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Maxwell’s fish-eye lens (MFEL) with positive refraction has been shown to achieve perfect imaging,
but with the cost of drain assistance. This has led to ongoing heated debates about the rigor of the physics
of super-resolution phenomena in MFEL. In this work, we report that a MFEL embedded in an exterior
coating, inspired by the solid immersion concept, can realize super-resolution imaging without a drain.
Such a solution mitigates and bypasses the corresponding criticisms and debates of the past decades.
We find that the total reflection at the outer solid-immersion interface and the native perfect focusing of
MFEL synthetically contribute to a super-resolution image formed in the air. Moreover, this intuitive yet
simple recipe can be robustly applied to other absolute instruments, such as the general Luneburg lens
and more versatile superimaging systems are anticipated. We demonstrate the imaging performance in a
solid immersion general Luneburg lens both numerically and experimentally, which indirectly verifies the
imaging validity of the solid immersion MFEL without a drain.
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I. INTRODUCTION

The diffraction limit is a fundamental issue that con-
strains the resolution of conventional imaging systems
to within half a wavelength [1]. Supreme efforts have
been made in the past few decades to overcome this
limit. In 2000, Pendry proposed the concept of a per-
fect lens [2], which utilizes negative index materials with
permittivity ε = −1 and permeability μ = −1 (proposed
by Veselago [3]) to recover all the phases of propa-
gating waves and amplitude of evanescent waves. Initi-
ated by the perfect lens, a series of superlenses, which
project sub-diffraction-limit imaging in the near field [4,5],
was demonstrated. Later, a hyperlens, which used metama-
terials with hyperbolic dispersion [6,7] to convert evanes-
cent waves to propagating waves, was proposed to achieve
far-field super-resolution imaging and was manufactured
by using alternate dielectric and metallic layers in a
curve [8,9]. However, for both superlenses and hyper-
lenses, manufacturing challenges and huge intrinsic losses
remained large obstacles for practical applications.

Later, Leonhardt found that the Maxwell’s fish-eye lens
(MFEL) [10,11], in which the active drain was put at
the imaging point and a mirror was put outside bound-
ary, could serve as a perfect lens in wave optics. Using a
drain-assisted MFEL system for super-resolution imaging,
electromagnetic (EM) waves at the imaging position come
from both the object and a new “source”—drain—that
is, the imaging is no longer an intrinsic property of the
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MFEL itself [12]. There were strong debates on this aspect
[11–16], which aroused much attention.

The solid immersion lens (SIL) for super-resolution
imaging has been extensively studied over the past few
decades [17,18]. In the imaging process, the SIL uti-
lized high-refractive-index materials to convert the evanes-
cent waves near the object into propagating waves, and
total reflection happened at the interface near the image
between the lens and the air to excite evanescent waves,
which improved the resolution. So far, different types
of SILs have been developed from micrometer-size to
nanoscale [19–21], and from conventional structures to
novel metamaterial structures [22–25]. However, there are
some problems owing to intrinsic aberration and chromatic
aberration, which limit further applications.

In this work, we combine the solid immersion mech-
anism with a MFEL, by which super-resolution imaging
in the MFEL without drain assistance can be achieved.
In contrast to the drain-assisted MFEL, we use a trun-
cated MFEL without a mirror, which is more accessible
for application. This solution mitigates and bypasses the
corresponding criticisms and debates of the past decades.
Additionally, the solid immersion MFEL has advantages
of both a big numerical aperture and zero aberration,
thus circumventing the disadvantage of the conventional
SIL, and provides more possibilities for imaging applica-
tions. We compare the positive factors of super-resolution
imaging of the perfect lens, hyperlens, solid immersion
MFEL, and conventional SIL (Table S2 in Supplemental
Material [26]). The MFEL has advantages over other lens
systems.
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II. ANALYTICAL CALCULATION AND
NUMERICAL SIMULATIONS OF SOLID

IMMERSION MAXWELL’S FISH-EYE LENS

We analytically prove that a MFEL [10,11] can achieve
super-resolution imaging with the help of a solid immer-
sion mechanism. To verify the accuracy of the analysis,
an experiment is planned to use microwaves. However, in
the design process, it is very difficult to design the sam-
ple, as the refractive-index profile of the solid immersion
MFEL is complex and drastically changes along the radial
direction (see Sec. 4 of Supplemental Material [26]). Con-
sidering the universality of the solid immersion mechanism
for realizing super-resolution imaging, we choose another
absolute instrument [31], which is a class of optical devices
that can realize geometrically perfect imaging, the solid
immersion Luneburg lens with a gradient refractive index
[32,33] to indirectly verify the super-resolution imaging
of the solid immersion MFEL. The relevant experiment is
carried out at microwave frequencies.

Let us start with the MFEL, which can form perfect
images in geometric optics [16]. Figure 1(a) describes the
refractive-index profile of the MFEL in the air and shows
its ray traces from a point source. The refractive-index
profile of the MFEL varies along the radial direction as
follows:

n(r) =
{ 2n0

1+(r/R)2 (0 < r < R)

1 (r ≥ R)
, (1)

where n0 represents the ambient refractive index, R is the
radius of the MFEL and r is the distance from the center
of the MFEL. To analyze the imaging performance of the
MFEL in wave optics, we solve Maxwell’s equations in
the MFEL. For convenience, we choose cylindrical coor-
dinates as the global coordinate system. The EM wave is

assumed to be a transverse electric (TE) polarized field
(Ez, Hr, and Hϕ). The general wave equation that governs
the TE field (Ez) along the z axis can be written as

r2 d2Ez

dr2 + r
∂Ez

∂r
+ (k2r2 − m2)Ez = 0, (2)

where m is integer number and k = nk0, in which n
represents the refractive index profile and k0 is the free-
space wave vector. We introduce the wave vector k =
k0[2n0/1 + (r/R)2] into Eq. (2) and the general solution
is as follows:

E1
z =

∞∑
m=−∞

(
A1

mrm(
1 + r2)(1+

√
1+4k2)/2

H2F1

×
[

1 + √
1 + 4k2

2
,

1 + √
1 + 4k2 + 2m

2
,

1 + m, −r2

])eimθ

for 0 ≤ r ≤ R, (3)

where H2F1[a, b, c, z] = ∑∞
m=0 (a(m)b(m)/c(m))(zm/m!) is

hypergeometric function, A1
m is a complex coefficient and

m is an integer. Similarly, the general solution in the air can
be obtained as

E2
z =

∞∑
m=−∞

[BmJm(k0r) + CmHm(k0r)]eimθ for r > R,

(4)

where Jm(k0r) is the first order Bessel function and
Hm(k0r) is the first order Hank function, and Bm and
Cm are complex coefficients. Therefore, the whole gen-
eral solution to Maxwell’s equations is obtained. Similarly,

(a) (b)

(c) (d)

FIG. 1. Schematic of a solid
immersion MFEL and its super-
resolution imaging. (a) Gradient
refractive-index profile and light
ray trajectories in the MFEL.
(b)–(d) Calculated electric field
intensity distributions and the cor-
responding FWHMs of the solid
immersion MFEL at frequencies
of 9, 11, and 14 GHz respec-
tively. The red curves represent
the normalized electric field inten-
sity along the y axis direction at
the imaging point. The relative
FWHMs of the imaging point are
marked.
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we can calculate the solution of Maxwell’s equations for
a transverse magnetic polarized field (Hz, Er and Eϕ).
To match the results of the experiment, the TE polar-
ized EM wave is mainly discussed in this text, as a probe
serves as the experimental source and the excited filed can
be regarded as a TE polarized field. Based on the above
analysis, we use an addition theorem [27] to add a line
current source as excitation to analytically calculate the
imaging effect of the MFEL (see Sec. 1 of Supplemen-
tal Material [26]). Considering flexibility of the sample
design in the microwave range, we choose an optimized
MFEL with radius of 66 mm as an example. Generally,
a MFEL with n0 = 1 has a matching refractive index at
the boundary. Evanescent waves from the object cannot
be converted into propagating waves to improve resolu-
tion. To achieve super-resolution imaging, we introduce
the solid immersion mechanism into MFEL. The mecha-
nism of solid immersion MFEL’s super-resolution imaging
is that, (1) the EM field components with large wave vec-
tors scattered from the object can be transferred to the
boundary of the solid immersion MFEL with the help of
the high refractive index as shown in Fig. S2 in Supple-
mental Material [26]; (2) the evanescent waves with large
wave vectors are involved in imaging in the air, owing
to the total reflection at the impedance mismatch between
the solid immersion MFEL and the air. In this case, we
choose a solid immersion MFEL with n0 = 2.45. It can
focus light rays emitted from a point source to another
point perfectly, while a part of the light rays is reflected at
the imaging point due to impedance mismatching as shown
in Fig. 1(a).

Next, we numerically calculate the super-resolution
imaging of the solid immersion MFEL at different fre-
quencies. COMSOL Multiphysics software is used to make
numerical simulations throughout the work. The point
source is located at x =−66, y = 0 mm to excite TE cylin-
drical waves. Figures 1(b)–1(d) show the electric field
intensity patterns and the corresponding FWHM at the
frequencies of 9, 11, and 14 GHz, respectively. In the
figures, the red curves show the electric field intensity
and the FWHM of the imaging point is marked on the
curve. Notably, the corresponding FWHM is approximate
to 0.2λ at the frequencies of 9, 11, and 14 GHz, respec-
tively, which is below the diffraction limit. Furthermore,
we analytically calculate the FWHM in both x and y direc-
tions at the frequency of 14 GHz, as shown in Fig. S3
(see Supplemental Material [26]), which is entirely con-
sistent with the simulated results. From the figure, we
can see that almost half of the super-resolution imaging
is in the air and that the electric field intensity at the
imaging point exponentially decays along the x direction.
The solid immersion MFEL successfully achieves super-
resolution imaging at most frequencies. Meanwhile, for
some discrete frequencies, the image quality is affected
(see Fig. S6 in Supplemental Material [26]) owing to the

disturbance of stable whispering-gallery modes (WGMs)
[28], which are specific resonances (or modes) from con-
tinuous total internal reflection at the boundary. We also
prove the adverse impacts of stable WGMs by analyt-
ical calculation (see Sec. 2 of Supplemental Material
[26]).

The imaging performance of the solid immersion MFEL
is investigated by varying the value of n0 from 1 to 4
with a 0.5 step size at 11 GHz. A point source is located
at y = −66, x = 0 mm to excite TE cylindrical waves. A
tiny spot emerges at the opposite point in the lens and
the electric field intensity patterns are plotted in Fig. S7
of Supplemental Material [26]. With increasing n0, the
evanescent wave components with large wave vector are
collected at the imaging point, resulting in the improve-
ment of resolution. The resolution of the MFEL improves
with the increase of n0. However, WGMs are inevitably
excited owing to the impedance mismatch between the lens
and air interface at some n0, which damages the image
quality of the solid immersion MFEL.

To further confirm the super-resolution imaging of the
solid immersion MFEL, we compare the resolution of the
conventional MFEL and the solid immersion MFEL with
n0 = 2.45 in two different ways, as shown in Fig. 2. In the
first case, a point source is located at x = −198, y = 0 mm
to excite TE waves at a frequency of 11 GHz. Figures 2(a)
and 2(b) show the normalized electric field intensity of a
row of MFELs composed of three identical lenses with
R = 66 mm, for the conventional MFEL and solid immer-
sion MFEL, respectively. It is noted that the resolution
decreases when the imaging point is further from the
source point. By comparison, we find that the solid immer-
sion MFEL can retain super-resolution imaging even when
the imaging point distance increases. This differs from
the MFEL [34,35] without the super-resolution effect, in
which the image quality rapidly decreases with increas-
ing distance. The arranged solid MFELs are more effec-
tive in transmitting super-resolution information and have
great potential for application in optical communication
systems. Previous works have reported applications of
arranged SILs [21,23]. In bioinspired artificial eyes [36],
the arranged multiple lenses are used as sensors to col-
lect information, bringing great scientific progress. In the
second case, a pair of identical point sources with a spac-
ing of 0.4λ (at a frequency of 11 GHz) are placed at the
edge of the solid immersion MFEL for validation of super-
resolution imaging at the frequency of 11 GHz, as depicted
in Fig. 2(d). It is clearly seen that the two identical point
sources are identified. In comparison, a pair of identi-
cal point sources with a spacing of 0.4λ (at a frequency
of 11 GHz) are placed on the edge of the conventional
MFEL. The conventional MFEL fails to identify two iden-
tical point sources, as shown in Fig. 2(c). Therefore, the
super-resolution imaging of solid immersion MFEL is
demonstrated.
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(a) (b)

(c) (d)

FWHM = 0.4l FWHM = 0.43l FWHM = 0.44l FWHM = 0.15l FWHM = 0.17l FWHM = 0.20l

FIG. 2. Comparisons of imaging performance of the conventional MFEL and the solid immersion MFEL with n0 = 2.45 at a fre-
quency of 11 GHz. (a) The electric field intensity patterns of three interconnected identical conventional MFELs and the corresponding
FWHMs at three different imaging positions a1, a2, and a3. (b) The electric field intensity patterns of three interconnected identical
solid immersion MFELs with n0 = 2.45 and the corresponding FWHM at three different imaging positions b1, b2, and b3. (c) Imaging
performance of the conventional MFEL, of which two point sources with a spacing of 0.4λ (at frequency of 11 GHz) are placed at
the edge of the lens. The conventional MFEL fails to resolve the two point sources. (d) Imaging performance of the solid immersion
MFEL with n0 = 2.45 in which two point sources with a spacing of 0.4λ are placed at the edge of the lens. The two points can be
clearly resolved.

III. DESIGN, NUMERICAL SIMULATIONS, AND
EXPERIMENTAL VALIDATION OF SOLID
IMMERSION GENERAL LUNEBURG LENS

In this section, we plan to carry out the experiment
to validate super-resolution imaging of the proposed
solid immersion MFEL at microwave frequencies. As the
refractive-index profile has a complex distribution and
changes drastically in the radial direction, much effort
has been made to design the sample but these attempts
have failed (see Sec. 4 of Supplemental Material [26]).
It is difficult to design and fabricate samples of the solid
immersion MFEL. Considering the universality of the
solid immersion mechanism for realizing super-resolution
imaging, we use a solid immersion general Luneburg lens
(GLL) (see Sec. 5 of Supplemental Material [26]) to indi-
rectly prove the super-resolution of the solid immersion
MFEL. The GLL [33] is a lens with gradient index profile
n′(r) [see Eq. (S17) in Supplemental Material [26]] that

can form geometrically perfect imaging like the MFELs
described previously and is easier to design than the
MFEL, making it a good alternative to the solid immer-
sion MFEL. We choose a GLL with a radius of r1 =
60 mm, focal distance of f1 = f2 = r2 = 1.1r1 = 66 mm,
and refractive index nGLL = 2.45n′(r) as an example, as
shown in Fig. 3(a). Full-wave numerical simulations are
performed at frequencies ranging from 8 to 15 GHz to
verify the super-resolution imaging performance of the
solid immersion GLL. The results (see Fig. S6 in Sup-
plemental Material [26]) show that the solid immersion
GLL achieves super-resolution imaging at some discrete
frequencies.

To experimentally demonstrate the super-resolution per-
formance of the proposed solid immersion GLL, the effec-
tive medium theory [29] is utilized to design the gradient
sample. According to this method, the GLL is divided into
concentric rings each with the same width, which should
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FIG. 3. Experimental measurements of super-resolution imag-
ing. (a) Schematic of solid immersion GLL, light ray trajectories
in the lens, and its gradient index profile. (b) Photograph of the
fabricated solid immersion GLL. (c) and (d) Comparisons of the
normalized electric field intensity profiles along the y axis from
−80 to 80 mm at the imaging plane between the simulated results
and experimental results at frequencies of 12 and 15 GHz, respec-
tively. The dotted curves in red represent experimental results
and the solid curves in blue represent simulated results, which
show good agreement with each other.

not be more than 1/5 of the working wavelength. The con-
centric ring with a width of 2 mm (1/15 wavelength at the
central frequency 10 GHz) is chosen. To ensure the func-
tionality and easy fabrication, we choose the optimized
sample with a radius of 66 mm and a height of 10 mm,
as shown in Fig. 3(b). The sample is made from two iden-
tical lenses with a height of 5 mm by drilling different
sized air holes in three dielectric plates with permittivities
20, 16, and 10.2 from the center to the boundary. Based
on the effective medium theory, we calculate the effective
permittivity as follows:

εeff = f εair + (1 − f )εd, (5)

where f is the filling fraction of the air held with a permit-
tivity of εair, εd is the permittivity of the substrate dielec-
tric plate, and εeff is the designed material permittivity.
The design details of the effective refractive index and the
sizes of unit cells in each layer are shown in the Figs. S14
and S15 and Table S4 of the Supplemental Material [26].
Numerical simulation results for the designed sample are
shown in Fig. S16 of the Supplemental Material [26].
Next, a home-made near-field scanning field system (see
Fig. S17 in the Supplemental Material [26]) is utilized to
measure the electric field intensity of the solid immersion
GLL. The specific testing process is depicted in Sec. 7 of

the Supplemental Material [26]. Figures 3(c) and 3(d) dis-
play the simulated and measured normalized electric field
intensity in the imaging plane at frequencies of 12 and
15 GHz, respectively. The experimental results are in good
agreement with simulated results, which demonstrates that
the sample can effectively realize super-resolution imag-
ing. Additionally, the super-resolution effect also applies to
the broadband frequencies (for more results, see Fig. S19
and Table S5 in the Supplemental Material [26]). There is
a slight difference between the experimental results and the
simulated results. The experimental FWHM is bigger than
that of simulation due to the precision of machining and
the air gap between the sample and the upper metal plate.
We also discuss the focusing efficiencies [30] of the exper-
iment and simulation and the results agree with each other,
as shown in Fig. S20. From the figure, the experimental
focusing efficiency can achieve over 70% at the frequen-
cies of super-resolution imaging. It is clearly seen that the
super-resolution imaging performance of the solid immer-
sion GLL is very good in broadband frequencies. Similarly,
the proposed solid immersion MFEL can overcome the
diffraction limit and realize super-resolution imaging.

IV. CONCLUSION

Enlightened by SILs, we introduce the solid immer-
sion mechanism to improve the super-resolution imaging
of the MFEL and GLL without a drain, which can over-
come the diffraction limit and achieve super-resolution.
This mitigates and bypasses the corresponding criticisms
and debates of the past decades. We fabricate a sample
GLL using all-dielectric metamaterials and experimentally
verify the super-resolution imaging performance of the
solid immersion GLL at microwave frequencies. The effect
is robust and valid for a broad band of frequencies. It
provides more possibilities for overcoming the diffraction
limit from microwave to optical frequencies. It is pos-
sible to pave a way for applications, such as real-time
biomolecular imaging, and nanolithography. Furthermore,
by combining other methods, such as transformation optics
[37,38] and metasurfaces [39,40], the MFEL could be
utilized to design many other kinds of super-resolution
imaging systems. Although we focus here on EM waves,
using the analogy of the wave equation, the basic idea of
our scheme could be extended to various kinds of waves,
such as acoustic [41] and elastic waves [42].
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