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We propose how to achieve strong phonon blockade (PB) in a hybrid spin-mechanical system in the
weak-coupling regime. We demonstrate the implementation of magnetically induced two-phonon interac-
tions between a mechanical cantilever resonator and an embedded nitrogen-vacancy center, which, when
combined with parametric amplification of the mechanical motion, produces significantly enlarged anhar-
monicity in the eigenenergy spectrum. In the weak-driving regime, we show that strong PB appears in
the hybrid system along with a large mean phonon number, even in the presence of strong mechan-
ical dissipation. We also show flexible tunability of phonon statistics by controlling the strength of
mechanical parametric amplification. Our work opens up prospects for the implementation of an efficient
single-phonon source, with potential applications in quantum phononics and phononic quantum networks.
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I. INTRODUCTION

Over the past decade the study of hybrid quantum sys-
tems (HQSs) has attracted much interest in exploring
quantum phenomena and developing quantum technolo-
gies [1]. By combining different physical components with
complementary functionalities, HQSs could provide multi-
tasking capabilities that the individual components cannot
offer [2]. With the recent progress in micro- and nanome-
chanical fabricating technologies, mechanical oscillators,
such as suspended membranes or tiny cantilevers, have
found diverse applications in a wide variety of disciplines
[3—8]. In particular, these mechanical elements can serve
as an essential component of HQSs when being interfaced
with some other quantum systems, such as superconduct-
ing qubits [9,10] or photons [11,12]. Another prominent
example is hybrid spin-mechanical systems [13,14], which
take full advantage of the outstanding coherence prop-
erty of solid-state spins and the high-quality factors of
nanomechanical oscillators [15—17], thus being widely
studied for both fundamental and practical applications
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in quantum information science [18—36]. As an important
initial step, the cooling of mechanical oscillators close to
their quantum ground state has been achieved in different
experimental settings [10,37-39].

The study of hybrid spin-mechanical setups also facil-
itates in-depth exploration of the quantum nature in
mechanical systems, allowing one to observe rich mechan-
ical quantum effects. A typical mechanical quantum effect
is phonon blockade (PB), which is an analog of the pho-
ton blockade in the cavity QED platform [40-53], and
is typically associated with quantum mechanical nonlin-
earity. A strong mechanical nonlinearity could enable the
emergence of PB, i.e., blockade of the excitation of the
subsequent phonons by resonantly absorbing the first one
[54-56]. Research on PB has progressed enormously in
the last few years since it paves a crucial step for imple-
mentation of quantum control at the single-phonon level.
Recent schemes have predicted that PB could be induced
in systems with the mechanical resonator coupled to a
qubit [57-59], in systems with quadratic optomechani-
cal interactions [60—63], or in a system with magnetically
induced two-phonon nonlinear coupling [64]. However,
for these existing schemes, moving into a strong nonlinear

© 2022 American Physical Society
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regime of the mechanical resonators requires either a large
quadratic optomechanical coupling rate or a large qubit-
resonator coupling rate, which are still hard to realize in
most real scenarios. Also, the mean phonon number in the
mechanical resonators is generally small due to the weak
mechanical drive ensuring the generation of strong PB,
debasing greatly the efficiency of single-phonon emission
as a single-phonon source. Therefore, in terms of improv-
ing the performance of PB, seeking an efficient approach
that can be free from the restriction of strong coupling
and simultaneously yield a large mean phonon number is
highly desirable. In addition, in contrast to the conven-
tional PB (relying on the anharmonic eigenenergy spec-
trum) [54—64], the unconventional PB mechanism based
on destructive quantum interference between excitation
paths has also been studied [65,66]. This unconventional
PB could work well with weak mechanical nonlinearity,
while the limitation in producing a large mean phonon
number still exists.

In this work, we present an experimentally feasible
method for realizing strong PB with a large mean phonon
number in a hybrid spin-mechanical system that does not
require working in the strong-coupling regime, address-
ing the two main problems mentioned above. Specifically,
our proposal is based on a well-designed hybrid device
where a single nitrogen-vacancy (N-V) center embedded
in a magnetic field gradient couples to a diamond can-
tilever resonator through the position-dependent Zeeman
shift [13,14]. With a particular geometric arrangement of
nanomagnets [31], the embedded N-J center at the equi-
librium position senses a null first-order magnetic gradient,
thus leading to a quadratic coupling between the N-J spin
and the resonator. In particular, we introduce a periodic
drive on the mechanical cantilever to implement the pro-
cess of mechanical parametric amplification (MPA), which
is inspired by a recent work for enhancing spin-phonon
coupling [34]. By working in the squeezed frame, we
show that our implementation enables an exponential cou-
pling enhancement with respect to the bare spin-phonon
coupling, which differs from the existing schemes based
on MPA or optical parametric amplification [34,67—77].
This offers a versatile platform for practical applications in
solid-state systems where strong spin-mechanical coupling
at the level of two phonons is within reach.

As the main concern of this work, we propose improv-
ing the performance of PB occurring in our hybrid system
with the two-phonon nonlinearity. We show that the intro-
duction of MPA allows for a stronger PB compared to the
case without MPA, which makes, in principle, the quantum
effect of PB as strong as possible. In particular, we demon-
strate that the PB is tunable by simply modulating MPA,
thereby enabling parameter regions where ultrastrong PB
and a large probability for detection of single phonons
could coexist even when the system is originally in the
weak-coupling regime. Furthermore, despite the lack of

direct reference for experimental detection of PB, we ana-
lyze a promising method for implementing PB detection
through measuring the spin qubit.

Our investigation on PB provides an alternative route
to single-phonon generation, where enhanced mechanical
nonlinearity enables a large second-order correlation and
thus could facilitate the realization of a high-efficiency
single-phonon source and single-phonon quantum devices,
with extended applications in quantum phononics and
phononic quantum networks [32,78,79]. Given the fact that
single phonons can be generated by various means, such
as phonon sideband transitions of N-J centers [80—82],
strong photon-phonon interactions in optomechanical crys-
tals [83,84], or strong coupling between a superconducting
qubit and the phonon modes of an acoustic wave res-
onator [85], engineering an efficient single-phonon source
may be of particular significance for quantum comput-
ing with phonons [86,87]. Furthermore, in analogy to
the single-photon sources that have important applications
within quantum information science, high-quality single-
phonon sources may directly determine the development
and performance of phonon-based quantum information
technologies.

II. DESIGN OF THE DEVICE
A. Model and hybrid-system Hamiltonian

We consider a hybrid spin-mechanical setup, as
schematically illustrated in Fig. 1, where a single N-V cen-
ter is embedded near the freely vibrating end of a singly
clamped diamond cantilever of dimensions (¢, w, ). Two
cylindrical nanomagnets are symmetrically arranged on
the two sides of the cantilever to produce a strong magnetic
field gradient at short distances [29—31,64]. The electronic
spin of the N-J center can be coupled to the cantilever res-
onator based on the fact that the bending motion of the
cantilever modulates the local magnetic field sensed by the
N-V spin [18,27]. The cantilever is electrically pumped by
a periodic drive (under the cantilever) that modulates the
mechanical spring constant in time [34,88,89], generating
the process of MPA. In addition, a weak mechanical drive
is applied to the cantilever for inducing the PB effect.

Following the specific quantization process as in Refs.
[34,89], the Hamiltonian of the cantilever oscillator takes
the form

A

Hpee = wp@'a + Q, cosQu, ) (@' + a)*

4 EL(aTefith 4 aeith), (1)

where a (a') is the annihilation (creation) operator for the
fundamental vibrational mode of frequency w,,, @, and €2,
are the pump frequency and amplitude, and w; and ¢; are
the frequency and strength of the linear mechanical drive.

The electronic ground state of the single N-V center
we studied is a S = 1 spin triplet with basis states |m),
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FIG. 1. Schematic illustration of the proposed setup for
observing strong PB. A diamond cantilever hosting an N-V cen-
ter is placed between two identical nanomagnets, under which
a pump source is arranged to electrically modulate its spring
constant. A time-varying voltage originating from the tunable
oscillating pump is applied, which forms a general capacitor
between the two electrodes, one of which is coated on the lower
surface of the cantilever and another is placed on top of the
pump. A weak mechanical (WM) drive is applied to the can-
tilever. Also, a microwave antenna is used to manipulate the N-V
electronic spin. Dimensions of each component are not to scale
for visual clarity. The inset shows the level diagram of the N-V
center, whose energy-level transitions between electronic ground
states are driven by microwave fields.

where m; = 0, £1. The ground-state energy-level structure
of this N-J center is shown in the inset of Fig. 1. The zero-
field splitting between the degenerate sublevels |m, = £1)
and |m; = 0) is D =2 x 2.87 GHz. The strong mag-
netic field B generated by the nanomagnets at the position
of the N-V center (see below) causes a Zeeman splitting
much larger than the zero-field splitting D, which can be
canceled by introducing a static magnetic field By (in
the opposite direction to B) [13]. The magnetic fields of
these two parts form a superposed field of magnitude By
such that ugB, < D, thus giving a Zeeman splitting 8, =
2g.1upBs, where g, >~ 2 is the Landé g factor of N-J/ centers
and pup = 14 GHz/T the Bohr magneton. On this basis,
two microwave (MW) fields polarized in the x direction,
Bff(t) = B§ cosw+t, are introduced to induce the transi-
tions between states | £ 1) and |0), whose Rabi frequencies
QL =g BB?)E and (red) detunings Ay =D +5,/2 — wy
are supposed to be identical in what follows for simplic-
ity, i.e., Qy = Q and AL = A. In a rotating frame with
respect to the MW frequencies wy and under the rotating-
wave approximation (RWA), the Hamiltonian of the single
N-V center is written as [13]

. Q
iy =Y AN G+ S A0G T+ 1)) )

j==*

Next, we turn our attention to the spin-phonon interaction.
In principle, the single N-J spin surrounded by a mag-
netic field B(r) couples to the mechanical oscillator via the
position-dependent Zeeman shift. The corresponding mag-
netic interaction Hamiltonian is generally written as Hiy =
" Bges - B(rg), where S denotes the spin operator and ry the
position of the N-V center. Assume that the cantilever res-
onator (also the N-J spin) oscillates only along the z direc-
tion, which allows us to expand the Hamiltonian I:Iim up
to second order in terms of the cantilever displacement z,
resulting in in ~ 15gS - [0B/02(0) + $8°B/8z2(0)22].
Because of the specific arrangement of nanomagnets, the
generated magnetic field yields an extremum at the posi-
tion of the N-V center, thus nullifying the first derivative
0B/0z(0), that is, the first-order magnetic gradient is equal
to zero. This can be verified in Fig. 2, where we show in
Fig. 2(a) the magnetic field distribution in the x-z plane
generated by two symmetrically placed nanomagnets, and
the magnetic strength along the z axis for x = 0 is given
in Fig. 2(b). Here, the two cylindrical magnets are of the
same size, with a diameter of 30 nm and height of 40 nm,
and the distance between them is adjustable, ranging from
tens to hundreds of nanometers; the magnetic substance
is selected as Dy due to a high saturation magnetization
up to woM,; = 3.7 T [31]. For the diamond cantilever, its
dimensions are set as (£, w,t) = (4,0.1,0.02) um in our
simulations. Note that the components of different dimen-
sions as simulated here could be fabricated individually
with modern nanofabrication techniques; see Appendix A
for a brief discussion regarding experimental realizations
of device fabrication and arrangement. As seen in Fig.
2(b), the magnetic strength displays an extremum (pre-
cisely, a local minimum) at z = 0 where the N-J center is
located. Also, it shows that the magnetic strength between
the nanomagnets decreases with increasing magnet
separation D,.

The resulting interaction Hamiltonian ﬁim, after elim-
inating the first-order magnetic gradient, is given by
H % nsg.G22S., where G = 02B./0z%(0) represents
the second-order magnetic gradient. Note here that the
mechanical oscillator only couples to the z component of
the N-J/spin due to null second derivatives of the magnetic
field along the x and y directions. Expressing the position
operator Z with 2 = zzpp(a' + @), we end up with

Hi ~ g(@" + @78, 3)

where g = % BgezprG is the two-phonon coupling rate.
Since g is proportional to the square of the zero-
point motion of the oscillator zzpp, which ranges from
tens to hundreds of femtometers for various systems
[18,90-93], the quadratic coupling strength is intrinsically
much smaller than the single-phonon coupling strength
(go) that is proportional to the zero-point fluctuation (gy
zzpr) [13,14,23,25,33,34]. Also, the magnitude of the
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FIG. 2. (a) Finite-element simulations of magnetic field lines

and strength distribution generated by two cylindrical Dy nano-
magnets with a diamond cantilever (hosting an N-V center,
marked with a red dot at the original point) situated in the mid-
dle. Only the x-z plane of the spacial magnetic distributions is
given here. Two cylindrical magnets have the same diameter of
30 nm and height of 40 nm, which are separated by a gap of
D, = 40 nm. The dimensions of the cantilever are (¢,w,f) =
(4,0.1,0.02) um. (b) Magnetic strength along the z axis for
x = 0 for two different magnet separations D,. (c) The calculated
two-phonon coupling rate versus the separation distance between
the nanomagnets.

second-order magnetic gradient determines linearly the
quadratic coupling strength, which is controllable over
a large range by adjusting the magnets separation (see
below).

To sum up, we obtain the total Hamiltonian for the
studied hybrid system

]A_ITotal = [A{mec + I:]N—V + IA_Iint
= wpd'a+Y A1+ S (00 |+ 1) (0D
j=%
+g@@ +a)’S, + @, cosQu,0) @' + &)
+ e (e 4 gelorty. 4)

To diagonalize the spin-only part (i.e., Hyx.y), we then
transform I:ITotal to a dressed-state basis spanned by {|D) =
(+1)—|—=1))/+2,1G) = cosb|0) — sinf|B),|E) = cos
0|B) +sin0]0)}, with |B) = (|+ 1) +|—1))/+/2 and
tan(20) = v/2Q /A. The resulting system Hamiltonian in
a rotating frame with respect to w),, under the RWA, is
simplified as (see Appendix C for a detailed derivation)

Hroar =~ Sma'a + 8616 + g(@'?6_ + a%6,)

Q . NP
+ 7"(6172 + @) +e@e ™ 4 e, (5)

where 8m(L) = Wm(L) — Wp, 8ed = Wed — 2a)p, and 6’+ =
61 = |E)(D]|. Notably, Eq. (5) has the form of a two-
phonon Jaynes-Cummings (JC) Hamiltonian in the pres-
ence of both linear and nonlinear (two-phonon) mechanical
drives, which suggests degenerate two-phonon exchange
between the mechanical mode and an effective two-level
system (TLS).

B. Estimation of the two-phonon coupling rates

So far, we have derived the driven, two-phonon JC
Hamiltonian for the hybrid spin-mechanical system. In
this subsection, we proceed to estimate the experimen-
tally achievable two-phonon coupling rate as well as
other system parameters. Based on the numerical sim-
ulations in Figs. 2(a) and 2(b), it is straightforward to
acquire the values of the second-order magnetic gra-
dient G = 9°B./3z%(0) for different magnet separations.
Then, the two-phonon coupling g depends directly on the
value of the zero-point fluctuation of the oscillator zzpr =
Vh/2Mw,,, according to g = %/ngez%PFG. The funda-
mental frequency w,, and effective mass M of the oscilla-
tor are estimated as w,, ~ 3.516 x (t/¢>)/E/12p ~ 27w x
3.8 MHz and M = ptwt/4 ~ 7 x 10718 kg, with Young’s
modulus and mass density of diamond being £ =~ 1.22 x
10'2 Pa and p ~ 3.52 x 10° kg/m?>, respectively, which
gives zzpr &~ 563 fm. In Fig. 2(c) we plot the calculated
two-phonon coupling rate g versus the magnet separation
D, ranging from 40 to 100 nm. It shows that a small mag-
net separation is desirable for achieving a large coupling
rate. Despite this, we hereafter take a relatively large value
of D, from the perspective that a larger magnet separation
would be more beneficial to actual operation in experi-
ments. As an example, we take D, = 80 nm, giving G =
7.9 x 10'* T/m? and therefore g ~ 27 x 1.1 Hz. A small
misalignment in the field orientation due to imperfectly
positioned magnets could affect slightly the second-order
magnetic gradient and therefore the two-phonon coupling
rate, leading to a relative error of less than 2% in the
presence of a 10° misalignment (see Appendix B for
details).

C. MPA in the squeezed frame

The time-dependent pump on the mechanical oscil-
lator introduces nonlinear drive to the mechanical
mode, producing the effect of degenerate paramet-
ric amplification. Specifically, by performing a uni-
tary squeezing transformation U, = exp[r, (@ — a'?)/2]
[69,74,75,77], where the squeezing parameter 7, is defined
via r, = (1/2) arctanh(£2,/8,,), the system Hamiltonian
(5) can be transformed to the squeezed frame, yielding (see
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where §; = §,,/ cosh(2r,) is the squeezed-oscillator fre-
quency, Zeg = gcosh2 (r,) and &; = g cosh(r,) are the
effective two-phonon spin-mechanical coupling strength
and linear mechanical driving strength, respectively. The
exponential coupling enhancement with respect to the orig-
inal coupling strength, g.ir/g = cosh? (), is visualized in
Fig. 3, where one sees that gesr can be 2 orders of magnitude
larger than g for a modest squeezing parameter r, = 3. It
should be mentioned that the scheme proposed here is dis-
tinct from the exponential enhancement associated with the
single-phonon (photon) spin-resonator interaction using
mechanical (optical) parametric amplification [34,67—77].

Utilizing MPA to enhance the spin-mechanical cou-
pling also amplifies the mechanical noise inevitably, which
could break down any nonclassical behavior in the sys-
tem due to the amplified dissipation. An effective strategy
against this adverse effect is to use the squeezed-vacuum-
reservoir technique, which has been studied extensively in
recent reports [34,67—75,77]. To be specific, by integrating
an auxiliary, broadband microwave resonator to the origi-
nal hybrid system, which acts as an engineered squeezed-
vacuum reservoir, the squeezing-enhanced mechanical
noise could be effectively suppressed, ensuring that the
squeezed mechanical mode equivalently interacts with a
thermal vacuum reservoir (see Appendix E for details).
The dynamics of the system is thus governed by the stan-
dard Lindblad master equation that in the squeezed frame
takes the form [34]

p = ilp, Hyy] + Vi Plas)p + v-D[6:6-15,  (7)

where D[6]p = 0p0" — 070p/2 — p610/2, Ym, is the
engineered effective mechanical dissipation rate as a con-
sequence of the coupling between the mechanical mode
and the auxiliary reservoir, and y, is the dephasing rate
of the spin qubit. The quality factor of the oscillator O
is associated with y,, . via the relation Q = ngwwmn/ Vg
with ng, = [exp(hw,,/kzT) — 1]7! being the average num-
ber of thermal phonons in the oscillator at temperature
T. In the present work the environmental temperature is
assumed to be about tens of millikelvin [94], resulting in
tens of mean thermal phonon numbers for the mechan-
ical frequency of tens of megahertz. When it comes to
the N-J center, its dephasing time, given by 75 = 1/y;,
is assumed to be of the order of milliseconds in our calcu-
lations. While the spin properties of shallow N-JV centers
are not as good as those for N-V centers in bulk diamond
[19,95,96], many experimental efforts have been devoted
to improving the coherence properties of shallow N-V cen-
ters [97—101], which make the extension of coherence time
possible with the development and exploration of future
experimental techniques. For clarity, we also evaluate the
effect of spin dephasing on the PB performance by simulat-
ing both the steady-state second-order correlation function
and mean phonon number with varying spin dephasing rate
over a large range (see below).

Master equation (7) gives an effective cooperativity
C = ggﬁ/ (Vmer¥=)> Which can be strengthened significantly
by increasing the squeezing parameter r,, as shown in Fig.
3. Here, the cooperativity enhancement is approximated
as C'/C =~ cosh4(rp). This result is justified for the case
where the effective mechanical dissipation rate is almost
unchanged after introducing MPA. The enhancement in the
effective cooperativity provides great potentials for vari-
ous applications in quantum information technologies. In
the following, we explore the possibilities of using the
designed device to induce strong PB and investigate the
statistical characteristics of phonons. As we will show,
both analytically and numerically, the enhanced coopera-
tivity contributes essentially to the observation of strong
PB in the hybrid system that works in the weak-coupling
regime.

III. ANALYTICAL DESCRIPTION OF THE
ENHANCED PB

In the absence of the mechanical parametric drive, PB
can appear in the hybrid system with a two-phonon non-
linearity of JC type. Specifically, for the system initially
prepared in its ground state, i.e., |0, D), the first phonon
of the oscillator can be easily generated under a res-
onant mechanical drive g7, via the transition |0, D) —
|1, D), where |1,D) represents the first excited state of
the system. The two-phonon spin-mechanical interaction
dresses the two bare states |2, D) and |0, &), resulting in
second excited states of the system being superposition
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FIG. 4. Comparison of the energy-level diagrams explaining
the origin of the enhanced PB in our weakly coupled hybrid sys-
tem: mechanical parametric drive amplifies the anharmonic spac-
ing, thereby strongly suppressing the excitation of the second
phonon.

forms |2,+) = (|2,D) £ |O,5))/\/§, with an energy split-
ting 2+/2g (see the left panel in Fig. 4). For a sufficiently
strong coupling rate g, the transition |1,D) — |2,4£) is
detuned and, thus, suppressed for g > y,, . This gives a
clear signature of single PB: once a phonon is coupled
to the system, it suppresses the probability of coupling a
second phonon with the same frequency. Intrinsically, the
PB predicted here is a consequence of the energy-structure
anharmonicity, which requires a strong nonlinear coupling
g to ensure the system being in the strong-coupling regime.

Perhaps more interesting is the ability of our scheme
to access strong PB even in a weakly coupled system by
taking advantage of MPA. That is, the scheme here is
free from the restriction of strong coupling that is gener-
ally a prerequisite in reported schemes [54,57—64]. This
characteristic originates from the fact that the mechani-
cal parametric drive amplifies the anharmonicity of the
eigenenergy spectrum, as depicted in the right panel of Fig.
4, thus suppressing more drastically the excitation of the
second phonon. To confirm this intuitive picture, in the fol-
lowing, we describe quantitatively the PB by studying the
phonon-number distribution and the phonon correlation
functions.

A. Criteria of PB

We start by introducing two criteria for PB. The first
criterion is based on a comparison of the phonon-number
distribution with standard Poissonian distribution. Specif-
ically, when n-PB occurs, the phonon-number distribu-
tion P(m) [with normalization ijf:oP(m) = 1] satisfies
[50,102]

(i) P@m) <P(@m) form > n,

.. (®)
(i) Pm =Pm),
where P(m) = (m)"e~"" /m! is the Poissonian distribu-
tion with the same average phonon number (/) as the
mechanical oscillator. This indicates a sub-Poissonian
phonon-number statistics for (rn 4 1) phonons with the

simultaneous super-Poissonian statistics of the first »
phonons. Also, the relative deviation of a given phonon-
number distribution from the corresponding Poissonian
distribution is given by [P(m) — P(m)]/P(m).

The second criterion is based on calculating the phonon
correlation functions that characterize the statistical prop-
erties of phonons. The normalized equal-time uth-order
correlation function is defined as

(@ @a* @)

() —
&0 = G hamy

)

which is related to the probability of simultaneously
measuring p phonons. In the steady state, the equal-
time pth-order correlation function becomes g (0)ss =
lim,_, ,,g*(,0). Note that the larger the value of
g™ (0)ss > 1, the higher the u-phonon bunching proba-
bility; the smaller the value of g (0)ss < 1, the higher
the p-phonon antibunching probability. Particularly, the
steady-state, equal-time second-order correlation function
is given by

A2 A2
@ _ (a"™a”)
g7 (0)ss = TA)Z

@ (10)

In the case of a finite-time delay between two phonon
detections, one can apply the steady-state, delayed-time
second-order correlation function

@t matt+ vai + vya())
@tmam)a ¢+ ovat+1))

(11)

2 (1)ss = lim/ o0

The criteria for n-phonon blockade with respect to the
phonon-number distribution, given in Eq. (8), can be
translated to conditions [50,102]

i) g™ (0)ss < exp(— (i),

(12)
(i) g™ (0)ss > exp(— (i) + () x g (0)ss.
For single PB with n = 1, we obtain
(i) g@(0)ss < exp(—(m) =f, (13)

(i) gV (0)ss > exp(—(m)) + () x gV (0)ss = f V.
(14)

For the system with a weak linear driving of the mechan-
ical resonator, the mean phonon number is very small,
i.e., {(m) « 1, which approximatively gives /' — 1 and
f @ — 1. Then the condition simplifies to the usual cri-
terion of single PB, g (0)ss < 1. The two criteria, given
respectively in Egs. (8) and (13)+14), will facilitate us to
identify the occurrence of single PB in the studied system.
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B. Analytical solution of the second-order correlation
function

To analyze the steady state of our system and obtain the
analytical expression of the second-order correlation func-
tion, we introduce an effective non-Hermitian Hamiltonian
involving the system dissipation

[ > Y off AT A Vz
HS =H5% —i ;ffajas - 13|5)(5|, (15)
where
A5 = 8@la, +21E)ED + gen@l®6_ + a26.)
+ el + ay) (16)

is a reformulation of Eq. (6) after assuming that §.q = 25,
and &, — §;, = & with § being a small laser-drive detuning.
In the weak-driving regime (¢; < gef), by truncating the
infinite-dimensional Hilbert space to the two-phonon exci-
tation subspace, the wave function of the system could be
expressed with the ansatz

|1/f>s = C0d|05 D>s

+C1d|13D>S+C2d|27D>S+C06|075>S5 (17)
with the coefficients being probability amplitudes of the
basis states. Substituting the state |y/); and t}}e Hamilto-
nian /13 to the Schrodinger equation i|yr), = H2 |V )5, we
obtain the following equations of motion for the probabil-

ity amplitudes

Cra = —ig, Coq — i((S - iy’;eff)cld — iV28, Caa,
Coa = —l\/zS/LCu — (28 — 1Ymyy) Coa — iv2geCoe,
Coe = —iv2geqCaa — i<25 - z%) Coe.
By solving the above equations, the steady-state solutions
of the subsystem are readily achieved (as given in detail in

Appendix F). Then, we obtain the analytical expression of
the equal-time second-order correlation function

@ [48% + (v:/2)°1[8% + €7 + (Vmer/2)*]
g7 (0)ss ~ YRS 3 2
45% +8°¢ + [gog + (Ve Vmer/ D]

(18)

with ¢ = (y./2)* + y,ieﬁ—4ggﬁ. As seen in Eq. (18),
the value of g®®(0)ss depends directly on §: for § = 0,
2?(0)ss reaches its minimum

V2 +4ep)

@ _
27 (0)ss,min = )
T Y Ve 42202

(19)

This implies that strong single PB (or the two-phonon
antibunching effect) could occur when the mechanical

mode is resonantly driven. Furthermore, for &; < Yy 4, by
expressing g2/ (Vm;7=) as C' in Eq. (19), we have

1

@0 o~
g ( )SS,mm (1 +4C/)2.

(20)
This explicitly shows that the remarkably enhanced coop-
erativity in our scheme could make the quantum effect of
PB as strong as possible.

IV. NUMERICAL DESCRIPTION OF THE
ENHANCED PB

A. PB in the weak-coupling regime

To confirm the analytical results, we now numeri-
cally study the full quantum dynamics of the system.
The numerical simulations are performed by solving mas-
ter equation (7) using the Quantum Toolbox in PYTHON
(QuTiP) [103,104]. We consider the system with weak
bare coupling: y,,, . = 2g [25]. Figure 5(a) depicts the first-
and second-order correlation functions versus the driving
detuning §/g.f. For §/ges fluctuating within a small range,
the value of g (0)ss keeps below 1, corresponding to the
region where PB occurs. In particular, it is shown that
2@ (0)ss has a dip at § = 0 (i.e., a resonant drive), which
is consistent with the analytical description above. We also
see that, at § = 0, g®(0)sg is smaller than f defined in the
criterion given in Eq. (13), while g(V(0)ss is greater than
f U defined in the criterion given in Eq. (14), as shown
in Figs. 5(b) and 5(c), respectively. Moreover, by com-
paring the phonon-number distribution P(m), calculated
numerically via P(m) = (m|pss|m) with pss the steady-
state solutions of the master equation, with the Poisson
distribution P (m), we find that the single-phonon proba-
bility is enhanced as P(1) > P(1), while the two-phonon
probability is suppressed as P(2) < P(2), as depicted
in Figs. 5(d) and 5(e), respectively. Figure 5(f) shows
the deviations of the phonon distribution to the standard
Poisson distribution with the same mean phonon number
when § = 0, which characterizes the second-order sub-
Poissonian statistics (i.e., two-phonon antibunching). The
above results provide sufficient and unambiguous evidence
for single PB.

For a weak mechanical drive ¢/, the system is well trun-
cated into a two-phonon excitation subspace spanned by
four basis states given in Eq. (17). However, this approxi-
mation becomes invalid when higher levels are excited in
the case of a relatively strong drive. Thus, in order to esti-
mate the effect of state truncation on the quality of PB, we
introduce a fidelity describing the sum of the steady-state
probabilities of the four basis states [47,58,64], given by

2n

In Fig. 5(g) we plot the fidelity F'(pss) versus the driving
strength &} /Y - For &) /v < 0.5, the value of F(pss)

F(pss) = |Coal* + |Cral* + 1Caal* + |Coc|*.
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FIG. 5. (a) Steady-state equal-time correlation function g*)(0)sg versus driving detuning §/g.. Single PB occurs in the region

marked with gray background due to g® (0)ss < f, as shown in (b), and gV (0)ss > £V, as depicted in (c), which fulfill the criteria
given in Eqgs. (13) and (14), respectively. Also, single PB can be recognized from (d),(e) the phonon-number distribution and (f) its
deviation to the standard Poisson distribution. For § = 0, the single-phonon probability is enhanced as P(1) > P(1), while the two-
phonon probability is suppressed as P(2) < P(2), which satisfy the criterion given in Eq. (8) for n = 1. (g) State-truncation fidelity
F(pss) defined in Eq. (21) and the second-order correlation function g‘® (0)ss versus the mechanical driving strength &} /y,,, for
8 = 0. (h) Probabilities of the four basis states in the two-phonon excitation subspace, given in Eq. (17), versus &; /¥y, ;. Note that
the hollow-square marks in (g) and (h) are obtained by numerically solving the master equation with respect to the full Hamiltonian
given in Eq. (D1). The hybrid system starts with its ground state |0, D). Parameters used here are: (a)~(h) r, =2, g = 2w x 1.1 Hz,
¥: = 2w x 10 Hz, ng, = 54, and y;, = 2g; (A)~(f) & = ger/20; (g)+(h) § =0 and 8eq = 1 X 10°ge.

keeps close to 1, whereas further increasing the driving
strength leads to a rapid decrease of F'(pss). In this case,
the two-phonon (or even multiphonon) state will be pop-
ulated slightly, as seen in Fig. 5(h), and correspondingly,
the effect of PB will be spoiled, resulting in an increased
g®(0)ss [see the dashed curve in Fig. 5(g)]. Thus, we
conclude that the occurrence of strong PB requires the
mechanical driving strength to be as small as possible
to suppress the two-phonon excitation. Nonetheless, a
large single-phonon probability determining the efficiency
of single-phonon emission is also crucial for practical
applications such as the single-phonon source.

B. Enhancing PB by modulating MPA

We now proceed to show how to enhance the PB emerg-
ing in the weakly coupled system by modulating MPA.
Specifically, we plot in Fig. 6(a) the logarithmic second-
order correlation function g® (0)ss versus the squeezing
parameter 7, as well as the Q factor of the mechanical
oscillator. As seen, for a fixed value of O, the phonon
antibunching effect can be gradually strengthened with
increasing 7,. In particular, when r, — 3, g@(0)ss <
1072 is achievable even for Q as low as 107 (correspond-
ing to ¥.;/g ~ 20). Note that here, in the region where
strong PB occurs, the single-phonon probability cannot be

very high due to a low ratio & /y,, ;. This is illustrated in
Fig. 6(b), where we see that the single-phonon probability
P(1) is lower than 0.1 for 7, =3 and Q0 = 107, which can
be increased to exceed 0.1 with increasing Q. In addition,
one can see in Fig. 6(a) that, for larger Q, e.g., O = 108,
the reduction of g¥(0)ss with increasing 7, — 3 slows
down gradually, in contrast to the case with smaller Q.
This is because, for O = 108, the effective driving strength
e; enhanced by the strong MPA exceeds the mechanical
decay rate ¥, thus weakening the effect of PB in accor-
dance with our previous analysis. In this case (with a rela-
tively high-Q mechanical oscillator), it is desirable to apply
a weaker bare drive ¢, to ensure that strong PB is triggered.
To this end, we plot in Fig. 6(c) the logarithmic corre-
lation g (0)ss as functions of the mechanical Q factor
and the driving strength ¢; for a fixed squeezing parame-
ter 7, = 3. One clearly sees that the strong-PB region with
g®(0)ss < 1073 emerges around Q = 10% when applying
a weak drive with strength ¢, < 0.1g. Correspondingly,
the single-phonon probability P(1) > 0.1 can be achieved
in the region of g (0)ss < 1073, as we exemplify with
point 4 in Figs. 6(c) and 6(d). Also, point B in both
plots exemplifies a typical case where both strong PB
and a large single-phonon probability could coexist in our
weak-coupling system with a low-Q oscillator. Note that
the performance of PB in the general hybrid system with
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FIG. 6. (a),(b) Logarithmic second-order correlation function
g (0)ss (a) and single-phonon probability P(1) (b) versus the
mechanical oscillator’s O factor and the squeezing parameter r,,
for a fixed mechanical driving strength ¢;, = 0.2g. The horizontal
dotted line corresponds to ¥, = g, which divides the strong-
coupling regime (upper) and the weak-coupling regime (lower)
on both sides. (c),(d) Logarithmic g® (0)ss (c) and P(1) (d) ver-
sus Q and g, for r, = 3. Point 4 illustrates a feasible point for
ultrastrong PB g® (0)ss < 1073 accompanied with an applica-
ble single-phonon probability P(1) > 0.1, with O = 8 x 107 and
g, = 0.05g; point B exemplifies a point with low Q =2 x 107
and g; = 0.2g, corresponding to g® (0)ss < 10723 and P(1) >
0.1. The common parameters used here are the same as in
Fig. 5(a).

single-phonon spin-mechanical coupling is relatively weak
due to the limitation on the strength of MPA (see Appendix
G for a detailed discussion). Thus, our two-phonon-based
scheme may provide an attractive platform to access PB
with better performance and large-scale tunability.

It is also interesting to examine the effect of the
adjustable MPA on the phonon statistics when the system
is originally in the strong-coupling regime. As shown in
Fig. 6(a), we observe a small region of phonon bunch-
ing (or super-Poissonian phonon statistics) characterized
by g@(0)ss > 1, which appears for y,,, < g and a small
r,. By gradually enhancing the mechanical amplifica-
tion, phonon antibunching with g®(0)ss < 1 emerges,
and finally strong PB with g®(0)ss < 0.1 is achieved.
This reveals that our approach provides a flexible tunabil-
ity of the phonon statistics, and thus could enable a number
of applications in the quantum control of phonons as well
as phonon-based quantum networks.

C. Effects of spin dephasing and thermal phonons

In the above analysis we have taken a fixed spin dephas-
ing rate y, = 2w x 10 Hz, corresponding to a dephasing

(@) 10 e
. D A U 0.14
107 0127
0 500 1000 1500
72/ (2m) (Hz)
(b) 102 -
\\
AY
» \ }
= . :
o ™ 0.25 S
_rm \‘K =
1073 Sy
A e e — 0.00
1 50 100 150 200
Nth
FIG. 7. Steady-state second-order correlation function

g®(0)ss and mean phonon number (a'a)ss versus the qubit’s
dephasing rate y, (a) and the mean thermal phonon number
ng (b). The hollow and solid markers in (a) correspond
to y./2r) =10 Hz (T, ~ 16 ms) and y./(27w) =1 kHz
(I5 ~ 160 us), showing results of a future demonstration and
within reach of current technology, respectively. The solid mark-
ers in (b) correspond to ny = 54. The horizontal dotted lines
in (b) denote (afa)ss = 0.1 and 0.01. The common parameters
used here are the same as those for point 4 in Fig. 6(c).

time 7, &~ 16 ms. This actually gives a future demonstra-
tion based on an assumption that the coherence proper-
ties of the shallow N-V center we are considering can
be greatly improved. To further evaluate the effect of
varying y, on the PB and also show the PB perfor-
mance within the extent of current technology, we plot in
Fig. 7(a) the steady-state second-order correlation func-
tion g (0)ss and mean phonon number (a'a)ss versus
y./(2m) € [1,1500] Hz. The hollow markers locate y, =
2w x 10 Hz (T, =~ 16 ms), which reproduce the results
obtained by point 4 in Figs. 6(c) and 6(d). With increas-
ing y., the value of g®(0)gs increases sharply at first
and then slows down, while the value of (a'a)ss is nearly
independent of varying y.. For y./(27) = 1 kHz or T} ~
160 pus, which are parameters accessible to current tech-
nology [98], PB with g®(0)ss < 107! and (a'a)ss > 0.1
can be observed [see the solid markers in Fig. 7(a)].

Figure 7(b) shows the effects of thermal phonons on the
performance of the enhanced PB. It is clear that increas-
ing the mean thermal phonon number 7y, does not destroy
the PB effect significantly, as g®(0)gs can still stay far
below 1072 when ny, increases to 200. By contrast, a large
ny has a greater effect on the mean phonon number in
the mechanical oscillator, reducing (aa)ss to be about
0.013 for ny, = 200. This suggests that the present protocol
could yield better performance by operating at cryogenic
temperatures.
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V. DETECTION OF THE PB EFFECT

Unlike the photon blockade effects that can be mea-
sured directly via mature experimental technologies of
photon correlation detection [50,105,106], direct measure-
ment of PB by measuring the second-order correlation
function of phonons remains an experimental challenge.
Nonetheless, it is feasible to measure the phonon correla-
tions indirectly by, e.g., converting the mechanical signals
into optical signals through auxiliary optomechanical cou-
plings [57,59,107,108]. A recent experiment demonstrated
the measurement of the second-order phonon correlation
function in an optomechanical system by detecting the
correlation of the emitted photons from the optical cavity
[107]. In addition, there have been numerous theoretical
proposals that make it possible to implement the detec-
tion of PB. For example, it is demonstrated in Ref. [54]
that PB could be measured by examining the power spec-
trum of the induced electromotive force between two ends
of the mechanical oscillator. Also, PB could be accurately
detected by measuring the statistics of photon in a super-
conducting microwave resonator that is resonantly coupled
to the mechanical oscillator [55]. This approach utilizes a
perfect match between the phonon dynamics and the pho-
ton statistics, thus shifting the required measurement to
the treatment of microwave photon detection. Moreover,
a similar scheme exploiting an ancillary optical cavity to
indirectly detect PB has been proposed [59].

In contrast to introducing an additional optical or
microwave cavity field, the qubit component involved in
the primary system can also be used to detect PB. As
demonstrated in Ref. [58], besides using the charge qubit to
produce PB states, the excited state probability of the qubit
itself acts as an indication of PB. Note that this approach
is well suited for our scheme as well since the PB we
predicted originates from the enhanced two-phonon non-
linearity between the mechanical resonator and the spin
qubit. Following a similar approach as in Ref. [58], we next
demonstrate how to qualitatively detect PB in our hybrid
system by measuring the spin qubit.

The basic idea of the detection relies on the fact that
the probability of the second phonon is greatly suppressed
when strong single PB occurs. On the contrary, an imper-
fect single PB takes in additional phonons, making the
probability of the second phonon detectable. For conve-
nience, we denote the probabilities of the mechanical oscil-
lator in the Fock state |2), and the qubit in the excited state
as P, and P,, respectively. In the weak-driving regime, we
have P, ~ |Ca4)? and P, = |Cy,.|*. Also, we see from Eq.
(F6) that Cy, is proportional to Cy.. This reveals that we
are able to estimate the probability of the second phonon
P, by measuring P,. To verify this, we plot in Fig. 8 P,
and P, versus g (0)ss, by adjusting the driving strength
er. It is shown that the two probabilities are both very
small (< 107*) when g®(0)ss — 0, while they rise up

Probability

FIG. 8. Probabilities P, and P, versus the second-order corre-
lation function g (0)gs. The inset shows the ratio P, /P,, defined
as the detection sensitivity, versus P,. The common parameters
used here are the same as those for point 4 in Fig. 6(c).

rapidly with increasing g‘® (0)ss. Therefore, the observa-
tion that the qubit is in the excited state can be a signature
of imperfect single PB. The larger the excited-state prob-
ability of the qubit being measured, the worse the effect
of PB triggered in the system. In addition, we introduce
the detection sensitivity P,/P, and estimate its value in the
inset of Fig. 8. As seen, P,/P, > 1.5 is always achievable,
which increases the possibility of the detection in the case
of low probabilities of P;.

VI. CONCLUSION

We have presented an experimental method to induce
strong PB in a weakly coupled hybrid system, simulta-
neously yielding a large mean phonon number from the
mechanical resonator. We show that the particular geo-
metric arrangement of nanomagnets in our hybrid setup
enables a quadratic interaction between the N-V spin
and the resonator, whose coupling can be significantly
enhanced by modulating the mechanical parametric drive.
This allows us to improve the performance of PB, making
ultrastrong PB, featured by extremely small second-order
correlation functions, and a large mean phonon number
accessible even when the hybrid system is originally in
the weak-coupling regime. Since the proposal studied here
demonstrates the realization of enhanced PB in a realis-
tic setup with experimentally accessible parameters, we
hope that our work could provide a feasible and powerful
tool for exploring phonon statistics and practical applica-
tions such as single-phonon source or other single-phonon
quantum devices.
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APPENDIX A: EXPERIMENTAL REALIZATIONS
OF DEVICE FABRICATION AND
ARRANGEMENT

From an application standpoint, all components required
for the proposed setup could be fabricated individually
with modern nanofabrication techniques, though they have
not been combined in a single experiment. Specifically,
diamond cantilevers embedded with N-J centers with
thickness less than 200 nm have been used for achiev-
ing strong N-JV-strain coupling [26]. Notably, diamond
nanocantilevers of similar dimensions to those used in
our simulations have been fabricated using an angled-
etching technique [109,110]. Also, the introduction of N-V
centers into diamond has been achieved through various
techniques, such as nitrogen ion implantation for bulk
diamond samples [111,112] and nitrogen doping during
chemical vapor deposition growth of thin (e.g., 5 nm)
diamond films [99,100]. As for the Dy nanomagnet, it
could be fabricated in experiments via a lift-off process
using electron-beam deposition, as demonstrated in Ref.
[8], where cylinderlike Dy tips with high magnetic field
gradients have been fabricated for application of magnetic
resonance force microscopy. To magnetically couple the
N-V spin and the diamond cantilever’s position, the two
nanomagnets should be nanopositioned symmetrically on
both sides of the cantilever [19], and the position optimized
to generate the gradient along the N-J axis. Having set-
tled the position, the nanomagnets should be maintained
at a fixed height (with respect to the cantilever’s upper
and lower surfaces) during the experiment, while the can-
tilever is driven at its resonance frequency using, e.g., a
piezoelectric module [18,19].

APPENDIX B: EFFECT OF FIELD ORIENTATION
MISALIGNMENT

As shown in Fig. 9(a), we consider the case where the
two nanomagnets are misaligned by a small angle 6 with
respect to the z axis, which could be caused by imperfect
operations in the experiment. In this case, the magnetic
field generated by the tilted magnets has an extremum at
the position of the N-V center, thus providing only second-
order coupling to the mechanical mode. In the absence of
the misalignment, the magnets generate a field that has
null second derivatives along the x and y axes, thus giving
a single second-order magnetic gradient along the z axis,
G. = 3%B./3z%(0). However, for the case considered here,
the misalignment also introduces a second-order magnetic
gradient along the y axis, while it does not contribute to

_H z 7.1 0246810
- 6] (der)
i xl—-y —-10-8—6-4-20 2 4 6 810

Misalignment angle 6 (deg)

FIG. 9. (a) Schematic diagram showing field orientation mis-
alignment due to imperfectly positioned magnets. Here we
assume that the two magnets are fixed together and misaligned
by an angle 8 with respect to the z axis. (b) The two-phonon cou-
pling rate g as a function of 6. Positive and negative 6 indicate
clockwise and counterclockwise tilting of magnets, respectively.
The inset shows the relative error 8, versus 6. The common
parameters are the same as in Fig. 2(a).

the spin-mechanical coupling due to the assumption that
the mechanical mode oscillates only along the z direction.
Based on finite-element simulations we acquire the depen-
dence of the gradient G, on the misalignment angle 6 and
then calculate the two-phonon coupling rate g versus 6,
as depicted in Fig. 9(b). We observe that the coupling g
is reduced slightly by increasing the tilting angle 6, and a
misalignment of 10° can result in a relative error &, of less
than 2%, with 8g = (2o — Zo=0)/Lo—0-

APPENDIX C: DERIVATION OF THE
TWO-PHONON JAYNES-CUMMINGS
HAMILTONIAN

To begin with, we recall the total Hamiltonian given by
Eq. (4):

[:ITotal = I:Imec + I:IN—V + [:Iint

Q
= opd'a+ Y AT+ 5001+ 17)(0D

j=%
+g@ + )8, + Q, cosQuw,0) @' + a)?

+ep(ate L 4 gty (C)

Looking at the spin-only part, it is clear that Hy.y cou-
ples the state |0) to a bright superposition of excited states
IBY=(+1)+ |- 1))/\/5, whereas the dark superpo-
sition |D)=(+1)—]|— 1))/ﬁ remains decoupled.
Therefore, the eigenbasis of Hy.y is given by |D)
and two dressed states |G) = cos0|0) —sinf|B),|E) =
cos 0| B) + sin0]0)}, with tan(20) = ﬁQ/A. The corre-
sponding eigenfrequencies are wy = A and weg) = (A £
VA% 42Q2)/2. The level diagram of the dressed spin
states is illustrated in Fig. 10 . By working in the dressed-
state basis {|D), |G), |E)}, Hxn.y can be diagonalized, and
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Yco
\ D) TLS

I

19)

FIG. 10. Level diagram of the dressed spin basis states. The
states |£) and |D) construct an effective TLS where the effec-
tive coupling strength between states is approximated as g (i.e.,
cosf ~ 1) for A > Q.

the total Hamiltonian is rewritten as [25]

Hroal = 0@ + 0eg|EY(E] + w4g| D) (D
+ g(@" + a)%*(cos 0|E)(D| — sin6|G)(D| + H.c.)
+ Q, cosQu,0)(a’ + a)>

+egp@fe™ 4+ ge'rt, (C2)

where weg = VA? +2Q2 and wqy = (A + VA2 4+2Q2)
/2. In the limit A > Q, we have cosf ~ 1, sinf =~
0, weg = A+ Q?/A, wgg = A+ Q?/2A, and |E) =~ |B).
This implies a particular case where wgg >> weq Q% /2A,
thus allowing us to choose a new basis {|€),|D)} con-

structing an effective TLS (see Fig. 10). In this case, Eq.
(C2) is simplified as

Hroal =~ wna'a + web 6 + g@ + a6, +6-)
+ €, cosQw, 1) @+ a)?

+ep(@fe ™ 4+ Ge'tt, (C3)

where 6, = |E)(D] and 6_ = |D) (€] are the raising and
lowering operators of the effective TLS, respectively. Fur-
thermore, by performing a unitary transformation U =

et with Hy = w,(a'a + 2|e)(e]) for Eq. (C3) and con-
sidering w, > {£2,, g} for the RWA, we end up with

2 A A AoA AF2 A AD A
Hrora = 8’ + 804616 + g(a'?6_ + a°6)

+ @7+ @) +eu@e ™ 1 ae™, (C4)

where 8,1y = W) — @p and Seq = Weq — 2w),.

APPENDIX D: HYBRID-SYSTEM HAMILTONIAN
IN THE SQUEEZED FRAME

Considering the system Hamiltonian given in Eq. (C4),
we perform a unitary squeezing transformation U =
exp[r, (@* — a'?)/2], where the squeezing parameter 7,, is
defined via r, = (1/2)arctanh(€2,/5,,). Then, the system
Hamiltonian transformed to the squeezed reference frame
reads

B = 850, + 80616 + gUP@f%6_ + i26,)
+ gl @6, +a*6.)
— gUV(@la, + a,a)) (6, +62)
+ e U@le ™" + gyt

— g V(aleP! 4 age L), (D1)
where & = §,,/ cosh(2r,) represents the squeezed-
oscillator frequency, U = cosh(r,), and V = sinh(r,).
Note that in Eq. (D1) the bare mechanical mode & in the
original lab frame has been transformed to a squeezed
mode a; in the squeezed frame. Under the two-phonon res-
onance condition 8.4 = 28, the two terms with coefficients
gV? and —gUV in Eq. (D1) are off resonant and hence
could be discarded via RWA, e.g., assuming a large detun-
ing condition &¢q 3> gUV. Furthermore, for a near-resonant
mechanical drive 8, &~ §;, the term with coefficient —e; V
is largely detuned under the weak-drive condition &, <
g (giving g,V K 28;). Therefore, we obtain the simpli-
fied system Hamiltonian in the squeezed frame, with an
effective form

~S o g ATA A A Af2 A AD A
H3y = 85010, + 804616 + gen(@l*6_ +d%64)

+ &) (@le ™M + a,et, (D2)
where we have defined gey = gU? and €], = ¢, U to lighten
the notation. A direct demonstration of the validity of Eq.
(D2) is given in Fig. 5(h), where the evolution of states
obtained using the effective Hamiltonian (D2) agrees well
with that obtained using the exact Hamiltonian (D1).

APPENDIX E: ENGINEERING SQUEEZED
RESERVOIR FOR SUPPRESSING MECHANICAL
NOISE

As mentioned in the main text, introducing MPA to
enhance the spin-mechanical coupling also enhances the
coupling between the mechanical mode and its bath envi-
ronment, resulting in a significantly amplified mechanical
noise. A promising strategy against this problem is to
use the squeezed-vacuum-reservoir technique, which has
been studied extensively in recent reports [67—75,77]. In
what follows, we first sketch out the physical mecha-
nism of the strategy and then show how to integrate it
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into our proposed device by engineering a microwave
cavity-optomechanical system.

Squeezing the mechanical mode induces an increase
in system-reservoir coupling with a rate proportional to
the exponent of the squeezing parameter r,. In other
words, lab-frame vacuum noise becomes squeezed in the
squeezed frame, and introduces dissipative dynamics that
have a similar form to thermal dissipation. By introduc-
ing the squeezed-vacuum-reservoir technique as proposed
in Ref. [67], the squeezing-enhanced mechanical noise in
our scheme could be effectively suppressed. The technique
depends on introducing an auxiliary, broadband squeezed-
vacuum field to drive the cavity, which is phase matched
with the parametric amplification that squeezes the cavity
mode. This ensures that the squeezed cavity mode is equiv-
alently coupled to a thermal vacuum reservoir, thereby
allowing us to describe the system dynamics with a sim-
plified master equation in the standard Lindblad form (see
Refs. [67,68,70] for more technical details).

For our scheme, the above auxiliary-reservoir technique
could be implemented in practice by integrating an appro-
priate microwave optomechanical system into the present
device (as depicted in Fig. 1). Here we schematically
illustrate a microwave circuit diagram that includes only
additional components to Fig. 1, as shown in Fig. 11.
The circuit consists of a vibrating capacitor coupled to
a superconducting microwave resonator terminated by a
superconducting quantum interference device (SQUID).
The capacitor consists of two electrodes, one of which
is coated on the cantilever while another is placed close
and parallel to the cantilever (see the inset in Fig. 11),
which couples electrical energy to mechanical motion.
Note that such an arrangement is similar to that for acti-
vating the process of MPA, and has been demonstrated
in some experiments [113,114]. The microwave resonator
connecting a SQUID (equivalent to a Josephson paramet-
ric amplifier) provides squeezed microwave inputs to the
mechanical mode; for sufficiently large bandwidth of the
microwave squeezing, the microwave resonator could be
regarded as an effective squeezed-vacuum reservoir of the
mechanical mode. Experimentally, squeezing bandwidths
up to several hundreds of megahertz [115—117], or even
about gigahertz [118], have been reported, which is suf-
ficient to fulfill the large-bandwidth requirement of the
reservoir. The squeezing parameter and the reference phase
of the effective reservoir, as main controlled parameters for
the auxiliary-reservoir technique, can be controlled by the
amplitude and phase of the pump tone used to modulate
the magnetic flux () through the SQUID.

In addition to suppressing the squeezing-enhanced
mechanical noise, the auxiliary microwave resonator can
be conveniently used for initial state preparation of the
mechanical squeezed vacuum. The basic idea is based on
the dissipative squeezing method [119], which has been
experimentally demonstrated to be effective in cooling the

|
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analyzer  — \\ )
FIG. 11. Simplified schematic diagram showing a microwave

circuit for squeezed reservoir engineering and for initial state
preparation of the mechanical squeezed vacuum. The microwave
cavity-optomechanical system is an LC circuit composed of a
spiral inductor and a vibrating capacitor. The capacitor shown in
the inset consists of two electrodes, one coated on the cantilever
while the other is placed close and parallel to the cantilever.
A flux-pumped SQUID connected to the microwave resonator
produces a squeezed microwave field for the mechanical oscilla-
tor. Two pump tones are filtered and attenuated before reaching
the system mounted in a dilution refrigerator (with a tempera-
ture 7 = 10 mK). Signals from the device are amplified and then
measured with a spectrum analyzer or network analyzer.

mechanical resonator (into a squeezed state) [120—124].
As schematically shown in Fig. 11, two microwave pumps
of different frequencies w, _ are filtered at room temper-
ature and attenuated at a low temperature of 10 mK, and
then inductively coupled to the microwave resonator. By
standard linearization with a displacement transformation
& =cpe @+ 4 ¢ e~ 4 d where ¢ is the annihilation
operator of the cavity field and ¢, _ are the cavity field
amplitudes due to the two pumps, the resulting optome-
chanical Hamiltonian, in the interaction picture, can be
written as

Hyn = —d' (G a" + G_a)
— ZZT(G+&e_2i‘S”1' + G_at PPty
+ H.c., (E1)

where G, _ are the driven-enhanced optomechanical cou-
pling rates. Furthermore, assuming that G, < G_ and by
rewriting Hamiltonian (E1) using a Bogoliubov transfor-
mation, one finds that the mode d is coupled directly
to an effective mode B = cosh(r)a + sinh(r)a’ with r =
tanh~' (G, /G_), via a beam-splitter Hamiltonian

(E2)
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where G = ,/Gz_ - G%r. In fact, the Bogoliubov mode B
can be expressed as a transformation of the mode a by the
squeezing operator S(r) = exp[r(a> — a'?)/2], ie., f =
S (r)[z:?'"(r). Hamiltonian (E2) indicates sideband cooling
of the Bogoliubov mode to the vacuum state, which in
the lab frame corresponds to cooling the mechanical mode
towards a squeezed vacuum state.

APPENDIX F: APPROXIMATE ANALYTICAL
EXPRESSION OF THE SECOND-ORDER
CORRELATION FUNCTION

We have obtained the equations of motion for the prob-
ability amplitudes of the four basis states, which are given
by

Cld = _i82C0d — i<8 — iyZEff)Cld — i\/ESZCQd, (Fl)

Cog = —iv/26},Crq — i(26 — Ymeg) Cod — iv2geiCocs
(F2)

Coe = —iv/22uiCoa — i<28 _ i%)(?og. (F3)

Upon setting C; =0 (i € {0,1,2} and j € {d,e}), the
steady-state solution for each coefficient can be found by
solving the equations

0 = —ie; Cog — i<8 — i%)cld — V26, Coy,  (F4)
0 = —iv/2&]Cia — i(28 = Vi) Coa — iv/2geiiCoer (F5)
0= —iv2guCoa — i<28 _ i%)cog. (F6)

Combining Eq. (F5) with Eq. (F6) we obtain the following
relation between Cy, and Cyy:
_ V2e} (28 — iy./2)

28% — (28 — iYm ) (28 — iy2/2)

Cr Cia. (F7)

Considering a sufficiently weak mechanical drive allows us
to assume that |Cyy|> < min{|Cys|?, |C14)?} and |Coal?® +
|C14]> & 1. Then, by neglecting C,, in Eq. (F4), we have

8/2
Cl* = L . F8
|Cal 2 1% + (/2 (F8)
Substituting Eq. (F8) into Eq. (F7), we obtain
264487 4 (v./2)%]
|C2d|2 _ L e/ (F9)

@5+ 52 + BOAO + ) + 72,1

where £ = (y./2)* + v, — 485 and E = g + VoVme/4-

For the state given in Eq. (17), the steady-state, equal-
time second-order correlation function can be written,
according to its definition in Eq. (10), as

2|Coa?
@ (0)gs =
& SS T (101Ul + 21Co2)?

_2|Co?

Gl

1487 + (/D2 + € 4 (Vny/2)°]
- 484 + 82¢ + B2

(F10)

APPENDIX G: PB PERFORMANCE IN THE
SYSTEM WITH SINGLE-PHONON COUPLING

In the main text, we focused on the enhanced perfor-
mance of PB in our system with a two-phonon nonlinear-
ity. Here, as a contrast, we turn to a more general system
with single-phonon spin-mechanical coupling and examine
the performance of PB in such a system in the presence of
MPA. Following the normal procedures given in Appen-
dices C and D, it is straightforward to obtain the system
Hamiltonian in the squeezed frame, which is given by

H:Fgotal = (Ssa;ras + Séd&+&— + gOU(aza— + as8+)

— g6 +a16,) + e U@ e ™ + a6

— g, V(@l e + age L, (GI)

where 8 =4,/ cosh(2r,) with 8, =w, —w,, 8,4=
Wed — Wp, 01 = wp — w,, and gy = upg.zzprGy is the bare
single-phonon coupling strength, with Gy the first-order
magnetic field gradient. State-of-the-art magnetic tips can
provide a magnetic field gradient Gy up to 10 T/m [125],
giving a single-phonon coupling rate go/27 ~ 2.5 kHz
for the proposed diamond cantilever. Under the conditions
8s = 8eq ~ 81 and & > goV, .V, the two terms with coef-
ficients gV and —e; V in Eq. (G1) could be disregarded via
RWA. Then, we simplify the system Hamiltonian in the
squeezed frame as

I:ITSc/)tal = 8S&I&s + 8ed01.0- + géff(aja— +as6+)

+ &) (ale L 4 G e (G2)
with gl = gocosh(r,) and &; = g cosh(r,). Based on
the effective Hamiltonian (G2), PB can be achieved in
the case of appropriate parameters. Specifically, under
the weak driving ¢, the system initially prepared in
the ground state |0, D); can be driven to the bare state
|1, D),, which can then be dressed by the strong single-
phonon spin-mechanical interaction (g > ¢;), yielding
the first excited states of the system |1,+); = (|1, D), &
0,£)5)/+/2, with the energy splitting 2g/. When &, —
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FIG. 12. Logarithmic second-order correlation function
2 (0)ss and single-phonon probability P(1) versus the mechan-
ical oscillator’s Q factor and the squeezing parameter r,.
Parameters used here are gy = 2w x 2.5 kHz, y, = 27 x 10 Hz,
&L = 0.01 8o-

8. = £g., the weak driving ¢ is resonantly coupled to the
transition |0, D)y — |1, &), while the transition |1, £), —
|2, £), is detuned and thus suppressed for gg >> Vi -
This enables the appearance of single PB in the hybrid
system with single-phonon spin-mechanical coupling. In
addition, it is also possible to realize enhanced PB by
tuning MPA that could induce amplified energy-spectrum
anharmonicity.

Here we choose §; = 8¢ = 50 goV for RWA, which
ensures that the effective Hamiltonian (G2) exactly repro-
duces the dynamics of the system described by the total
Hamiltonian (G1). In this case, the strength of MPA for
achieving enhanced PB is limited to a relatively small
range due to the restriction on system parameters imposed
by the RWA condition. To be specific, we take a small
squeezing parameter of r, = 1.5 as an example, which
gives &;/2m ~ 0.3 MHz and thus §,,/27 =~ 3 MHz for
go/2m = 2.5 kHz. Such a value of §,, is very close to the
typical frequency of the mechanical oscillator we are con-
sidering. For stronger MPA with r, > 1.5, the value of
3 becomes larger than the oscillator frequency, causing
a contradiction with the parameter relation §,, = w, — @,.
Given this, we limit the following discussions to a small-
amplification regime with 7, < 1.5. Note that our scheme
based on the two-phonon coupling can readily work in the
large-amplification regime, at least for , = 3, by virtue of
the large difference between the bare two-phonon coupling
rate and the oscillator frequency (about 7 orders of mag-
nitude), thus providing an attractive platform to access PB
with better performance and large-scale tunability.

Figure 12 shows the logarithmic second-order correla-
tion function g‘® (0)ss and single-phonon probability P(1)
versus 7, as well as the oscillator’s O factor. Here the vari-
ation range of Q is set to be consistent with that used
in Fig. 6 for comparison. As expected, we observe that
the performance of PB can be enhanced by increasing the
strength of MPA. We obtain g® (0)ss < 1071% and P(1) >
10~'4 when r, — 1.5. Further increasing the strength of

10° it —
107
c
=02 v
—— =
——=ry=2
1073 Tp=3
0 2 4 6 8 10
YmesT
FIG. 13. Steady-state delayed-time second-order correlation

function g® (t)gs versus the scaled time delay Ve T for differ-
ent mechanical amplification parameters r,. The parameters used
here are the same as those for point 4 in Fig. 6(c).

the weak drive ¢; could increase the single-phonon proba-
bility, while in turn the second-order correlation g® (0)ss
would be increased accordingly.

APPENDIX H: PHONON CORRELATIONS WITH
FINITE-TIME DELAYS

As one of the quantum signatures for PB, we discuss
briefly the phonon intensity correlations with finite-time
delays. We calculate the delayed-time second-order corre-
lation function g‘® (t)ss according to the definition given
in Eq. (11) and plot g¥(r)ss with respect to various
mechanical amplification parameters 7, in Fig. 13. It shows
that g@(1)gs > g@(0)ss for arbitrary time delay 7, man-
ifesting the occurrence of the phonon antibunching effect
and the fact that phonons tend to be emitted singly rather
than in groups. As the delay time increases gradually, the
delayed-time second-order correlation function settles to
1 due to the loss of quantum coherence, and the phonon
characterizes the standard Poisson distribution.
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