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We consider the motion of a light sail that is accelerated by a powerful laser beam. We derive the
equations of motion for two proof-of-concept sail designs with damped internal degrees of freedom. Using
linear stability analysis, we show that perturbations of the sail movement in all lateral degrees of freedom
can be damped passively: the sail is asymptotically stable. This analysis also shows complicated behavior
akin to that associated with exceptional points in PT-symmetric systems in optics and quantum mechanics.
We show that the excess heat that is produced by the damping mechanism is likely to be substantially
smaller than the expected heating due to the partial absorption of the incident laser beam by the sail.
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I. INTRODUCTION

The task of sending spacecrafts to planets and other
objects within our own solar system has become almost
routine. The Breakthrough Starshot Initiative aims to
expand our horizons beyond our own solar system to our
closest neighbor, the Alpha Centauri system at a distance
of 4.2 light years from Earth [1]. This enormous distance
means that even the fastest man-made craft to date, the
Parker Solar Probe (with a predicted top speed of 0.064%
of the speed of light at its closest approach to the Sun
[2]), would take about 6500 years to reach Alpha Centauri.
A spacecraft accelerated by chemical fuel needs to carry a
prohibitively large amount of fuel in order to reach speeds
nearing any appreciable fraction of the speed of light.
A natural candidate for an external source of energy is
light, which was proposed decades ago [3,4]. This is
the rationale for the approach taken by the Breakthrough
Starshot Initiative. The aim is to send an ultralight sail
craft with a payload to Alpha Centauri by accelerating
it to about 20% of the speed of light using an Earth-
based laser phased array [5]. This would allow the sail
to reach Proxima Centauri and send signals back to Earth
in about 26 years; all within a human lifetime. The sail
is expected to have a mass of about one gram, with a
payload that contains the detectors and electronics neces-
sary to send a signal back to Earth having a similar mass
[6]. There are numerous scientific and engineering chal-
lenges in every aspect of this grand vision, including laser
array design [7], material choice [6,8], stability of the sail
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under acceleration [9], heat management [6,10,11], and
communication [12].

Diffraction of the accelerating beam and size limits on
the laser array imply that a “reasonable” scheme to accel-
erate the sail to its final speed is as follows [5]. The total
area of the sail is about 10 m2 and the net incoming laser
intensity is approximately 10 GW m−2 from a laser array
with aperture approximately 1 km. The sail is accelerated
to approximately 20% of the speed of light over a dis-
tance of about 10 times the distance between Earth and the
Moon in about 15 min. To increase momentum transfer,
the sail material needs to have high refractive index, poten-
tially in multiple layers [10,11], with low absorption in the
laser wavelength range (1–1.5 μm) and high absorption,
and this high emissivity, at longer wavelengths (midin-
frared) to cool the sail through thermal radiation. The large
surface area and low mass implies that the material must
have low mass density [6]. A more modest setup may be
used to accelerate probes to targets within our own solar
system.

The severe limitation on the total mass of the craft pre-
cludes active stabilization and the enormous acceleration,
about 66 000 times that due to Earth’s gravity, experi-
enced by the sail implies short dynamical timescales that
do not allow feedback loops for remote correction of the
sail trajectory through adjustment of the laser beam profile.
Instead, the craft needs to passively correct any perturba-
tions that may cause it to exit the accelerating laser beam.
A number of rigid body sail designs have been proposed
that passively produce restoring forces on the sail toward
the center of the beam [6,13–19]. These designs employ
variations in geometry (e.g., flat, conical, parabolic, and
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spherical), materials (various semiconducting materials),
and surface structure (specular reflection, gratings, and
metasurfaces) to manipulate the force (and torque) of the
laser light on the sail. A salient feature in all of these
designs is that the restoring forces lead to undamped oscil-
lations of the orientation and displacement of the sail
perpendicular to the laser beam. We refer to these collec-
tively as lateral oscillations of the sail. These undamped
lateral oscillations are problematic as they can potentially
grow due to nonlinear coupling and/or if additional per-
turbations are imparted on the sail, for example due to
inevitable deviations of the accelerating laser beam from
its ideal beam shape and precise direction [7]. To overcome
this problem, a damping term was added by Srivastava
et al. [13] to the equations of motion, whereas Salary
and Mosallaei [14] discussed potential damping of lateral
motion of the sail through Doppler damping. However, Sri-
vastava et al. do not discuss a physical implementation,
and the mechanism and effectiveness of Doppler damping
require further study.

We propose and investigate an alternative approach that
consists of incorporating damped internal degrees of free-
dom in the sail. The aim is to couple the lateral oscillations
of the sail to the damped internal degrees of freedom,
causing the lateral oscillations to decay. This principal
has been used extensively in many areas of engineering,
including damping of oscillations of high rise buildings
caused by earthquakes and high winds [20,21], vibration
of racing cars (Renault R26) and spacecrafts (NASA’s
Ares solid fuel booster). In a light sail, incorporating a
damped internal degree of freedom could be challeng-
ing, and the implementation would depend on the exact
sail geometry, which is still being debated. In a geometry
such as IKAROS [22], which has several sails connected
by a frame, one could have damped hinges on the frame
[Fig. 1(a)]. For the Starshot project, most light sails pro-
posed have been modeled as flat rigid sheets with a central

payload chip or a distributed payload. A central payload
could be attached to the chip through an elastic and damped
connection [Fig. 1(b)] with the relative motion between
sail and payload being the damped internal degree(s) of
freedom. For distributed payloads, the elasticity of the sail
itself could be used as damped internal degrees of freedom
[Fig. 1(c)] with damping coming for example from passive
magnetic induction or phonon scattering. One could even
imagine multiple sheets connected by elastoviscous media
with higher damping [Fig. 1(d)] or distributed damped
cantilevers [Fig. 1(e)].

Here we consider two sails with different internal
degrees of freedom that have been incorporated in a
rigid two-dimensional (2D) geometry [Fig. 2(a)]. We refer
to these two proof-of-concept designs as the moveable
mass (MM) sail [Fig. 2(b)] and moving arms (MA) sail
[Fig. 2(c)]. For both of these sail designs, the nonrelativis-
tic equations of motion can be derived in closed form. We
find that the MM sail design is effective in damping lat-
eral oscillations, whereas the MA sail design is not. This
shows that the internal degrees of freedom need to be cho-
sen with care. The dissipated energy adds to the energy that
is inevitably absorbed by the sail from the laser beam, and
which needs to be lost as thermal radiation. We show that
the heat generated through damping of lateral oscillations
of the sail is likely to be smaller than the absorbed laser
power. We therefore conclude that the damping of unde-
sired sail motion by dissipative internal degrees of freedom
is realistic and deserves further investigation.

The outline of this paper is as follows. In Sec. II we
introduce the rigid sail, as well as the MM and MA sails.
The equations of motion for the MM sail are obtained
in Sec. III and its linear stability is analyzed in Sec. IV.
Our numerical results are presented in Sec. V and we dis-
cuss and summarize our results in Sec. VI. The stability of
the MA sail and various other supporting information are
presented in the appendices.

(a) (b) (c) (d) (e)

FIG. 1. Examples of implementations of damped internal degrees of freedom for light sails. Green represents the elastic damped
medium; blue represents the payload (when not distributed on the sail); red represents the laser beam. (a) Damped hinges; (b) cen-
tral payload attached by viscoelastic medium; (c) damped modes of vibration; (d) dual layers separated by viscoelastic medium;
(e) distributed damped cantilever. Arrows represent the examples of damped transverse motion. Features are not to scale.
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(a)

(b)

(c)

FIG. 2. Sail schematics. (a) Simple, rigid 2D sail consisting
of two mirrors at positions xL,R connected by a massless rod of
length 2L; the mirrors make an angle φ with the rod. Angle θ

gives the orientation of the sail with respect to the incoming laser
beam (red arrow). (b) Moveable mass sail with a moveable point
mass that is connected to the rest of the sail by damped springs.
The moveable mass is at xm at a distance ξ from the center of the
sail at x0; the center of mass is displaced from x0 by εξ to xc;
and n̂L,R are the normals to the mirrors. (c) Moving arms sail in
which the connecting rod has a damped hinge at the center at xh,
α is the half-angle between the rods, with normals n̂Lr and n̂Rr.

II. SAIL DESIGNS

To analyze the possibility of damping through internal
degrees of freedom, we start from arguably the simplest
sail design exhibiting restoring forces toward the center
of the laser beam. Our emphasis here is to show that a

damped internal degree of freedom can damp any lateral
perturbations and return the sail to its equilibrium point
instead of focusing on practically viable mechanisms for
producing restoring forces. A spherical sail in a doughnut
beam has been shown to be marginally stable within the
beam [15]. Marginal stability refers to the situation where
the system is neither unstable nor asymptotically stable:
small perturbations from its equilibrium neither grow nor
decay over time. Considering finite two-dimensional sec-
tions of such a sphere provides a simpler geometry, still
exhibiting marginal stability, shown in Fig. 2(a): two mir-
rors, each with mass m1 located at xL (left mirror) and
xR (right mirror) are connected by a massless rigid rod of
length 2L. The mirrors are at angle φ with the connecting
rod, which in turn has an angle θ (orientation angle of the
sail) with the x axis of the coordinate frame in which the
laser is at rest—the laser frame. Our equations are written
in this frame. We consider perfect specular reflection by
the mirrors subject to a laser beam profile, pointing along
the positive y axis, given by

I(x) = I0[δ0 + (x · x̂/L)2], (1)

where δ0 ≥ 0 is a dimensionless constant, x is the position
vector, and x̂ is the unit vector along the x axis of the laser
frame. This beam profile may be viewed as the lowest-
order approximation (valid for small displacements of the
sail from the center of the beam) to an annular beam [23]
or to a Laguerre-Gaussian mode laser beam with a nonzero
orbital angular momentum number when δ0 = 0 [24].

We assume that the laser is always focused on the sail
(so that the beam profile does not depend on the distance
along the y axis from the laser) and ignore relativistic
effects, in particular the Doppler shift of the laser light
[25–29] so that the momentum transfer for each photon
is independent of the speed of the sail. We assume point
mirrors in the sense that the intensity of the laser is approx-
imated to be uniform across the projected area of each
mirror. The model can easily be made more realistic by
replacing the point mirrors with spatially extended gratings
[9,13], but our focus here is the dissipation mechanism of
the lateral motions of the sail.

The stability of this simple sail can be understood as fol-
lows. If the sail shifts to the right compared to the center of
the beam, the intensity at the right mirror increases, while
that at the left mirror decreases, creating a net restoring
force. Similarly, if θ is positive, the cross section of the
left mirror intercepting the beam is larger than that of the
right mirror, leading to a net restoring torque. A more com-
plete linear stability analysis (see Appendix B) shows that
this geometry is indeed stable, but not damped, i.e., it is
marginally stable, similar to the more complicated designs
considered in the literature, e.g., by Ilic and Atwater [9].
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A. Moveable mass sail

Figure 2(b) shows the first modification of the sail
shown in Fig. 2(a) in which we introduce a damped inter-
nal degree of freedom by incorporating a moveable mass.
The connecting rod now includes a housing that is located
symmetrically about the center of the sail at x0 between
the mirrors. The housing contains a moveable point mass
m2 located at xm with its movement constrained along a
straight line between the mirrors at xL and xR. The mass is
connected to the two ends of the housing by damped mass-
less springs. The extension and compression of each spring
is denoted by ξ and is measured from its equilibrium at x0.
The center of mass of the sail is at xc at a distance εξ from
x0, where ε = m2/M with M = 2m1 + m2.

The springs provide a restoring force on the moveable
mass at xm toward its equilibrium position at x0. In the
frame in which the mirrors are at rest, when the mass is
perturbed, it oscillates about x0 along the length of the con-
necting rod. In the laser frame the mirrors and the mass
counter oscillate about xc such that the center of mass does
not accelerate in the absence of a net nonzero external
force.

As shown in Fig. 1, the restoring force and the damp-
ing could be provided by a number of different physical
mechanisms. However, our analysis is agnostic to these,
as long as the nature of the restoring and damping forces
are not drastically different. For convenience, we refer to
the restoring and damping forces as provided by springs in
both MM and MA sails.

B. Moving arms sail

Figure 2(c) shows the second sail design that we con-
sider. In this MA sail design, the rigid rod has a hinge
halfway between the mirrors at xh with opening half angle
α. The total mass for this sail is M = 2m1. A massless
damped torsion spring at the hinge provides a torque on
the arms with equilibrium at α = α0. When the MA sail is
perturbed, the arms oscillate about the equilibrium open-
ing half angle α0 and cause the center of mass of the sail to
oscillate along the line joining xc and xh in the laser frame.

III. EQUATIONS OF MOTION

We now derive and discuss the equations of motion of
the MM sail, whereas the equations of motion for the MA
sail are discussed in Appendix C.

A. Forces

We denote the coordinates of the center of mass of the
sail as xc = [x, y], so that

xL,R = xc ∓ (L ± εξ)r̂, xm = xc + (1 − ε)ξ r̂, (2)

where r̂ = [cos θ , sin θ ] is a unit vector and xL,R and xm are
as discussed in Sec. II. The force exerted by the laser on
the sail is then given by

Flaser = −2A
c

∑

i=L,R

I(xi)(n̂i · ŷ)2n̂i, (3)

where A is the area of the point mirrors, c is the speed
of light in vacuum, I(x) is the laser intensity, as given
by Eq. (1), and n̂L,R = [sin(θ ∓ φ), − cos(θ ∓ φ)] are the
unit normals to each mirror, as shown in Fig. 2(b). In
Eq. (3) one power of (n̂i · ŷ) arises from the projection
of the area of the mirrors and the other from transfer of
the momentum of photons to the mirrors. The choice of
unit normals to the mirrors require that φ and θ must sat-
isfy 0 < φ ± θ < π/2, so that the laser is incident on the
reflecting surface of the mirrors and the force generated is
pointing toward the center of the beam—a restoring force.

The forces provided by the springs (including the
damping force) on the mirrors and the moveable
mass are

FsL,R = (kξ + 	ξ̇)r̂, Fsm = −2(kξ + 	ξ̇)r̂, (4)

where k is the spring constant of each of the springs, 	 is
the damping coefficient, and time derivatives are denoted
by a dot. Note that the internal forces add to zero in the
inertial laser frame.

B. Equations of motion

The equations of motion of the sails may be obtained using the Newton-Euler approach or using D’Alembert’s
principle (see Appendix A 1) as

¨̄x = −Ī(xL) cos2(θ − φ) sin(θ − φ) − Ī(xR) cos2(θ + φ) sin(θ + φ), (5a)

¨̄y = Ī(xL) cos3(θ − φ) + Ī(xR) cos3(θ + φ), (5b)

¨̄θ = − 2εξ̄ ˙̄ξ ˙̄θ
1 + εξ̄ 2

− cos φ[(1 + εξ̄ )Ī(xL) cos2(θ − φ) − (1 − εξ̄ )Ī(xR) cos2(θ + φ)]
(1 − ε)(1 + εξ̄ 2)

, (5c)

024016-4



SELF-STABILIZATION OF LIGHT SAILS BY DAMPED... PHYS. REV. APPLIED 17, 024016 (2022)

¨̄ξ = ξ̄ ˙̄θ2 − 2k̄ξ̄ + 2	̄ ˙̄ξ
ε(1 − ε)

− sin φ[Ī(xL) cos2(θ − φ) − Ī(xR) cos2(θ + φ)]
1 − ε

, (5d)

where I(xi) = I0Ī(xi) and a bar denotes a nondimen-
sionalized quantity. We nondimensionalize using mass,
length, and time scaling factors ms = M , xs = L, and
ts = √

MLc/2I0A, respectively. The scaling factors of the
spring constant and damping coefficient of the MM sail
are respectively ks = ms/t2s and 	s = ms/ts. Our results are
independent of the specific values of the parameters that
appear in the scaling factors; however, we provide nom-
inal values in Appendix A 3 that we use to obtain our
dimensional results.

Equation (5) shows that the x, y, and θ coordinates of
the MM sail do not depend directly on the restoring and
damping forces provided by the springs. The damping is
indirect through ξ and/or its time derivative. All terms
multiplying Ī(xL,R) result from the force exerted by the
laser beam on the mirrors. The first term in Eq. (5c) can
be interpreted as the Coriolis effect and arises due to time
dependence of the moment of inertia of the sail, whereas
the first term in Eq. (5d) can be interpreted as the centrifu-
gal effect. In the Lagrangian framework such effects result
from the time dependence of the nondiagonal mass matrix
in the expression of the kinetic energy of the sail. Both
Coriolis and centrifugal terms arise as we are no longer
dealing with a rigid body system. The equations of motion
of the MM sail are singular when ε = 0 (for m2/m1 → 0)
and ε = 1 (for m2/m1 → ∞), but these limits are not of
interest. We show in Sec. IV that, for the sail to be stable,
we require φ to be larger than some minimum value. For
θ ∓ φ = π/2, the projected area of the left or right mirror
goes to zero, leading to zero force due to the laser on the
mirror. We note that the equations of motion of the simple
sail, shown in Fig. 2(a), may be obtained from those of the
MM sail by ignoring Eq. (5d) and taking the limit ε → 0
in Eqs. (5a)–(5c).

Henceforth, except where explicitly stated, we work
with nondimensionalized quantities and drop the bar for
simplicity of notation.

IV. STABILITY ANALYSIS

We analyze the stability of the MM sail by lineariz-
ing Eq. (5) by expanding about the equilibrium point
(x, θ , ξ , ẋ, θ̇ , ξ̇ ) = 0. For the sail to be asymptotically stable
with damped lateral motion, we require that the eigenval-
ues of the coefficient matrix have negative real parts so that
the general solution

v =
∑

s

cse�λstei�λstvs

decays with time. Here coefficients cs are determined by
the initial conditions, vs are eigenvectors corresponding to
eigenvalues λs, and s runs over all nontrivial eigenmodes.
Marginal stability corresponds to the case where �λs = 0.

Linearizing the equations of motion of the MM sail
results in a characteristic polynomial of degree eight (see
Appendix D) with six nontrivial eigenvalues. The two triv-
ial eigenvalues result because the equations of motion do
not depend on coordinate y and its time derivative. This is
a consequence of our assumption that the laser beam pro-
file has no dependence on y and our neglect of the Doppler
shift of the laser wavelength (so that there is no dependence
on ẏ). The characteristic polynomial of the MM sail can-
not be solved analytically. We employ the Routh-Hurwitz
criterion [30] to obtain a set of necessary and sufficient
conditions for all nontrivial solutions of the characteris-
tic polynomial to have nonzero negative real parts. These
conditions are found to be

δ0 ≥ 0, 0 < ε < 1, 	 > 0, k > kmin, and

φmin < φ < π/2, (6)

where

kmin = (1 + δ0)ε
2 cos2 φ sin φ and

φmin = cos−1
[

1 − 9 + 6δ0 + δ2
0

19 − 4ε + 14δ0 + 3δ2
0

]1/2

. (7)

We observe, as expected, that a nonzero damping coeffi-
cient 	 is necessary for the sail to be stable (and damped).
The minimum value of φ increases with increasing ε and
decreases with increasing δ0. This respectively results in
increasing and decreasing the restoring component (x com-
ponent) of the laser force, while doing the opposite for the
net force. The minimum spring constant k increases with
minimum laser intensity δ0 and mass ratio ε and decreases
with increasing φ (increasing laser restoring force and
decreasing total laser force). The conditions for minimum
k and φ ensure that a sufficient restoring force is provided
on the moveable mass and on the sail, respectively.

Equation (6) gives a wide range of parameters over
which all eigenmodes are damped. That is, for which any
lateral displacement of the sail (including rotations) are
damped provided the perturbations from equilibrium are
sufficiently small for nonlinear effects to be insignificant.
The MM sail is therefore asymptotically stable in con-
trast to the marginally stable sails in the existing literature
[6,13,15–19].
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Figure 3 shows the real (top row) and imaginary (bot-
tom row) parts of the nontrivial eigenvalues as a function
of damping coefficient 	 for parameter values given in
the figure caption. All eigenvalues have negative real parts
and are purely real or occur in complex conjugate pairs,
as expected. As k/kmin is increased, the imaginary parts
of λ1–4 are relatively unaffected, with 0.5 � |�λ1,2| � 0.52
and 1.6 � |�λ3,4| � 1.7, while |�λ5,6| increase from zero
at k/kmin = 1. However, �λ5,6 is nonzero only for small 	

up to the bifurcation point (indicated by green circles) of
λ5,6 where λ5,6 becomes purely real. Past the bifurcation
point, the magnitude of �λ5 decreases toward zero while
that of �λ6 continues to increase with 	. The real parts
of λ1,2 and λ3,4 remain relatively unaffected as k/kmin is
increased except near values where these eigenvalues coa-
lesce (indicated by magenta circles) in the complex plane
with λ5,6 when k/kmin ≈ 4.69 and ≈ 33.7, respectively, as
seen in columns (b) and (c) of Fig. 3, and the absolute value
of their real parts are maximized.

The modes corresponding to λ5,6 become purely decay-
ing modes past the bifurcation point for larger 	, while
the other modes remain oscillatory and decaying. This may
be viewed as modes corresponding to λ5,6 becoming over-
damped for sufficiently large 	 while the other modes
remain underdamped. The eigenvectors associated with
λ5,6 are dominated by the mass-spring system, while the
mass-spring system is weakly coupled to the other modes.
The coalescence points then may be viewed as locations
where the mass-spring system is strongly coupled to the
other modes of the system, leading to increased dissipation
rates in the corresponding modes.

The magnitude of the troughs of the real parts of the
relevant eigenvalues increase to a maximum at coales-
cence points and then decrease and move to larger 	 with
increasing k/kmin. These coalescence points indicate reso-
nance points between these eigenmodes where they share
a common dissipation rate and oscillation frequency. This
implies that, for damping lateral motions of the sail, the

(a) (b) (c)

FIG. 3. Stability analysis: eigenvalues of the MM sail. Real (top row) and imaginary (bottom row) parts versus 	 for δ0 = 0.1,
ε = 0.1, φ/φmin = 1.15, and k/kmin = 1.1 [column (a)], 4.6869 [column (b)], and 33.717 [column (c)]. Different eigenvalue pairs
are shown using different colors, line thicknesses, and styles (see the legend). The vertical axis of the top row uses a bisymmetric
logarithmic scaling with range |�λ| ≤ 1 represented over ten decades. The green and magenta circles indicate the bifurcation and
coalescence points, respectively.
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optimal values of k/kmin and 	 are possibly those that cor-
respond to the intersections of λ1,2 and λ5,6 as eigenmodes
corresponding to λ1,2 have the slowest decay rates. This
choice also avoids (potential) high-frequency oscillations
of the sail corresponding to nonzero �λ5,6 when k/kmin
is large, specially when past the intersections of λ3,4 and
λ5,6. However, the precise choice of optimal values of the
parameters leading to the fastest decay rate is a nontriv-
ial exercise as the coordinates of coalescence points in the
(k, 	) plane also depend on δ0, ε, and φ. In general, the
coalescence points move to lower k and higher 	 coordi-
nates with increasing δ0 and φ and to lower k and higher
	 with ε. For k/kmin � 4.7, the bifurcation of �λ5,6 occurs
at 	 ≈ √

k/kmin/40 for the parameters used in the figure;
the scaling ∝ √

k/kmin is maintained when δ0, ε, and φ are
varied.

The bifurcation of λ5,6 as a function of k and 	 are
similar to the appearance of exceptional points in PT-
symmetric systems in quantum mechanics and optics
[31–33], for example that of a passive, lossy plasmonic-
dielectric waveguide model [34]. The spring constant k
plays the role of the coupling constant, with kmin being
its critical value, while 	 corresponds to the loss in
the supporting waveguide. Previous reports in passive
optical two-mode systems [34] showed that the excep-
tional point is associated with the largest overall dissi-
pation. In this mechanical six-mode system, the topol-
ogy of the eigenspace is significantly more complicated
and the choice of optimal parameters is not obvious.
In the neighborhood of the exceptional and coalescence
points, PT-symmetric systems may exhibit rich physics
[35] (including exchange of energy between eigenmodes)
and possible chiral behavior [36]. These are determined
from a detailed analysis of the topology of the Riemann
surfaces [37–39], which is beyond the scope of the current
paper.

When the conditions given in Eq. (6) are satisfied, we
are guaranteed to have an asymptotically stable equilib-
rium. However, the neighborhood of the equilibrium where
linear stability is applicable could be very small as (typi-
cally small factors) k and 	 multiply linear terms in Eq. (5),
i.e., there is the potential danger of entering the nonlinear
regime for seemingly small perturbations about the equi-
librium. We must choose δ0, ε, φ, k, and 	 judiciously if a
specific damping rate of the lateral oscillations of the sail
is desired and/or if lateral perturbations in a specific neigh-
borhood of the equilibrium are to be damped; the latter is
not always guaranteed.

Figure 4 shows plots of x, y, θ , ξ , and their deriva-
tives versus time t for the same parameter values used
in column (a) of Fig. 3 with 	 = 0.04 and initial condi-
tions (x0, θ0, ẋ0, θ̇0) = (0.5, 0.35, 0.15, 0.15), calculated by
integrating the full nonlinear equations of motion, Eq. (5)
(see Appendix A 2). The vertical and horizontal axes have
been scaled for convenience as shown. The choice of

(x0, θ0) = (0.5, 0.35) is somewhat arbitrary and the addi-
tional perturbations in ẋ0 and θ̇0 increase x and θ in the
absence of damping. For comparison, Ilic and Atwater
[9] used (x0, θ0, ẋ0, θ̇0) = (0.5, 0.1, 0, 0) to demonstrate the
marginal stability of the sail they considered. It is evident
that all lateral motions of the MM sail are damped over
time. The motion along the y axis has (almost) constant
acceleration and is decoupled in this (mostly) linear regime
with y(t) ≈ [(1 + δ0) cos3 φ]t2. This decoupling implies
that the damping mechanism significantly affects only the
lateral components of the sail motion, as desired.

The lateral oscillations of the sail are irregular in the ini-
tial phase of the motion and become more regular with
increasing time as the fastest decaying modes damp out.
The quantities x, θ , ẋ, and θ̇ reach their maximum (abso-
lute) values at times t ≈ 6.1, 3.2, 21, and 11, respectively,
and reduce to 1/e of their maximum values after the damp-
ing time �t1/e ≈ 58, 98, 91, and 74. For the nominal
parameter values (see Appendix A 3), these correspond
to dimensional damping times �t1/e ≈ 0.17, 0.29, 0.27,
and 0.22 s, respectively. The decay time for the lateral
perturbations of the sail is thus quite short compared to
the nominal acceleration time of approximately 900 s.
The longest surviving oscillations have (nondimensional)
angular frequency ω ≈ 0.52 corresponding to �λ1,2 in col-
umn (a) of Fig. 3. This corresponds to a dimensional
angular frequency of approximately 68 rad s−1. The other
four eigenmodes have dimensional oscillation frequencies
of ω3,4 ≈ 560 rad s−1 and ω5,6 ≈ 28 rad s−1. The oscilla-
tions of the sail due to ω5,6 may be avoided through an
appropriate choice of parameters, as discussed above, and
ω3,4 may be tuned by changing the sail parameters that
affect scaling factor of time, ts.

The stability analysis of the MA sail (see Appendix C)
shows that, unlike the MM sail, at best it can have
two damped eigenmodes and four undamped ones. The
undamped modes of the MA sail do not dissipate when
excited and hence the MA sail is not asymptotically sta-
ble. Furthermore, any deviations from a narrow range of
parameter values lead to the emergence of growing modes
and instability.

V. NUMERICAL RESULTS

The results presented in the previous section are for
a single set of values of sail and laser parameters δ0,
ε, φ, k, and 	 and for a single set of initial conditions
(x0, θ0, ẋ0, θ̇0). Here we demonstrate the asymptotic sta-
bility of the MM sail by calculating the damping time
of the perturbations for an ensemble of initial conditions
and parameter values. We choose a default set of param-
eters δ0 = 0, ε = 0.1, φ/φmin = 1.05, k/kmin = 1.1, and
	 = 10−2 with, using Eq. (7), φmin ≈ 0.769 and kmin ≈
3.45 × 10−3 for the chosen values of δ0 and ε, and vary
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0.0 2.5 5.0 0.0 2.5 5.0

FIG. 4. Dynamics of the MM sail. Elements of x, y, θ , ξ , and their derivatives as a function of time t for parameter values given in
column (a) of Fig. 3 with 	 = 0.04 and for initial conditions (x0, θ0, ẋ0, θ̇0) = (0.5, 0.35, 0.15, 0.15).

one parameter at a time. We consider the range of values

0 ≤ δ0 ≤ 0.3, 0.1 ≤ ε ≤ 0.4, 0.01 ≤ 	 ≤ 0.1,

1.1 ≤ k/kmin ≤ 5.6, 1.05 ≤ φ/φmin ≤ 1.2,
(8)

and, for each parameter, we take seven equally spaced
samples except for 	 that is sampled logarithmically. We

divide the initial condition ranges

|x0| ≤ 0.15, |θ0| ≤ 0.15, |ẋ0| ≤ 0.15, |θ̇0| ≤ 0.15,
(9)

into seven equal parts for a total of 2401 sets of initial con-
ditions. We solve the equations of motion by using the
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default values for all parameters except one that is var-
ied over the range of values described. For each set of
parameter values, we solve the equations of motion for
all initial conditions and estimate the damping time (see
Appendix A 2).

Figure 5 shows the damping time for x, ẋ, θ , and θ̇ as
we vary the parameters δ0, ε, φ, k, and 	 while keeping
the rest fixed (see the caption for details). Varying δ0 [col-
umn (a)] has little effect on the damping times. This is not
unexpected as δ0 varies the intensity, and hence the force
of the laser, uniformly. This is counteracted by varying the
minimum spring constant kmin and minimum mirror angle
φmin accordingly to adjust the restoring forces on the mir-
rors and the moveable mass, Eq. (6). Increasing ε [column
(b)] causes θ and θ̇ to damp more rapidly while produc-
ing the opposite effect for x and ẋ. Increasing φ [column
(c)] and k [column (d)] both result in a reduced damping
time for all quantities. Changing φ affects the restoring

force provided by the laser on the mirrors, while vary-
ing k affects the restoring force on the moveable mass.
The interplay of these two restoring forces gives the cou-
pling between the damped degree of freedom and other
coordinates and their velocities. Increasing 	 [column (e)]
initially results in a reduction of the damping time due to
increased damping force; however, as 	 is increased fur-
ther, the damping times increase. This is as expected and
evident from Fig. 3 that shows that the magnitude of the
real part of all eigenvalues, except for λ6, increases with 	

and then decreases.
The results presented in Fig. 5 show only slices of the

full parameter space and its effect on damping behavior.
Choosing the optimal set of parameter values for a specific
metric is nontrivial, as discussed above, and a full analy-
sis of the damping times over the full parameter space is
beyond the scope of this paper. However, the inclusion of
the damped internal degree of freedom undoubtedly damps

(a) (b) (c) (d) (e)

FIG. 5. Damping times as a function of sail and laser parameters. The MM sail is stable for a wide range of parameters and initial
perturbations: box-and-whiskers plots of the damping time of x (first row), ẋ (second row), θ (third row), and θ̇ (fourth row) while
varying the parameters (horizontal axes) δ0 [column (a)], ε [column (b)], φ [column (c)], k [column (d)], and 	 [column (e)] and
keeping the rest fixed. Bullseye represents the median; thick portion of the box represents the 25th–75th percentile range; thin lines
represent the 5th–95th percentile range. In each cell the leftmost data point is for the default set of parameter values (see the text).
All time values have been scaled by the median of the damping time of x for the default parameter values. The numbers 1 to 7 on the
horizontal axes indicate the index of the value of the corresponding parameter below them. All axes are linear except for the horizontal
axes of column (e) that is logarithmic owing to the logarithmic sampling of 	.
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the lateral oscillations of the sail in a reasonably small time
compared with the total acceleration time of the sail.

VI. DISCUSSION AND CONCLUSIONS

In this paper we address one of the central challenges in
interstellar travel: stability of the sail during its accelera-
tion phase. We modify a simple sail to include a damped
internal degree of freedom and demonstrate that the lateral
oscillations of the sail may be damped effectively, leading
to asymptotic stability of the sail. We give the criteria for
asymptotic stability and demonstrate that all small lateral
perturbations may be damped effectively for a wide range
of sail parameter values. We consider the extra heat gen-
erated from the damping of the lateral motions and show
that it is likely to be much smaller than the heat gener-
ated through absorption of the laser light by the sail (see
Appendix E).

We propose and analyze two sails with internal damped
degrees of freedom and analyze their ability to damp lat-
eral oscillations of the sail. The designs we discuss are
merely two examples of a much larger class. However,
they are opposites in that in the MM design the center
of mass moves in the direction that connects the two mir-
rors, whereas in the MA design the center of mass moves
perpendicular to this direction. Therefore, even though
the MM and MA designs are but two implementations
of damped internal degrees of freedom, they each are
arguably representative of a much larger set of designs.
We may tentatively conclude that, perhaps not surprisingly,
the damping of lateral motion requires an internal degree
of freedom that can move in the same direction to linear
order. This is so even though all of the sails’ degrees of
freedom are coupled in the equations of motion.

In choosing optimal parameters one might be tempted
to consider the equivalent of critical damping, which
corresponds to the exceptional point in PT-symmetric
systems [40]. However, the condition for critical damp-
ing pertains to a single pair of modes (λ5,6 in Fig. 3),
whereas the other modes are not critically damped. Since
the residual motion is determined by the most weakly
damped modes (λ1,2 in Fig. 3), it may be more advanta-
geous to consider the coalescence points, where accidental
degeneracies can lead to the fastest damping.

We have analyzed and discussed the asymptotic stabil-
ity of the system for a wide range of parameters and initial
conditions. An ever present source of perturbations of the
sail is the laser beam, including defocusing, and noise in
the amplitude and direction of the beam. These imper-
fections could arise from the laser source or be due to
propagation through Earth’s atmosphere. If the laser is not
focused perfectly on the sail then the beam broadens some-
what and its intensity reduces. Since both of these effects
are absorbed in our scaling factors, our conclusions are
unaffected by defocusing. If noise is added to the amplitude

and/or the direction of the laser beam then additional anal-
ysis would need to be performed. Directional noise may
be viewed as the sail starting off center and we have shown
that the sail moves to the center of the beam; we cannot yet
make statements regarding large and/or rapid variations,
which require a separate study. Modest, unbiased noise in
the amplitude of the beam has been shown to have a small
effect as these fluctuations average out [14]. Sustained,
large asymmetries in the beam may be more challenging,
but a full analysis of these effects is beyond the scope of the
current manuscript. However, they do highlight the need
for damping of the perturbations imparted on the light sail
during the launch phase.

While our analysis is two dimensional, it can in principle
be straightforwardly generalized to three dimensions. This
allows not only sideways translation and rotational motion,
but also rotation about the axis of the laser beam. The main
issue is how to generalize the geometry. One could con-
sider an additional damped mass-spring system orthogonal
to the present one, or perhaps n of these at mutual angles
of π/n. All of the geometries shown in Fig. 1 are exam-
ples of such generalizations. However, this is outside the
scope of the present work. We are confident of the accuracy
of our analysis; however, an experimental verification will
be challenging and ideally would follow a full 3D analysis.
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APPENDIX A: METHODS

1. Equations of motion

The equations of motion of the sails may be obtained
using the Newton-Euler approach or using D’Alembert’s
principle. We derived the equations of motion using
both methods and present the latter. The more common
Lagrangian or Hamiltonian approaches do not apply here
as the force due to the laser does not have an associated
potential. D’Alembert’s principle gives the equations of
motion as [41]

d
dt

(
∂T
∂ q̇j

)
− ∂T

∂qj
= Qj , Qj =

∑

i

Fi · ∂xi

∂qj
, (A1)

where Fi is the net nonconstraint force on the mass with
position vector xi, the qj are generalized coordinates, the
Qj are generalized forces, with the products qj Qj having
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units of energy, and T is the kinetic energy given by

T = 1
2

∑

i

mi|ẋi|2. (A2)

For the MM sail, we have q = (x, y, θ , ξ) and, for the MA
sail, q = (x, y, θ , α).

2. Numerical results

The equations of motion are solved using the MATLAB®

built-in solver ode113 with an absolute and relative error
tolerance of 5 × 10−14. The damping times are estimated
by fitting a curve to the envelope of the absolute values of
q and q̇. The eigenvalues are calculated numerically using
built-in MATLAB functions.

3. Nominal parameter values

To obtain a nominal set of parameter values, we con-
sider a 3D sail with mass msail = 10−3 kg and surface area
Asail = 10 m2, subject to a laser beam with uniform inten-
sity profile, that has an intensity such that it accelerates
the sail, under perfect specular reflection at normal inci-
dence and ignoring relativistic effects, to 0.2c in 15 min.
The sail then has surface mass density ρsail = msail/Asail =
10−4 kg/m. Assuming similar acceleration for the MM
sail with nominal A = 10−2 m2, L = 1 m, m1 = Aρsail,
δ0 = 0.1, ε = 0.1, φ = 1.15φmin, and ÿ = 2(1 + δ0) cos3 φ

requires that I0 ≈ 3.9 × 109 W/m2. These give nominal
scaling parameters

ms ≈ 2.2 × 10−6 kg, xs = 1 m, ts ≈ 2.9 × 10−3 s,

ks ≈ 0.26 kg/s2, 	s ≈ 7.6 × 10−4 kg/s. (A3)

APPENDIX B: SIMPLE SAIL

The characteristic polynomial of the simple sail may be
obtained from linearizing its equations of motion or from
Eq. (D1) below by taking the limits k̄/ε → 0, 	̄/ε → 0,
and ε → 0 as

P(λ) = λ2[λ4 + �4λ
2 + �2],

�4 = 4(2 + δ0) cos2 φ sin φ, �2 = 8(1 + δ0) cos6 φ,
(B1)

with nontrivial solutions

λ = ±
{

− �4

2
[
1 ± �1/2]

}1/2

, � = 1 − 4�2

�2
4

. (B2)

The system is marginally stable (i.e., all eigenvalues are
purely imaginary) when 0 ≤ � ≤ 1, which is satisfied

provided we have

φmin ≤ φ ≤ π

2
, φmin = tan−1

[√
2(1 + δ0)

2 + δ0

]
, (B3)

and the system is unstable otherwise.

APPENDIX C: MOVING ARMS SAIL

The equations of motion of the MA sail, shown in
Fig. 2(c), may be obtained using Eq. (A1) as follows. We
have

xL,R = xc ∓ L sin αr̂,

n̂L,R = [∓ cos(α ± θ − φ), − sin(α ± θ − φ)]. (C1)

The force due to the laser is given by Eq. (3) and by the
force exerted by the torsion spring on the two mirrors of
the MA sail

FsL,R = [k(α0 − α) − 	α̇]n̂Lr,Rr,

n̂Lr,Rr = [∓ cos(α ± θ), − sin(α ± θ)], (C2)

where the unit normals to the arms, as shown in Fig. 2(c).
The nondimensional equations of motion for the MA sail
are then obtained as

¨̄x = Ī(xL) sin2(α + θ − φ) cos(α + θ − φ)

− Ī(xR) sin2(α − θ − φ) cos(α − θ − φ)

+ sin α sin θ [k̄(α0 − α) − 	̄ ˙̄α], (C3a)

¨̄y = Ī(xL) sin3(α + θ − φ) + Ī(xR) sin3(α − θ − φ)

− sin α cos θ [k̄(α0 − α) − 	̄ ˙̄α], (C3b)

¨̄θ = −2 cot α ˙̄α ˙̄θ − sin(α − φ)

sin α
[Ī(xL) sin2(α + θ − φ)

− Ī(xR) sin2(α − θ − φ)], (C3c)

¨̄α = tan α( ˙̄α2 + ˙̄θ2) + [k̄(α0 − α) − 	̄ ˙̄α]

− cos(α − φ)

cos α
[Ī(xL) sin2(α + θ − φ)

+ Ī(xR) sin2(α − θ − φ)], (C3d)

where we nondimensionalize using ms = m1, xs = L, ts =√
MLc/I0A, ks = msxs/t2s , and 	s = msxs/ts. Again, we

drop the bar on the nondimensionalized parameters for
simplicity of notation.

Unlike Eq. (5) we observe that, for the MA sail, the
spring force couples directly to the x and y coordinates in
addition to the internal degree of freedom α. The Coriolis
effect [first term of Eq. (C3c)] and centrifugal effect [first
term of Eq. (C3d)] are again present. The singularity in
the equations of motion of the MA sail at α = π/2 can be
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removed if we add a nonzero mass at the hinge, as dis-
cussed above. This additional mass would regularize the
equations of motion without affecting the stability of the
system. We choose 0 < α0 < π but sufficiently away from
π/2 so that the oscillations of the arms about α = α0 do
not cross α = π/2.

Linearizing the equations of motion about the equi-
librium point (x, θ , α, ẋ, θ̇ , α̇) = (0, 0, α0, 0, 0, 0) gives a
characteristic polynomial of the form

P(λ) = λ2[λ2 + �11λ + �10][λ4 + �21λ
2 + �22], (C4)

which may be solved directly. The only set of solutions
where there are no eigenvalues with a nonzero positive real
part are

λ1,2 = −1
2
	

{
1 ±

√
1 − 4(k + �1)/	2

}
,

λ3–6 = ±i�2

{
1 ±

√
�3

}1/2
, (C5)

subject to k + �1 ≥ 0, �2 ≥ 0, and �3 ≥ 0, where

�1 =
(

3
2

+ 2δ0

)
sin(2α0 − 3φ) − sin(4α0 − 3φ)

+ 1
2

sin(2α0 − φ) + 2(1 + δ0)
cos2 φ

cos2 α0
sin φ, (C6a)

�2 = 4
(

1 + δ0

2 sin2 α0

)
sin α0 sin2(α0 − φ) cos(α0 − φ),

(C6b)

�3 = 1 − tan2(α0 − φ)[1 + δ0 csc2 α0]
2(1 + δ0 csc2 α0/2)2 . (C6c)

Two of the eigenvalues have negative real parts and four
eigenvalues are purely imaginary. We note that the damp-
ing coefficient 	 only enters the expression for λ1,2 and
does not appear in the expressions for λ3–6. Mathemat-
ically, the characteristic polynomial factors indicate that
there is block diagonalization, and hence the dissipation
does not couple to all degrees of freedom. Thus, not all per-
turbations of the MA sail damp over time. The equations
of motion of the MA sail are more nonlinear compared to
those of the MM sail, as is evident from Eqs. (5) and (C3).
This is likely to lead to faster growth of perturbations of
the sail due to nonlinear effects. Therefore, designs based
on the MA sail are not viable if one intends to damp out all
lateral perturbations of the sail.

APPENDIX D: MM SAIL CHARACTERISTIC
POLYNOMIAL

The characteristic polynomial of the MM sail is obtained
from the Jacobian matrix of Eq. (5) as

P(λ) = λ2[λ6 + �5λ
5 + �4λ

4 + �3λ
3 + �2λ

2

+ �1λ + �0] (D1)

with coefficients

�0 = 16(1 + δ0) cos6 φ{k − (1 + δ0)ε
2 cos2 φ sin φ}

ε(1 − ε)2 ,

(D2a)

�1 = 16	(1 + δ0) cos6 φ

ε(1 − ε)2 , (D2b)

�2 = 8(1 + δ0) cos4 φ{(1 + δ0ε) cos2 φ − (1 + δ0)ε}
(1 − ε)2

+ 8k(2 + δ0 − ε) cos2 φ sin φ

ε(1 − ε)2 , (D2c)

�3 = 8	(2 + δ0 − ε) cos2 φ sin φ

ε(1 − ε)2 , (D2d)

�4 = 2k + 4(2 + δ0)ε cos2 φ sin φ

ε(1 − ε)
, (D2e)

�5 = 2	

1 − ε
. (D2f)

APPENDIX E: DISSIPATED ENERGY

We demonstrated that all lateral perturbations in coor-
dinates x, θ , and their time derivatives for the MM sail
are damped. The dissipated energy is additional heat that
can only be (meaningfully) lost through thermal radiation.
Cooling of the sail is a difficult task in itself [11] and, as
such, the damping mechanism must produce as little addi-
tional heat as possible. Here we discuss the rate of heat
production by the damping mechanism of the MM sail
and compare it to the expected heating of the sail through
absorption of the laser light.

The total energy incident on the sail from the laser beam
in time t is

EL(t) = −cts
2L

∑

i=L,R

∫ t

0
I(xi)

(
n̂i · ŷ

)
dt′. (E1)

An actual sail absorbs energy aαEL(t), where aα is the total
absorption coefficient. We wish to compare the heat gener-
ated by damping of the lateral oscillations of the sail to
this absorbed energy from the laser. The heat generated by
damping is given by the work done by the moveable mass
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(a) (b)

0.0 2.5 5.0 0.0 2.5 5.0

FIG. 6. Estimates of the heat dissipation in the sail and comparison to absorbed energy from the incident laser beam. Plots of (a) rH
and (b) W	 versus time t for the same parameter values and initial conditions as in Fig. 4.

against the damping force

W	(t) = 2	

∫ t

0
ξ̇ 2dt, (E2)

where we have used Eq. (4). The ratio of thermal energy
due to damping of the lateral motion to absorbed laser
energy is rh = rH/rα , where

rH = W	(t)
EL(t)

. (E3)

Figure 6 shows (a) rH and (b) W	 versus time for the
parameters in Fig. 4. The total heat produced due to damp-
ing is approximately 7.55 × 10−2, which is smaller than

the total laser energy landing on the sail by a factor of
approximately 7.9 × 109, as shown by the plot of rH .
The rate of heat generation through damping is largest
in the early stages of motion where lateral perturbations
are largest. As the perturbations damp, the rate of heat
generated drops as well. At its peak, the heat generated
through damping is equivalent to a total absorption factor
of approximately 3.71 × 10−9. Reasonable total absorption
for candidate sail materials is aα � 10−8 [6], which is sig-
nificantly higher than the heat generated through damping
of the lateral oscillations of the sail. In addition to this, the
sets of initial conditions chosen in Figs 4 and 6 are quite
extreme. In reality, we expect milder perturbations of the
sail and hence a reduced rate of heat generation due to the
damping of the lateral perturbations of the sail.

(a) (b) (c) (d) (e)

FIG. 7. Heat generated as a function of sail and laser parameters. Box-and-whiskers plots of values of rH (top row), scaled by
5.25 × 10−11, and W	 (bottom row), scaled by 3.10 × 10−2, while varying parameters (horizontal axes) δ0 [column (a)], ε [column
(b)], φ [column (c)], k [column (d)], and 	 [column (e)] and keeping the rest fixed. See the caption of Fig. 5 for further details.
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1. Numerical results

We analyze the rate of heat generation by calculating
the maximum value of rH and the total heat W	 generated
through damping for the same setup as discussed in the
main text

Figure 7 shows box-and-whiskers plots of the values of
rH (top row) and W	 (bottom row) as described in the
figure caption. We observe that the rate of heat produc-
tion depends most strongly on k and 	 and that the total
amount of heat produced varies appreciably only when φ

is changed. Larger k and 	 result in a greater rate of heat
production, unsurprisingly, as 	 is directly responsible for
heat production and larger k means larger ξ̇ and hence a
larger rate of heat production.
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