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Dual-band equipment has unique advantages as regards ensuring the stability of wireless commu-
nication and improving efficiency. With the development of topological photonics and phononics,
electromagnetic and mechanical wave transmission with simultaneous advantages, e.g., antireflection,
broadband, and nondispersion characteristics, has been simultaneously realized. This outcome has greatly
improved elastic wave manipulation performance in solids, which are important media for wireless com-
munication. Here, using a plate phononic crystal (PnC), a dual-mode elastic topological insulator is
theoretically designed and experimentally realized, and the quantum spin Hall effect is observed under
a dual band. Using discrete Kekulé modulation to construct the PnC multidomain junction, dual-mode and
dual-band Dirac vortexes, i.e., a type of topological corner state, are obtained in a single PnC. These trans-
mitted and localized topological states have the same excellent properties as their antecedents, which are
obtained with single-band materials. The implementation mechanisms are diverse and applicable to multi-
ple modes and broad frequencies, offering antijamming, low-loss, high-efficiency, and high-capacity signal
processing components. The findings of this study will aid development of solid-state topology PnCs, as
well as future topological-phononic integrated circuits with high performance and multifunctionality.
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I. INTRODUCTION

In wireless communication, dual-band equipment can
transmit signals in one of two standard frequency bands
[1,2]. Compared with a single band, a dual band sig-
nificantly improves the antijamming capability of equip-
ment and adds additional bandwidth, thereby providing the
greatest flexibility for wireless networking. For example,
dual-band broadband routers that support 2.4- and 5-GHz
channels have become the standard choice for home Wi-
Fi networks. On the other hand, elastic waves in solids
are crucial information media for wireless communication
[3,4]. Currently, most mobile terminals use surface or bulk
acoustic waves (SAWs or BAWs, respectively) to filter
radio-frequency signals. Compared with electromagnetic
waves at the same frequency, elastic waves can have wave-
lengths that are five orders of magnitude shorter, thereby
allowing a considerably smaller device footprint. More-
over, compared with fluid sounds, solid-state elastic waves
have extremely low loss and mature on-chip transducing
capabilities.
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With the development of topological band theory
for electromagnetics and mechanics [5–24], the ability
to manipulate elastic waves in solids has increased to
an unprecedented level. For example, by constructing
phononic crystals (PnCs) with pseudospins, the quan-
tum spin Hall effect (QSHE) can be simulated to real-
ize “antireflection” transmission of one-dimensional (1D)
elastic waves [10,12–15,18,20]. This finding has facilitated
development of superior solid-state phononic waveguid-
ing technology, which simultaneously possesses a high
degree of freedom for routing, ultralow transmission loss,
and immunity to various processing defects. In more
depth, by introducing the concept of high-order topol-
ogy, zero-dimensional (0D) localized corner states have
been achieved, which facilitate high-quality mechani-
cal resonators with small-mode volumes and multifunc-
tional topological “cavity-waveguide” coupling systems
[21–24]. Recently, topological dual-band 1D edge states
have been confirmed experimentally in electromagnetic
waves [25], airborne sounds [26,27], and even nanome-
chanical systems [28]. Topological multiband 0D corner
states are also verified experimentally in airborne sounds
[29], with predictions in electromagnetic systems [30–32].
Although the currently reported nanoelectromechanical
work [28] concerns elastic waves, the complex structure
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(i.e., patterned nanomembrane with acoustic impedance
mismatch with the substrate) and low group velocities [33]
makes it difficult to scale and integrate into mainstream
microwave acoustic devices. Moreover, considerable air
damping caused by the nanomembrane means that it needs
to operate under a higher vacuum, further limiting its prac-
tical value. If similar functions can be achieved through a
simple solid-state structure, it will be undoubtedly promis-
ing for monolithic topological phononic circuits working
at scalable frequencies. However, modes in solid-state
elastic systems are multiple with ubiquitous modal cou-
plings. For example, three-dimensional (3D) solid-state
volumes support both SAWs and BAWs, and quasi-two-
dimensional (2D) thin plates support both shear horizontal
(SH) modes and flexural modes [further subdivided into
the antisymmetric (A) and symmetric (S) Lamb modes]
[34,35]. This greatly increases the complexity and diffi-
culty of dual-/multiband topological band engineering for
elastic waves.

In this study, a dual-mode, dual-band elastic analo-
gous QSHE is theoretically proposed and experimentally
implemented. Based on a scalable plate PnC, we imple-
ment fundamental antisymmetric Lamb-mode (A0) and
first-order antisymmetric Lamb-mode (A1) elastic pseu-
dospins accompanied by quadruple Dirac cones at low
(approximately 15 kHz) and high (approximately 65 kHz)
frequency, respectively. Through Kekulé modulation, we
realize a 1D topological edge state with “spin-momentum
locking” features and a 0D Dirac vortex, all based on
both the A0 and A1 modes at two separated frequency
bands. The Dirac vortex design is simple and diverse due
to this unique discretization modulation. This dual-band
solid-state topological material has a total working band-
width (�ω/ωcenter, where �ω and ωcenter are the working
frequency domain interval and the corresponding cen-
ter frequency, respectively) exceeding 20% (both the A0-
and A1-mode bandwidths exceed 10%). In addition, the
simple structure of the PnC allows easy expansion to a
wider range of operating frequencies [e.g., at very-high fre-
quency (vhf) and ultrahigh frequency (uhf)] and various
piezoelectric substrates that are more suitable for microa-
coustic integration [e.g., lithium niobate, lithium tantalite,
or aluminum nitride], providing a promising basis for
future integrated, high-frequency, high-throughput, low-
loss, antijamming phononic information materials and
components.

II. DESIGN OF DUAL-MODE (A0 AND A1)
SPIN-DEGENERATE PLATE PnCs

The proposed PnC is constructed on an aluminum alloy
plate and is composed of Y-shaped opening slots arranged
in a triangular lattice, as shown in Fig. 1(a). The PnC lattice
constant is a = 23 mm, and the plate thickness is d = 5 mm.
Figure 1(b) shows details of the unit cell, which contains

three different Y-shaped opening slots, marked A, B, and
C, with each Y-shaped slot containing three identical arms
labeled WA, WB, and WC, respectively. All arms have the
same length (R = 12.5 mm), but their widths can differ. Ini-
tially, WA = WB = WC = 6 mm and the entire PnC has C3v
symmetry. Figures 1(c) and 1(d) show the Brillouin zone
(BZ) and the calculated mechanical band structure, respec-
tively. In the calculation, the plate density, Young’s modu-
lus, and Poisson’s ratio are set to 2700 kg/m3, 70 GPa, and
0.33, respectively. Two elastic Dirac cones with different
frequencies appear at the K and/or K ′ points.

Because this PnC has mirror symmetry on the plate
plane, its extensional and SH modes (both in-plane) are
decoupled from its out-of-plane flexural modes. Hence,
we can effectively distinguish these modes by defining a
polarization index PZ , which indicates the out-of-plane dis-
placement proportional to the total displacement of each
mode:

Pz =
∫

Vu
|uz|2dV

∫
Vu

(|ux|2 + |uy |2 + |uz|2)dV
, (1)

where V is the unit-cell volume and ux, uy , and uz are
the polarizations of the displacements in the x, y, and z
directions, respectively.

The Pz indexes of the in-plane extensional and SH
modes are close to zero and those of the out-of-plane
flexural modes are close to 1, as shown in Fig. 7. This
study focuses on the flexural modes, which are col-
ored black in the band structures and gray in the other
modes.

The “zone folding” method is used to evolve the PnC
[6]. In this manner, two quadruple Dirac degeneracies (i.e.,
four-fold Dirac cones) are folded at the � point at two dif-
ferent band-structure frequencies, as shown in Fig. 1(e).
For the specific band folding process, see Fig. 8.

We conduct a series of numerical analyses to confirm
the specific vibration modes of each mechanical band; the
results are presented in Figs. 2(a)–2(h), which show the
mechanical band evolution during the geometric transition
from a flat plate to a plate PnC. As mentioned above, in
our plate PnC, the in-plane and out-of-plane modes of the
plate are decoupled. Hence, with gradual increases in the
R and W values of the three arms in the Y-shaped slots,
the five low-frequency bands are all pure antisymmetric
breathing modes (i.e., the A modes), including the funda-
mental (i.e., A0) and first-order (i.e., A1) modes. Mode
hybridization does not occur in the first five bands, but
rather in the higher-frequency bands. For example, the
sixth band corresponds to hybridization of the A0 and A1
modes.

From these analyses, we determine that the two Dirac
cones appearing at the K points correspond to the A0
(at lower frequencies) and A1 (at higher frequencies)
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(a) (b) (c)

(d) (e)

FIG. 1. Plate PnCs with dual-degenerate Dirac cones. (a) Schematic of PnC, which consists of Y-shaped slots in a triangular lattice;
each slot has three arms. (b) Top view of enlarged unit cell. The plate thickness and lattice constant are represented by d and a,
respectively. The crystal features three slot types, with identical R but (possibly) different arm widths W, i.e., WA, WB, and WC. (c) BZ
of triangular crystal. The black dotted line represents a primitive unit cell. (d) Calculated mechanical band structure of plate PnC when
WA = WB = WC. (e) Calculated band structure after “zone folding” (see Fig. 8 for details). For both band structures, two Dirac cones
with different frequencies appear.

modes, respectively. That is, we successfully design a dual-
mode (A0 and A1) spin-degenerate plate PnC. Figures 2(i)
and 2(j) show the mechanical vibration distributions of

the A0 and A1 modes at the K points in the flat plate,
respectively, and Figs. 2(k) and 2(l) show the distribu-
tions in the plate PnC, respectively. From the latter, the

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

FIG. 2. Mechanical band structural evolution from flat plate to plate PnC. (a) Flat plate. PnCs with arm lengths and widths of (b)
R/4 and W/4, respectively; (c) R/2 and W/2, respectively; and (d) R and W, respectively. (e)–(h) Band structures in �-K direction of
flat plate and PnCs in (a)–(d), respectively. Mechanical vibrations of (i) A0 and (j) A1 modes for flat plate. Mechanical vibrations of
(k) A0 and (l) A1 modes for final plate PnC. The colors indicate the amplitude of the out-of-plane displacement (w).

034029-3



ZHANG, YU, LU, and CHEN PHYS. REV. APPLIED 17, 034029 (2022)

A1 modes have shorter Bloch wavelengths than the A0
modes.

III. BANDGAP OPENING VIA GENERALIZED
KEKULÉ MODULATION

Next, we introduce Kekulé modulation to the PnC
to break its spatial inversion symmetry and open
the mechanical band gap [36–42]. Specifically, we
set: WA = W + δW cos ϕ, WB = W + δW cos(ϕ + 2π /3),
and WC = W + δW cos(ϕ + 4π /3), where the modulation
strength δW = 2.5 mm. The R values remain unchanged.
In most previous designs of topological photonic and
phononic crystals (for example, through relaxation and
contraction of the “hole-center distance” of a six-atom unit
cell [13]), two discrete phases were constructed as ϕ = 0
and π . Compared with the previous discrete construction
method, Kekulé modulation can generate a continuous vor-
tex gap ranging from 0 to 2π , and can introduce new
degrees of freedom (such as orbital degrees of freedom) to
achieve innovative physical effects [40]. This modulation
may also be used to realize a Dirac vortex and the topo-
logical effects of higher-dimensional space by introducing
a new parameter space [36–42].

We calculate the mechanical bands of the proposed plate
PnCs when ϕ = 0 and π , as shown in Figs. 3(a) and 3(b),
respectively. Following breakage of the spatial inversion
symmetry, the two four-fold Dirac degeneracies formed by
the A0 and A1 modes both open, forming mechanical insu-
lators in the two frequency bands. The A0 and A1 band
gaps reach 15.87% and 12.24%, respectively. Compari-
son of the modes near the band gap (see their mechanical

(a) (b)

(c) (d)

FIG. 3. Band-gap opening due to generalized Kekulé modu-
lation. Mechanical band structures under applied homogeneous
Kekulé modulation with (a) ϕ = 0 and (b) ϕ =π . The pink and
green shaded regions correspond to the bulk band gaps of the A0
and A1 modes, respectively. (c) A0 and (d) A1 band gaps with
variation of ϕ.

distributions in Fig. 9) confirms that the two mechanical
insulators (with ϕ = 0 and π ) exhibit band inversion at
both frequencies of the A0 and A1 modes. For simplicity,
we refer to the PnCs with ϕ = 0 and π as “ordinary insu-
lator” (OI) and “topological insulator” (TI), respectively,
hereafter.

The effective Hamiltonian of the PnC is as follows [42]:

H(k) = vDτ0 ⊗ (kxσ1 + kyσ2) + (m1τ1 − m2τ2) ⊗ σ3,
(2)

where ki is the momentum, σ i and τ i are Pauli matrices,
and vD is the Fermi velocity. The two mass terms form
a complex number m = m1+ jm2, which can be estimated
as m ∝ eiϕ δW. Hence, the band gap can be adjusted by
modulating phase ϕ and strength δW.

We next study the relationship between ϕ and the band
gaps [see the results in Figs. 3(c) and 3(d)]. With changes
in ϕ, both the A0 and A1 band gaps experience slight mod-
ulation of the π /3 angular periodicity, originating from
the C3v symmetry of the crystal. However, the extreme
positions of the band gaps differ. In addition to ϕ modu-
lation, adjustment of δW also affects the mechanical band,
as shown in Fig. 10. As δW increases, both the A0 and A1
band gaps increase linearly.

IV. DUAL-BAND MECHANICAL HELICAL EDGE
STATES OF A0 AND A1 MODES

Owing to the bulk-edge correspondence and topologi-
cal band inversion described above, a pair of helical edge
states exist on the boundary of two mechanical insulators
ϕ = ϕ0 and ϕ =ϕ0+π [40]. We adopt ϕ0= 0 as an exam-
ple to construct an interface composed of an OI (ϕ = 0)
and TI (ϕ = π ) adjacent to each other. Through super-
cell modeling, the mechanical band structures of the OI-TI
interface are calculated; the results are shown in Fig. 4(a).
In the bulk band gaps of the A0 and A1 modes, helical edge
states appear. These edge states exhibit properties that are
accompanied by pseudospins. Specifically, their mechani-
cal vibration exhibits chirality formed by two independent
modes, i.e., symmetric (Sym) and antisymmetric (Asym)
modes, as Sym ± iAsym [6,8,13]. Figures 4(b) and 4(c)
show the appearance of the symmetric and antisymmet-
ric modes in the A0 and A1 bands, respectively. Clearly,
the mechanical energy penetration from the OI-TI interface
to the bulk (or “skin depth”) of the A0 mode significantly
exceeds that of the A1 mode. Note that small band gaps
exist in the centers of the edge states [13,15].

Helical edge states are known for their “spin-momentum
locking” ability. Each of the two time-reversal disper-
sions corresponds to a spin or pseudospin. Without a
“spin-reversal” mechanism, no guided mode of the heli-
cal edge states in one direction can be converted to its
time-reversal counterpart in the opposite direction. In other
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(a) (b)

(c)

FIG. 4. Dual-mode/band topological protected helical edge modes. (a) Calculated band structures for A0 and A1 modes in interface
between OI (ϕ = 0) and TI (ϕ =π ). The blue and purple lines represent pseudospin+ and pseudospin-edge states hybridized from
symmetric (Sym) and antisymmetric (Asym) modes. Representative examples of mechanical distributions for Sym and Asym modes
from (b) A1 and (c) A0 bands at kx = 0. The displacement field of a cross section of the plate (the corresponding position of the black
dotted line) as a function of position is shown by line graph on the right-hand side of the figure, which can clearly displays different
“skin depth” for A0 and A1 Lamb waves.

words, the propagation of mechanical waves on the TI-OI
interface in our system should be “reflection-free,” even in
the presence of defects or bending, as none of these fac-
tors can cause spin reversal. Therefore, high transmission
efficiency of mechanical energy should be obtained.

To experimentally verify this behavior, we fabricate a
PnC sample containing a Z-type (two 120° bends) TI-
OI interface, as shown in Fig. 5(a). We then measure the
dual-port transmittance of this curved interface in the A0
and A1 frequency bands, as shown in Figs. 5(b) and 5(c),
respectively. For details of our sample preparation and
experimental measurements, see Sec. II. The bulk band-
gap frequency measured in the experiment is slightly lower
than our theory-based expectation, but the bandwidth is the
same. The TI-OI interface transmission at the bulk band
gap is considerably higher than that of the TI-OI interface
itself. Using the spatial Fourier transform method [15], we
also experimentally map the edge-state band structures,
as shown in Fig. 11. The measurement results match the
theory-based expectations.

Further, we numerically map mechanical wave propaga-
tion at the curved interface at frequencies of 14.5 kHz (A0
mode) and 60 kHz (A1 mode). The results are presented
in Figs. 5(d) and 5(g), showing that mechanical waves
at the interface smoothly traverse the bends. Moreover,

the transmission energy exhibits almost no drop on the
interface, proving its antireflection characteristic. Through
laser vibration measurements, we experimentally map the
mechanical waves at the same frequencies. Figures 5(e)
and 5(h) show these results, which again confirm that the
mechanical waves successfully traverse the 120° bends.
Comparison of the experimentally mapped edge states for
the two frequencies reveals that the A1-mode mechani-
cal energy localization is better on the TI-OI interface,
i.e., the skin depth is relatively small. However, the A1
modes exhibit more significant transmission loss than the
A0 modes. Finally, Figs. 5(f) and 5(i) show the experimen-
tally measured mechanical energy intensity along the PnC
incident and exit ends at the two frequencies, respectively.
In the A0 mode, the mechanical-wave intensity near the
exit port is similar to that near the entrance port. However,
in the A1 mode, the intensity near the exit port decreases
significantly. This may be due to the smaller Bloch wave-
length of the A1 mode; however, further exploration of this
aspect is required.

Importantly, the simple structure of our proposed PnC
endows it with high scalability. Through numerical simu-
lation, similar dual-band functions on the vhf and uhf are
demonstrated on a lithium niobate single-crystal plate with
a thickness of 800 nm (see Appendix F).
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 5. A0 and A1 edge-state propagation along Z-type TI-OI interface. (a) Sample image: the blue dashed line marks the interface.
A mechanical source is mounted at point S. Measured transmission spectra of mechanical waves near (b) A0 and (c) A1 bulk band gaps.
Each spectrum shows the mechanical intensities measured at points B and C, compared with the value measured at point A. (d),(g)
Simulated and (e),(h) measured mechanical displacement fields at curved interface, and (f),(i) measured mechanical energy intensities
along PnC incident and exit ends, at 14.5 kHz (A0 mode) and 60 kHz (A1 mode), respectively.

V. 0D DISCRETE DIRAC VORTEX STATES OF
MECHANICAL WAVES

An important research frontier is achievement of 0D
Dirac vortex states using Kekulé modulation. Generally,
topological corner states (TCSs) are realized based on
the specific topological properties of two meeting edges
running along different crystal directions; thus, the poten-
tial corner angles are limited (e.g., 90° for square lattices
[43–46] and 60° for Kagome lattices [47,48]). Previously,
through continuous Kekulé modulation, TCSs were real-
ized in arbitrary polygonal domains [42]. However, con-
tinuous modulation is not necessary for realization of Dirac
vortex states. Recently, a similar phenomenon was theoret-
ically achieved through discrete phase modulation [41,49].
Although discrete modulation reduces the bandgaps of the
(2D) bulk and (1D) edge modes, i.e., where the (0D) corner

states could exist, when the modulation phase is 2π /3, this
effect on the bandgap width is not obvious.

We conduct experiments on a sample with a corner,
which has a domain angle of 120°, formed by discrete
modulation, as shown in Fig. 6(a). For three crystal
domains with ϕ = 0, 2π /3, and 4π /3, we obtain a single
vortex with the simplest winding number, i.e., nw = 1.
These phase vortexes guarantee the emergence of TCSs
through the Jackiw-Rossi mechanism [37,38,50]. That is,
the winding of ϕ(r) is position dependent, and introduces
phase vortexes for the Dirac mass m(r); these vortexes are
referred to as “Dirac vortexes” [38]. Figure 6(b) shows the
numerically evaluated eigenfrequencies for the A0 and A1
modes of our sample. Compared with continuous Kekulé
modulation, discrete modulation introduces 1D interfaces
to the system. The mechanical band structures of these
interfaces are calculated and are shown in Fig. 14 (see
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(a) (b) (c)

(d)
(e)

(g) (h)(f)

A0 mode A1 mode A0 mode A1 mode A0 mode A1 mode

FIG. 6. Dual-band/mode discrete Dirac vortex states. (a) Schematic of discrete Dirac vortex formed by three realizations with angle
differences of 120° (i.e., ϕ = 0°, 120°, and 240°). (b) Numerically evaluated eigenfrequencies for sample A0 (low-frequency region)
and A1 (high-frequency region) modes. The 2D bulk, 1D edge, and 0D corner states are marked. Measured mechanical energy density
spectra near (c) A0 and (d) A1 corner states. (e) Measured mechanical displacement fields of A0 and A1 Dirac vortexes. (f) Calculated
results for experimental sample. Calculated results for corner states in domains with angles of (g) 60° and (h) 90°.

Appendix G). Some edge states appear at the upper and
lower extremes of the bulk band gap. Consequently, the
“pure” band gap that allows the 0D corner states to exist
is reduced, but within a tolerable range. In the QSH sys-
tem, most mechanisms for corner state construction require
strong modulation of the crystal symmetry [51,52]. In this
manner, a band gap can be generated in the original con-
tinuous 1D edge states, thus yielding 0D corner states.
However, our mechanism does not impose similar onerous
requirements.

Figures 6(c) and 6(d) show the measured mechanical
energy density spectra of the A0 and A1 corner states,
respectively. Peaks appear in both the A0 and A1 bulk band
gaps, verifying the existence of discrete vortex localiza-
tions of dual bands/modes. The frequencies of the two cor-
ner states are experimentally measured as 15 and 60 kHz,
respectively, which correspond well with the calculation-
based expectations. We further experimentally map the
mechanical field distributions of the A0 and A1 Dirac
vortex states, as shown in Fig. 6(e). Comparison of these
distributions reveals that the A1 vortex state has a signifi-
cantly smaller mode volume than that of A0; this result is

similar to the findings for their 1D edge states shown in
Fig. 5. Figure 6(f) shows the results of the numerical sim-
ulation; the experiments and simulations correspond well.
Importantly, the method adopted in this study can easily
realize topological 0D corner states constructed from vari-
ous domains of discrete angles. Figures 6(g) and 6(h) show
the corner states constructed for domain angles of 60° and
90°, respectively. The difference between them is limited
to a frequency offset. Other angles can also be used (see
Fig. 15, Appendix H for more details). Therefore, the TCSs
can be realized in various geometric structures through dis-
crete Dirac vortices from aperiodic Kekulé modulations.
Moreover, we can use phase modulation between more
crystal domains to achieve the same Dirac vortex, or repeat
the same domains to achieve a Dirac vortex with an nw of
2 or higher; these characteristics yield considerably richer
designability than those available for existing techniques.

VI. CONCLUSION

This study demonstrates a dual-band, dual-mode
topological plate PnC for elastic waves in solids, which
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constitute important media for information processing. In
particular, dual-band equipment facilitates efficient and
stable wireless networking. The low- and high-frequency
operating bands of the proposed PnC are approximately 15
and 65 kHz, respectively, corresponding to the A0 and A1
Lamb modes, respectively. In experiments, we verify that
the PnC supported dual-band 1D helical edge states and
0D Dirac vortexes of high quality; the approach to the lat-
ter is more convenient and diverse than traditional designs,
owing to use of discrete Kekulé modulation. Experiments
reveal that the high-frequency A1 modes have superior
skin depth during transmission than the low-frequency A0
modes and, thus, the 0D resonance based on the former
has higher quality and smaller mode volume. However,
the A1 mode exhibits significantly greater loss than the A0
mode. The proposed dual-mode topology material exhibits
clearly separated working bands, with a total bandwidth
exceeding 20% without optimization. Through band engi-
neering (e.g., to increase δW or for topology optimization),
the available bandwidth is expected to reach 35% or higher
[53]. In addition, the simple structure of our proposed PnC
endows it with high scalability.

With current mainstream micro-nano processing tech-
nology, the operating frequency of the proposed PnC
can easily reach values in the megahertz and gigahertz
ranges. In addition, although nonpiezoelectric materials
are employed for verification in our experiment, the PnC
can be extended to the piezoelectric materials commonly
used in integrated microwave acoustic devices (such as
thin-film lithium niobate, lithium tantalate, and aluminum
nitride), for direct assembly into a monolithic integrated
phononic chip [54,55]. Moreover, the dual-band design
is not only suitable for the A modes, but also for the S,
SH, and higher-order modes [56]. This work is expected
to promote and proliferate solid-state topology PnCs, and
aid the development of future topological-phononic inte-
grated circuits with multifunctionality, large bandwidth,
and antijamming capabilities.
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APPENDIX A: POLARIZATION INDEX Pz

We distinguished the out-of-plane and in-plane modes of
mechanical waves based on their polarization indexes Pz;
these modes are labeled with different colors in Fig. 1(d).
The out-of-plane components directly calculated using Pz

FIG. 7. Calculated mechanical band structure of plate PnC for
arm widths WA = WB = WC. The color map indicates the out-of-
plane Pz values.

are shown in Fig. 7. For the in-plane extensional and SH
modes, the Pz indexes are close to zero. For the out-of-
plane flexural modes, the Pz indexes are close to 1. This
result further confirms that the extensional and SH modes
(both in-plane) of these PnCs are decoupled from their
out-of-plane flexural modes, because they have mirror
symmetry on the PnC plate plane.

APPENDIX B: BAND FOLDING

Figure 8 shows the band-folding process. Figure 8(a)
shows two types of BZ, i.e., for a primitive and an enlarged
unit cell. Figure 8(b) shows that four-fold degeneracy
appears at the point where the reduced (first) BZ is folded
from two two-fold degeneracies at the KI and K ′

I points of
the extended BZs.

APPENDIX C: MECHANICAL VIBRATIONS OF
MODES NEAR BAND GAPS

Figure 9 shows mechanical vibrations of modes near
band gaps under applied homogeneous Kekulé modulation
with ϕ = 0 and π , respectively. Comparison of the modes
near the band gap confirms that the two mechanical insu-
lators (with ϕ = 0 and π ) exhibit band inversion at both
frequencies of the A0 and A1 modes.

APPENDIX D: BAND-GAP SIZE WITH RESPECT
TO MODULATION STRENGTH δW

We study the relationship between the modulation
strength δW and the band gaps; the results are shown in
Figs. 10(a) and 10(b). As δW increases, both the A0 and
A1 band gaps increase linearly.
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(a) (b)

FIG. 8. Two choices of unit cell for the same PnC in the lattice. (a) Two types of BZ, i.e., for primitive and enlarged unit cell.
(b) Band dispersions in extended BZs, in M II

′*, K I
′, M II

′, �, M II, K I to M II* direction. They indicate nonphysical band folding, i.e.,
G + k0 → k0, from the extended BZs to the reduced (first) BZ.

APPENDIX E: EXPERIMENTALLY MEASURED
PROJECTED ENERGY BANDS FOR A0 AND A1

LAMB MODES WITH TOPOLOGICAL
INTERFACE

Experimentally measured projected energy bands for the
A0 and A1 Lamb modes are shown in Figs. 11(a) and 11(b),
respectively. Using the spatial Fourier transform method,
we experimentally map the edge-state band structures. The
measurement results match the theory-based expectations.

APPENDIX F: NUMERICAL CALCULATION OF
TOPOLOGICALLY PROTECTED VHF AND UHF

DUAL-BAND MONOLITHIC INTEGRATED
ACOUSTIC TRANSMISSION LINES

In order to verify that the simple structure of our
proposed PnC endows it with high scalability, we the-
oretically transfer a similar structure to a z-cut LiNbO3
single-crystal film to see whether a dual-band topological
protected transmission line can be achieved on microwave

(a) (b)

(c) (d)

FIG. 9. (a)–(d) Mechan-
ical vibrations of modes
near band gaps, exhibiting
four similar symmetries.
Kekulé modulations with
ϕ = 0 and π are adopted in
(a),(b) and (c),(d), respec-
tively. As they are analo-
gous to atomic orbitals, we
label these modes px, py ,
dxy ,, and dx2−y2 . The colors
indicate their displacement
magnitudes.
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(b)(a)

FIG. 10. Bandgap sizes for (a) A0 and (b) A1 Lamb waves with
respect to δW.

frequencies. This PnC structure is shown in Fig. 12(a),
using the same Z-shaped waveguide as in the main text,
and placing interdigital transducers (IDTs) at both ends to
realize the integration of the topologically protected trans-
mission line and the microwave acoustic source/receiver.
In numerical simulations, the thickness of z-cut LiNbO3
is 800 nm, and the lattice period a is 3.695 µm, as shown
in Fig. 12(b). Figure 12(c) shows the elastic band struc-
tures under a homogeneous Kekulé modulation with ϕ = 0,
which displays that there are also dual band gaps, one
at vhf (approximately 110 MHz) and the other at uhf

(b)(a)

FIG. 11. Calculated (black dotted lines) and experimentally
measured (blue and red regions) projected energy bands for (a)
A0 and (b) A1 Lamb modes with topological interface.

(approximately 500 MHz). Therefore, elastic dual-band
topological helical edge states can be constructed with
calculation results shown in Fig. 12(d).

The difference between the microacoustic device and the
macroaluminum plate in the main text is that the effect
of the in-plane mode cannot be ignored. As shown in
Fig. 12(c), in-plane modes (e.g., S and SH modes) exist in
the topological band gap of the out-of-plane modes (e.g.,
A modes). In the main text, since only out-of-plane modes

(b)

(c)

(d)

(e) (f) (g)

(a)

FIG. 12. Topologically protected vhf and uhf dual-band monolithic integrated acoustic transmission lines. (a) Schematic diagram of
the device structure. (b) Schematic diagram of unit cell structure. (c) Elastic band structures under a homogeneous Kekulé modulation
with ϕ = 0. (d) Calculated band structures for A0 and A1 modes in the interface between OI (ϕ = 0) and TI (ϕ =π ). In (e) vhf and (f) uhf
bands, A0 mode IDTs successfully excite the (A0 and A1) topological edge states at corresponding frequencies. (g) As a comparison,
SH0 mode IDT cannot excite the (A1) topological edge states of the uhf.
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(b)

(c) (d)

(a)

FIG. 13. A0, S0, and SH0 mode IDTs. Geometric structures, vibration fields, and admittance spectra for the (a) 120-MHz A0
mode, (b) 470-MHz A0 mode, (c) 470-MHz S0 mode, and (d) 470-MHz SH0 mode IDTs. Their effective electromechanical coupling
coefficients are calculated using the following formula: k2

eff = (π2/8)[(f 2
p − f 2

s )/f 2
s ].

can be measured experimentally using a laser vibrometer,
we do not need to pay attention to the in-plane modes in the
elastic band structure. In microacoustic devices, we have
to set IDTs according to these in-plane and out-of-plane
modes to excite the topological edge states of the target.
As shown in Fig. 13, we design A0 mode IDTs of 120 and
470 MHz to excite the corresponding edge states of the
same frequencies. The vhf and uhf topological edge states
are successfully excited using this A0 mode IDT, as shown
in Figs. 12(e) and 12(f).

It is further confirmed that the in-plane mode IDT can-
not excite the out-of-plane mode edge state. In zx-cut
LiNbO3 film, since the S0 mode IDT [see Fig. 13(c)] has
a very small effective electromechanical coupling coef-
ficient, we use the SH0 mode IDT with an effective
electromechanical coupling coefficient of over 17% [see
Fig. 13(d)] for demonstration. As shown in Fig. 12(g),
the SH0 mode IDT cannot excite the edge state of the A
modes.

Hence, the experimental study of the dual-band PnC
on aluminum plate has an important guiding role in the
future combination of topological physics/functions and
integrated microwave acoustics. Theoretical and numerical
calculations prove that as long as there is a topologically
protected band gap for the in-plane or out-of-plane modes,

a monolithic integrated topological protected transmission
line can be formed, i.e., there is no need to construct a
full-mode band gap. With the rapid development of lithium
niobate micro-nano processing technology, we believe that
our proposed PnC will soon be implemented for frequen-
cies of gigahertz and beyond.

APPENDIX G: CALCULATED PROJECTED
ENERGY BANDS FOR A0 AND A1 LAMB MODES

OBTAINED FOR DIFFERENT TOPOLOGICAL
INTERFACES

We calculate the projected energy bands for A0 and
A1 Lamb modes corresponding to different topological
interfaces. In each case, the interface consists of two
lattices randomly selected from three lattices with mod-
ulation phases of ϕ = 0, 2π /3, and 4π /3, as shown in
Fig. 14. Because the entire PnC has C3v symmetry, the
projected energy bands of the different interfaces are the
same.

APPENDIX H: DISCRETE DIRAC VORTEX
STATES WITH DIFFERENT STRUCTURES

The discrete Dirac vortex states reported in this study
are formed by three crystal domains with ϕ = 0, 2π /3, and
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(b) (c)

(d) (e) (f)

(a)

FIG. 14. Calculated projected energy bands for A0 and A1 Lamb modes obtained for different topological interfaces created using
two lattices selected from lattices with ϕ = 0, 2π /3, or 4π /3. Results for topological interfaces between lattices with (a) ϕ = 0 and (d)
ϕ = 2π /3, (b) ϕ = 0 and (e) ϕ = 4π /3, and (c) ϕ = 2π /3 and (f) ϕ = 4π /3.

4π /3. Hence, we obtain a single vortex with the simplest
winding number (i.e., nw = 1), as shown in Fig. 15(a). Dis-
crete Dirac vortex states can also be formed using more
crystal domains, as shown in Figs. 15(b) and 15(c), with
different ϕ. Moreover, we can repeat the same domains to
achieve a Dirac vortex with nw ≥ 2.

APPENDIX I: SAMPLE FABRICATION AND
EXPERIMENTAL MEASUREMENT PROCEDURE

A 5052-model aluminum plate is used to prepare the
PnC plate. The PnC structure is processed on an aluminum
plate using laser cutting. A 2-inch margin on the boundary

of the plate is left untreated for application of 3MTM
Damping Foil 2552, which is used to reduce unwanted
wave reflection from the edges during the test. Ultrasonic
transducers with center frequencies of 15 and 65 kHz,
which are bonded with an acrylic structural adhesive, are
used as actuators. The signal from the signal generator
(Tektronix AFG3252C) is amplified by a power ampli-
fier (Falco Systems WMA-300) to excite the transducer. A
scanning laser Doppler vibrometer system (Sunny Instru-
ments Singapore, LV-S01) is used to test the out-of-plane
vibration signals of the elastic waves. The laser vibrom-
eter signal is finally recorded by a National Instruments
acquisition card.

(b) (c) (d)(a)

FIG. 15. Discrete Dirac vortex states with (a) three, (b) four, and (c) six realizations and nw = 1. (d) Vortex with nw = 2.
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