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Dense high-energy monoenergetic proton beams are vital for wide applications, thus modern laser-
plasma-based ion-acceleration methods are aiming to obtain high-energy proton beams with energy spread
as low as possible. In this work, we put forward a quantum radiative compression method to postcompress
a highly accelerated proton beam and convert it to a dense quasimonoenergetic one. We find that when the
relativistic plasma produced by radiation-pressure acceleration collides head on with an ultraintense laser
beam, large-amplitude plasma oscillations are excited due to quantum radiation reaction and the pondero-
motive force, which induce compression of the phase space of protons located in its acceleration phase
with negative gradient. Our three-dimensional spin-resolved quantum electrodynamics (QED) particle-in-
cell simulations show that hollow-structure proton beams with a peak energy approximately GeV, relative
energy spread of few percents, and number Np ∼ 1010 (or Np ∼ 109 with a 1% energy spread) can be pro-
duced in near-future laser facilities, which may fulfill the requirements of alternative applications, such
as, for radiography of ultrathick dense materials, or as injectors of hadron colliders.

DOI: 10.1103/PhysRevApplied.17.024049

I. INTRODUCTION

Laser-plasma-based ion acceleration can provide a
much higher acceleration gradient (from GeV/m up to
TeV/m), larger beam density (approximately 1% solid
density), and shorter beam duration (fs–ps) than conven-
tional electrostatic or radio-frequency accelerators [1,2],
although the accelerated ion-beam qualities in terms of the
energy spread and stability are worse. These ion sources
are of paramount significance in broad applications, such
as, material tomography [3,4], plasma radiography [5,6],
cancer therapy [7–9], inertial confinement fusion (ICF)
[10–12], and nuclear physics [13]. Generally, they require
dense high-energy ion bunches with a rather low energy
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spread, for instance, the energy spread of hundreds-of-
MeV proton beam in the cancer therapy is limited to � 1%
[2], that of hundreds-of-GeV (up to TeV) proton beam in
the high-precision experiments of high-energy physics is
approximately 10−4 [14,15], and the proton radiography
resolution highly relies on the proton flux, energy, and
spread [4]. Thus, dense high-energy monoenergetic proton
beams are in great demand.

Recently, modern laser pulses have achieved a peak
intensity of I0 ∼ 1023 W/cm2 with pulse duration of tens
of femtoseconds [16–19]. Meanwhile, under construction
or upgrading laser facilities, (e.g., ELI-beamlines [20],
ELI-NP [21], SULF [22], Apollon [23], etc.) are aimed
at I0 � 1023 W/cm2. With such intense lasers, the laser-
plasma-based ion acceleration attracts broad attention. For
instance, a hybrid scheme of radiation-pressure sheath
acceleration is experimentally demonstrated, achieving
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generation of proton beams with cutoff energy approxi-
mately 100 MeV, and with an exponentially rolling off
plateau in the spectrum [24]. Collisionless shock accel-
eration can generate approximately 105 protons with a
peak energy approximately 20 MeV and energy spread
approximately 1% [25] (similarly, see Ref. [26]), while
hole-boring radiation-pressure acceleration (RPA) at I0 ≈
1020 W/cm2 can produce a maximal energy per nucleon
� 30 MeV with energy spread approximately 30% [27–
30]. By contrast, light-sail RPA [31], due to the advantages
in the energy conversion and scaling, could generate much
higher-energy protons (typically approximately GeV; fur-
ther acceleration to tens of GeV might be influenced
and even interrupted because of the Rayleigh-Taylor-like
instability) with energy spread of tens of percents in three-
dimensional (3D) simulations [those in less realistic two-
dimensional (2D) simulations could be narrower] [32–39].
Notable, very recent experiment verifies that the light-
sail RPA scheme can produce 10–30 MeV protons with
CH targets of several nanometers [40]. Moreover, radi-
ation reaction in the classical regime [41] may improve
the quality of RPA beams [42,43]. As is known, in light-
sail RPA to obtain GeV and even higher-energy protons,
the energy scaling law requires I0 � 1023 W/cm2. In such
an intense laser field though quantum radiation-reaction
(QRR) effects [44], which have been observed recently
in experiments [45,46], will play a significant role in the
plasma dynamics [47–49]. For instance, the proton energy
spectra can be essentially disturbed by the stochastic nature
of photon emission [49]. Moreover, recent studies suggest
that the electron and photon polarization can reshape QRR
and related plasma dynamics [50–52]. Thus, the generation
of dense GeV monoenergetic proton beams is still a great
challenge.

In this paper, we put forward a quantum radiative com-
pression (QRC) method to generate dense GeV quasi-
monoenergetic proton beams. In addition to the common
light-sail RPA, when a circularly polarized (CP) laser
pulse irradiates an ultrathin target to generate and accel-
erate plasma, we apply another intense linearly polarized
(LP) laser pulse head on colliding with the accelerated
plasma after the first RPA stage [see Fig. 1(a)]. In the
second stage, QRR dominates the plasma dynamics, induc-
ing plasma oscillations with the assistance of the laser
ponderomotive force. Consequently, an oscillating longi-
tudinal electric field Ez,osci. inside the plasma is excited
and further accelerates and compresses protons to form
a dense quasimonoenergetic proton beam: initially lower-
energy protons experience a larger acceleration force F to
gain more energy and thus catch up initially higher-energy
ones (resulting in rotation of the phase space) [see Figs.
1(b) and 1(c) and detailed explanations in Figs. 2 and 3].
We underline that in the QRC process the scattering laser
and QRR are indispensable (see Fig. 4). To describe the
plasma dynamics accurately in the applied QRR regime,
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FIG. 1. Interaction scenario. (a) The accelerated plasma via
light-sail RPA by a CP driving laser collides with another LP
scattering laser after RPA. (b) Protons are “trapped” and further
accelerated by the oscillating longitudinal field Ez,osci., induced
by QRR effects and the ponderomotive force. The black line and
arrows represent the negative gradient of Ez,osci. and the acceler-
ation force F , respectively. Longer arrows denote larger F . (c)
The energy spread of protons is compressed.

we have implemented the spin-resolved Monte Carlo pro-
cesses of electron dynamics and radiation [52–56] into
the 3D particle-in-cell (PIC) code EPOCH [57]. With up-
coming laser facilities [16–20,23,58], proton bunches with
a peak energy of GeV order, relative energy spread of few
percents and total number Np ∼ 1010 can be obtained (see
Fig. 4), to the benefit of many applications.

II. SIMULATION PARAMETERS AND MAIN
RESULTS

Sample results of generated dense GeV quasimonoener-
getic proton beams are illustrated in Fig. 4. When choosing
the laser and plasma parameters we ensure fulfilling the
conditions for the relativistic transparency and light-sail
RPA, as follows. The peak intensity of the CP driv-
ing laser is Id0 ≈ 8.56 × 1022 W/cm2 (invariant parameter
ad0 = eE0/mecωd ≈ 250 with wavelength λd = 1 μm).
−e and me are the charge and mass of electron, respec-
tively, E0 and ωd the amplitude and frequency of the
driving laser, respectively, and c the light speed in vacuum.
The laser profile is 1

2 exp
(−r4/w4

d0

) {tanh[2(t − t1/T0)] −
tanh[2(t − t2/T0)]} with focal radius wd0 = 6 μm. t1 =
88T0 and t2 = 98T0 are the times of the front and tail
of the driving laser entering the simulation box, respec-
tively, with laser period T0, and the pulse duration τd =
t2 − t1. We consider a fully ionized polystyrene target
composed of e−, C6+, and H+, with number densi-
ties ne(e−) = 300nc and np(H+) = nC(C6+) = ne(e−)/7,
and target thickness l = 0.3 μm. nc = meω

2
d/4πe2 is

the critical plasma density. The laser and target param-
eters are optimized to meet the partially relativis-
tic transparency condition l/λd ≈ ad0nc/πne ≈ 0.3 [59,
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FIG. 2. (a),(e) Number density distributions of ions (6nC + np ,
red) and electrons (ne, colored background) at t = 66T0. To show
the relative slippage between electrons and ions, here ions are
partially shaded by electrons. Solid-gray and solid-blue curves
indicate normalized scattering laser profile and charge density ρ

on the propagation axis (y = 0), respectively. Black dots denote
ρ(p1) = ρ(p2) = 0, and the relative slippage distance between
the electron and ion layer is defined as δl ≡ z(p2) − z(p1). Sub-
figures show Ez . (b),(f) ne at t = 94T0. Black-dashed circles
denote the positions of traced protons. (c),(g) np at t = 94T0.
Traced protons within �E are labeled in red. Solid-blue curves
denote Ez,osci. on the propagation axis (y = 0). (b),(c) and (f),(g)
share the same color bar. (d),(h) Correlation between δl (hot
map) and �E/Epeak (contour) with respect to ad0 and as0. Left
and right columns show the cases including and excluding QRR,
respectively, with the scattering laser. Here 2D simulations are
employed for simplicity. Other parameters are the same as those
in Fig. 4. Note that E and B are normalized by e/mecωs, n by nc,
and ρ by nce.

60], which can suppress the target-deformation-induced
instability [61]. For the LP scattering laser, Is0 ≈
8.56 × 1022 W/cm2 (as0 = 250) with wavelength λs =

log
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FIG. 3. (a),(c) dNp /dE ′ normalized by a factor of 9.39 × 1016

vs E at t = 114T0 and t = 130T0, respectively. E ′ ≡ E/GeV.
(b),(d) log10(d

2Np/dz′dE ′) with respect to z′ = z/λs and E at
t = 114T0 and t = 130T0, respectively. The blue lines and red
particles indicate Ez,osci.(y = 0) and traced protons, respectively.
Other parameters are the same as those in Fig. 2.
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FIG. 4. (a),(b) Time evolutions of the relative energy spread
�E/Epeak and number Np of the protons collected from the
cylinder with a 7-μm radius along the propagating axis, respec-
tively. �E is the FWHM of the density spectrum [see (c)].
The red-solid, green-dash-dotted, and blue-dashed curves indi-
cate the cases including QRR and scattering laser, including
QRR but no scattering laser, and including scattering laser but
no QRR, respectively. Here t = 0 is redefined as the time of
the driving laser reaching the left boundary of the simulation
box. (c),(d) For the case including QRR and scattering laser,
dNp/dE (MeV−1) and log10(d

2Np/dθdφ) at t = 98T0. θ and φ

are the polar and azimuthal angles, respectively. The 3D simu-
lation box is placed at −20 μm ≤ z ≤ 100 μm, −15 μm ≤ x ≤
15 μm and −15 μm ≤ y ≤ 15 μm, with mesh size nz × nx ×
ny = 6000 × 300 × 300. The target is placed at −18.65 μm ≤
z ≤ −18.35 μm and represented by 150 macroelectrons, 50
macroprotons, and 10 macrocarbon ions per cell. Other param-
eters are given in the text.

λd, and the profile 1
2 exp

(−r2/w2
s0

) {tanh[2(t − t3/T0)] −
tanh[2(t − t4/T0)]} with focal radius ws0 = 7 μm, t3 =
3T0, t4 = 19T0, and duration τs = t4 − t3. These synchro-
nized laser beams will be feasible soon by splitting one
laser beam in multipetawatt facilities [17–20,23,58].

During light-sail RPA the electrons are accelerated to
the average energy of about 50 MeV (Lorentz factor
γe ≈ 100); see the energy spectrum of electrons before
colliding with the scattering laser in Fig. 5. Afterwards,
they collide with the scattering laser to emit photons via
nonlinear Compton scattering. The strong field quantum
parameter is χe = (�ωs/mec2)γeas0[1 − ve cos(θcoll.)/c] ∼
0.01 − 0.1, which indicates that QRR is not negligible,
however, further electron-positron pair production via non-
linear Breit-Wheeler process is suppressed [44,62]. Here
ve is the electron velocity, θcoll. the collision angle, and �

the reduced Planck constant. Our analysis in Figs. 2 and
3 shows that indeed the electron motion is affected by
QRR, and what is more remarkable, it has significant con-
sequences for the ion dynamics due to the modification of
charge-separation forces.

As shown in Figs. 4(a) and 4(b), as including the scat-
tering laser and QRR, before t ≈ 33T0, the relative energy
spread of the protons �E/Epeak first increases since the
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FIG. 5. Energy spectrum of electrons at t = 22T0 (before col-
liding head on with the scattering laser). Other parameters are the
same as those in Fig. 4.

scattering laser pushes the electrons and consequently
increases �E by charge-separation forces; in 33T0 � t �
53T0 instead �E/Epeak is unstable because even though the
scattering laser has left the protons are not stably phase
matched with the excited oscillating longitudinal field
Ez,osci. (see the phase-space evolution of protons before the
QRC process in Fig. 6); after t ≈ 53T0, Ez,osci. is becoming
stable, and the protons are gradually phase matched with
Ez,osci. and substantially compressed by Ez,osci. (negative
gradient) from initial �E/Epeak � 40% down to � 6% (see
physical reasons in Figs. 2 and 3). The proton number Np
is continuously reduced due to the transverse momenta. In
contrast, as excluding the scattering laser (common setup)
or artificially removing QRR (in which electron dynam-
ics is governed by the Lorentz force, and the electron spin
by the Thomas-Bargmann-Michel-Telegdi equation [63–
65]), �E/Epeak is always large (approximately 25%–35%).
Thus, QRR and the ponderomotive force result in the
generation of a quasimonoenergetic proton beam; see spe-
cific results in Figs. 4(c) and 4(d). The peak energy is
Epeak ≈ 839 MeV with �E/Epeak ≈ 6%, Np ≈ 4.6 × 109,
and radial angular divergence θ ≈ 68 mrad (about 3.9◦).
And, one obtains Np ≈ 109 within 1% energy spread at
Epeak. Such a proton beam may serve as an injector for
a hadron collider or ion radiography source for ultrathick
targets [2,66].

Moreover, the proton beam has a hollow structure [see
Fig. 4(d)], which may find an application as a high-energy
positron collimator [67]. Note that here the spin effects on
the proton dynamics are insignificant, in contrast to Refs.
[52,55,62], since the employed target is not spin polar-
ized and consequently the particle spin effects on their
dynamics cancel each other out, and the pair production
is negligible.

III. DISCUSSION AND ANALYSIS

The physics behind the proton QRC process is ana-
lyzed in Figs. 2 and 3. Due to the relativistic transparency
effects and Rayleigh-Taylor-like instability, the driving
laser penetrates through the electron layer and induce an
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FIG. 6. Phase-space evolution of protons before the QRC pro-
cess: (a1), (b1), and (c1) show the normalized energy spectra
dN ′

p/dE vs E at t = 40T0, t = 45T0 and t = 50T0, respectively.
(a2), (b2), and (c2) show log10(d

2Np/dz′dE ′) with respect to z
and E at t = 40T0, t = 45T0 and t = 50T0, respectively. Here,
z′ = z/λs and E ′ = E/GeV. The gray bands denote the FWHM
of the energy spectra. Other parameters are the same as those in
Fig. 4 in the paper.

energy spread of accelerated protons [31,32]. When the
scattering laser collides head on with the plasma, the elec-
trons are decelerated and left behind the protons with a
slippage distance δl, and the charge separation between
electrons and protons along with the current flow can
excite a strong longitudinal electric field Ez = Ez,stat. +
Ez,curr. < 0 [see Fig. 2(a)]. Here the current-flow-induced
Ez,curr. > 0 is mainly derived from those protons mov-
ing faster than electrons, and Ez,curr. reduces |Ez| (the
charge-separation field Ez,stat. < 0). When the scattering
laser left, the electrons will be reaccelerated by Ez < 0
and excite a plasma oscillation Ez,osci. [see Figs. 2(b)
and 2(c)]. The protons synchronized with its negative-
gradient phase (Ez,osci. > 0, ∂zEz,osci. < 0) can be “trapped”
and experience an energy-dependent acceleration field [see
Fig. 2(c) and the scenario in Figs. 1(b) and 1(c)]. For
instance, the protons locating near z ≈ 56.6λs are sub-
jected to Ez,osci. ≈ 4.0, which is stronger than Ez,osci. ≈ 1.7
near z ≈ 58λs. Since lower-energy protons move relatively
slower than higher-energy ones and thus are at the rear,
Ez,osci. with negative-gradient can provide stronger acceler-
ation for lower-energy protons near z ≈ 56.6λs. Thus, the
protons can be compressed in energy space [see Fig. 3].
The detailed evolutions of proton phase space in the QRC
process with the scattering laser, for the cases of including
and excluding the QRR effects, are illustrated in Fig. 7, and
the comparison between these two cases can clearly show
the impact of the QRR effects on the QRC process.

Note that the compression efficiency is determined by
Ez,osci. and its spatial gradient ∂zEz,osci., relying on Ez,
and the oscillation wavelength is λosci. ∼ δl. Since Ez =
Ez,stat. + Ez,curr. and Ez,stat. ∝ δl, thus δl plays a key role
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FIG. 7. Simulations including the scattering laser and QRR
effects: (a1), (b1), and (c1) show the energy spectra dNp/dE ′
normalized by a factor of 9.39 × 1016 vs E at t = 94T0, t =
114T0 and t = 130T0, respectively; (a2), (b2), and (c2) show
log10

[
d2Np/dz′dE ′] with respective to η = ksz − ωst and E at

t = 94T0, t = 114T0 and t = 130T0, respectively. Simulations
including the scattering laser but not QRR effects: (d1), (e1),
and (f1) show the energy spectra dNp/dE ′ normalized by a fac-
tor of 9.39 × 1016 vs E at t = 94T0, t = 114T0, and t = 130T0,
respectively; (d2), (e2), and (f2) show log10

[
d2Np/dz′dE ′] with

respective to η and E at t = 94T0, t = 114T0, and t = 130T0,
respectively. Here, z′ = z/λs and E ′ = E/GeV. The gray bands
denote the FWHM of the energy spectra. Other parameters are
the same as those in Fig. 4.

in the excitation of Ez,osci., induced by the ponderomo-
tive force Fp and QRR force FQRR [68] (see details
in the Appendix). Here, Fp in z direction is given by
Fp ,z 	 −2/π(1 + c/vz)∂ηas [69,70] (see details in the
Appendix), where as(η) is instantaneous field parameter
with η = ksz − ωst and ks = 2π/λs. For given parame-
ters, max(Fp ,z) ≈ 4as0/πτs

√
2/e′ = 4.4, where e′ is the

natural logarithm base. While, the QRR force can be esti-
mated via FQRR 	 −2/3χ2

e α2
f (λs/re)g(χe) [71–73], where

g(χe) 	 (1 + 8.93χe + 2.41χ2
e )−2/3 is the quantum sup-

pression function, αf the fine structure constant and re
the classical electron radius. By averaging over a scat-
tering laser period, 〈FQRR〉 ≈ −4/3πχ ′2

e α2
f (λs/re)g(χ ′

e),
where χ ′

e ≈ (2�ωsγeas0/mec2) exp
(−η2/τ 2

s

)
. For 〈γe〉 ≈

70, max{〈FQRR〉} ≈ 27, which is much larger than
max(Fp ,z). Those two forces are balanced by the excited
longitudinal field: |Ez| ≈ ∣∣Fp ,z + FQRR

∣∣. From the sim-
ulation results [see Ez in Fig. 2(a)] max(|Ez|) ≈ 40
is very close to the estimated max(|Fp ,z + FQRR|) ≈
32. We have also estimated max

(
Ez,stat.

) = Ez,stat.(p1) =
− ∫ z(p1)

z(p2)
ρ(z)dz 	 ρmaxδl/2 ≈ −20π with ρmax ≈ 4 and

δl ≈ 5λs, which is in fact larger than |Ez| due to counteract-
ing Ez,curr. > 0. The QRC is caused by the excited oscilla-
tion field Ez,osci. ≈ 4 − 5 with λosci. ≈ 3λs [see Fig. 2(c)].
The phase space of those “trapped” protons continuously
rotates [see Figs. 3(b) and 3(d)], and the energy spread

is reduced approximately from 200 MeV at t = 114T0 to
100 MeV at t = 130T0 [see Figs. 3(a) and 3(c)]. These
compression effects can sustain about 10–30 periods and
the final energy spread can be compressed down to few
percents [see Fig. 2(d)].

As given in the applied condition FQRR  Fp ,z, the
key role of QRR for the QRC process is clear, which
is described by the QRC parameter |FQRR/Fp ,z| ∼ R ≡
(χ2λsτs/a0s)(α

2/re). In fact, as we artificially remove
QRR, the compression effects will be greatly suppressed
[see Figs. 2(e)–2(h)]. In this case Ez,peak ≈ max

(
Fp ,z

) ≈ 5
and δl ≈ 3λs [see Fig. 2(e)]. Ez,osci. ≈ 1.0 with λosci. ≈ λs
[see Fig. 2(g)]. And the final compression effects are rather
weak [see Fig. 2(h)].

IV. EXPERIMENTAL FEASIBILITY

For the experimental feasibility, we investigate the
impact of the driving and scattering laser parameters on
the QRC efficiency [see Fig. 8]. As 190 ≤ as0 ≤ 280,
max(χe) ≈ 0.05 ∼ 0.07 and FQRR ≈ 26.8 − 33.1, which is
still much larger than Fp ,z, and QRC takes place. While at
smaller as0 the QRC is suppressed, at larger as0 the QRC
will be enhanced up to the point when δl is comparable
to the longitudinal thickness of the plasma. In deep quan-
tum regime with χe(∝ as0)  1, the quantum stochasticity
would induce beam spreading [74]. From R we can deduce
that τs plays a similar role as as0 [see Figs. 8(a) and
8(b)]. Moreover, the driving laser determines the energies
of electrons and protons in light-sail RPA and therefore
affects many parameters, e.g., χe, ne, and ni. As expected,
Epeak is proportional to ad0 and τd. However, when ad0
is much lower than the transparency condition (ad0 �
πnel/ncλd) [75,76], γe and χe will be much smaller, and
consequently FQRR is rather weak and the QRC will be
ineffective. In contrast, if ad0 is too high, the target defor-
mation will be much earlier, which will also limit the
effective acceleration [see Fig. 8(c)]. τd has similar effects:
a too short driving laser can not effectively accelerate
plasma, while a too long driving laser will generate very
high-energy protons, which are hard to compress due to
limited Ez,osci. and λosci. [see Fig. 8(d)]. Note that these
results are collected at t = 130T0, and for longer pulses the
energy spectra may be further compressed when extend-
ing the simulation sizes. The results of QRC with the laser
parameters in ELI-NP [21] are given in Figs. 8(e) and
8(f), where intensity Id0 ≈ 1.0 × 1023 W/cm2 (ad0 ≈ 215),
wavelengths λd = λs = 0.8 μm, pulse durations τd = τs =
16 fs ≈ 6T0, spot sizes wd0 = ws0 = 3.5 μm, and energy
E 	 225 J. Even though the laser pulse durations τd and
τs are much smaller than the optimal regimes in Figs. 8(b)
and 8(d), the QRC can still compress the energy spread sig-
nificantly, for instances, from over 100% to about 5.2%,
6.6%, 5.7%, 4.6%, and 6.2% with as0 = 205, 215, 225,
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FIG. 8. (a)–(d) Impacts of as0, τs, ad0, and τd on Epeak and
�E/Epeak, respectively. Other parameters are the same as those in
Fig. 4. (e),(f) �E/Epeak and Epeak vs as0, and dNp/dE (MeV−1) vs
Ep (MeV), respectively, employing the laser parameters in ELI-
NP [21]. In (f), the solid and dotted lines indicate the cases of
including and excluding the scattering laser, with �E/Epeak �
6% and � 25%, respectively. Other parameters are given in the
text.

235, and 245, respectively; see Fig. 8(e). Thus, our pro-
posed QRC scheme may be observed in ELI-NP and other
similar facilities.

V. CONCLUSION

In summary, we propose the QRC method to generate
dense GeV quasimonoenergetic proton beams, which is
based on QRR effects for proton dynamics in plasma. With
up-coming laser facilities, such as ELI-beamlines, SULF,
Appolon, hollow-structure proton beams with peak energy
Epeak ∼ GeV, energy spread � 6%, and number Np ∼
1010 (Np ∼ 109 within �E/Epeak ≤ 1%) can be obtained,
which may fulfill the requirements of high-resolution pro-
ton imaging, high-energy particle physics, and relativistic
positron collimation.
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APPENDIX

The relativistic corrected ponderomotive force for lin-
early polarized laser with invariant intensity parameter a
can be estimated as follows:

Fp = −mec2

4π

∇a2

√
1 + a2

[(
1
a2 + 1

)
E(2π , κ) − 1

a2 F(2π , κ)

]
,

where κ = a/
√

1 + a2, F(φ, κ), and E(φ, κ) are the
incomplete integrals of the second and first kind of elliptic
functions. When a  1,

[(
1
a2 + 1

)
E(2π , κ) − 1

a2 F(2π , κ)

]
	 4,

Fp can be simplified as

Fp 	 −mc2

π

∇a2

√
1 + a2

and the normalized version is

Fp 	 − 1
π

∇a2

√
1 + a2

.

Thus, the longitudinal components can be expressed as

Fp ,z 	 − 1
π

∂za2

√
1 + a2

= − 1
π

∂ηa2

√
1 + a2

∂zη

	 − 2
π

∂η

∂z
∂ηa = − 2

π
(1 + β−1

z )∂ηa,

where βz is the electron velocity scaled by the light speed
in vacuum c, η = z + t and ∂zη = 1 + (∂z/∂t)−1. Here, z
and t are normalized by k and ω, respectively.

The dynamics of a single electron in plane-wave field
can be expressed as follows:

p = p0 − e
c

A(τ ) + ν0
e2A2(τ ) − 2ec[p0A(τ )]

2c�
, (A1)

x = x0 + c2p0

�
(τ − τ0) + c

�

∫ τ

τ0

×
{

ν0

2�

[
e2A2(τ ′) − 2ecp0A(τ ′)

] − eA(τ ′)
}

dτ ′,

(A2)

where p0 is the initial momentum of electron, ν0 the
propagation direction vector of the laser, A(τ ) the vector
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potential of the laser field, τ ≡ t − ν0x/c the phase of elec-
tron in the laser field, � ≡ E0 − cp0ν0 a constant integral
of the electron motion, −e and c the electron charge and
light speed in vacuum, respectively, E0 the initial electron
energy. Thus, the longitudinal slippage distance caused
by the linearly polarized scattering laser can be easily
obtained from Eq. (A2) as

δl = x‖−x‖(A = 0) = c
2�2

∫ τ

τ0

e2A2(τ ′)dτ ′, (A3)

where p0 ‖ ν0 ⊥ A(τ ) is used. For a Gaussian laser
pulse with a long pulse duration �τ  T0, A(τ ) =
−c

∫ τ

−∞ E(ωτ ′) cos ωτ ′dτ ′ 	 −c[E(ωτ)/ω] sin ωτ , and

δl 	 c3e2

2�2ω2

∫ ∞

−∞
E2(ωτ ′) tan2 ωτ ′dτ ′

= c3e2

2�2ω3

∫ ∞

−∞
E2(φ) tan2 φdφ

= c3e2

8γ 2
0 ω2m2c4

∫ ∞

−∞
E2(φ) tan2 φdτ ′

= πe2

2γ 2
0 m2c2ω2

∫ ∞

−∞
I(φ)dτ ′

	 αf c�π

2γ 2
0 m2c2ω2

Elaser

σ

= αf
−λc

8πγ 2
0

E ′

σ ′ , (A4)

where E ′ ≡ Elaser/mc2 with laser energy Elaser, σ ′ ≡ σ/λ2
0

with the laser spot area σ , the laser wave vector k = ω/c =
2π/λ0, reduced Compton wavelength −λc = �/mec, fine
structure constant αf = e2/c�, and the Lorentz factor of
electron γ0  1 is assumed. With those parameters given
in the paper, we can obtain via Eq. (A4) δl 	 λ0.
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