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We explore the implementation of hybridly protected quantum operations combining the merits of
geometry and holonomy, dynamical decoupling approach, and dephasing-free feature based on a sim-
ple and experimentally achievable spin model. The implementation of the quantum operations can be
achieved in different physical systems with controllable parameters. The protected quantum operations are
hence controllable and well suited for resolving various quantum-computation tasks, such as executing
quantum error-correction codes or quantum error mitigation. Our scheme is based on an experimentally
achievable Hamiltonian with reduced requirement of computational resources and thus, it brings us closer
towards realizing protected quantum operations for resolving quantum-computation tasks in near-term

quantum devices.
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I. INTRODUCTION

In recent years, quantum computation has demonstrated
its super capabilities partially with state-of-the-art quan-
tum technologies, however, we are still in the early stage
of realizing full potential of quantum computation. Differ-
ent types of errors in quantum-system evolution are one of
the main issues hindering the further development of quan-
tum computation. In principle, the errors could be detected
and corrected by adding more qubits according to quantum
error-correction codes (QECCs) [1—4]. Unfortunately, it is
challenging to achieve required threshold values of errors
with moderate computational resources in practical exper-
iments, for realizing large-scale fault-tolerant quantum
computation [4—6]. Thereafter, the theory of quantum error
mitigation (QEM) was introduced to improve the accuracy
of quantum algorithms with noisy intermediate-scale quan-
tum devices [7,8], though the performance of the QEM
also relies on the reliability of quantum operations at the
level of physical qubits. It is therefore essential to achieve
high-fidelity quantum operations for the development of
quantum computation.

Various methods aiming to protect quantum operations
have been investigated in the literature, such as geo-
metric and holonomic quantum gates [9—14], dynamical
decoupling (DD) approach [15—18] and the decoherence-
free subspaces (DFSs) [19-21], etc. Quantum holonomy
or geometric phase results in robust quantum operations
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insensitive to control imprecisions [9—14]. DD is one
attractive approach to combat errors by using external con-
trols to approximately average out undesired couplings
with relatively modest resources [15—18]. DFSs provide
efficient error-prevention schemes for fighting decoher-
ence when system-environment interaction possesses cer-
tain symmetry since they are the subspaces invariant to
nonunitary dynamics [19—21]. The preserved quantum
operations by geometry and holonomy, and/or DFS, and/or
DD are apparently useful in mitigating errors at the level
of physical qubits, and hence have gained considerable
attention in applying them in different quantum protocols,
for example, protected QECCs [22-26]. By combining
QECCs and the noise-resistant methods, it is expected
the effect of errors can be further diminished without the
need for a big increase in computational resource. The
integration of QECCs and holonomic quantum operations
has been explored in Refs. [22-26], but the integration
of QECCs and multiple noise-resistant approaches is still
open.

Actually there have been various schemes proposed for
achieving robust quantum operations involving more than
one of the noise-resistant methods, in order to mitigate
the effects of multiple types of errors [27—31]. Specifi-
cally in Refs. [27-30], two noise-resistant methods are
integrated and in Ref. [31], three methods are consolidated
to achieve robust quantum operations. Nevertheless, the
results in the literature are not effortlessly useful for imple-
menting various quantum-computation tasks. Some of the
reasons are discussed as follows. First, when combining

© 2022 American Physical Society


https://orcid.org/0000-0003-3079-0704
https://orcid.org/0000-0003-0157-210X
https://orcid.org/0000-0002-2822-2532
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.17.034003&domain=pdf&date_stamp=2022-03-01
http://dx.doi.org/10.1103/PhysRevApplied.17.034003

CHUNFENG WU et al.

PHYS. REV. APPLIED 17, 034003 (2022)

the different noise-resistant methods, only some specific
quantum gate operations can be implemented and some-
times the gate operations may not be readily the gates
required in different quantum algorithms. Multistep system
evolution may be required to achieve the desired quantum
operations involved in certain quantum algorithms and as
a result, it is unknown whether the gate fidelities are suffi-
ciently high without evaluation. Secondly, a large number
of physical qubits are required due to the encoding of phys-
ical qubits in favor of the above mentioned noise-resistant
approaches. For examples, three physical qubits are needed
to form one computational qubit in Refs. [27—30]. Thirdly,
some of the required system interactions for achieving
the robust quantum operations are not easily realizable
in physical systems with controllable parameters given a
moderate resource of external drivings [27,28,30,31].

In this work, we explore the implementation of hybridly
protected quantum operations based on one simple spin
model, combining the merits of geometry and holonomy,
DD approach, and dephasing-free feature. In the scheme,
only two physical qubits are needed for encoding one com-
putational qubit to support the noise-resistant approaches,
reducing the requirement of computational resource. The
simple spin model can be easily realized in different phys-
ical systems, and so can the hybridly protected quantum
operations. We take a superconducting system as an exam-
ple to explore the performance of the protected gates.
With the robust quantum gates, it is possible to implement
protected quantum algorithms, such as protected QECCs.
Due to the noise-resistant properties offered by geome-
try and holonomy, DD and DFS, quantum operations are
less sensitive to errors and therefore our scheme paves
a promising way towards realizing fault-tolerant quantum
tasks in near-term quantum devices.

II. QUANTUM GATES PROTECTED BY
GEOMETRIC, HOLONOMIC AND DFS
FEATURES

To achieve hybridly protected quantum gates, we con-
sider the following interaction:

H= Y Qu(o}o" +0"0}), (1

m,n#Em

where €2,,, describes the coupling strength between qubits
m and n, and o} = (1/2)(c/™" £ io]""). The type of
interaction has been well explored in different physical
systems with state-of-the-art experimental technologies,
such as superconducting circuits [32—37] and trapped ions
[38—40] with controllable system parameters. In most of
the cases, the interaction can be readily achieved on neigh-
bor pairs of physical qubits by applying or removing exter-
nal drivings. In other words, the above desired interaction

and hence the hybridly protected quantum operations dis-
cussed in the following are executable in different practical
experiments.

A. Single-qubit gates with geometric and holonomic
and dephasing-free merits

We first use three physical qubits to implement single-
qubit protected quantum gates. Qubit A4 is the auxiliary
qubit and the computational qubit is formed by qubits 1
and 2 in the following way |0); = |0), |1), and |1); =
[1); 10),, and therefore computational qubits are encoded
in the DFS of dephasing. Given a system Hamiltonian by
properly applying external drivings,

H] = QAlo’fO’_l + QAZGﬁJE + h.C., (2)

atty =/ QwithQ = ,/Q% 4+ Q%) and tan(6/2) = Qy/

4>, we have an evolution operator from Hj,
Ui(t1) = 10) 4 (0] ® Up (1) + [1) 4 (1| @ Ur1 (1), (3)

where Uy, (1)) = (—1)""! cosOat —sinfol with m =
0,1 written in the basis of {|0),,[1);}, where of =
|0), (0] — 1), (1] and oF = |0), (1| 4 |1), (O]. The actual
evolution operator from H; is in block-diagonal form
in 8 x 8 space, and that is the reason we can con-
sider U;(r;) only in the subspace. If the auxiliary
qubit is initially in its ground state |1),, we obtain
Uii(71) acting on the computational qubit. We then
define two subspaces Sy = {|001),]010)} and S; =
{|101),]110)} with the corresponding projection operators
Ps, =1001) (001| + [010) (010] and Ps, = [101) (101 +
[110) (110], to show the quantum holonomy possessed
by Upi(t1). We first find S, (1) = Ui(11)Sn = S,
and we observe Ps, (HHPs, (f) =0, where Pgs, (f) =
Ui(?)Ps,, UJlr(t). These results show that the two condi-
tions for ensuring quantum holonomy are fulfilled [25].
Therefore, U;1(t;) is a holonomic matrix in the DFS of
dephasing.

We then adjust system parameters to obtain the follow-
ing Hamiltonian:

H, = Qpolo? +he, 4)
and we find

Us(1y) = oI/ (4Q212)Hy U, () Uy (1)) |9=Oe—in/(4§212)H2

=10)4 (0] ® Us0(12) + [1)4 (11 ® U21(m2), (5)

where 7, =27 +7/(2Q12) and Up,(12) = (=107
When the auxiliary qubit is in its ground state |1),, we
achieve single-qubit gates U, (12) acting on the compu-
tational qubit. From U, (t2), we find that 6 is the total
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phase accumulated by the computational state |m); (m =
0,1) and the phase is purely geometric. This is because
the dynamic phase is zero from the investigation of the
parallel transport condition (see Appendix A). Therefore,
U,,1(12) describes single-qubit geometric gates acting on
the computational qubit in the DFS of dephasing.

B. Two-qubit gates with geometric and holonomic and
dephasing-free merits

For two-qubit protected quantum gates, we consider
four physical qubits to form two computational qubits
in the DFS of dephasing {|00),,|01);,[10);,|11);},
where |00);, = [0), |1),|0)5|1)4, for example, and auxil-
iary qubits are not required. The system Hamiltonian is
given by

H3 = 9230_%_63 + Qz40’_%_0’f + h.c. (6)
We next control system parameters and get
H4 = Q340’_?_0i + h.c. (7)

Similarly through a four-step evolution according to Hj
and H,, at ) = 2t + /(28234), where t{ = 7/ Q" with

Q' =,/Q3, + Q% and tan(0'/2) = Qu3/ Qo4, we find

U4(T2/) — ei?T/(4Q34)H4 (]3 (_L,l/) U3 (_L,l/) e*iﬂ/(4Q34)H4

0'=0
— e—iQ/UZL(X)GZL , (8)

where Us(t}) is the evolution operator from Hamiltonian
Hs at t = 1| written in the basis of {|00),,|01),,]10),,
[11),} (see Appendix A). It is clear that 6’ is the total
phase collected by state |mn); (m,n = 0,1). The phase is
entirely geometric since the dynamic phase is zero accord-
ing to the parallel transport condition (see Appendix A).
This shows Ui (t;) leads to two-qubit geometric gates
acting on the two computational qubits.

II1. DD FEATURE POSSESSED BY THE GATES

We show that a set of geometric and holonomic quantum
gates acting in the DFS of dephasing can be implemented
based on the interaction, Eq. (1). Special spotlight should
be on another robust merit possessed by the quantum gates,
and that is the feature of the applicable DD approach on the
system evolution without causing noticeable disturbance.
According to the DD approach, undesired couplings can
be approximately averaged out by the decoupling group G
that is usually selected as G = {1®V,0 2N, 62", 0} for
N physical qubits [41,42]. It is easy to show in our scheme
that [H,,G;] =0 when N =3 and [H34,G;] = 0 when
N =4, where G; is the jth element in G withj =1,...,4.
The results tell us that the resulting average system-bath

coupling can roughly be reduced to nil with the decoupling
group without noticeably affecting desired system inter-
action, and so the DD approach to mitigate decoherence
effect is applicable in our scheme of executing geometric
and holonomic quantum gates in the DFS of dephasing. We
later take periodic DD (PDD) as an example to demon-
strate the protection offered by the DD approach in our
scheme. Therefore, we are able to implement a set of
hybridly protected quantum gates, combining the merits of
geometry and holonomy, DD and DFS based on the simple
and experimentally achievable interaction.

IV. PERFORMANCE OF THE PROTECTED
GATES

In the following, we investigate the implementation of
the hybridly protected quantum gates in superconducting
circuits.

A. Protected gates in the absence of errors or noises

The system consists of an array of quantum Rabi mod-
els (QRMs), in which each QRM is just one effective qubit
and the coupling between effective qubits is by controllable
hopping interaction via a superconducting quantum inter-
ference device (SQUID) [43], as demonstrated in Fig. 1.

(a) /./A \\
1 2 3 4
Computational qubit 1 ~ Computational qubit 2
QO or O represents QRM

e represents SQUID
represents controllable coupling

FIG. 1. Schematic setup of tunably coupled QRMs through
SQUIDs. (a) Two computational qubits are formed by four
QRMs, and QRM 4 is the auxiliary qubit to realize the single-
qubit gate on computational qubit 1 or 2. (b) Generalization to a
two-dimensional lattice of QRMs.
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The system Hamiltonian of three-neighbor QRMs is [43]

3
Hoqrvi = Y H, + Jia cos(wiat + ¢1) (@) +a1) (a)+az)

m=1

+ Ji3 cos(wist + p13) (@ +an) (@ +az),  (9)

where  HI, = &, antm + (@05 /2)0. m + Zn(@hy + am)Oem
(oS, wm, and g, represent resonator frequency, physi-
cal qubit frequency, and qubit-resonator coupling strength,
respectively) is the Hamiltonian of mth QRM, and J,,,,
Wmn, and ¢, describe the coupling strength, frequency,
and phase of the hopping interaction [43]. As illustrated

in Appendix B, H.qrm in the interaction picture with

respect to anzl H almost ideally brings us the inter-
action described by Eq. (1) with o} replaced by Pauli
operations acting on effective qubits [43]. Specifically,
several numbers of lowest energy levels of QRMs are
considered and, as explained in Appendix B, the coupled
QRMs can be described by coupled effective qubits with
more higher-energy levels presented by properly selecting
system parameters. The two desired effective Hamiltoni-
ans for realizing different protected single- and two-qubit
quantum gates can be derived with only one [for Hamil-
tonian (4)] or two [for Hamiltonian (2)] external drivings,
reducing the need for more resource of external drivings. In
the superconducting system, we evaluate the performance
of our scheme by randomly selecting 30 initial states
for each gate. Moreover, the following parameters are
selected: ¢, = 27 x 7 GHz, wg, = 27 x 6.1, or 5.1 GHz,
gn =271 x 2 GHz, Q = Q' = 27 x 2 MHz, which deter-
mine the values of J,,,, see details in Appendix B. In the
following calculations without and with errors or noises,
we choose only two lowest energy levels of each QRM
to reduce the difficulty of numerically managing a large
Hilbert space. The fidelities of various single- and two-
qubit gates are demonstrated in Tables I, II, and III. In
the absence of errors or noises, we obtain excellent gate
fidelities.

TABLE II. Realization of a universal set of quantum gates in
the system of coupled QRMs without or with dephasing effect,
where DP is short for dephasing.

Gate Realization F without DP  F with DP
ol U@y ~ 099994  ~0.9948
ol Uni(m)|,_y ~ 09999+ A 0.9948
H* Uni(@)g__/a ~ 0.9999+ ~ 0.9953
st (@), 09999+ ~ 09748
T XUy, 09999+ ~ 09762
CEEEE Uy, <0999+ ~ 09531
cz*- e T (St @ Sh ~ 099994+ A 0.9057
Us(®) g /s

B. Protection by geometric or holonomic feature

It is reasonable to expect lower gate fidelities when
decoherence or noise effects are considered. Fortunately,
some of the negative effects can be passively protected by
the geometric or holonomic feature since it is insensitive
to some control imprecision, as explained in the litera-
ture. Taking holonomic feature as an example, the system
evolution over [0, 7] is governed by [12,25]

Ulty) = Te™ IO G0+D01ar (10)
0) = )
where G(¢) and D(¢) are, respectively, due to geometric and
dynamical effects with elements given by

Gi(t) = —i (Y; O] Y (D)),

(1D
Dy () = (Y O H [Yi() ,

where | (7)) describes a basis of the subspace in which
holonomic gates are implemented. In the presence of spe-
cific control imprecision, H may be changed to H¢ but
meanwhile the cyclic evolution condition is still fulfilled
at desired time. This change does not affect the geometric
term, and leads to

D (0) = (Y O H® [ (D)) - (12)

TABLE I. Realization of a universal set of quantum gates [where S* = diag(l,) and 7" = diag(1, ' )] in the system of coupled

QRM:s without or with control errors.

Gate Realization F without errors 1 — F without errors F with errors 1 — F with errors
ok —U1,1(11)|9:n/2 ~ 0.9999+ A~ 1.36 x 107° ~ 0.9999+ A~ 1.37 x 107°
ot Ui, (rl)|0:0 ~ 0.9999+ ~ 8.14 x 1077 ~ 0.9999+ A 7.66 x 1077
H* U1,1(11)|9:_n/4 ~ 0.9999+ A~ 5.18 x 1077 ~ 0.9999+ A 5.33 x 1077
St & Uz,l(rz)lg:ﬂ/4 ~ 0.9999+ A 9.84 x 107° ~ 0.9999+ ~9.99 x 107°
Tt P Uz,l(r2)|9:n/8 ~ 0.9999+ ~ 141 x 1073 ~ 0.9999+ A~ 1.40 x 1073
Forer Us g ~ 0.9999+ ~ 128 x 107 ~ 0.9999+ ~ 130 x 107
czt eE (St @ SEYUs () P ~ 0.9999+ A 3.24 x 1073 ~ 0.9999+ A 3.29 x 1073

034003-4



IMPLEMENTATION OF HYBRIDLY PROTECTED. ..

PHYS. REV. APPLIED 17, 034003 (2022)

TABLE IIL

Realization of a universal set of quantum gates in the system of coupled QRMs without or with different types of

decoherences. When considering decoherences, the system-environment coupling includes the elements in x, y, and z directions and
its magnitude is selected to be one tenth of Q2 (see Appendix C). The fidelities in the presence of decoherences can be further improved
by increasing the number of times of repeating the base sequence of PDD.

Without decoherences

With decoherences

Fidelity with PDD
Gate Realization Fidelity Fidelity without DD repeated ten times
O'XL —Ui, (t1)|6=ﬂ/2 ~ 0.9999+ ~ (0.7148 ~ 0.9975
O’ZL Ui (t1)|e=o ~ 0.9999+ ~ (0.7435 ~ (0.9982
H: Ui, (71)|9:—n/4 ~ 0.9999+ ~ 0.6736 ~ 0.9987
St = diag(1, i) T U2,1(12)|9:H/4 ~ 0.9999+ ~ (0.1265 ~ (0.9898
T' = diag(1,¢'%) S Ui (n)],_, s ~ 0.9999+ ~ 0.1234 ~ 0.9897
ol G ot ®al U4('L'2/)’9,=7ﬂ/4 ~ 0.9999+ ~ 0.0935 ~ 0.9841
czt e 'F (St @ SH Us(zy) V= /4 ~ 0.9999+ ~ 0.0015 ~ 0.9641

If H® is so special that D (1) = 0, we can say the resultant
quantum gate is robust to the specific control imprecision
due to the holonomic feature. While if the dynamical part
D]’f’k(t) is nonzero, it may be different from Dy (#) and so the
resultant quantum gate is not robust.

It has been shown in Ref. [25] that holonomic gates are
robust against stochastic fluctuations. We similarly show
the robustness of our gates by considering the stochastic
errors in H; (j =1,2,3,4). Specifically, we write

Hi = leafal + quofaz + h.c., (13)

where ij = Qu; + 8, indicates the errors fluctuating
around 24;, described by the Gaussian distribution with a
standard deviation of 0.1€2,;. In the case that the cyclic
condition is fulfilled with the errors, U;(z;) is robust
against the control errors since dynamical part is zero. In
similar ways, we assume the errors in Hj 5 ,. The numeri-
cal results are summarized in Table 1. Given the stochastic
fluctuations in system parameters, the performance of the
holonomic or geometric gates are not noticeably affected.
The fidelities without and with errors are not the same,
but with very small differences. The insignificant dif-
ferences are due to numerical reasons, including slight
changes in the evolution equation with stochastic fluctu-
ations and finite number of steps in solving the evolution
equation, which affects the selected number of stochastic
fluctuations.

C. Protection by dephasing-free feature

When the system-environment interaction possesses
some symmetry, the decoherences can be passively pro-
tected by the DFS approach. In our scheme, computational
qubits are formed in the dephasing-free subspace. Namely
with the dephasing

|0), — [0),, and |1),, — €%|1),,, (14)

where ¢ is a random phase, |Y); = a |0); + b|1); remains
invariant under the dephasing, up to ¢, which is a global
phase. But the encoding in our scheme provides only pas-
sive protection against the dephasing with the symmetry.
Passive protection demonstrates that the DFS approach is
not helpful if the quantum system is deviated from the DFS
due to uncontrollable effects.

In this subsection, we investigate the passive protec-
tion in the system of coupled QRM:s through the following
master equation [44]:

p = —ilH, p] + Y v:-D[5}1p, (15)
k

where  D[6X]p =6/ p(GH)" — (1/2)(6H'6fp — (1/2)
p(@HT6E, 65 =10¢) (O] — 114) (14 with |0;) and |1)
describing the two lowest states of the kth QRM,
Vo= 201 Yolshy — 5y 2/4, and s, = (| S 7)) (n =0, 1)
with S/ being the elements in S = {ax,ay,az,a—l-aT,
i(a—a")} [44].

Since we use the Hamiltonians with applying the
rotating-wave approximation in our numerical calcula-
tions, the Hamiltonians are slightly different from the
effective ones. As a result, the system will evolve out of
the dephasing-free subspace partially over time due to the
effect of the terms neglected according to the rotating-wave
approximation. The more the evolution time, the worse
the protection provided by the DFS feature is. Here we
choose yy) = 27 x 10 kHz, and list out the fidelities for
single- and two-qubit gates without and with dephasing
in Table II. The passive protection by the dephasing-free
feature is clearly illustrated from the numerical results.
For U, and Us, we obtain worse fidelities than those
for Uj, since there are four steps of evolution to achieve
U, or Uy, while only one step of evolution to achieve
Ui,1. The gate fidelities will become poorer and poorer
with increasing dephasing rate, and this is because the
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errors will be accumulated faster over time given higher
dephasing rate.

D. Protection by DD feature

Fortunately in our scheme, different decoherences can
be actively mitigated via the DD approach since our
effective Hamiltonians commute with the decoupling
group, regardless of the symmetry possessed by system-
environment interaction. We explore the protection offered
by the DD approach in the following and illustrate
the active protection offered through diligently averag-
ing decoherences out. To realize the DD approach, the
decoupling group elements should be described by the
Pauli operations acting on the effective qubits or QRMs.
It is shown in Ref. [43], single-effective-qubit operations
and thus the Pauli operations can be executed by apply-
ing external drivings on physical qubits. In Table III, we
also present the fidelity for different gates in the presence
of decoherences caused by system-environment interac-
tion in all x, y, and z directions, when the DD approach
is applied or not (see Appendix C). The DD approach
used in our calculations is the PDD with repeated pulse
sequences [16,18], while other DD techniques involving
the decoupling group elements are applicable as well. By
repeating a base pulse sequence Z[-]1X [-]Z[-]X[-] ten times
(where Z and X indicate the global Pauli operators acting
on the effective qubits, formed by the decoupling group
elements), we get excellent gate fidelities even with the
decoherences in all x, y, and z directions when the system-
environment coupling strength is one tenth of that of the
coupling between effective qubits, see Table III. The fideli-
ties for the gates based on U, and U, are not as good as
those for the gates based on Uy ;. This is because the sys-
tem needs to undergo four-step evolution to achieve U,
or Uy, while only one-step evolution to achieve U, ;. Fur-
ther improvements in gate fidelities can be achieved by
increasing the number of times of repeating the base pulse
sequence.

V. PROTECTED GATES AND POSSIBLE
APPLICATIONS

We investigate the implementation of the protected
quantum gates in the superconducting circuits, both Clif-
ford and non-Clifford gates. It is well known that Clif-
ford gates alone are not universal, but together with a
non-Clifford T gate, any quantum operations can be gen-
erated. Therefore, the set of protected quantum gates can
achieve a universal set of quantum gates for quantum
computation, leading to various applications in resolv-
ing quantum-computation tasks. We then discuss the use
of the protected quantum operations in QECCs by con-
sidering surface codes as an example. It is generally
accepted that surface codes offer a promising way for
achieving large-scale fault-tolerant quantum computation,

partly because the syndrome measurements are based on
nearest-neighbor interactions [45,46]. The syndrome mea-
surements can be performed by acting Hadamard and cCNOT
gates in sequence on measurement and data qubits, fol-
lowed by certain measurements [45]. The initialization and
quantum operations on surface codes depend on estab-
lished syndrome measurements aided by desired quantum
operations acting on computational qubits [46]. Given the
universal set of protected quantum gates explored in our
scheme, both the initialization and quantum operations on
surface codes can be preserved by geometry and holon-
omy, DFS and DD. Moreover, the protected quantum gates
are executable in superconducting systems or trapped ions,
and so it is possible to implement protected surface codes
experimentally.

VI. CONCLUSIONS

To summarize, we present a scheme to achieve protected
quantum operations in a hybrid manner, integrating geom-
etry and holonomy, DD and dephasing-free features. Our
scheme is based on one simple and well-developed inter-
action model, and in the scheme only two physical qubits
are needed for encoding one computational qubit in favor
of the noise-resistant approaches, and thus our scheme
requires comparably less resource of qubits than that in the
known schemes [27—30]. Due to the noise-resistant prop-
erties of the above mentioned approaches, the protected
quantum operations are less sensitive to errors and there-
fore our scheme is essential in achieving noise-resistant
quantum computation. We explore the implementation
of the protected quantum operations in a superconduct-
ing system, in which adjustable QRM-QRM interaction
between a neighbor pair is possible. Two desired effec-
tive Hamiltonians can be derived with only one or two
external drivings for coupling two QRMs or two pairs
of three QRMs, reducing the need for more resource
and hence alleviating the scaling problem with external
drivings. The set of hybridly protected quantum gates
are useful in implementing various quantum-computation
tasks due to their universality and robustness. Specifi-
cally, we discuss the implementation of surface codes on
the basis of the protected quantum operations. Since our
scheme mitigates errors in system evolution, the errors suf-
fered at the level of creating QECCs and implementing
quantum operations on QECCs can be reduced, and thus
the opportunity of successfully executing QECCs can be
enhanced. Our scheme is also workable in other super-
conducting systems since our desired interaction model
has been experimentally achieved in Refs. [32—37]. More-
over, it has not escaped our notice that our scheme can
be executed in a physical system of trapped ions [38—40],
as well. The full connectivity of trapped ions makes the
protected quantum operations even useful in achieving dif-
ferent robust quantum-computation tasks. Our scheme is
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then scalable since it relies on the special form of sys-
tem interaction, which can be achievable between different
pairs of physical qubits. Therefore, our scheme brings
us closer towards realizing protected quantum operations
and so fault-tolerant quantum computation with near-term
quantum devices since it is based on an experimentally
achievable Hamiltonian.
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APPENDIX A: GEOMETRIC FEATURE OF THE
PROTECTED GATES

1. Geometric feature of U, ;(72)

To show U, 1(12) is a geometric-phase gate, we explore
the evolution of state |1),|1); with the action of H; and

J

e*lef,
70 .
—iHyt ,—iH, T
U =1°¢ e
=\ —iHt,—iH Ty —iH)T,

e iHtmiH T g—iH)T)

. . 770 .
elete—lHl 71 e—lHl ] e—leT()’

where Hl0 = Hj|gp=o. In other words, 0 is just a geometric
phase without any dynamic phase accumulated during the
evolution and hence, U, (12) = oot expresses nothing
but geometric-phase gates given different values of 6.

2. Two-qubit gate Us(7{) and its geometric feature

Consider two computational qubits in the DFS
of dephasing {]|00);,|01);,[10);,|11);} where |00); =
10}y 1), 10)3 11)4, 101);, = [0, [1)511)5 [0y, 110), = |1),
10)210)5 11)4, and [11), = [1),10), 1)5 10),. Control para-
meters of the system to get H3, and we have an evolution
operator from Hj,

cos® —sinf 0 0
i _ | —sinf® —cosé 0 0
Us(n) = 0 0 —cosf —sinb (A4)
0 0 —sinf  cos@

written in the basis of {|00); ,|01);,]10);,]11);}.

H, in special sequence when the auxiliary qubit is in its
ground state |1) 4,

o~/ (4Q12)Hy Ui (1) ’9:0
1) 1), S——— 1) ), — 1)y 1),
Ui (1)) i AT/ (4Q212)Hy ;
2L 1) ) e’ 1), 11),, (A1)
where |, = (1/¥/2)(1), —i|0),) and |a,), =

(1/+/2)(] 1); +i]0);). The results show that 6 is the total
phase accumulated by the initial state from a cyclic evo-
lution. During the evolution, there is no dynamic phase
collected within 6 since the parallel transport condition is
fulfilled as shown in the following:

(VOIHy [ (®)) =0, 0=1=10,

(YOI Hilo=0) ¥ (D) =0, ©=<t=<7t+T1,
(YOIH |y@®)) =0, ©0+7 <t=<71+21,
(VO Hy [y (D) =0,

(A2)
7o+ 271 <t <21+ 2714,

where 1) = (7/4Qu2), [¥ (1)) = U@ |1)4 (1), and U(@) is
given by

0=<t=<r1,
To<t=<7+71,

o+ 7T <t =<71+21,
To + 271 <t < 279 + 214,

(A3)

(

It is not difficult to show that Us(z;) illustrates geo-
metric two-qubit gates. To achieve this, we recast Us(t{)
as

Us(t)) = Us (7)) @ Usa(1)), (AS)
where U (1)) = (—=1)"*! cosfol — sinfo k. Define two
subspaces S = {|00);,|01);} and Sj = {[10),,[11);}
with the projection operators PS(/) = [00); (00| + |01), (O1]
and PSi = [10); (10| + |11); (11|, respectively. We
observe that S (1)) = Us(1))S,, = S,, and Pg () H3Pg;,
(1) =0, where Pg (1) = Us()Pg), U;(t). We thus know
that Us,,(7{) are two holonomic matrices in the corre-
sponding subspaces. As a result, Us(t]) possesses the
robust merit offered by the geometric feature.

It is worth mentioning that by considering the subspace
S’ =1{|00),,]01),,[10),,|11),} with the corresponding
projection  Pg = |00); (00] + [01); (01| + |10}, (10] +
[11); (11], we can also demonstrate the holonomic feature
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of Us(t{). Through calculations, we find §'(t{) = Us(t{)
S’ = 8" and Ps/ (f)H3Ps (t) = 0, where Pg/(t) = U3 (t)Ps
U;r(t). So as a whole, Us(t{) represents holonomic quan-
tum gates acting on the subspace &’.

3. Geometric feature of Uy(t;)

Us(t}) can be shown to be a geometric-phase gate in a
similar way, investigating the evolution of state |1); |1);
with well-arranged Hamiltonians A3 and Hy in succession,

o~/ (4234)Hy U3(r1/)|0,=0
DL ————— D lem), ——— 1), lop),

o7/ (49234)Hy

U3(T]/) Y o’
— e " ) lam)y ———— e 1) [1);.

(A6)

e—lH4l"
770 . /
€7IH3 tele4r0 ,

—iHst —iHOt! —iHyt/
e BleT 3T oAy

U(t) =

. . 0 .
elHA;te—tHy:{e—lH3 T e—1H4t6’

where H30 = Hilg—o. It is clearly demonstrated that 0’ is
purely geometric since no dynamic phase is piled up dur-
ing the evolution and hence, U, (7)) = e~ 0"77 8% describes
geometric-phase gates dependent on the values of 6.

APPENDIX B: DESIRED EFFECTIVE
HAMILTONIANS IN COUPLED QRMS

We discuss the realization of the desired effective Hamil-
tonians in a superconducting system of coupled QRMs.
As shown in Fig. 1, the system consists of an array of
QRMs and each QRM is just one effective qubit. The cou-
pling between QRMs is achieved by controllable hopping
interaction via SQUID [43]. The system Hamiltonian of
three-neighbor QRMs is given in Eq. (9). In the polari-
ton basis of QRM, we can rewrite H, (m =1,2,3) as
H) = Z;m w; |7m) (7m|, where |7m) represents the polariton
basis of mth QRM. In the interaction picture with respect
to H{ + Hj + Hj, we obtain the following interaction in
the polariton basis of the QRMs [43]:

Hlory = J12 cos(@iat + ¢12) (Y ¢, 1) (ha e “Hl )
71 71:71

® (Z Chiy |72) (1}2| e_iw’_fﬂzt)

bk

0’ is the total phase gathered by the state |1); |1); during
the above explained cyclic evolution. Within 6’, there is no
contribution due to dynamic phase according to the parallel
transport condition as illustrated,

(WO Hy W () =0, 0<1t<1,

(WO | (Hz3lo=0) ¥ () =0, 15<t=<t15+T1], @7
(V)| H3 | W (1) =0, t5+71 <t=<T1)+21],

(

W) Hy (W (D) =0, 1)+2t] <t<2t)+21],

where 7} = (7/4Q34), |V (1)) = U(t) |1)|1); and U() is
specified in the following:

(A8)

7o+ 27 <t <2t5+ 21,

{
+ Ji3 cos(wist + ¢13)( Z cLE, ) G el t)
7l’i(l

® (> e, I15) ksl e R5"),
73 sl~€3

(B1)

where ¢; 2 = (Il ((ay, + aw) k), and wj ; = o
- wi}’ﬂ.

When higher levels can be neglected by adjusting sys-
tem parameters, we consider only the two lowest levels 0
and 1 and obtain

m

bt = J1z cos(@iat +¢12) (¢,7, 101) (Tl e 10 4 hic.)
® (cg,i, 102) (Tale 20" + hec.)
+ Ji3 cos(wist + ¢13)
X (06111 100) (T, e 10" + h.c.)
® (cg,1, 105) (T3] 10" + h.c.). (B2)

Assuming  |Juncp, 7, 5,7,1 K G + wi 5, :I:.a)m,,,. and
Omn = 07 5 — O 5, We obtain an effective inter-
action Hamiltonian according to the rotating-wave
approximation,

Hra = @12 (662 +6162) + Q13 (6162 +6153)

(B3)
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where Q. = Juncy, 1, €5,1,/2 and @y = 0,073 = [0) (1]
and 6" = |Im) (()ml represent the Pauli operations acting
on effective qubits. It is easy to find that the coupling
strength €2,,, can be negative when choosing ¢,,, = 7.

The H Ly is nothing but Eq. (1) with 67 replaced
by o [43]. Therefore, H; and H; are implementable in
the coupled QRMs by adjusting the interactions among
QRMs. In the case that H, or Hy is needed, we keep only
the coupling strength between QRMs 2 and 3, or 3 and 4
via controlling SQUID devices. It is clearly shown in the
effective Hamiltonian (B3) that the two desired effective
Hamiltonians for realizing different protected single- and
two-qubit quantum gates can be derived with only one (for
interacting two QRMs) or two (for interacting two pairs
of three QRMs) external drivings that are under control,
reducing the need for more resource of external drivings.

We perform numerical calculations to check the valid-
ity of the approximation utilized in deriving Hcfgw. We
randomly choose 30 initial states of the form |¢y) =
> wow=0.1 Guvw |[HOW), Where [@vw) = |iiy) |0z) [Ws3), and
calculate the fidelities defined by

- T ol _ T pyeff 2
F® = [ (o] e/ Mmoo idgroa gy |,

(B4)
FO = | (g 0 Heamartg =t i Heaat )

where 7= 7/Q with Q =,/Q?, + Q1,, and the super-

script  indicates the number of lowest energy levels con-
sidered in the calculations. Apparently, F® tells us how
close is H C’éRM to the effective Hamiltonian, and F® indi-
cates how well is the effective Hamiltonian approximated
by H C’QRM . Since there are so many energy levels included
in HC’QRM, it is reasonable to select some of the lowest
levels in numerical simulations, and we choose the low-
est three, five, and seven levels, respectively. The system
parameters are selected as ¢, = 27 x 7 GHz, o = 27 x
6.1 GHz, 0! = w! =27 x 5.1 GHz g, = 27 x 2 GHz,
$12 = ¢13 =0, Jio = 2sin(0/2)2/ (5,1, ¢5,1,)» and Ji3 =
2005(9/2)9/(06111‘76313) where Q =2m x 2 MHz, 6 =
—m /4 and photon number n = 20 or 30. The results are
summarized in Figs. 2(a) and 2(b), showing F®, F® FO®)
and F versus evolution time ¢ when n = 20 or 30. The
two subfigures show clearly that n = 20 is large enough
for obtaining excellent approximation since the numerical
results from n = 20 and n = 30 are extremely near to each
other. In either subfigure, the four curves representing F
are indeed very close to 1, and the more the energy lev-
els, the worse the fidelities are. Specifically, F> and F?
almost overlap, and the results demonstrate that higher-
energy levels can be neglected effectively based on the
properly selected system parameters. We thus explore the
fidelities of different protected gates by including two low-
est levels when n = 20 in Tables I, II, and III. Moreover, in

2
5

(a) (b)
1.0000 1.0000
2 2
5 09999 5 0.9999
~ ——C = p— 0
- - F® )
FO Fi
I —)
0.9998 0.9998
00 02 04 06 08 10 00 02 04 06 08 1.0
Qt/m Ot/

FIG. 2. Numerical results showing the validity of the approx-
imation utilized in deriving Hcgffw, (a) is obtained when photon
number is » = 20, and (b) is for n = 30.

comparing different F™, we choose |¢,) as initial states,
in which all eight-state |uvw) may be included depen-
dent on coefficients a,,,,. While when we calculate gate
fidelities, we focus only on certain subspaces by encod-
ing effective qubits to obtain computational qubits. It is
therefore possible that higher gate fidelities than F* can
be obtained.

APPENDIX C: PROTECTION FROM
DECOHERENCES BY THE PDD PULSE
SEQUENCES

With the system-environment coupling, we write the
total Hamiltonian of system and environment as Hr =
H; + Hp + Hsp, where H; is the system Hamiltonian, Hp
is the Hamiltonian of environment and Hgp describes
the system-environment interaction. Follow Ref. [18], we
choose

Hy =Jp Y (6)'5) + 606, —267"6.)/Im — nl’, (C1)

N
Hgp = By Z Z5§"®Bﬁn,

v=x,y,z m=1

(€2

where B = 3" 57/2/"="| and N = 3 or 4 for single- or
two-qubit gates. In our calculations with coupled QRM:s,
H; is the system Hamiltonian (B2) with controllable
parameters, and the Pauli operators in Hg and Hgp are the
ones acting on effective qubits. We here utilize the com-
monly used DD technique, PDD, which employs repeated
base pulse sequence of Z[-]X[-]Z[-]X[-] to approximately
average decoherences out and specifically, Z = ¢®" and
X = 5X®N . When taking Hp and Hgp into numerical cal-
culations, the dimension of the total Hamiltonian H7 is
very large and it is difficult to numerically manage the cal-
culations of the large dimension. As a result, we choose
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only two lowest energy levels of each QRM to reduce the
difficulty encountered in numerical calculations. We select
10By = Jp = Q = Q' and repeat the base pulse sequence
10 times to obtain the gate fidelities in the presence of
decoherences, as shown in Table III. It is clearly shown
in the table that the PDD preferably protects the quantum
gates from the decoherences happened in all x, y, and z
directions. Further improved gate fidelities are attainable if
we increase the number of times of repeating the base pulse
sequence. Since the desired effective Hamiltonians com-
mute with the decoupling group, any DD technique utiliz-
ing the pulses formed by the decoupling group elements is
workable in our scheme to fight against decoherences.

We explore the gate performance in the presence of the
system-environment interaction in x, y, and z directions.
The environmental noises generally cause fluctuations in
effective qubits or QRMs, written in terms of §,0y, 8,0,,
and §.0,. The DD technique protects quantum opera-
tions against all the single-effective-qubit errors according
to its working principle, as reflected in our numerical
results. Particularly, in the superconducting system, the
fluctuations in effective qubits may be caused by differ-
ent environmental noises such as field noise, charge noise,
or resonator noise, etc. The DD technique is helpful in
fighting against these errors.
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