
the numerical simulation presented here, Tmin = 30.4 ns. Other
control parameters of the pulses are given in Table I.

STIRAP scheme. In addition, we also define a pulse dis-
tance DP(t) = ∣∣�UDP

P (t) − �STIRAP
P (t)

∣∣ to evaluate the gap
between STIRAP and UDP. Figure 5 shows that the max-
imum value of such difference also approaches zero in the
adiabatic limit.

APPENDIX C: UDPs IN REALISTIC SYSTEMS
WITH DECOHERENCE

STIRAP is robust against the population decay from the
intermediate state, but this benefit is achieved at the cost of
much elongated evolution time in order to satisfy the adia-
batic condition. Such long evolution time not only reduces
efficiency, but also makes STIRAP sensitive to dephasing
errors [41]. UDPs, on the other hand, can be easily tailored
to adapt the different characteristics of various quantum
systems. In particular, as we show in the following, our
numerical simulation indicates that UDPs can still deliver
rather good performance in dephasing-limited systems.

Our numerical simulation is based on a master equation
approach. When taking into account decoherence, the den-
sity matrix ρ(t) of a quantum system satisfies the Lindblad
master equation:

d
dt

ρ(t) = − i
�

[H(t), ρ(t)] +
∑

j

×
[
2Lj ρ(t)L†

j − {L†
j Lj , ρ(t)}

]
. (C1)
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TABLE I. Pulse information used in our experiments.

Experimental parameters

Passage Pulse shape Rabi frequency Characteristic time

UDP �p =
√

�2
0f 2(t) + γ̇ 2(t) sin[β(t) + η(t)] �0 = 0.04 (2π) GHz T = 44 ns

�s =
√

�2
0f 2(t) + γ̇ 2(t) cos[β(t) + η(t)]

UDP OP �̃p =
√

�2
0g2(t)f 2(t) + γ̇ 2(t) sin[β(t) + η(t)] �0 = 0.04 (2π) GHz T = 44 ns

�̃s =
√

�2
0g2(t)f 2(t) + γ̇ 2(t) cos[β(t) + η(t)]

g(t) = e(−(2τ)8)

UDP DRAG �p =
√

�2
0f 2(t) + γ̇ 2(t) sin[β(t) + η(t)] �0 = 0.039(2π) GHz T = 44 ns

�s =
√

�2
0f 2(t) + γ̇ 2(t) cos[β(t) + η(t)]

�̃P(t) = �P − i(A/α)d�P/dt, �̃S(t) = �S − i(B/α)d�S/dt
STIRAP �P = �0 sin β(t) �0 = 0.04(2π) GHz T = 196 ns

�S = �0 cos β(t)
Resonant Rabi �P,S = �0 sin β(t) �0 = 0.04 (2π) GHz T = 36 ns

Here H(t) is the Hamiltonian of the quantum system. Lj =√
γj Aj are terms that characterize decoherence, includ-

ing both relaxation and dephasing, with Aj and γj being
the relevant operators and the corresponding rates, respec-
tively (see the following discussion for exact forms of Lj
in different systems).

In the following, using numerical simulations based on
the above approach, we compare UDP and STIRAP for
realizing a coherent population transfer in a general three-
level system subjected to decoherence, in both � and �

configurations.

1. �-system

For this case, the Hamiltonian is H0(t) in Eq. (A1) and
the decoherence is described by the following terms:

Lj =
√

�10
1 |0〉〈1|,

√
�12

1 |2〉〈1|,
√

�10
2 (|1〉〈1| − |0〉〈0|),

×
√

�12
2 (|1〉〈1| − |2〉〈2|). (C2)

The simulation results are shown in Fig. 6. Here we
simulate two different cases: with and without external
relaxation. For simplicity, we set all relaxation rates to be
identical, and all dephasing rates to be identical. The UDP
method using slow pulses (approaching the adiabatic limit)
has similar performance as STIRAP, as expected. The pres-
ence of external relaxation does not affect STIRAP and
UDP-slow cases by much, which is also expected since
during the transfer, the population of state |1〉 is negligi-
ble. In both STIRAP and UDP-slow cases, the efficiency
is much more sensitive to dephasing than to relaxation. On
the other hand, the UDP method using fast pulses is more
sensitive to relaxation. It performs better than STIRAP and
UDP slow in the dephasing-limited range (area close to the
vertical axis).

The results presented in Fig. 6 demonstrate that there
is much flexibility in designing the UDP pulses. If effi-
ciency is not the first priority, one can design the UDP
pulse in the adiabatic limit and always achieve nearly iden-
tical performance as STIRAP. On the other hand, for many
dephasing-limited systems used for quantum-information
processing, the UDP scheme can still be customized to
deliver high efficiency.

2. � system

For this case, the Hamiltonian is H0(t) in Eq. (A1) and
the decoherence is described by the following terms:

Lj =
√

�10
1 |0〉〈1|,

√
�21

1 |1〉〈2|,
√

�10
2 (|1〉〈1| − |0〉〈0|),

×
√

�21
2 (|2〉〈2| − |1〉〈1|). (C3)

The simulation results are shown in Figs. 7 and 8. Here we
do not include external relaxation since it is negligible in
most realistic � systems. Figure 7 is for a general � sys-
tem without significant cross-coupling (f01 = 5 GHz, f12 =
2.5 GHz). Both STIRAP and UDP-slow pulses deliver
rather poor results even with moderate internal relaxation.
This is not surprising since these two methods are designed
for minimizing the population of the intermediate state,
but in a � system the loss due to the relaxation from the
highest lying final state also degrades the transfer effi-
ciency. In such a case, an accelerated state transfer, like
that achieved via UDP-fast pulses, is very welcome. Figure
8 shows the simulation results for a � system with a signif-
icant cross-coupling (f01 = 5 GHz, f12 = 4.75 GHz), like
the superconducting Xmon qubit used in this work. In this
case, all three methods perform worse than the case with
negligible cross-coupling.
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FIG. 6. Efficiency of a population transfer in a general three-level � system subjected to decoherence, using STIRAP, UDP-slow,
and UDP-fast pulses. Upper panel corresponds to the case with only internal relaxation, and the lower panel takes into account
external relaxation as well. For simplicity, we set all relaxation rates to �1 and all dephasing rates to �2, and normalize all rates to
the characteristic pulse amplitude �0 (see Table I for pulse information). The evolution times are 10�−1

0 for STIRAP and UDP-slow
pulses, and 1.76�−1

0 for the UDP-fast case.

APPENDIX D: PRODUCING THE ACCELERATED
VARIANTS OF STIRAP BY UDP

Various techniques under the name “shortcuts to adi-
abaticity” and inverse engineering have been proposed
to speed up adiabatic processes, including the STIRAP
scheme. For example, Baksic et al. [33] proposed a
dressed-state method that can change the dynamics of the
original Hamiltonian by adding additional terms. In this
method, an alternative basis of dressed states are defined
as

|Ẽ±〉 = sin θ(cos ξ∓i sin ξ cos μ) ± i cos θ sin μ |0〉
± cos ξ cos μ − i sin ξ |1〉 + cos θ(cos ξ

∓ i sin ξ cos μ) ∓ i sin θ sin μ |2〉 ,

|Ẽ0〉 = sin θ sin μ sin ξ + cos θ cos μ |0〉 +i sin μ cos ξ |1〉
+ cos θ sin μ sin ξ − sin θ cos μ |2〉 . (D1)

The state ˜|D0〉 is used for state transfer. This scheme can
also be produced in the frame of UDP by setting

a0 = sin θ sin μ sin ξ , a1 = i sin μ cos ξ ,

a2 = cos θ sin μ sin ξ − sin θ cos μ. (D2)

���	��


|2�

|1�

|0 �

���	��


STIRAP UDP slow UDP fast

FIG. 7. Efficiency of a population transfer in a general three-level � system subjected to decoherence, using STIRAP, UDP-slow,
and UDP-fast pulses. Here f01 = 5 GHz, f12 = 7.5 GHz. For simplicity, we set all relaxation rates to �1 and all dephasing rates to �2,
and normalize all rates to the characteristic pulse amplitude �0. The evolution times are 10�−1

0 for STIRAP and UDP-slow pulses,
and 1.76�−1

0 for the UDP-fast case.

034056-8



CUSTOMIZABLE QUANTUM CONTROL. . . PHYS. REV. APPLIED 17, 034056 (2022)

|1�

|0�

|2�

�
1 
, �

2

�
1 
, �

2

STIRAP UDP slow UDP fast

FIG. 8. Efficiency of a population transfer in a three-level � system with significant cross-coupling subjected to decoherence, using
STIRAP, UDP-slow, and UDP-fast pulses. Here f01 = 5 GHz, f12 = 4.75 GHz. This is similar to the conditions for the experiment
reported in the main paper. For simplicity, we set all relaxation rates to �1 and all dephasing rates to �2, and normalize all rates to the
characteristic pulse amplitude �0. The evolution times are 10�−1

0 for STIRAP and UDP-slow pulses, and 1.76�−1
0 for the UDP-fast

case. The relative anharmonicity, as defined by (ω21 − ω10)/ω10, is −0.05.

Combining Eqs. (D2) and (A3), one has the following
pulse shape:

�P(t) =
√

W2
0(t) + W2

1(t) sin
[
θ(t) − arctan

(
W0(t)
W1(t)

)]
,

�S(t) =
√

W2
0(t) + W2

1(t) cos
[
θ(t) − arctan

(
W0(t)
W1(t)

)]
,

(D3)

where, W0(t) = μ̇/cos ζ − θ̇ tan ζ and W1(t) = ζ̇ + μ̇ sin ζ

− θ̇/tan μ cos ζ . These results are identical to those
obtained by Baksic et al. [33]. Therefore, the passage based
on the dressed-state method can be viewed as a particular
case of UDP.

Similarly, a link between the dynamical invariant
approach in Ref. [34] and UDP can also be established
by setting the UDP |�(t)〉 to be the instantaneous eigen-
state |φ0(t)〉 = cos γ cos β|0〉 − i sin γ |1〉 − cos γ sin β|2〉
of the dynamical invariant I(t) with φ1 = −π/2. Note
that the dynamical invariant is difficult to find because
of the requirement of dynamical symmetry for the orig-
inal Hamiltonian. On the other hand, the UDP approach
relies on finding and engineering exact solutions of the
Schrödinger equation, but not on specific dynamical sym-
metry of the Hamiltonian.

APPENDIX E: PULSE DESIGN FOR UDPs

The pulses can alternatively be determined by G(t) and
β(t). We further set G(t) = �0g(t)f(t), and use �0 for
controlling pulse amplitude, g(t) for optimization to sup-
press the cross-coupling and leakage errors, and f(t) for
reducing the population of the intermediate state, respec-
tively. Let us first consider UDP without optimization,
namely, g(t) = 1. f(t) and β(t) are chosen as f (t) = 1 +
Ae−(t/T−1/2)2/B2

and β(t) = π/2/1 + e−mc(t/T−1/2) with T

being the pulse length and mc being a constant for control-
ling the boundary condition for state transfer. For example,
for a transfer from state |0〉 to |2〉, we set mc = 10 so
that β approaches 0 and π/2 for t → 0 and t → π/2,
respectively. The final form of the pulses is given in
Table I.

Next, to minimize the cross-coupling and leakage errors,
we apply the well-known Dykhne-Davis-Pechukas (DDP)
[43,44] or DRAG [45–47] methods to optimize the above
UDP, named “UDP OP” and “UDP DRAG,” respectively.

For UDP OP, we use the hyper-Gaussian function
g(τ ) = e−[2(t/T−1/2)]8

as a mask [see Table I as well
as Fig. 1(d) in the main text]. There are three tunable
parameters, A, B, and pulse length T, that need to be
determined. Since a major objective is to accelerate the
state transfer process, T should not be too long. On
the other hand, the effect of cross-coupling will become
significant if the operation time is too short. There-
fore, we set a range of 30–80 ns for T, and optimize
A and B at different selected values of T by numerical

(b)(a)

FIG. 9. Parameter optimization for the (a) UDP OP and (b)
UDP DRAG protocols, respectively. The transfer efficiency is
numerically simulated as a function of A and B. The star sym-
bols indicate the points where the highest efficiency is achieved.
For both panels, T = 44 ns.
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FIG. 10. Evolution of populations during state transfer for four different passages. The solid and dashed lines (with symbols) show
numerical simulations and experimental results, respectively.

simulations using a master-equation method. Moreover,
amplitude of the pulses must be kept at a reasonable level
(not too high for realistic electronics), which also sets
limits for A and B. With all the above considerations, the

parameters are searched and determined using a gradient-
descent method. Figure 9 shows the result of numeri-
cal simulation at T = 44 ns for the UDP OP protocol,
from which the optimal parameters are determined to be

99%

98%

96%

99%

98%

96%

(e) (f)

98%
96%

(g)

96%

(h)

(a) (b) (c) (d)
STIRUP OP SSTIRUP DRAG Resonant Rabi STIRAP

FIG. 11. Robustness of transfer efficiency against detuning errors (defined in the main text) for four different passages. (a)–(d) and
(e)–(h) show numerical simulations and experimental results, respectively.
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TABLE II. Comparison with other related experimental works.

Passage Transfer efficiency Evolution time (ns) Relaxation times (μs) Dephasing times (μs)
Anharmonicity

(MHz)

UDP OP (this work) 99.5% 44 T10
1 ≈ 4.8 T21

1 ≈ 6 T10
2 ≈ 5 T21

2 ≈ 2.5 250
STIRAP CD [30] 96% 140 T10

1 ≈ 1.7 T21
1 ≈ 1.2 T10

2 ≈ 11 T21
2 ≈ 11 370

STIRAP [4] 97% 600 T10
1 ≈ 12 T21

1 ≈ 7.6 T10
2 ≈ 5 T21

2 ≈ 5 225
STIRAP [3] 83% 92 T10

1 ≈ 0.4 T21
1 ≈ 0.2 T10

2 ≈ 2.5 T21
2 ≈ 2.5 450

A = 0.25, B = 1.8, corresponding to a transfer efficiency
of 99.94%.

For UDP DRAG, we apply the DRAG correction by set-
ting β(t)= arctan

[
2(t − τ1)τ2/(t − T/2)2

]
, �(t)= �0

e−(t−τ1)2+τ2
2 /2/(T/8)2

√
2 cosh

[
(t − τ1) τ2/(T/8)2], and f(t) =

{1 + 1/5�(t)T cosh [η (t − τ1)]}, with τ1 = 7T/20, τ2 =
3T/20, and η = 9/80T. Here, we extend the DRAG
method to a three-level system by adding time derivative
�̇P,S to the quadrature components:

�̃P(t) = �P − i
A
α

d�P

dt
, �̃S(t) = �S − i

B
α

d�S

dt
, (E1)

where A and B are weighting parameters, and α is
the anharmonicity of our Xmon qubit (approximately
250 MHz). Figure 9 shows the result of numerical simu-
lation for the case of �0 = 2π × 39 MHz and T = 44 ns.
The highest transfer efficiency of 99.93% is achieved at
A = 0.65 and B = 0.5. The corresponding pulse envelopes
are shown in Fig. 1(d) in the main text.

APPENDIX F: EVOLUTION OF POPULATION
DURING TRANSFER FOR OTHER PASSAGES

Figure 10 shows evolution of populations during state
transfer for four different passages. This figure is to be
compared to Fig. 2(b) in the main text where similar data
is shown for the UDP OP passage.

Figure 11 compares robustness of transfer efficiency
against detuning errors, including both numerical simula-
tions and experimental results, for four different passages.
The two passages based on UDP show better agreement
between simulations and experimental data. Overall, they
also deliver a better performance compared to the other
two passages.

APPENDIX G: COMPARISON WITH OTHER
EXPERIMENTS PERFORMED IN

SUPERCONDUCTING QUANTUM CIRCUITS

Table II compares our results to some other representa-
tive experiments on state transfer performed in supercon-
ducting quantum circuits. Overall, the UDP OP approach
delivers the best performance.

APPENDIX H: COMPARISON WITH STIRAP CD
PROCESS

Recently, Vepsalainen et al. [30] implemented a supera-
diabatic state transfer protocol based on the counterdia-
batic driving (CD) method in a superconducting qutrit.
The CD Hamiltonian for acceleration is realized via a
third microwave pulse, in addition to the two STIRAP
pulses, that corresponds to a two-photon process. We adapt
the essence of this approach and created an accelerated
passage of state transfer termed “STIRAP CD.” In the
following, we compare STIRAP CD to UDP OP using
numerical simulations.

(b)(a)
STIRAP CDSTIRUP OP

δ
1  

(2π MHz)δ
1  

(2π MHz)

δ 2 
 (2

π 
M

H
z)

δ 2 
 (2

π 
M

H
z)

(c)
STIRAP CD

δ
1 
(–δ

2
) (2π MHz)

δ 20
 (2

π 
M

H
z)

FIG. 12. Numerical simulation of the robustness of transfer efficiency against detuning errors for (a) UDP OP and (b),(c) STIRAP
CD passages. Here δ1 = ωd1 − ω01, δ2 = ωd2 − ω12, δ20 = ωd20 − (ω10 + ω21)/2. For STIRAP CD, an additional detuning error δ20
exists for the CD pulse. δ20 = 0 in (b), and δ1 + δ2 = 0 in (c).
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FIG. 13. Left: optical image of one sample used in this
work. Right: SEM image of the Xmon qubit and its coupling
capacitors.

For STIRAP CD, three microwave pulses are used:

�P(t) = �0 sin β(t),

�S(t) = �0 cos β(t),

�CD(t) = �P0e−i(−λ1/4+φi). (H1)

The first two are the STIRAP pulses, and the third one
is for realizing the counterdiabatic driving. The detun-
ing, phase, and amplitude of the CD pulse are �0 = α/2,

φi = π/1.15, and �P0 = 1.05
√

−2
√

2�0θe−i(−λ1/4+φi),
respectively. Here β(t) = π/2/1 + e−mc(t/T−1/2), α/2π =
250 MHz (anharmonicity), θ = πmce−mc(t/T−1/2)/

2T(e−mc(t/T−1/2) + 1)2, λ1 = (
√

2π)/[2e(−mc/2)+1] −
(
√

2π)/(2e(−mc(t/T−1/2)) + 1) (T and mc are defined pre-
viously in Sec. C). This pulse couples the two states |0〉
and |2〉 via a two-photon process, and corresponds to a CD
Hamiltonian HCD(t) = 1

2

[
β̇(t)e−i(π/2)|0〉〈2| + H.c.

]
.

Figure 12 compares the robustness of transfer efficiency
against detuning errors between the UDP OP and STIRAP
CD methods. For a fair comparison, the pulse length T is
set to be 88 ns where STIRAP CD achieves its best perfor-
mance in our simulation, even though the UDP OP passage
can accomplish the transfer process in 44 ns as reported
in the main text. The UDP OP approach achieves a sig-
nificantly better performance with only two microwave
pulses.

APPENDIX I: SAMPLE INFORMATION

Figure 13 shows optical images of one of the samples.
The qubit consists of a superconducting quantum interfer-
ence device loop with two symmetric Josephson junctions.
It is dispersively coupled to a λ/4 resonator for readout.
The microwave pulses are introduced through the XY-
control line, and a current is applied through the Z-control
line to bias the qubit to the desired frequency [49,52,53].
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