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When midinfrared light interacts with nanoscale polar dielectric structures, optical phonon propaga-
tion cannot be ignored, leading to a rich nonlocal phenomenology that we have only recently started to
uncover. In properly crafted nanodevices this includes the creation of polaritonic excitations with hybrid
longitudinal-transverse nature, which are predicted to allow energy funneling from longitudinal electrical
currents to far-field transverse radiation. In this work we study the physics of these longitudinal-transverse
polaritons in a dielectric nanolayer in which the nonlocality strongly couples epsilon-near-zero modes to
longitudinal phonons. After having calculated the system’s spectrum solving Maxwell’s equations, we
develop an analytical polaritonic theory able to transparently quantify the nonlocality-mediated coupling
as a function of the system parameters. Such a theory provides a powerful tool for the study of longitudinal-
transverse polariton interactions and we use it to determine the conditions required for the hybrid modes
to appear.
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Photonic energy can be confined to deep subdiffrac-
tion length scales by hybridization of light with optically
active transitions [1], thus storing part of the electromag-
netic energy in the charges’ kinetic energy [2]. In the
midinfrared region this can be achieved by coupling light
with the transverse optical phonons of a polar nanos-
tructure, yielding hybrid light-matter excitations termed
surface phonon polaritons (SPhPs) [3–5]. These modes are
highly tuneable [6–10] and have broad applications in non-
linear optics [11–13], near-field imaging [14,15], design of
midinfrared emitters [16], and fabrication of nanophotonic
circuitry [17–19].

Because of their narrow linewidths and large field con-
finement, SPhPs can be strongly coupled to a variety
of other resonances present in nanostructured devices.
Polaritonic excitations resulting from such strong coupling
are hybrid quasiparticles whose unique properties can be
understood as admixtures of those of their bare compo-
nents. Resonances that have been experimentally demon-
strated to be strongly coupled with SPhPs include localized
phonon polaritons [20], epsilon-near-zero (ENZ) modes
[21], weak phonon excitations [22], and, more recently,
vibrational transitions in organic molecules [23].

Of particular relevance for the present work, in Ref. [22]
SPhPs localized in silicon carbide (SiC) nanopillars were
demonstrated to be strongly coupled to longitudinal opti-
cal (LO) phonons whose dispersion is folded along the c
axis of the 4H-SiC polytype. The resulting excitations were
named longitudinal-transverse polaritons (LTPs) because
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they have the unusual feature of possessing both a longitu-
dinal nature from their LO component, and a transverse
one from their electromagnetic SPhP component. These
recently observed LTP quasiparticles are an exciting sys-
tem for applications in midinfrared optoelectronics, with
a transverse photonic component able to radiate to the
far field and a longitudinal matter component able to
interact with electrical currents. They could aid develop-
ment of efficient and low-cost midinfrared optoelectronic
devices, not requiring the usual quantum cascade struc-
tures to convert electrical currents into midinfrared radia-
tion [24]. Note that longitudinal-transverse strong coupling
has recently also been observed in fluids [25].

As we showed in a series of recent papers [26–28], the
coupling between longitudinal and transverse degrees of
freedom can be more generally understood as a feature
of nanoscopic polar devices where optical phonon prop-
agation cannot be neglected. The usual local dielectric
approximation then fails and the resulting nonlocal phe-
nomenology driving the longitudinal-transverse coupling
has important consequences on the performances of polar
nanodevices, analogous to nonlocal effects in localized
plasmons [29,30] and plasmon polaritons [31].

Polaritonic systems are usually studied using second
quantized approaches [32–34], which were very success-
ful in, e.g., the study of polariton-polariton [11,35] and
electron-polariton [36,37] interactions. These are impor-
tant for LTP systems; the former would allow for the
description of exotic phonon polariton condensates, while
the latter would be especially important for the devel-
opment of phonon-polariton optoelectronics, allowing for
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modeling of both the excitation of LTPs from electrical
currents and their outcoupling to the far field. Exten-
sions of the Hopfield polaritonic formalism to general
nanophotonic devices, and even more to LTPs, becomes
nevertheless problematic when the coupled resonances are
morphology dependent. The bare uncoupled modes can
then be difficult to identify or altogether ill-defined. In
these cases only a holistic solution of the Maxwell equa-
tions coupled to spatially varying dielectrics could seem to
provide a predictive description of the hybrid resonances,
thus foregoing the explanatory and operational power of
polaritonic formalism.

In this work we achieve two objectives that we con-
sider timely and relevant to advance our understanding and
modeling capabilities of solid-state midinfrared nanopho-
tonic devices. (1) Using the approach we developed in Ref.
[26], that is, solving the full system of Maxwell equations
in the nonlocal dielectric and taking mechanical boundary
conditions into account, we study the nonlocal physics of
a thin nanolayer, in which LTPs are formed by the strong
coupling of the layer’s epsilon-near-zero resonance to the
layer’s discrete LO phonons. (2) We develop an analyti-
cal second-quantized polaritonic formalism, allowing us to
describe the system in terms of coupled harmonic oscilla-
tors. The solution of the nonlocal problem then requires
only the bare frequencies of the modes in the range of
interest and their couplings. This is a powerful theoretical
tool for nonlocal midinfrared nanophotonics, as it allevi-
ates the complexity of the full nonlocal theory developed
previously [26–28]. In this work, by focusing on a specific
geometry, we demonstrate formal equivalence between the
nonlocal theory describing SPhP-LO coupling mediated
by the nonlocal boundary conditions and a simple mul-
timode coupled linear theory. The parameters of such a
theory, which we obtain in analytical form as functions of
the geometric and material parameters of the sample, are
useful tools for inverse design of nonlocal nanophotonic
elements. Moreover, the polaritonic solution describes the
system in terms of hybrid quasiparticles whose interactions
can be studied with tested tools both below and above the
lasing threshold [35]. It is thus a key tool for future studies
of the LTP-mediated coupling between electrical currents
and far-field midinfrared electromagnetic radiation.

A large number of technologically relevant polar non-
local systems are expected to be created by atomic layer
deposition, which allows for high-precision fabrication of
nanometer-scale films along the growth direction [21,38,
39], with structure perpendicular to the grown axis created
by etching [20,40]. In these systems the thin film defines
the phonon resonator, while the perpendicular structure
defines the optical one. For that reason, in this paper we
consider a simple representative system, whose photonic
modes can be found analytically, the trilayer waveguide
shown in Fig. 1. This consists of a polar film of thickness d
and relative permittivity ε2 sandwiched between identical
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FIG. 1. The waveguide under study in this work. Illustrated
are the out-of-plane electric field Ez for the ENZ mode (red) and
localized phonons (green). The coupling frequency �n couples
the ENZ mode to the nth longitudinal phonon mode.

semi-infinite regions with identical relative permittivity ε1.
The waveguide dispersion in the local response approx-
imation can be derived considering TM polarized elec-
tromagnetic fields and applying electromagnetic boundary
conditions on the components of the magnetic and electric
fields parallel to the surface H‖ and E‖ [41,42], leading to
the eigenequation (derived in Appendix A)

F = 2 − tanh(α2d)

[
ε2α1

ε1α2
+ ε1α2

ε2α1

]
= 0, (1)

where α2
i = |k|2 − εiω

2/c2 is the out-of-plane wave vec-
tor in the ith layer and k is the in-plane wave vector. We
consider region 1 as a positive lossless dielectric, while
region 2 is a dissipative polar dielectric characterized by
a Lorentzian dielectric function [5]

ε2(ω) = ε∞

[
ω2

L − ω(ω + iγ )

ω2
T − ω(ω + iγ )

]
, (2)

where ωL (ωT) is the longitudinal (transverse) bulk opti-
cal phonon frequency, ε∞ is the high-frequency dielectric
constant, and γ is the phonon loss rate, which, for the
sake of simplicity, we consider frequency and polarization
independent.

A thick polar film acts as a semi-infinite medium, sup-
porting isolated SPhP modes on each interface. These
modes exist within the Reststrahlen region ωT < ω < ωL,
where ε2(ω) < 0, illustrated by the nonshaded spectral
regions in Figs. 2(a) and 2(b). Their dispersion is shown
by the purple solid curve. When the film thickness d is
less than the skin depth, the SPhPs on each film inter-
face hybridize into symmetric and antisymmetric modes.
This is shown in Figs. 2(a) and 2(b), where we plot dis-
persion |F−1| for 50 and 5 nm 3C-SiC films, respectively,
using parameters ωT = 797.0 cm−1, ωL = 977.3 cm−1,
ε∞ = 6.49, and γ = 2 cm−1 [43,44]. The new modes,
illustrated by peaks in the colormap, split around the bare
SPhP frequency and as the film thins are pushed closer to
asymptotic (d → 0) frequencies at ωL and ωT.
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(a)

(b)

FIG. 2. Modal dispersion for a 50 nm (a) and 5 nm (b) 3C-SiC
waveguide between high index (n = 2.6) cladding layers. The
white region illustrates the spectral extent of the Reststrahlen
between ωT and ωL, where SPhPs are supported. The leaky
region within the light line is shaded in green. The analytical
ENZ dispersion from Eq. (4) is shown by the dashed red line,
and the bilayer SPhP dispersion by the solid purple curve.

In the limit α2d � 1, focusing on the symmetric blue-
shifted mode, we can rewrite Eq. (1) as

ε2

ε1
+ |k|d

2
= 0, (3)

where we have taken the small argument limit tanh(α2d) ≈
α2d, assumed a large in-plane wave vector α1 ≈ |k|,
and noted that close to ωL we have ε2(ω) ≈ 0 and thus
ε2(ω)k2

0 � |k|2, and ε2(ω)2 � ε2
1 . In this regime the exci-

tation is typically termed an ENZ mode [45]. These are of
great interest as the vanishing dielectric function ε2 → 0
leads to a very strong enhancement in the out-of-plane field

in the thin film with applications in low-loss waveguiding
[21], vibrational spectroscopy [46], superscattering of light
[47], manipulating of thermal emission [48], and altering
light-matter interactions [49]. Solving for ω we can find
the ENZ mode frequency as a function of in-plane wave
vector k:

ω̃ENZ,k =
√

ω2
L + |k|qω2

T

1 + |k|q − (γ /2)2 − iγ
2

. (4)

Here q = dε1/2ε∞ and we use a tilde to indicate a complex
frequency. This result is valid for a finite range of in-
plane wave vectors because, as discussed above, when |k|
becomes large, the small argument approximation breaks
down. The calculated ENZ dispersion ωENZ,k is shown by
red dashed lines in Figs. 2(a) and 2(b), where it is clear
that the approximations from Eq. (4) are less accurate for
thicker films and larger in-plane wave vectors.

Nonlocal effects in polar dielectrics have been studied
both theoretically [26,28,50] and experimentally [38] in
layered nanostructures called hybrid crystals. Importantly,
in a nonlocal model phonons do not exist solely at fixed
frequencies, instead they are dispersive. Solving the ionic
equation of motion (Eq. A1 of Ref. [26]) for longitudi-
nally polarized modes leads to complex out-of-plane wave
vectors

ξ =
√

ω(ω + iγ ) − ω2
L

β2
L

+ |k|2, (5)

where ωL is the bulk LO phonon frequency, ω is the driving
frequency, and βL is the LO phonon propagation velocity.
In Ref. [26] we demonstrated that thin polar films of width
d clad by phonon inactive layers act as Fabry-Pérot res-
onators for LO phonons, supporting discrete modes whose
real (γ → 0) resonant frequencies can be written

ωn,k =
√

ω2
L − β2

L(ξ 2
n + |k|2), (6)

where ξn = (n + 1)π/d is the discrete out-of-plane phonon
wave vector [28]; this notation has been chosen for clar-
ity so that the algebraic and geometric parity of the modes
are the same. Note that, contrary to photonic Fabry-Pérot
resonators, higher-order phonon modes are red shifted due
to the negative dispersion of optical phonons at small
wave vectors. We plot the spectrum ωn,k for 3C-SiC films
in Fig. 3, using horizontal dashed lines for 10 nm (top
panels) and 5 nm (bottom panels) film thicknesses. Here
we use 3C-SiC phonon velocity βL = 15.39 × 105 cm s−1,
derived from the bulk phonon dispersion [51]. Note that,
within the interval of in-plane wave vectors considered
βL|k| � ωL − ωT, the phonons do not appreciably dis-
perse; for this reason, we approximate longitudinal mode
frequencies by their zone-center values ωn ≈ ωn,0. In the
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same figures the local ENZ dispersion from Eq. (4) is
shown by a red dashed line. In thinner films out-of-plane
momentum ξn grows and phonon branches red shift away
from ωL.

We are interested in the nonlocal response of the ENZ
excitation. We also consider longitudinal phonons in the
central layer, with electric field given by

E±
L = eik·r

√
2

⎡
⎣

⎛
⎝ 1

0
−iξ/|k|

⎞
⎠ eξz ±

⎛
⎝ 1

0
iξ/|k|

⎞
⎠ e−ξ(z+d)

⎤
⎦ , (7)

where the “±” labels the parity of the phonon field and r
labels in-plane Cartesian coordinates.

We demonstrated in Ref. [26] that the full nonlocal dis-
persion can be found by applying the Maxwell boundary
conditions on the in-plane field components H‖, E‖ and a
single nonlocal additional boundary condition on the out-
of-plane one ε∞E⊥. These conditions lead to a nonlocal
dispersion relation G = 0 (derived in Appendix A), where

G = tanh
(

α2d
2

)
+ α1ε2

α2ε1

+ tanh
(

ξd
2

)(
ε2

ε∞
− 1

) |k|2
ξα2

. (8)

Note that here only phonons of equal parity to the ENZ
field [“−” branch of Eq. (7)] participate in the coupling
in a symmetric waveguide. We plot the inverse of the
dispersion |G−1| as a colormap in Fig. 3. The left pan-
els (a),(c) correspond to the local (βL = 0) case, while
the right panels (b),(d) show the nonlocal case. The top
(a),(b) and bottom (c),(d) panels correspond to 10 and 5
nm SiC films, respectively. Compared to the local case we
see that nonlocality leads to the appearance of anticross-
ings between the ENZ mode and even-numbered localized
phonon branches, with increasing coupling for higher n
phonons. These even-numbered branches correspond to
solutions where the out-of-plane electric field vanishes at
the film edge.

Having theoretically described the spectrum of the
system, and shown the appearance of multiple strong-
coupling features, we now want to derive from Eq. (8) a
more transparent description of the nonlocality-mediated
coupling. The key step to pass from a holistic descrip-
tion to a modal one is to expand the hyperbolic function
on the right of Eq. (8) utilizing Mittag-Leffler’s theorem.
This permits us to express a meromorphic function as a
sum of partial fractions. Meromorphic functions are holo-
morphic at all points in the complex plane, except for a
set of isolated poles. The standard expression for the series
expansion of tanh is given by

tanh(z) =
∞∑

n=0

8z
(2n + 1)π2 + 4z2 . (9)

For z = ξd/2, this equation informs us that the poles
of the meromorphic function satisfy the relation (2n +
1)2π2/d2 + ξ 2 = 0. Utilizing the nonlocal dispersion rela-
tion Eq. (8), we can write

(2n + 1)2π2

d2 + ξ 2 = (2n + 1)2π2

d2

+ ω(ω + iγ ) − ω2
L

βL
+ |k|2, (10)

which allows us to write the LO phonon component of Eq.
(8) in the form

tanh(ξd/2)

ξ
= d

2

∞∑
n=0

8
(2n + 1)2π2 + ξ 2d2

= d
2

∑
n∈even

8β2
L/d2

ω(ω + iγ ) − ω2
n

, (11)

where the discrete phonon frequencies for even values
of n are given by are given by Eq. (6). In so doing we
have moved from a continuum representation of the LO
field where the hyperbolic tanh helps the full, combined
response of the LO field, to one where each term on the
right uniquely contains all information associated with the
resonance labeled n. Now utilizing result (11) and the
ENZ approximations discussed earlier, we can transform
the transcendental Eq. (8) into the factorized dispersion
relation

1 = ω2
L − ω2

ENZ,k

ω2
ENZ,k − ω(ω + iγ )

∑
n∈even

8β2
L/d2

ω2
n − ω(ω + iγ )

, (12)

where ωENZ,k is the ENZ mode frequency from Eq. (4)
in the limit γ → 0. The polaritonic frequencies obtained
from this equation are plotted as solid yellow lines in Figs.
3(b) and 3(e) for γ → 0, demonstrating excellent agree-
ment between the polaritonic model and the full dispersion
map.

In order to develop a modal, quantum description of the
hybrid longitudinal-transverse polaritons that can be used
to both directly link the system spectrum to the geometric
and material device parameters, and to provide a way to
calculate the rates of polariton generation and scattering,
we start by introducing second-quantized operators for the
bare modes. We thus define â†

k as the creation operator for
an ENZ mode with in-plane wave vector k and b̂†

n,k for
the nth discrete longitudinal phonon mode of the layer.
The coupling between resonances can be described by
a generic, phenomenological Hamiltonian modeling reso-
nant energy exchange between the transverse ENZ and the
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(a) (b)

(c) (d)

FIG. 3. Local (a) and nonlocal (b) dispersion relations for a 10 nm SiC film. Localized phonon frequencies ωn,k from Eq. (6) are
illustrated with green dashed lines, with darker colors corresponding to higher-order modes. The red dashed line indicates the ENZ
dispersion from Eq. (4). Solid yellow lines indicate calculated polariton frequencies. (c),(d) The lower panels show the same for a 5
nm SiC film. The color scale is uniform across all panels.

longitudinal phonons

Ĥ =
∑

k

{
�ωENZ,kâ†

kâk +
∑

n∈even[
�ωnb̂†

n,kb̂n,k + ��n,k

2
(â†

−k + âk)(b̂
†
n,k + b̂n,−k)

]}
,

(13)

where �n,k is the nth phonon coupling frequency at com-
mon in-plane wave vector k. The eigenvalue equation
for this Hamiltonian can be written considering polariton
operators of the form

d̂k = αkâk + ζkâ†
−k +

∑
n∈even

βn,kb̂n,k + θn,kb̂†
n,−k, (14)

where Greek letters are Hopfield coefficients [32]. In order
for d̂k to diagonalize the Hamiltonian Ĥ, it must satisfy the
eigenequation

[d̂k, Ĥ] = �ωd̂k, (15)

where ω is the frequency of the coupled mode. As shown
in Appendix B, by expanding the commutator in Eq. (15),
collecting terms proportional to each operator in Eq. (13)
on each side, and eliminating the Hopfield coefficients we
recover the secular dispersion relation

1 = ωENZ,k

ω2
ENZ,k − ω2

∑
n∈even

|�n,k|2ωn

ω2
n − ω2 , (16)
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whose roots provide the polariton eigenfrequencies of the
system. Note that, although we have ignored losses in the
quantum model, leading to a disparity between Eqs. (16)
and (4), they could be included by coupling Eq. (13) to a
thermal bath [20]. By comparison with Eq. (12) we can
then directly derive one of the key results of this work, that
is, the analytical expression of the longitudinal-transverse
coupling

|�n,k|2 = ω2
L − ω2

ENZ,k

ωENZ,kωn

8β2
L

d2 . (17)

We can already see that the coupling increases lin-
early with βL/d, quantifying our physical intuition that
the nonlocality-mediated coupling increases when phonon
propagation cannot be neglected (large βL) and for smaller
structures (small d).

To illustrate the physical content of Eq. (12), we special-
ize onto the case where only the nth phonon branch is near
resonant with the ENZ mode and the others can be safely
neglected, yielding polariton frequencies

ω2
±,k = ω2

ENZ,k + ω2
n

2

±
√

(ω2
ENZ,k − ω2

n)
2 + 4|�n,k|2ωENZ,kωn

2
. (18)

The vacuum Rabi frequency, defined as half the resonant
polariton splitting at the anticrossing ωENZ,k = ωn, can thus
be written as

�R = ω+,k − ω−,k

2
. (19)

This quantity determines the coupling regime of the sys-
tem. When �R is smaller than the linewidths, the system
is in weak coupling, while when it is appreciably larger,
we can resolve the polaritonic splitting and the system
is in the strong coupling regime. In the small coupling
regime we can write the Rabi frequency, normalized by
the anticrossing frequency, as

�R

ωn
=

√
2

ξnd(ω2
L/ω2

n − 1)
, (20)

where the longitudinal mode frequency shift ωn = β2
Lξ 2

n
describes the departure in the nth phonon frequency from
its zone-center frequency. The result demonstrates two
routes to increasing the Rabi frequency through tuning
the phonon component: either through considering higher-
order (larger n) modes or exploiting materials with larger
phonon velocity βL to increase ωn.

The d−1 remaining in Eq. (20) arises from the
ENZ mode’s out-of-plane electric field in the cen-
tral layer as |Ez,k| ∝ d−1 following Campione [45].

FIG. 4. Full dispersion relations from Eq. (8) for a film thick-
ness of 20 nm; right panel shows the predicted normalized Rabi
frequencies �R/ωn. Labeled arrows refer to regions of the plot
discussed in the text.

This implies that, for a general structure, the coupling
strength can be enhanced by increasing the photonic
field strength at the nonlocal interface. This could allow
for larger photon-phonon coupling rates in nanophotonic
structures where the photon field is confined in multiple
dimensions through Purcell factor optimization [20,40].

To explore the transition between the weak and strong
coupling regimes, with the opening of the polaritonic gap,
we consider a wider structure, in order to have access to
more phonon modes in the Reststrahlen region. In Fig.
4 we thus plot the dispersion of a 20 nm 3C-SiC film,
with three qualitatively different regions highlighted. In
region 1 the ENZ mode instead initially follows the light
line in the cladding. before coalescing with the analyti-
cal dispersion, Eq. (4), at larger wave vector. This small
wave vector region is not well captured by our Hamilto-
nian model because near to the light line the approximation
α2 ≈ |k| utilized to derive Eq. (3) fails. In this small wave
vector regime there is no simple analytical dispersion rela-
tion for the ENZ excitation [45]. In region 2 larger n causes
an increase in ENZ linewidth where the ENZ dispersion
crosses the localized phonon one. In this region localized
phonons act as loss channels, extracting energy from the
ENZ mode, but as �R is smaller than the linewidth, the
energy is lost before it can cycle back. In region 3 the
polariton frequencies are sufficiently far from ωL, strong
coupling is established, and anticrossings emerge in the
spectra. The evolution of the normalized coupling �R/ωn
is shown in panel (b), highlighting the expected increase
for higher-order modes.

There is a final parameter that determines whether
the system is in weak or strong coupling that does not
enter the coupling frequency (17), which is the modal
damping rate. When this exceeds the Rabi frequency, the
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(a) (b)

(c) (d)

FIG. 5. Nonlocal dispersion relations for a 5 nm 3C-SiC layer, analogous to Fig. 3(d), for various values of the loss parameter γ .
Panels show (a) γ = 4 cm−1, (b) γ = 6 cm−1, (c) γ = 8 cm−1, (d) γ = 10 cm−1. The red dashed line indicates the ENZ dispersion
from Eq. (4). Increasing the losses, reduces the anticrossing until it eventually disappears, as the system passes from the strong to the
weak coupling regime.

system’s modes are in weak coupling, while in the oppo-
site regime they are in strong coupling and coherently
exchange energy. Now we increase the losses while keep-
ing geometry and other material parameters determining
the coupling strength fixed, allowing us to pass through the
weak to strong coupling transition. This is important not
only in view of applications of our theory to other materi-
als, but even for the case of 3C-SiC, which we chose for its
preponderance as a testbed for phonon-polariton physics
[3,4,40,52,53]. We have in fact used the 3C-SiC bulk value
for γ = 2 cm−1 [43], but high-quality nanoscale 3C-SiC
films are typically grown on silicon, and ultrathin films can
be expected to have high defect densities, increasing mate-
rial loss. We have moreover neglected that LO phonons are
reported to have marginally larger losses than transverse
ones [44].

To illustrate the effect of material loss on the nonlocal
physics, we study the 5 nm structure investigated earlier
with increased damping rates. The results are shown in Fig.
5 for damping rates of γ = 4, 6, 8, 10 cm−1. Note that, for
this structure, the vacuum Rabi frequency with the n = 2
LO phonon branch is estimated through Eq. (20) as �R =
3.7 cm−1. In panel (a), where γ ≈ �R, the system response
is very similar to that in Fig. 3(d), where γ = 2 cm−1. The
system remains in strong coupling. When γ is increased
to 6 cm−1 in panel (b), the anticrossing is reduced but
still visible. In panels (c) and (d), where γ is increased
to 8 and 10 cm−1, respectively, the anticrossing vanishes
and the system passes into the weak coupling regime.
This is a combination of two physical effects: firstly, the
damping rate has increased with respect to the Rabi fre-
quency and, secondly, the nonlocal figure of merit, which
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is the skin depth of the LO phonon L = Im{ξ}−1 [26], has
decreased sufficiently such that the thin film no longer pos-
sesses a discrete phonon spectrum. When γ = 4 cm−1, we
find that L = 1.3d, while when γ = 10 cm−1, we recover
L = 0.53d. At higher damping rates LO phonons can no
longer transport energy between the two interfaces of the
central film, instead they just act as an additional loss
channel for the ENZ mode.

These effects can be mitigated utilizing methods such as
vapor-liquid-solid growth, which allow for the fabrication
of high-quality subnanometer SiC films [54]. Addition-
ally, alternative materials, particularly those which can be
grown in high-quality thin films by atomic layer deposi-
tion on lattice-matched substrates such as AlN or GaN,
can be utilized. Nonlocality in these anisotropic systems is
expected to be physically similar to that presented in this
work [28]. A second mitigation tactic is obvious through
Eq. (20): by decreasing the film thickness, the coupling fre-
quency is enhanced. This is a particularly promising route
to explore nonlocal effects in systems grown by atomic
layer deposition where high-quality films can be grown
down to the true nanometer scale. For the parameters used
in this work (βL = 15.39 × 105 cms−1, γ = 2 cm−1), this
yields an onset at d ≈ 4 nm for the n = 2 phonons. A final
method to reach strong coupling could be utilizing iso-
topically pure polar dielectrics, which have been shown to
support SPhPs with narrower linewidths than in naturally
occurring materials [55].

We have demonstrated that the full nonlocal Maxwell
equations supplemented by the proper mechanical bound-
ary conditions lead naturally to a multimodal theory of
ENZ modes coupled to localized phonon modes in the
nonlocal dielectric nanolayer. Our theory provides a polari-
tonic description of the nanolayer physics that allows us
to naturally integrate polariton scattering and generation
in a fully quantum picture. To this end, we exploit the
Mittag-Leffler expansion as a link between the polynomial
dispersion relations yielded by a coupled mode theory and
those found using the full nonlocal Maxwell’s equations,
allowing us to condense the complexity of the nonlocality-
mediated coupling in a single coupling frequency depen-
dent on geometric and material parameters. As an example
of the design power provided by our results, we could
thus directly calculate the minimal layer thickness for a
fixed material, leading to the appearance of strong coupling
and LTP modes. Although the nonlocal effects studied
in this paper occur far outside the light line, they could
be observed in a simple experiment by incorporating a
metallic grating into the waveguide structure to fold the
modes toward the zone center [3,20]. The nonlocal trilayer
model with localized phonons we considered provides a
quantitative tool to study a large fraction of the technolog-
ically relevant nonlocal nanophotonic samples fabricated
by atomic layer deposition, as long as the Reststrahlen
bands of interfacing materials do not significantly overlap.

In these systems LO mode frequencies are determined
by the thicknesses of the nanoscale layers and are inde-
pendent of the transverse dimensions that greatly exceed
the phonon propagation length. Furthermore, our tech-
nique, derived in a specific system, could be expanded to
more general settings, providing a powerful modal pic-
ture to study nonlocal optical nanodevices. One topic in
which our theory could prove particularly effective is in
the modeling of theoretically predicted devices powered
by direct energy transfer between electrical currents and
SPhPs mediated by the longitudinal-transverse hybridiza-
tion. In these devices longitudinal-transverse polaritons act
as interconnects between electronic and photonic systems,
allowing for electronic generation or detection of light
without the need for the quantum engineered electronic
bandgaps typically utilized in midinfrared devices [56].
Utilizing longitudinal-transverse polaritons, it is possible
to simplify and shrink optoelectronic devices, potentially
allowing for the development of nanoscale midinfrared
nanoemitters [57].
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APPENDIX A: MACROSCOPIC DISPERSION
RELATIONS

The electric fields of the SPhPs at the upper and lower
boundaries of the central film considered in this paper can
be written as [42]

Eu,k =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

α1ε2

α2εC

[
k
|k| , − i|k|

α1

]T

eα1(z+d)eik·r, z < −d,

−
[

k
|k| ,

i|k|
α2

]T

e−α2(z+d)eik·r, −d < z < 0,

−α1ε2

α2ε1

[
k
|k| ,

i|k|
α1

]T

e−α1z−α2deik·r, z > 0,

(A1)

El,k =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

α1ε2

α2ε1

[
k
|k| , − i|k|

α1

]T

eα1(z+d)−α2deik·r, z < −d,[
k
|k| , − i|k|

α2

]T

eα2zeik·r, −d < z < 0,

−α1ε2

α2ε1

[
k
|k| ,

i|k|
α1

]T

e−α1zeik·r, z > 0,

(A2)
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where we have defined the in-plane wave vector k so
that the full three-dimensional (3D) wave vector is [k, αi]
and similarly for the 3D coordinate [r, z], and the out-of-
plane wave vectors αi have been rotated into the com-
plex plane. The magnetic field can be found utilizing the
Maxwell-Faraday equation as

Hu,k = iωε2

c2α2

[
ẑ × k

|k| , 0
]T

eik·r

⎧⎪⎨
⎪⎩

eα1(z+d), z < −d,
e−α2(z+d), −d < z < 0,
e−α1z−α2d, z > 0,

(A3)

Hl,k = iωε2

c2α2

[
ẑ × k

|k| , 0
]T

× eik·r

⎧⎪⎨
⎪⎩

eα1(z+d)−α2d, z < −d,
eα2z, −d < z < 0,
e−α1z, z > 0,

(A4)

where we have constructed the fields to fulfill the boundary
condition on the tangential magnetic field. The total field
in the waveguide is a linear superposition of the SPhPs at
the upper and lower interfaces

E = UEu,k + LEl,k, (A5)

which, applying the Maxwell boundary condition on the
tangential electric field at the upper and lower edges of the
film z = 0, z = −d, leads to the matrix equation

(
[α1ε2/(α2ε1) − 1]e−α2d 1 + α1ε2/(α2ε1)

α1ε2/(α2ε1) + 1 [α1ε2/(α2ε1) − 1]e−α2d

)

×
(

U
L

)
=

(
0
0

)
. (A6)

This equation is satisfied when the determinant is nil, or

1 − r2
21e−2α2d = 0, (A7)

where r21 is the Fresnel reflection coefficient

r21 = α2ε1 − α1ε2

α2ε1 + α1ε2
. (A8)

Utilizing the standard hyperbolic identities, we can rewrite
this dispersion relation as

0 = 2
[

1 − tanh(α2d)
r2

21 + 1
r2

21 − 1

]
, (A9)

which in turn reduces to Eq. (1) in the main text.
To derive the dispersion relation of the epsilon-near-

zero mode, we consider the case L = U that corresponds

to the symmetric excitation in the waveguide. In this case
the rows of Eq. (A6) are degenerate, yielding

α1ε2

α2ε1
+ tanh

(
α2d
2

)
≈ α1ε2

α2ε1
+ α2d

2
= 0, (A10)

where we have utilized the small argument approximation
of the hyperbolic tanh, valid for α2d � 1. Note that this
reduces to Eq. (3) in the limit |k|/k0 � 1.

We can derive the nonlocal dispersion relation from the
electric fields of the SPhPs given in Eqs. (A1) and (A2) and
the field of the longitudinal phonon, Eq. (7) given in the
main text. Focusing on the symmetric excitation L = U we
can write the boundary matrix formed from continuity of
the transverse electric field and the out-of-plane projection
ε∞ẑ · E doing so, we arrive at the matrix equation

M
(

X
Y

)
=

(
0
0

)
, (A11)

where the coefficients X , Y weight the SPhP and LO
phonon contributions, respectively. The matrix M can be
written after some manipulation in the form
(

1 − r21e−α2d −α2ε1(1 − e−ξd)/(α2ε1 +α1ε2)

[ε2/ε∞ − 1][1 + e−α2d] ξα2(1 + e−ξd)/|k|2
)

.

(A12)

Finally, the dispersion of the coupled modes is given by
det{M} = 0; expanding this relation leads to Eq. (8) in the
main text.

APPENDIX B: HAMILTONIAN-DERIVED
DISPERSION RELATIONS

In the main text we introduced the Hamiltonian of the
coupled epsilon-near-zero and LO phonon ladder, Eq. (13),
which is then diagonalized by introduction of the polari-
tonic operator (14) utilizing the Heisenberg equation of
motion (15). In this appendix we detail this procedure,
deriving from the Hamiltonian the secular Eq. (16) in the
main text. To diagonalize the Hamiltonian, we first need to
note the nonzero commutation relations between canonical
operators entering Hamiltonian (13), which are

[âk, â†
q] = δkq, (B1a)

[b̂m,k, b̂†
n,q] = δkqδmn. (B1b)

All other commutation operations, for example those
between operators for epsilon-near-zero and LO phonon
modes, are zero. Using this result, we can calculate the
commutation relation entering Eq. (15). As the calculation
is large, it is practical to proceed through the Hamiltonian
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term by term. The commutator with the term describing the
bare epsilon-near-zero mode is given by

[
d̂k,

∑
q

�ωENZ,qâ†
qâq

]

=
∑

q

�ωENZ,q{αkâqδkq − ζkâ†
qδ−kq}

= �ωENZ,k{αkâk − ζkâ†
−k}, (B2)

where we have utilized the system’s translational invari-
ance to note that ωENZ,k = ωENZ,−k. Similarly, for the bare
phonon component, we can write

[
d̂k,

∑
q

∑
m∈even

�ωnb̂†
m,qb̂m,q

]

=
∑

n∈even

�ωn{βn,kb̂n,k − θn,kb̂†
n,−k}. (B3)

Finally, we can find the contribution from the interaction
component of the Hamiltonian

Ĥint =
∑

k

∑
n∈even

��n,k

2
(â†

−k + âk)(b̂
†
n,k + b̂n,−k), (B4)

which is given by

[d̂k, Ĥint] =
∑

n∈even

��n,k

2
{(αk − ζk)(b̂

†
n,−k + b̂n,k)

+ (βn,k − θn,k)(â
†
−k + âk)}.

(B5)

Now that we have computed the left-hand side of Eq.
(15), we need to compare it to the right-hand side. As the
equation is over operators, we collect like terms on each
side to arrive at the polariton dispersion relation. The four
equations of motion are given by

�ωαk = �ωENZ,kαk +
∑

n∈even

��n,k

2
(βn,k − θn,k), (B6a)

�ωζk = −�ωENZ,kζk +
∑

n∈even

��n,k

2
(βn,k − θn,k), (B6b)

�ωβn,k = �ωnβn,k + ��n,k

2
(αk − ζk), (B6c)

�ωθn,k = −�ωnθn,k + ��n,k

2
(αk − ζk), (B6d)

where, going in order, we have collected terms pro-
portional to âk, â†

−k, b̂n,k, and b̂†
n,−k. We can solve these

equations by elimination of the Hopfield coefficients
αk, ζk, βn,k, θn,k. Taking the difference between the top and
bottom pairs, we find that

ζk = ω − ωENZ,k

ω + ωENZ,k
αk, (B7a)

θn,k = ω − ωn

ω + ωn
βn,k, (B7b)

which allows us to write the coefficient βn,k in terms of αk:

βn,k = �n,k

ω − ωn

ωENZ,k

ω + ωENZ,k
αk. (B8)

Hence, the first equation of motion becomes

(ω − ωENZ,k)αk =
∑

n∈even

�n,k

2
2ωn

ω + ωn
βn,k,

= ωENZ,k

ω + ωENZ,k

∑
n∈even

�2
n,kωn

ω2 − ω2
n
αk, (B9)

which on dividing through reduces to

1 = ωENZ,k

ω2
ENZ,k − ω2

∑
n∈even

�2
n,kωn

ω2
n − ω2 , (B10)

which is Eq. (16) in the main text.
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