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Quantum control techniques applied at macroscopic scales provide us with opportunities in fundamen-
tal physics and practical applications. Among them, measurement-based feedback allows efficient control
of optomechanical systems and quantum-enhanced sensing. In this paper, we propose a near-resonant
narrow-band force sensor with extremely low optically added noise in a membrane in the middle optome-
chanical system subject to a feedback-controlled in-loop light. The membrane’s intrinsic motion consisting
of zero-point motion and thermal motion is affected by the added noise of measurement due to the backac-
tion noise and imprecision noise. We show that, in the optimal low-noise regime, the system is analogous
to an optomechanical system containing a near quantum-limited optical parametric amplifier coupled to
an engineered reservoir interacting with the cavity. Therefore, the feedback loop enhances the mechan-
ical response of the system to the input while keeping the optically added noise of measurement below
the standard quantum limit. Moreover, the system based on feedback offers a much larger amplification
bandwidth than the same system with no feedback. Without the need to hybridize it with other quantum
systems or introduce nonlinearities, our force sensor may have broad applications ranging from biology

and medicine to gravitational wave detection and tests of fundamental physics.

DOI: 10.1103/PhysRevApplied.17.034020

I. INTRODUCTION

Quantum control is a developing research area that
explores techniques guiding the system dynamics towards
desired targets by external, time-dependent manipulation.
Advanced quantum control schemes are helpful when
exploiting coherent quantum effects in the emerging field
of quantum technologies. Feedback is a control technique
where the outputs from the quantum system are used as
inputs that control the system dynamics and which enables
us to evolve the system towards some desired outcome.
Feedback techniques show promise for system stabiliza-
tion and reducing decoherence and noise [1,2]. Various
optical demonstrations of feedback techniques have been
shown over the past few years. Prominent among these are
the coherent quantum feedback and measurement-based
feedback control [1,2]. The latter is a powerful platform for
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the state control of the mechanical oscillator and enhanced
quantum sensing [1,2].

Combining ultralow-dissipation optical cavities with
advanced nanofabrication techniques for mechanical res-
onators has led to outstanding experimental progress in
the past decade [3]. These efforts have resulted in the
coherent interaction of light and mechanical motion of
massive objects at the quantum level and paved the way
for a better understanding of light-matter interaction in
the rapidly developing area of quantum optomechanics.
Optimal control is used to find pulses, which can in the-
ory quickly cool the mechanical oscillator [4-6]. Feed-
back techniques have also been used in optomechanical
systems. For instance, approaching the quantum ground
state of a kilogram-scale system in a gravity-wave inter-
ferometer [7], quantum-enhanced feedback cooling of a
mechanical oscillator [8,9], quantum control of mechanical
motion at room temperature [10,11], and force and position
sensing via measurement-based control of a mechanical
oscillator [12—15] have been investigated with a feedback
loop that operates directly on the mechanical element.
More recently, feedback-controlled in-loop light has been
used to enhance the efficiency of optomechanical systems,
e.g., enhancing sideband cooling [16] and normal-mode

© 2022 American Physical Society
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splitting [17]. It also has been proposed for improving
the performance of an optomechanical heat engine [18],
and generating entanglement of two different mechani-
cal resonators [19]. When feedback acts directly on the
mechanical resonator the cavity is used for the measure-
ment [14]. In the case of the feedback-controlled in-loop
light, feedback acts on the cavity mode itself and not on the
resonator, hence feedback modifies the cavity, and its effect
cannot be represented by a postprocessing filter action
[16,17].

Any measurement of an observable that does not com-
mute with itself at different times has limits due to the
Heisenberg uncertainty theorem [20]. The standard quan-
tum limit (SQL) is determined by a trade-off between
shot noise and radiation pressure backaction noise in
force sensors based on quantum optomechanics. Vari-
ous approaches have been proposed and experimentally
realized to surpass the SQL: backaction-noise reduction
to overcome the SQL [21-24], coherent quantum noise
cancellation based on quantum interference [25-30], and
exploitation of quantum correlations to deviate from the
SQL [31]. In force sensors based on the backaction-
evasion technique, the SQL is surpassed by producing a
large signal without suppressing the added noise while
in the quantum-noise cancellation technique, the backac-
tion noise is completely cancelled without amplifying the
signal. It has been also demonstrated that the paramet-
ric modulation of the spring coefficient of a mechanical
oscillator in an optomechanical system could be used to
perform single-quadrature detection of a force applied to
the mechanical oscillator with simultaneously suppressed
optically added measurement noise and amplified input
signal [32].

In the red-detuning regime, the optomechanical interac-
tion causes a net energy transfer from the mechanical mode
into the cavity mode, hence, in effect, cools the mechanical
motion [33—38]. In contrast, in the blue detuning regime,
the optomechanical interaction results in an energy trans-
fer into the mechanical motion; consequently, it results
in optomechanical amplification [39—41]. In this situation
the mechanical noise is not cooled and induces a signif-
icant added noise. Amplification can also be realized in
optomechanical systems subject to mechanical paramet-
ric driving [32]. Both optical and mechanical responses of
a linear amplifier for optomechanical systems to quantum
and classical fluctuations have been developed in Ref. [42].

Inspired by the above-mentioned studies on feedback
control and optomechanical force sensors, in this paper,
we propose a high-precision near-resonance narrow-band
force sensor that is feasible with state-of-the-art experi-
mental setups [16,17]. We show a close analogy between
an optomechanical system with in-loop feedback and an
optomechanical amplifier with an engineered reservoir
interacting with the cavity. Consequently, the feedback
loop enhances the mechanical response of the system to

the input force in the red detuning of the resolved sideband
regime. The force sensor introduced here exhibits simul-
taneously quantum-limited signal amplification (due to the
feedback loop) and noise suppression (due to the cooling
by the red-sideband laser drive) in the resolved sideband
regime. Moreover, the weak input signal is transduced
with higher gain to the optical output while the signal-to-
noise ratio and sensitivity of the system remain unchanged.
The feedback loop also significantly enhances the detec-
tion bandwidth without hybridizing it with other quantum
systems or adding nonlinearities that are often needed to
improve the performance of quantum force sensors.

The paper is organized as follows. In Sec. II, we describe
the system under consideration, i.e., a nanomechanical
membrane placed inside an optical cavity subject to a
feedback-controlled in-loop light, and then we present the
quantum Langevin equations. In Sec. I1I, we demonstrate
how to amplify the input signal by enhancing the mechan-
ical response of the system by feedback-controlled in-loop
light, at the same time suppressing the added noise of mea-
surement by red-detuned laser drive. Then, we study the
sensitivity as well as the signal-to-noise ratio of the pro-
posed force sensor. Finally, in Sec. IV, we present our
concluding remarks.

II. THEORETICAL DESCRIPTION OF THE
SYSTEM

Our scheme for the feedback-enhanced force sensor is
depicted in Fig. 1. A nanomechanical membrane is placed
into a high-finesse double-sided Fabry-Perot cavity with
frequency w., which is driven through the mirror M;.
Compared with a single-sided optomechanical cavity, this
setup contains one additional parameter to optimize, allow-
ing more efficient detection. In addition, the position of the
membrane can be measured by monitoring the transmit-
ted light using balanced homodyne detection. The resulting
photocurrent, ig,(7), is fed back to the input at mirror M
using an acousto-optic modulator (AOM) driver that mod-
ulates the amplitude of the input. The magnitude of an
external force on the sensor is then estimated using stan-
dard linear response theory. We show how to amplify the
force by applying the feedback loop in the system.

We assume a single mechanical mode coupled to
another optical mode via radiation pressure described by
the usual time-dependent Hamiltonian because of the driv-
ing laser [3]

H = ho.c ¢ + hw,b'b + hacte(d + b
+ ih(nete L — ¥ty + xzppF (1) (BT + b). (1)

The first term describes the free energy of the cavity mode
where ¢ (c') is the annihilation (creation) operator of the
cavity mode and w, is the the cavity resonance. The sec-
ond term describes the mechanical Hamiltonian where the
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FIG. 1. Schematic illustration of the proposed optomechanical
force sensor: a nanomechanical membrane is positioned inside
a high-finesse optical cavity with feedback-controlled in-loop
light and is subjected to an ideal impulsive force F'(¢). The cav-
ity is driven through the mirror M; and the amplitude of the
transmitted beam at mirror M;, is spectrally filtered and detected
via homodyne detection, which consists of a beam splitter (BS),
two photodiodes (D;, D;) and a local oscillator with a phase 6
relative to the signal and it includes a global phase ¢, laser detun-
ing A, and feedback delay time 7. The resulting signal ig,(¢) is
electronically processed, and fed back, through an acousto-optic
modulator driver to the amplitude of the input field at mirror M,
thus closing the feedback loop.

operator b (b') is the annihilation (creation) operator of the
mechanical mode with natural frequency w,,. The interac-
tion between the center-of-mass motion of the membrane
and the cavity mode is given by the third term in Eq. (3)
where X is the single-photon interaction rate. The input
driving by a laser with pump frequency w; and amplitude n
is given by fourth term. Finally, the last term in the Hamil-
tonian accounts for the coupling of the membrane to an
input classical ideal impulsive force F'(¢) in the x direc-
tion, as depicted in Fig. 1. Moreover, xzpr = /h/2mw,, is
the zero-point-position uncertainty of the membrane with
mass m.

Next, we move to a frame rotating with the laser fre-
quency wy, i.e., ¢ — ce'!’, and introduce the laser detun-
ing A = w; — w, with respect to the cavity mode. In this
rotating frame H is time independent and is given by

H = hAc e + hawyb'b + hacted + b
+ ih(ne’ — n*e) +xzpeF (O (b' + b). (2)
We consider a strongly driven optical cavity field and
weak optomechanical coupling. This allows us to linearize
the quantum dynamics of fluctuations around the semi-

classical amplitudes [3,43]. The linearized optomechanical
Hamiltonian describing the interaction is given by,

H = hAce + hw,b™b + BA (T + o) (bT + b)
+ xzpeF () (BT + b), 3)

where A is the light-enhanced optomechanical coupling
for the linearized regime. Moving the operators to an
interaction picture with respect to the Hamiltonian Hy =
hActc + hw,,b'h and assuming red-sideband laser drive
A >~ w,,, we obtain the linearized optomechanical Hamil-
tonian describing the interaction as

H] =hA (CTb + bTC) +)CZP]:F(Z) (bTeiwmt + be_iwmt) + HCR,
“)

with Hcr = AA[ch exp(—2iw,t) + b'cl expQiw,t)]. In
the resolved sideband regime where the mechanical fre-
quency is much larger than the damping rate of the cav-
ity (w, > k), Her can be approximately neglected. To
account for the small correction to the dynamics caused
by Hcr in this regime, we use the sideband trunca-
tion approach described in Appendix A in our numerical
calculations.

A. Applying the coherent feedback loop

To investigate the system dynamics, we now include
fluctuation and dissipation processes affecting the optical
and the mechanical modes by adding for each of them
the corresponding damping and noise term and write the
following quantum Langevin equations:

b=—yb+iAc+ /2ybiny (), (5)
&= —kc+iAD + /26160 (0) + V216262 (1), (6)

n

where ci(;)(t) and ci(? (¢) are the noise operators associated
with the mirrors M; and M;, respectively. The nanome-
chanical membrane interacts with a thermal environment
at a finite temperature with a damping rate of y. The input
mechanical operator bj, (f) consists of the external force
to be detected, F'(¢), and a noise operator by, (7),

F (1) + by (1). (7)

i
bing(t) = ——F——=
s 2./ hmy w,,

Here, the mechanical noise bj, affecting the nanome-
chanical membrane satisfies the Markovian correlation
functions

(bin(Ob (1)) = (1 + WS (t — 1), ®)
(bl (Obin(1)) = A8(t — 1), ©)
where 7 = [exp(hw,,/kzT) — 117! is the mean number of

thermal excitations of the mechanical bath at temperature
T. Moreover, the nonzero noise correlators associated with
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the cavity input are given by [3]

{c fll)o(f) 1(11 () =8@1—1), (10)
(Ci(?(t)ci(r?)f(l/» =8(—17). (1)

By introducing the total cavity decay rate x = k| + k2
in terms of the corresponding decay rates of the mirrors,
we can formally define the total input noise operator for
the cavity field as v/2« i (1) = mci(rll)(l‘) + «/mci(z)(t).
The collective operator cj,(f) provides a more compact
way of writing the Langevin equations and it provides the
usual correlations for the optical input noise.

We now modify the system dynamics by applying
feedback controlled in-loop light [16—18,44]. The opera-
tor cout describes the transmitted output field given by the
input-output relation

D) = V2126 (8) — 2. (12)

We then consider a phase-sensitive detection of an output

quadrature at phase 0

—i (2 @t
e + ey (1)

/2

The resulting photocurrent at the output of the second
mirror is expressed as [18,44]

(13)

Xoun (D =

it (1) = /X g () + /1 — 10X, (2). (14)

Here, we model the output light due to inefficient detection
of the optical field where 5 is the detection efficiency and
the operator X, accounts for the additional noise due to
inefficient detection and fulfills the relation (X, ()X, (¥)) =
1/2)8(t—17).

As shown in Fig. 1, the photocurrent is fed back using an
AOM driver to modulate the amplitude of the input field at
mirror M;. The overall effect of the feedback loop can be
modeled by the electronic noise @ (¢) modulating (displac-
ing) the open-loop input noise operator cm O(t) Therefore,
the input noise operator applied to the mlrror M1 is writ-
ten as the superposition of the original input c1 (t) and an
additional term due to the feedback ®(¢) accordlng to

el (1) = ey () + @ (1), (15)

where & (¢) = gig(t — 7), g is the feedback gain, and 7 is
the signal time delay in the loop. We consider a feedback
loop with a nonzero delay caused by a latency of elec-
tronic processing. For high-quality electronic circuits, we
can neglect all dispersion effects. Therefore, we write the

delay-time dependence of the photocurrent in Eq. (14) as

in(t—1) = /1/ { —i0 [szzc(t —1) =P - r)]
+ €Y [ 2/<20T(t —-7)— ci(i”(t — ‘L’)]}
+ V1 =X, (t— ). (16)

In the regime where pump detuning is much larger than the
optomechanical coupling and the cavity decay rate (A >
A, k), it is convenient to rewrite the cavity delayed time
operators as a product of a slowly varying term cout(t) and a
fast oscillating one as ) (f — 1) ~ 2 (t — T)e 20D _If
the feedback delay time is much shorter than both the char-
acteristic time of the optomechanical interaction and the
decay time of the cavity, then the delay time dependence of
the slowly Varylng part, cOut t — 1), can be ignored, there-

fore we have cout(t T) ™ cou)t (1). We thus can rewrite the
output operator as

T) ~ c(2) (t)eiAte—iAr — c(z)(t)e_im, (17)

out out

c® (t—

out

By defining a global phase ¢ = 6 4+ At, we then approxi-
mate Eq. (16) as

in(t— ) = n/2 [ [ V2 - & 0]

+ e [ 2i2¢t (1) — ci(j”(z)]} + V1= X%, 0).
(18)

By using Egs. (15) and (18), we can rewrite the equation
of motion for the cavity field as

¢ = —kc+iAb+ g/ 20Kk [e_"”c(t) + ei"’cT(t)]
2615 Cin o (1), (19)

where we use the feedback-modified cavity decay rate
Ky = K — gv/2nK1k2, (20)

and the corresponding noise operator

1 | |
Cinto (1) = m g [ e (0 + e 1)
2k c (l) + g/ 2Kk (1 — )X, (?)
+ 2k, cfji](t)}. 1)

The feedback-modified noise operator obeys the following
correlation functions:

(Cinto D) Cin () = (ngy — mp,) 8(t — 1), (22)
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(el Ok (@) = (ngy — miy) 8 — 1), (23)

(cf i Deinm(1)) = nwd(t — 1), (24)

(Cinto (Dt (1)) = (nmy + & Jcpy — my — my) 8(¢ — 1),
(25)

where we define ng, = ¢2/(4nkakg) as the feedback-
mediated number of thermal excitations and myg =
(¢ /2kg) exp(i¢), with feedback reduction of cavity
linewidth ¢ = g+/2nk k. This reveals that the cavity
decay rate, as well as the cavity frequency [see Eq. (19)],
can be controlled by manipulating the feedback gain g
and the global phase ¢. Moreover, the system can be
viewed as an engineered reservoir interacting with the
cavity and mechanical mode. Together with correlations
(8)+9) and (22)~25) the quantum Langevin equations (5)
and (19) describe the evolution of the cavity field and
the mechanical motion of the nanomechanical membrane,
including a feedback-controlled in-loop light and all fluc-
tuation effects. We then summarize the equations of motion
in the following compact matrix form:

du(?)
dt

= Au(?) + Hnin, (0). (26)

Here, we define the vector of fields u(?) = [c(?), ¢'(¢), b(?),

b)), matrix H = diag [v/2ks, v/2km, /27, +/2y] and

the corresponding vector of noises Ny () = [Cinm (D),
cifn’ﬂ’ (1), bin s (1), biTnf(t)]T . We also define the drift matrix A
as

e ™ — g re iAN 0

. re e —k 0 —iA
A= iA 0 -y 0 @7
0 —iA 0 -y

B. System response in the frequency domain

Now that we understand the system dynamics, we can
investigate how the feedback loop can be used for force
sensing. For a detailed treatment and a review of the
basic statistical properties of quantum noise, including its
detection and a basic introduction to weak continuous mea-
surements, see Ref. [20]. Equation (26) can be solved in
the frequency space by taking the Fourier transform of
all the operators and noise sources introduced via o[w] =
ST dte™'o(f). We then write the solution of Eq. (26) in
the frequency domain as

ufw] = —(A + iwlyxg) ' Hnyy o], (28)

where 14,4 is the identity matrix.
By substituting u[w] into the input-output relation

@ [w] = Gu[w] — ni(ﬁ) [w], which relates output and input

nout

fields, the fluctuations of the output fields are obtained as
no 0] = — [G (A + iolix)  H] nipplo] — 0 [w]

= s[w]ni, plw] — (0], (29)

in

2 ) @ 2
where we define ni(n) :[Ci(n)>ci(n)T,bin,f,biTnJ-]T, n((Ju)t:

[, cf)i)j, bout, bzm]T and G = diag[+/2k2,v/2k2,/2Y,
«/2)/]. We also introduce the scattering matrix s[w] as

slw] = —G(A + iwl44) 'H. (30)

Note that we use the convention of[w] = f Jjgdte"“”of(t),
which implies of[w] = (o[—w])T. Full expressions of the
scattering matrix elements are given in Appendix B.

III. FORCE MEASUREMENT

In this section, we describe force sensing beyond the
SQL in the presence of the feedback loop. We start by
deriving expressions for the mechanical response and the
optically added noise. Then we show that the feedback
loop can enhance the mechanical response and improve
its bandwidth. We also show how noise suppression and
signal amplification can be achieved by tuning the system
parameters, particularly the asymmetry in the decay rates
of the two mirrors. Moreover, the optically added noise and
the force sensitivity will not change much compared to an
open-loop system.

A. Spectral characteristics of force

An external force acting on the nanomechanical mem-
brane displaces it from the equilibrium point, which, via
the optomechanical coupling, affects the optical cavity
output. As a consequence, the signal associated with the
external force can be extracted by measuring the opti-

cal output generalized in-loop quadrature, XO‘{’I}(Z) , given in
terms of the input fields by
1
X452 = — {Wlwlenm + lolbns +He} — X0,
V2
(3

where we define the functions W[w] and ®[w] in terms of
the scattering matrix elements given in Appendix B as

Vw] = s11e7 + 55,6

_ 2e7(y — iw) K2k
 =20(y —iw)cos + (y — iw)(k — iw) + A2’

(32)
CD[C()] = S136_i¢ + S23€i¢
_ 2iAe™, /V K2
T 220(y —iw)cos g + (y — iw)(k — iw) + A2
(33)
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We then use the output quadrature to estimate the applied
external force on the nanomechanical membrane. Using
the expressions for the elements of the scattering matrix,
one finally obtains the following result for the transmitted
optical quadrature:

YOO _ yo.@

out out

+ X2, (34)
F=0

where the contribution of the quantum noise Xo‘fl}(z)l F=0

can be obtained by replacing b,y — by, and bfn — bjn in
Eq. (31). Moreover, the contribution of the external force is

i
X =
F 2/ 2hmy w,
— (s14e”? + 524" Flw — wp]}
S ——— T (35)

V2hmy w,,

{(s13¢7 + 523¢")Flw + wp]

where we define the transduction force by the force esti-
mator

Flo] = 5 (®*[@]Flo — on] — [0]Flo+ o)) . (36)

N | —

We then define the effective force operator as [45]

X¢,(2) [®]
Fe — out _
] AX>Pw]/dF[w]

out

= N?[w] + Flw], (37)

where the noise force operator is given by
N?[w] = iy/2himy on Xy | o_y- (38)

We then consider the spectral density of the noise force as

(0 + o)Shy (@) = %w"’[w]zv‘“[w’] + (0 < @),
39)

where the §(w + ') factor appears naturally due to the
stationary nature of all noises and their § correlation in
time and the notation (w < ') denotes the swapping of
the arguments of the first term. After straightforward cal-
culations, the spectrum of the noise force operator, N?, is
given by

§%, (@) = 2hmy onRulw] [(n + %) + nadd[w]} . (40)

where we use correlations in the frequency domain (see
Appendix C) and R,,[w] is the mechanical response defined
by

1
Rpylw] = §(<I>[—w]<1>*[w] + P[w] P [-w]).  (41)

In Eq. (40), naqq[w] is the noise of the measurement pro-
cess, which can be interpreted as an effective increase
in the number of thermal excitations of the mechanical
reservoir due to the backaction of the optical mode. After
evaluating lengthy but straightforward calculations, the
added measurement noise is given by

naaalo] = {2 w19 -0] (11, — mp) +c.c. ]

2Ry[w]
+ (V[w]¥*[-w] + c.c.)

X (2nﬂ,+£—mﬂ)—m}kb)
Kfb
42— (Y[w]+ V[-o] +c.c)(e?pplo] +c.c)

—[€? (W[-w] + V[w]) +c.c.] \/Kz/be}
(42)

with pp, = (—¢/~/4icakcn) exp(ieh).

The transduction of the external force and the mechani-
cal inputs onto the light field is characterized by Eq. (31).
This transduction can be obtained in terms of the corre-
sponding scattering matrix elements given in Appendix B
and finally translated into functions ®[w] and ®*[w]. In the
case of an ideal impulsive force, F[w] = const, the force
estimator F[w] becomes

Flw] = R,[w] cos® ¢F. (43)

B. Mechanical response and the added noise

We next calculate the added noise and the mechanical
response given by Eqs. (42) and (41), respectively, in the
resolved sideband regime in the limit where the mechan-
ical frequency is much larger than the cavity decay rate,
wm > k. The frequency-dependent mechanical response
and the optically added noise in the rotating wave approx-
imation (RWA) (with calculations beyond the RWA dele-
gated to the Appendix A) are represented by
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4Cy%kKy
Rulw] = |(C+ Dyk —2¢(y —iw)cos¢p — iw(y + k) — w?|?’ “4)
@? (y? = 2Cyk + &%) + (C+ D*y** —4Cy%ki + o' (0 +y?) (1 — p)¢?
neaale] = (v y ) y 2Kk (@ +y?) (A —n) ’ 4s)

4Cy 2Ky

where C = A?/ky is the optomechanical cooperativity.
We are in an interaction picture with respect to Hy =
Acte + w,,b'b and consider the case of resonance with
the red sideband A = w,,. In this frame frequencies of all
mechanical operators are relative to the mechanical reso-
nance frequency (i.e., w = 0 corresponds to the mechani-
cal frequency w,, in the lab frame), while optical operators
are defined with respect to the cavity resonance (i.e., w = 0
corresponds to w, = wyp + A = wp + w,, in the lab frame).
Therefore, with our choice of red-sideband drive, w = 0
describes the on-resonant process and means that we look
at detection at the cavity resonance frequency. The on-
resonance mechanical response and the optically added
noise are given by

for o1 4Ck Ky
Ryl = 0] = (Ck —2¢ cosp + k)2’ (46)
b o C=D (CH+D%  (1—ni?
Ragale = 01 = 4C 4Crky 2CnkKy
(47)

We mention that by setting ¢ =0 we can recover the
added noise and mechanical response of the no-feedback
scenario. A remarkable result from Eq. (46) is that the on-
resonance mechanical response is never larger than unity
for an open-loop system. That is, a single phonon at the
mechanical input can be converted to only one photon at
the output, which is a limitation in the functionality of the
open-loop system in the red-detuned regime. Therefore,
according to Eq. (46), the open-loop system provides only
direct transduction of the force and any force-detection
gain is impossible.

We next turn to the numerical calculations of the added
noise and mechanical response by using parameters fea-
sible in a typical experimental setup of membrane-in-
the-middle cavity optomechanical systems [16,17]. We
consider a mode of vibration with an effective mass of
m = 107! kg inside an optical cavity with decay rate k =
k1 + k2 = 0.06w,,. The mechanical decay rate is y /w,, =
3.4 x 107° and the mechanical frequency is w,, = 27 x
343.13 kHz. The optomechanical coupling rate, the local
oscillator phase, the cavity detuning, and the feedback gain
could be tuned in situ.

In Fig. 2, we show the regions of SQL suppression
n,4da[0] < 1/2 [20,46,47] (blue honeycomb pattern) and

2Cy%nkiy

signal amplification R,,[0] > 1 (gray-hatched pattern) ver-
sus optomechanical cooperativity and feedback gain for
three different cavity configurations. The denominator of
the mechanical response given by Eq. (46) must tend to
its smallest possible value to achieve signal amplifica-
tion. This puts a constraint on the angle —n/2 < ¢ <
/2. Hereafter, we take the global phase ¢ such that
cos ¢ = 1 to have maximum amplification. Signal ampli-
fication starts when we set ¢ ~ «/4 and C = 0.5 for a
symmetric cavity configuration. As is evident from Fig. 2,
the sub-SQL region increases as we increase the ratio
of ky/k. For an asymmetric configuration, k» > «i, the
regions are much wider than for a symmetric configura-
tion. Generally, simultaneous noise suppression and signal
amplification can not be achieved for relatively small val-
ues of optomechanical cooperativity and feedback gain.
What is noticeable is that the feedback plays its role in
signal amplification in the red-detuning regime. The addi-
tional requirement for performing the force measurement
is that the system under consideration should be stable.
Here, the unstable region is shown by a red solid region
(see Appendix D for details on the system’s stability
conditions).

(a) (b) (c)

w
T
I
T

Cooperativity C
N
T
!
I
i

-
T
I

0 | | |
0.0 0.5 1.00.0 0.5 1.00.0 0.5 1.0

¢/ ¢/k ¢/k

FIG. 2. Regions of standard quantum-limit suppression
n,4d[0] < 1/2 (blue honeycomb pattern), signal amplification
R,[0] > 1 (gray hatched pattern) and the instability (red
solid area) as functions of the optomechanical cooperativity
and feedback gain for detection efficiency n = 0.6. Symmet-
ric cavity with «;/k = 0.5 (a) and asymmetric cavity with
k2/k = 0.75 (b) and «»/k = 0.90 (c). We consider an optical
cavity with decay rate k¥ = x| + k» = 0.06w,,, the mechanical
decay rate y/w,, = 3.4 x 107% and the mechanical frequency
w, = 21 x 343.13 kHz.
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Based on Egs. (46) and (47), the decay rates of the cav-
ity mirrors influence the system dynamics. We drive the
system through the mirror M;, which is highly reflective
since we want to reduce any optical losses on this cavity
end. This high reflectivity then requires strong drive and
high feedback gain but, at the same time, ensures that the
added noise remains low. On the other hand, the signal we
detect has to be sufficiently large so the mirror M, has
to be more transmissive. Indeed, in the symmetric case,
K1 = k», it is clear that in the limit of C — 1, the added
optical noise in Eq. (47) is naga[w = 0] = 1, and the max-
imum value of the mechanical response is R,ffl’[a) =0]=2
(assuming unit detection efficiency). The minimum added
noise is obtained by using an asymmetric cavity with the
mirror M less transmissive than the mirror M,. There-
fore, this proposal will be optimal in situations where we
use an asymmetric cavity k; < k3. In the strongly asym-
metric case, k] <K k», with unit detection efficiency, in the
limit of C — 1, the added optical noise is rgq[w = 0] =~
K1/k2, and the maximum achievable mechanical response
is R®[w = 0] = 4, which is close to the instability of the
system ¢ — «/2.

The on-resonance optically added noise and the mechan-
ical response versus optomechanical cooperativity for dif-
ferent cavity asymmetries and a fixed value of feedback
gain are shown in Figs. 3(a) and 3(b). We see that asym-
metric cavities with k, > k| are preferable for suppressing
noise below SQL and amplifying the signal. Although
the backaction and the feedback loop introduce measure-
ment noise to the force measurement, with an appropriate
choice of parameters, the measurement noise can be sig-
nificantly reduced below the SQL. For instance, by using a
high-efficiency detector (n =~ 1), the last term in Eq. (47),
which is due to the feedback loop, can be neglected. In
Figs. 3(c) and 3(d), we show the optically added noise and
the mechanical response as a function of the optomechan-
ical cooperativity for different values of feedback gain and
fixed value of the cavity decay ratio. We have a large gain
for small cooperativities at higher feedback gain, but the
cost of the strong signal amplification is an increase in the
added measurement noise. Nevertheless, the added noise
is not excessively large in the region of interest (over-
lap of the amplification, sub-SQL, and stable regions) to
influence a precise force measurement.

The optically added noise and the mechanical response
away from the resonance (w # 0) for different ratios of
k2 /k and for a fixed value of feedback gain and optome-
chanical cooperativity C = 1 are depicted in Figs. 4(a)
and 4(b). Again it helps to have a largely asymmetric cav-
ity and high feedback gain to achieve strong mechanical
response. In Figs. 4(c) and 4(d), we plot the off-resonant
optically added noise and the mechanical response as a
function of the normalized frequency for different values
of feedback gain. One can see that the range of sig-
nal frequencies over which there is amplification increase

— ¢/k=049 — ¢/k=04
¢/ =03 ¢/r =02
¢/k =01 ¢/k =0.0

(a) () 0

— kp/k =095 — Kp/k =109
— ky/k =07
Ky/Kk =03

Ky/Kk =05 —
Ky/k =0.1

|0g1o ”add(o)
o
-

Beyond SQL Beyond SQL

(d)

(b)

Amplification Amplification

logy, C log,, C

FIG. 3. (a) The on-resonant optically added noise of mea-
surement and (b) the mechanical response as a function of the
optomechanical cooperativity for different ratios of «;/k, fixed
values of the feedback gain ¢/k = 0.49 and the detection effi-
ciency n = 1. (c¢) The on-resonant optically added noise and (d)
the mechanical response as a function of the optomechanical
cooperativity for different values of feedback gain, fixed k, /k =
0.95 and detection efficiency n = 0.6. The line with ¢/k =0
corresponds to the no-feedback scenario. Other parameters are
given in caption of Fig. 2. The noise suppression (beyond SQL,
n,4d4[0] < 1/2) and signal amplification (R,,[0] > 1) regions are
shown in blue and red, respectively.

as we increase the feedback gain. Outside a certain fre-
quency band, the mechanical response to the input signal
drops compared to the response at resonance. We quan-
tify the bandwidth of the amplification by the FWHM of
the mechanical response. That is, we solve the equation
R, [w] = R,,[0]/2 and the difference between the two val-
ues of the frequencies at which the mechanical response is
equal to half of its maximum value is chosen to be FWHM.
In Fig. 4(e), we plot FWHM as a function of feedback
gain to show the increase in amplification bandwidth. This
way, the total detection bandwidth is improved with high
gain since the spectrum of the added noise is almost unaf-
fected by the feedback [see Fig. 4(c)]. The gain-bandwidth
product is the product of the bandwidth and the gain at
which the bandwidth is calculated. In Fig. 4(e), we show
the FWHM (which is a measure of bandwidth) as a func-
tion of ¢ /k (which scales with feedback gain). One can see
that there is no limitation on the gain-bandwidth product.
That is, as we increase the feedback gain, we also increase
the amplification bandwidth.
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FIG. 4. (a) Off-resonant optically added noise of measurement

and (b) the mechanical response as a function of the normal-
ized frequency for different ratios of k» /« for fixed values of the
feedback gain ¢/k = 0.49 and the optomechanical cooperativ-
ity C = 1. (c) Off-resonant optically added noise of measurement
and (d) the mechanical response as a function of the normal-
ized frequency for different values of feedback gain and fixed
K2/ = 0.95, optomechanical cooperativity C = 1, and detec-
tion efficiency n = 0.6. The line with ¢/k = 0 corresponds to
the no-feedback scenario. The noise suppression (beyond SQL,
naad < 1/2) and signal amplification (R,, > 1) regions are shown
by the blue and red area, respectively. (¢) FWHM as a function
of the feedback gain. Other parameters are given in the caption
of Fig. 2.

C. Force sensitivity

We use the homodyne photocurrent of Eq. (31) to per-
form force measurements [48]. We note that, we are at
the steady state of the system, and we are looking at
the dynamics of the fluctuations of the system. The mea-
surement time corresponds to the integration time of the
spectral measurement, and it is just long enough to capture
the dynamics of the system. The response to an impul-
sive force is not negligible [48]. In the case of stationary
spectral measurements the signal S(w) is

Stol = |(x4P 1) (48)

The noise associated with the signal S (w) is given by its
standard deviation

No] = B ([44% @ X8 (o)

1/2
+ (w<—>—a)):|> :| , 49)
F=0

and it is evaluated in the absence of the external force F' =
0. The SNR is defined to be the ratio of the signal, Eq. (48),
to the variance of all the noises, Eq. (49), of a given
measured signal and it quantifies how much the signal is
corrupted by the noise introduced by the system [48,49].
Here, we are interested in spectral measurements that are
stationary, that is, in the limit in which the measurement
time approaches infinity [48,49]. We define SNR as

S
i Lol
V thymem[w](ﬁ + 1/2 + nadd[w])l/2

_ (@ [w)F[o — on] = Plo]f o + on]) /2]

V2hmy @ Ru[w] (i + 1/2 + naga]) '/

(50)

In the case of an ideal impulsive force, F[w] = const, SNR
of the system becomes

|cos p| F
V2Timy 0 (i 4+ 1/2 + ngalo) />

As expected, the SNR of the system depends on the opti-
cally added noise, the thermal noise and the global phase.
Since the signal enters into the system through the same
channel as the thermal noise, the mechanical gain ampli-
fies both the input signal and the mechanical thermal and
quantum noises. That is, the enhancement in the mechan-
ical gain does not lead to the improvement of the force
sensitivity and the SNR. Although the added noise and the
thermal noise can be reduced for an open-loop system, the
mechanical response never becomes greater than unity. In
contrast, in closed-loop dynamics, we can simultaneously
increase the mechanical response by the feedback loop and
reduce the added noise by the red-detuned laser drive.

We now turn to the investigation of the force sensitivity
of the system. We quantify the sensitivity of the measure-
ment by the system SNR [49], given by Eq. (51). Per-
forming a more sensitive measurement requires a greater
associated SNR [49]. There is a minimum value of SNR
that allows the detection of the force signal. The min-
imum detectable input of the device is the minimum
signal required to produce an output with SNR[w] =1
[45,49-51]. Therefore based on Eq. (50), the sensitivity of

SNR[w] = (51)
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FIG. 5. (a) Force sensitivity at zero temperature as a func-

tion of the normalized frequency and (b) force sensitivity at
finite temperature for different values of feedback gain and fixed
k2/k = 0.95, optomechanical cooperativity C = 1, and detection
efficiency n = 0.6. The line with ¢ /k = 0 corresponds to the no-
feedback scenario. Other parameters are given in the caption of
Fig. 2.

a detector describes the minimum magnitude of the input
signal that can be faithfully detected and measured, and it
is defined as

1/2
S[w] = \/2hmya)m|:(r_z + %) + nadd[a)]} . (52)

In Fig. 5(a), we plot the force sensitivity as a function
of the normalized frequency for different values of the
feedback parameter and inefficient detection n = 0.6. We
see that although we have nearly the same sensitivity for
all feedback parameters, inefficient detection reduces the
force sensitivity. As can be deduced from Eq. (52), the less
noise we have, the better the sensitivity we can achieve.
As aresult, Eq. (52) suggests that we can improve the sen-
sitivity by setting the value of the added noise as small as
possible. As shown in Fig. 5(b), thermal noise dramatically
reduces the sensitivity of the system. Therefore, for a high-
precision force sensing, we need to cool the environment to
keep the thermal noise # as small as possible. For instance,
for a system at room temperature 7= 300 K (n = 1.8 x
107), the value of sensitivity is § = 2.5 x 1071 N/+/Hz,
which can be improved to S =4.1 x 1072 N/+/Hz by
cooling the mechanical motion to zero temperature using
cooling techniques.

IV. SUMMARY AND CONCLUSION

We present a scheme for highly sensitive detection of
forces achievable with state-of-the-art optomechanical sys-
tems [16,17,31]. The scheme manifests the potential of
current experimental setups of membrane-in-the-middle
cavity optomechanical systems to be employed as high-
precision force sensors. The proposed force sensor is

based on the optomechanical interaction between an opti-
cal mode and a nanomechanical membrane assisted by
feedback-controlled in-loop light. We show that the opti-
cal cavity subjected to the feedback loop is a powerful
tool for manipulating mechanical systems. An asymmet-
ric optomechanical cavity in the resolved sideband regime
ensures low measurement noise; the feedback loop pro-
vides a high mechanical gain and large detection band-
width.

The applicability of our method depends strongly on the
used parameter regime defined in terms of the quantum
optomechanical cooperativity Cp = C/n. In the classical
regime (Cp < 1), where thermal noise is the main limiting
factor, amplifying the mechanical response using mea-
surement feedback does not provide an advantage. As the
SNR and the sensitivity of the system are not improved
compared to open-loop dynamics, the closed-loop system
performs equivalently. In the regime of quantum sensors
(Co > 1), where thermal noise is small (7 is of order one
or less for our sensor, which is operating close to unit
cooperativity C & 1), the situation is, however, completely
different. First, if one decreases the measurement noise
n.4d, its effect will be more significant on a relative scale:
one can go below the SQL by reducing the added noise
to a negligible level. Second, it is also useful to amplify
the mechanical motion to reduce the risk of the homodyne
detector not registering any signal at all. With that one
amplifies thermal noise as well, but as its negative effect
is not significant for n >~ 1, it is a price worth paying. In
summary, in this regime, noise reduction and signal ampli-
fication can be both extremely useful, which is impossible
to achieve in the open-loop case.

In the future, the proposed optomechanical setup could
be modified to a single-sided cavity with an optical iso-
lator. Such an architecture would exhibit reduced optical
loss, thus enhancing the effect of feedback on the system,
and allow combination with squeezed vacuum injection for
further increase of the measurement sensitivity. The situa-
tion differs in the case when the feedback actuator acts on
the same port where light is detected or when it is applied
onto a different port. In the case of one-sided cavities
only the first case is possible, equations are more involved
than those illustrated here due to additional interference
effects. At the same time, such a system has one parameter
less for optimization and would require an optical isola-
tor to separate the output signal from input driving field.
A detailed comparison of the performance of the two cavi-
ties could then provide useful insight into the performance
of feedback schemes in optomechanical systems.
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APPENDIX A: BEYOND THE ROTATING WAVE
APPROXIMATION

We investigate the system dynamics beyond RWA
by using the Floquet approach [52,53]. When including
counter-rotating terms, the time-dependent equations of
motion arise as

du(f)
dt

We can write A(f) = Zi:_l AW p=2inomt — A (—1) p=2iomt |
A 1 ADZiomt where A = A in Eq. (27) and

= A()u(®) + Hnip 1, (1). (A1)

AD —

ACD = (A2)

SO OO
= =]

By defining the system in terms of its Fourier compo-
nents as

_ o (n) —2inwmt
u =y u@e e, (A3)
we can write Eq. (Al) in the frequency domain in the
following matrix form:

(—iw — 2inwy,) 0 [w] = AP u" Vo] + AQu"[w]

+ ADu" D [w] 4 8, oHny, o [w].
(A4)

In RWA, A®#0 =0, we neglect terms containing o =+
2w, in these equations. Counter-rotating components
introduce sidebands shifted by +2w,,. We can then write
Eq. (A4) as

ufw] = —(iwluxlz + A)_lﬁﬁin,fb[w], (AS5)

where 151, is the identity matrix and we define the vec-
tor of fluctuation as u = (u""[w], u?[w], u[w]) and its
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FIG. 6. (a) Optically added noise of measurement and (b) the

mechanical response as a function of the optomechanical cooper-
ativity for different values of feedback gain and for fixed «» /k =
0.95 and x =2w,. Solid lines and dashed lines correspond
to beyond the RWA and RWA, respectively. Other parameters
are the same as before. The noise suppression and the signal
amplification regions are shown in blue and red, respectively.

corresponding noise vector as Ry p[w] = (0, nip (@], 0).
Moreover, H = diag[0, H, 0] and the matrix A is given by

A —2iw,Las AL 0
A= ACD A0 AD
0 ACD  AO 4 240, Ty

(A6)

By substituting u[w] into the input-output relation the
fluctuations of the output fields can be obtained.

In Fig. 6(a), we show the optically added noise for a
system with k¥ = 2w,, to which RWA does not apply. The
dashed lines correspond to the RWA in the system dynam-
ics. One can see that the influence of the counter-rotating
terms appears as we increase the optomechanical coop-
erativity. The minimum of the added noise increases by
considering the counter-rotating term and hence the system
sensitivity decreases. In Fig. 6(b), we plot the mechanical
response as a function of the optomechanical cooperativity
for different values of feedback gain. We can also see that
the counter-rotating terms contribute to the signal ampli-
fication in the system. Therefore, the price paid for signal
amplification beyond RWA is sensitivity reduction.

APPENDIX B: SCATTERING-MATRIX
ELEMENTS

The output and input fields are related via the scattering
matrix s as

)

2 [o] = slolng plo] — 0 [w], (B1)
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2
where we define i, = [Cin :rnfb,bm/,bjnf]T ()

(2) (2)T T 2) ) (Z)T
[Cm > “in 7b1n7b ]T Ilout - [coutﬂ out ’boutv out]T' Here'

after, the frequency dependence of these coefficients, rep-
resented by w is implicit for conciseness of notation. By
introducing the susceptibilities of the cavity field and the
mechanical oscillator as

—k +iw+ e, (B2)

(B3)

x: o] =

X [0] = —y +iw,

with x'[w] = (X [-@D* and x,[o] = (xu[-@])* and
after straightforward calculations, we obtain the matrix

elements s; withi,j =1,...,4 as
s11 = —2/kakp X B (A xS xp + 1), (B4a)
s12 = 2Kkl € xex 8, (B4b)
s13 = 2i\/VKa X Xm A B (A2 xS x4+ 1), (B4c)
S14 = 2im§ei¢Ach:X;E, (B4d)
$21 = 2Kkl e xex X E, (Bde)
522 = =2/kakm X B (A xexm + 1), (B4f)
523 = =2i/yK20€ P Axe X} XmE, (B4g)
2 = =20 VX X AE (AP xexm + 1), (B4h)
531 = 2i\/Vkp X XmAE (A2 xS x5 + 1), (B4i)
532 = =20 /YKl € Axex} xmE, (B4j)
533 =27 Xm B [X5 (P xe — AP xp) — 1], (B4k)
534 = 27 €PN X X Km Xy B (B41)
s41 = 2i\/ykpe P AxexE X B, (B4m)
s = =20 /YK X XA (A Xexm + 1), (B4n)
sa3 =2y L N2 ye X xmx B (B4o)
sas =2y X B [ e (e%xs - Asz) —-1], (B4p)
where we define
7 = AP (AP A X Kok + Xedm + X2 X0
+1 = xext. (BS)

Evidently, the output measurement quadrature of the field
depends on the phase of the local oscillator, the feedback
gain and the optomechanical coupling rate. In the case of
zero optomechanical interaction A = 0, the elements s;3,
S14, 823, S24, $31, 832, S41, and s4» become zero as one should
expect.

APPENDIX C: CORRELATIONS IN THE
FREQUENCY DOMAIN

Here, we transform correlations given by Eqgs. (22)+25)
into the frequency domain

(cinplolenpl@]) = 27 (1 — mp) 8@ + @),  (C1)
(ehpleleh pl]) =27 (np, — mi) 8@ + o), (C2)
(ch plolenplo]) = 2nnps(@ + o), (C3)
(cin,fb[w]c;,fb[wlb =27 (”fb + é — mpyp — m*fb)

X 8(w+ o). (C4)

We also use the following correlations in the derivation of
the noise spectrum:

(D [wlcnple]) = 27ppd(@ + o), (C5)

(e wlehol0]) = 27 (pro + Vi ) 8(0 + ),
(C6)

(M wle], plo']) = (2 wlenn @) =0, (C7)

(emplolely (0] = 27 (pple] + Via/in ) @ + ),
(C8)

(e} plwle [w]) = 27pjd(w + o), (C9)

(Cinplolcl [0]) = (c] pe2[w]) = 0 (C10)

APPENDIX D: SYSTEM STABILITY

In this Appendix, we use the Routh-Hurwitz criterion to
investigate the stability of the system. The system reaches
its steady state when all the eigenvalues of the drift matrix
A have negative real parts [54]. The system is stable if the
following conditions are satisfied:

Ci=y—¢cos¢p+«k >0, (D1)
C, =¢cosg[—4y” — (C+8)yk

+ 202y + &) cos ¢ — 3k?]

+ 0+ [y + C+3)yr + %] >0, (D2)

= {g cos ¢ [£ cosp(Cx + 2k + 2y)
— (y +1)2Ck + 3k + V)]
+x(C+ D(y +/<)2}(y —2¢cos¢ +«) >0, (D3)
Cy=Ck —2¢cos¢p+k > 0. (D4)
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