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Nonequilibrium Green’s function modeling of the structure used for III-V quantum cascade lasers emit-
ting at approximately 5-μm wavelength is performed to get insight into and analyze the processes that
determine the linewidth of the optical (inter-sub-band) transition. Theoretical results are compared with
electroluminescence data collected for real structures. Excellent agreement is found for both the transi-
tion energy of approximately 234 meV and the linewidth of approximately 32 meV, typical for this sort
of device. Careful inspection of simulation data shows that, for these structures, the interface-roughness
(IR) scattering contributes to the optical linewidth ∼= 50%. The decreased broadening due to IR scat-
tering is not due to very smooth interfaces, but rather due to the finite carrier concentration and the
decreased population of final states k

′
available for the initial state k in the limit of vanishing in-plane

momentum k → 0. Further line narrowing is caused by nonparabolicity coupled with the highly nonther-
mal occupation of the lower laser sub-band, which destroys the population inversion for the hot carriers.
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I. INTRODUCTION

In the last 20 years, quantum cascade lasers (QCLs)
have developed greatly due to their high gain in a hardly
accessible (in comparison with other types of devices)
mid-infrared (MIR) or THz frequency range. The large
optical gain of these devices arises due to the narrow
linewidth of the laser transition. This feature follows from
the QCL operation principle; lasing is due to the transi-
tions between the sub-bands, which in contrast to interband
processes preserve the same curvature of the dispersion
relation. In such circumstances, the mentioned linewidth is
almost exclusively described by the dephasing processes
of the optical transition [1–3]. The dephasing is directly
related to various scattering mechanisms that may broaden
both the sub-bands and the inter-sub-band transitions [4].
In the case of MIR devices, utilizing transitions at approx-
imately 10-μm wavelength, the main contribution to the
laser linewidth comes from the intra-sub-band broaden-
ing of laser levels resulting from the interface-roughness
(IR) scattering [5–9]. The THz devices, which utilize much
wider wells, are much less sensitive to the fluctuations of
the layer widths. Therefore, IR plays a lesser role, whereas
the role of other scattering mechanisms is enhanced

*akoleknd@prz.edu.pl

[10]: impurity scattering and electron-electron scattering
become the most relevant gain broadening mechanisms
[11–14].

In short-wavelength (λ ≤ 5 μm) QCLs with extremely
narrow wells, the number of interfaces per state involved
in the lasing transition increases. Simultaneously, the sen-
sitivity of the level energy to the fluctuations of the layer
width increases. For both these reasons, the broadening
of the laser transition due to the interface roughness is
significantly enhanced; theoretically, widths as large as
170–330 meV were predicted [8]. At the same time, the
experiments showed the broadening increased up to merely
40 meV [8,15,16], whereas most of the designs exhibit
smaller linewidth in the range 25–30 meV [17–20]. This
inconsistency was explained by the vertical correlation
of the roughness potential between adjacent interfaces
(SiGe devices) or assuming very smooth interfaces (III-V
devices) [8]. In the following, we show that the linewidth
of the order 30 meV, typical for short-wavelength QCLs,
can be theoretically justified also when the vertical corre-
lations between the roughness potentials are absent and/or
the interfaces are not very smooth. Our main research
tool is the theoretical analysis that uses the nonequilib-
rium Green’s function formalism (NEGF) [21,22], which
is known to catch best the physics of the structures that uti-
lize both quantum and classical phenomena. This method
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is especially relevant for the current case as it accounts
for the nondiagonal dephasing [23]. It was shown that
nondiagonal correlations between laser states lead to a
reduction in the corresponding linewidth below the sum
of the individual linewidth contributions [24,25]. This
effect should be considered only within the fully quantum-
mechanical approach, which correctly handles both the
collisional broadening and the nondiagonal correlations
[26]. Theoretical considerations are verified against exper-
imental data gathered for the devices, which are grown for
this purpose.

II. MODEL AND METHOD

A. Hamiltonian

As a QCL is a stratified n-type device, the one-
band Hamiltonian parametrized for in-plane kinetic energy
provides a good-enough description. The noninteracting
Hamiltonian that accounts for band nonparabolicity reads
[27,28]

H = −�2

2
d
dz

1
m(E, z)

d
dz

+ V(z) + �2k2

m(E, z)
, (1)

where z is the coordinate in the growth direction, k is the
in-plane momentum modulus, E and V are the total and
potential energies, and other symbols have the usual mean-
ing. The Hamiltonian H is used in the NEGF equations
together with the set of self-energies related to various
scattering processes.

B. Scattering self-energies

For the scattering on a rough interface, localized at 〈z〉 =
zint and characterized by two-dimensional (2D) potential
with the rms height � and the correlation length �, the
appropriate self-energy reads [28–30]

�
R,<
IR (zint, zint, k, E)

= δV2

4
�2

4π

∫
q2 dq

∫ π

0
d�e−�2(k2+q2−2kq cos �)/4

× GR,<(zint, zint, q, E), (2)

where δV2 is the conduction band offset at the interface,
and GR, G< are the retarded and lesser Green’s func-
tions (GFs), respectively. Equation (2) is formulated in a
position representation with δ functions as the basis vec-
tors. In numerical approaches, a discrete mesh is used. In
the case of rectangular-shaped base vectors, φi ∼ {�(z −
[zi + zi−1]/2) − �(z − [zi + zi+1]/2)}, where � is the
Heaviside function, the normalization condition requires
〈φiφ

∗
i 〉 = 1/δzi, where δzi = (zi+1 − zi−1)/2 is the mesh

eye attributed to the site i at zi. In such an implementa-
tion, the matrix element of the interface-roughness scat-
tering potential becomes 〈VIR〉 = 〈φi|VIR|φ∗

i 〉 = δV�/δzi,
and the factor δV2 in Eq. (2) changes to (δV�/δzi)

2.
This formulation is different from that in Refs. [28,30],
which uses the scaling δV2�/δzi. However, our obser-
vation is that only with our approach the response is
independent of the mesh size. Moreover, the proposed scal-
ing restores proportionality to �2, valid for the eigenstate
basis (both in NEGF [31–33] and semiclassical approaches
[4,34]). In the case, when the discretization points zi do not
exactly hit the interface position, i.e., zint 	= zi, the reason-
able approximation is to distribute �IR between the points
zi, zi+1, adjacent to the interface (proportionally to |zi,i+1 −
zint|/|zi+1 − zj |), and the approximate GF at the interface
with the GF at the respective grid points [28–30]. This
approximation works well when the wave functions pen-
etrate the barrier material. For tall and wide barriers, the
approximation underestimates the IR scattering as the part
of the self-energy assigned to a node located in a barrier
material is probed by the negligibly small value of the GF.

Another self-energy of interest is due to the longitudinal polar optical (LO) phonons. For screened dispersionless
phonons with energy ELO = �ωLO, the retarded LO-phonon self-energy reads [29]

�R
LO(z, z′, k, E) = β

2π2

∫
qdqI(|z − z′|, k, q)[(nB + 1)GR(z, z′, q, E − ELO) + nBGR(z, z′, q, E + ELO)

+ 1
2

G<(z, z′, q, E − ELO) − 1
2

G<(z, z′, q, E + ELO)], (3a)

where β = e2ELO(ε−1
∞ − ε−1

0 )/2,

I(|z − z′|, k, q) =
∫ π/a

0
dqz

cos(qz|z − z′|)√
(q2

z + l2)2 − 4k2q2

(
1 − q2

0(q
2
z + l2)

(q2
z + l2)2 − 4k2q2

)
, l2 = q2

0 + k2 + q2, (3b)
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nB = [exp (ELO/kBT) − 1]−1 is the phonon occupation
number, and q0 is the inverse screening length. As
opposed to �IR, the LO-phonon self-energy is a nonlocal
perturbation.

C. Optical broadening

Data presented in Fig. 1 refer to the structure consid-
ered in the seminal papers on inter-sub-band absorption
linewidth [6,7]: the linewidths due to the IR and the LO-
phonon scatterings are calculated for 8-nm-wide GaAs
quantum well as a function of the in-plane energy, Ek =
�2k2/2m||. For the reasons discussed above, the height and
the width of the confining barriers are decreased to 0.4 eV
and 3 nm so that the partitioning of the IR self-energy
over the nodes on both sides of the interface provides a
reasonable approximation.

For large momenta, the IR broadening fits exactly the
microscopic theory of Ando [7]. A deviation observed
for the small in-plane energies occurs since particles with
k ≈ 0 can be scattered only to states with lower poten-
tial energy. The average state energy is then lowered (see
Fig. 1 inset) as well as the linewidth (approximately by
a factor of 2) because only the positive shoulder (i.e.,
for k

′
> k = 0) of the line spectrum is accessible for the

scattered carriers.
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FIG. 1. The full width at half maximum (FWHM) of the
absorption line calculated with NEGF method for the 8-nm
quantum well confined with 3-nm-thick and 0.4-eV-tall barri-
ers. Calculations are done for fully parabolic in-plane energy,
i.e., assuming m(E, z) = m|| = 0.108 in the last term in Eq. (1).
Lines with symbols refer to the transitions at energy Ek and
the following self-energies included into formalism: A: none,
B: �LO (400 K, Debye screening length 1/q0 = 7.12 nm), C:
�IR(� = 9 nm, � = 0.53 nm), D: �IR + �LO. Line E is for case
C but refers to all transitions in the range 0–Ek; the value of
FWHM,  = 11.85 meV at maximum Ek (square) is the estimate
of the total FWHM calculated with the NEGF method. Line F is
the theoretical dependence of IR–intra-sub-band linewidth cal-
culated according to Ando’s theory [e.g., Ref. [7], Eq. (23)]; the
value  = 58 meV at Ek = 0 (square) is the estimate of the total
FWHM given by Eq. (4). Inset: dispersion relation of the upper
level of the optical transition doublet.
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FIG. 2. FWHM of the absorption peak calculated with NEGF
method for the 8-nm quantum well as a function of the parameter
� at fixed T = 400 K. The slope of the approximating line is
40 meV/nm2. The upper line is the plot of Eq. (4). Details of the
calculations are provided in the caption of Fig. 1.

Some discrepancy with Ando’s theory can be observed
also for LO-phonon broadening: the step at Ek = ELO is
not present; however, the average value of  ≈ 2 meV
agrees well with this theory (see Fig. 4 in Ref. [7]). One
can further observe that there is a negative correlation
between IR and LO-phonon scattering mechanisms, which
at small Ek’s makes the impact of coexistent interactions
smaller than the sum of individual impacts. Data in Fig. 2
demonstrate that, in spite of this correlation, the quadratic
dependence on the parameter � is preserved. However, the
slope ∼= 0.04 eV/nm2, found in this dependence, is much
lower than the value 0.21 eV/nm2 predicted by the relation

 = πm
�2 �2�2(F11 − F00)

2, (4)

provided in Ref. [8]. This relation is valid for negligible
carrier concentration. In such a case, only the states at
the bottom of the sub-bands are occupied so that the total

FIG. 3. Test structures for electroluminescence and contact
resistance measurements.
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FWHM equals FWHM at Ek = 0 (see Fig. 1). The reduced
linewidths of the transitions at small Ek’s, discussed above,
would then give the value (Ek = 0) ≈ 22 meV. In the
analyzed quantum well, the Fermi level is located at Ek ∼=
26 meV, so there is a finite carrier concentration, which
allows for the transitions at Ek > 0. They contribute to the
linewidth, making it initially increase but eventually be
dumped to the value 11.85 meV, which is almost 5 times
smaller than the value predicted by Eq. (4). These numbers
illustrate how much the linewidth of doped structures can
differ from the rough theoretical estimate.

Obviously, different pictures can be obtained depending
on the structure geometry, temperature, and doping (which
determine the occupation of the states and dynamic screen-
ing) and the IR-scattering parameters. However, the case
being analyzed seems to be relevant for the quantum cas-
cade lasers to which the paper is addressed. Namely, (i)
the IR roughness correlation length in the range 6 nm <

� < 20 nm is commonly reported for this type of device
(see Ref. [35] for discussion), (ii) the temperature 400 K is
higher than the ambient temperature at which the short-
wavelength QCL can successfully operate; however, in
this type of device, the population of overheated electrons
occupying laser sub-bands is highly nonthermal [36,37] so
that the electron temperature of the order 400–700 K is
quite common [38], (iii) the emission wavelength takes the
value of several dozen tens of meV so that the inter-sub-
band contribution inter to IR broadening is quite minor,
(iv) the roughness rms height of � ≈ 0.5 − 1 monolayer
width (a = 0.28 nm) is physically best justified and exper-
imentally verified. However, in QCL, many interfaces
perturb the laser states. As each of them adds the factor
proportional to �|ζ(zint)|2 to the linewidth, the multiple
contributions can be modeled by larger values of �.

III. GAIN BROADENING IN
SHORT-WAVELENGTH QCL

A. Devices and experiment

The devices used in this study are the strain-
compensated In0.66Ga0.34As/In0.346Al0.654As QCLs emit-
ting at approximately 5.25 μm, grown by solid-source
molecular beam epitaxy (MBE) technology [39]. The
active region, originally designed by Evans et al. [40],
is of four-well two-phonon resonance design; the layer
sequence of one period of the structure, starting from the
injection barrier, is 2.8, 1.36, 1.14, 4.75, 1.14, 4.18, 1.23,
4.02, 2.02, 3.02, 1.44, 2.71, 1.52, 2.41, 1.6, 2.3, 1.76, 2.19,
1.76, 1.95, 2.03, 1.95 nm. The In0.346Al0.654As layers are
denoted in bold, and In0.66Ga0.34As layers are denoted in
normal font. The underlined layers are n doped to 2 ×
1017 cm−3. The core region containing 30 repetitions of
the basic module is sandwiched between two 500-nm-thick
lattice-matched In0.53Ga0.47As layers, which are n doped to
4 × 1016 cm−3. The low-doped, n = 2 × 1017 cm−3, InP
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FIG. 4. Electroluminescence spectrum of the QCL structure
(wafer no. C1003) measured as a function of the bias current
at the temperature 15 ◦C. Inset: FWHM of the spectra estimated
with a two-parameter (height, width) Gaussian fit of the exper-
imental data for two samples from different wafers: no. C1003,
no. C1080 grown according to the same recipe.

substrate is used as the bottom waveguide layer; the upper
waveguide layer is formed by 2.5-μm-thick In0.52Al0.48As,
doped to n = 1 × 1017 cm−3, lattice matched to InP. The
whole structure is followed by 500-nm-thick n+ = 8 ×
1018 cm−3 In0.53Ga0.47As cap layer.

Part of each wafer is devoted to the test structures shown
in Fig. 3. Electroluminescence (EL) structures are litho-
graphically patterned 500-μm-diameter circles, etched into
mesas using HBr:HNO3:H2O (1:1:10) wet chemical solu-
tion. The etching goes through the epitaxially grown mate-
rial. A second lithography step is used to apply the top
contact metallization. The contacts consist of 150 Å Ti fol-
lowed by 2500 Å Au and are alloyed at 370 ◦C for 60 s. The
mesas are cleaved into semicircular structures and tested
on the probe stage.

The electroluminescence is measured at 15 ◦C as a func-
tion of the bias current. Current pulses with widths of 400
ns and 100-kHz repetition are applied. The emission from
the devices is collected by an off-axis parabolic mirror and
sent into a Fourier-transform infrared spectrometer (FTIR)
operated in a step-scan mode. The liquid-nitrogen-cooled
MCT detector is used to measure the emission intensity.
Results are presented in Fig. 4. The main peak of the EL
spectrum corresponds to the lasing transition. The origin of
the broad peak located in between 3–5 μm is unknown. An
atmospheric CO2 absorption dip can be seen near 4.23 μm
[41]. Spectra are not corrected for detector responsivity.

The inset in Fig. 4 shows the EL FWHM as a func-
tion of the current density. The FWHM is estimated fitting
Gaussian curves to the experimental data. Contrary to what
is observed for QCL devices emitting at approximately
10-μm wavelength [9,41], there is no systematic
dependence of EL width on the injection current. It rather
seems to hardly depend on the current. The average width
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of approximately 32 meV, which is 14% of the peak emis-
sion energy, corresponds well with the estimates reported
for other devices emitting at approximately 5-μm wave-
length [8,15–20,41].

B. Theoretical analysis

1. Computational details

To identify the gain broadening mechanisms in a real
QCL, a more detailed model than the one presented in
Sec. II is needed. Apart from IR and LO-phonon, other
scattering mechanisms should be considered. Fortunately,
their contribution to line broadening was shown to be small
[7]. On the other hand, the scattering processes influence
the electronic transport and so, indirectly, the FWHM of
the optical gain spectrum. One possibility of such medi-
ating influence is the occupation of the laser sub-bands,
which depends on the transport, and simultaneously, as
shown in Fig. 1, can influence the total linewidth through
the energy dependence of the linewidths for the transi-
tions at different k’s. Therefore, more self-energies, related
to other scattering mechanisms, need to be included into
NEGF formalism. The scatterings from ionized impurities
and alloy disorder are implemented in a way described in
Ref. [29]. For the scattering from acoustic phonons, the
energy-averaged approximation of Ref. [28] is adapted.
The electron-electron interactions are treated within the
mean-field approximation by solving the Poisson equation
self-consistently with the NEGF equations. The bound-
ary conditions imposed onto the Poisson equation ensure
device neutrality. The equations of the NEGF formalism
are applied to the Hamiltonian of Eq. (1) in which the
potential V is the sum of the Hartree potential and the
conduction-band-edge energy, Ec. For short-wavelength
devices, accounting for nonparabolicity is a must. In
Eq. (1), it is realized assuming energy-dependent effective
mass [42]

m(E, z) = m∗(z){1 + [E − Ec(z)]/Eg(z)}, (5)

where Eg is the band-gap energy. It was shown that such
an approach gives results that very well match the results
obtained with the eight-band kp model [27].

All calculations are done in the real space (position
basis) assuming rectangular-shaped base vectors in the
z direction. Nonuniform discretization mesh is used to
reduce the numerical load without losing the accuracy [43].
Due to the periodicity of QCL structures, the range of
analysis is limited to slightly more than one QCL module
(period) and the remaining part of the cascade is mim-
icked by suitable contact self-energies [28,44,45]. The
parameters m∗ and Eg for ternary materials of QCL lay-
ers are taken from Ref. [46], which uses the tight binding
sp3d5s∗ model for band-structure calculations. Conduction
band-gap offsets are calculated using the model solid the-
ory including strain [47] for which the material parameters

TABLE I. Parameters used in NEGF modeling of short-
wavelength QCL structure.

Well Barrier

In0.6Ga0.4As Al0.56In0.44As
m∗ 0.045 0.091
Eg (eV) 0.84 1.84
Alloy matrix element (eV) 0.49 [49] 0.47 [50]
�Ec (eV) 0.825
ndop (cm−3) 2 × 1017

LO-phonon energy (eV) 0.032
Deformation potential (eV) 5.89
Density (kg/m3) 5590
Sound velocity (m/s) 4810
ε/ε∞ 13.73/11.36
�zmax(nm) [43] 0.8
Temperature (K) 288
Screening length, λDebye (nm) 24
Scattering time in the leads,

τlead (ps) [28]
0.1

Number of QCL periods, Nper 30

are taken from Ref. [48]. The parameters for alloy disor-
der scattering are adopted from Refs. [49] and [50]. All
values of material, physical, and model parameters used in
the calculations are listed in Table I.

The NEGF-Poisson equations are iterated until the self-
consistent Born solution is obtained. The convergence
criteria used to stop the iterations are the same as in
Ref. [44], except for the case of the quantum well con-
sidered in Sec. II C for which the Poisson equation is not
included. In that case, the condition for charge neutrality is
not imposed [51].

The linear response (small signal) gain or absorption are
calculated based on the full theory outlined in Ref. [23],
adapted for the case of energy-dependent effective mass
[52]. This is a perturbation theory that requires only the
steady-state solution of the system, not interacting with
the optical field, so that looking for the time-dependent
solution of the interacting system is not necessary, which
greatly saves computational time and memory resources
[53]. As stressed in Ref. [24], the use of the full theory,
which accounts for the fluctuations δ� of the self-energies
caused by the optical field, is crucial for the correct
treatment of the nondiagonal scatterings.

2. Results

Results of the calculations are presented in Figs. 5–8. As
discussed in Sec. II C, the reasonable value of the correla-
tion length of IR potential is � = 9 nm. This value is fixed
in the calculations in contrast to the rms height � of IR
potential, which is treated as a fitting parameter. Results of
such calculations are shown in the inset of Fig. 6. The best
fit of the calculated gain with the EL experiment is found
for � = 0.53 nm, which is a bit smaller than one lattice
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FIG. 5. Gain spectrum calculated with the NEGF method for
different bias voltage per module (solid lines, left axis) compared
to the measured electroluminescence for the bias current 1.8 A
(dashed line, right axis).

spacing. As shown in Fig. 5, the calculated gain spec-
trum fits very well the measured EL. Whereas the width
of the calculated spectrum can be tuned by the value of the
parameter �, the position of the peak cannot. The excel-
lent agreement of the calculated and the measured values
of the transition energy, Eν = hν ≈ 234 meV, confirms
the proper choice of the remaining parameters used in the
theoretical model.
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rent. The components of the calculated quantity are also shown,
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calculations. Inset: FWHM as a function of parameter �.
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FIG. 7. (a) Linewidth of the optical transition occurring at k2

(in-plane momentum modulus squared) calculated for the bias
U = 352 mV/module (5.8 kA/cm2) for the case when all (cir-
cles) or all but IR (stars) scatterings are active. (b) FWHM of
the cumulative gain, which comprises all transitions in the range
0–k2; the values for the total gain are reached at maximum k2

(squares). Insets: the spectra of gain (black), absorption (red), and
total gain (blue) for the cases of broad (upper inset) and narrow
(lower inset) linewidths of the optical transitions.

The most valuable result is presented in Fig. 6, in which
the FWHM of the calculated gain spectrum is compared
with the FWHM of the measured EL. Once again, an
excellent agreement is observed. It is then interesting to
examine the contributions to the gain linewidth due to
different scattering mechanisms. They can be obtained
excluding the respective �s from the calculations. In
some cases, such an exclusion changes not only the gain
spectrum, but also the device operating point, so that
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FIG. 8. Density of electrons (DOEs) calculated with the NEGF
method with all scattering self-energies taken into account (color
maps). In (a), the position-resolved DOEs is shown for the van-
ishing in-plane momentum (k = 0). In (b), the k-resolved DOEs
averaged over the active region [red box in (a)] is shown. Lines
show the squared eigenfunctions of the major laser states in (a)
or the dispersion relations of the laser sub-bands in (b).
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the full self-consistent solution is necessary for each set
of the self-energies included in the NEGF calculations.
The exclusion of IR scattering narrows the gain spectrum
(decreases its FWHM) by approximately 50%. This num-
ber illustrates how much the performance of the device
can increase when its technology is raised to the level
enabling the growth of ideally smooth interfaces. Indeed,
short-wavelength devices with the FWHM of the lumines-
cence spectrum as low as 25–30 meV at 300 K have been
demonstrated [17–20], which indicates the excellent crys-
talline and interface quality of the materials grown in these
labs.

On the other hand, this number reveals that, in this kind
of device, the contribution of IR scattering to the line-
broadening mechanism is lower than expected. Another
observation is that our estimate of the parameter � is
considerably larger than the value 0.1 nm reported in the
number of studies on this kind of device [27,54,55].

3. Discussion

The findings of the previous paragraph can be explained
as follows:

1. The estimates of the roughness height �, reported
in the literature, were obtained in a way very similar to
ours, i.e., fitting the theory to the experiment. The applied
theory [8] assumes negligible carrier concentration, which,
as shown in Sec. II C, provides values an order of mag-
nitude larger than the NEGF method. Small �’s are then
necessary to compensate this effect, which postulates very
smooth interfaces. Our approach is not limited to low
carrier concentrations, so the estimated widths are more
precise. The meaning of our result is that  ∼= 30 meV is
well justified also when the interfaces are not so smooth.

2. The contribution of IR scattering to the optical
linewidth is further decreased due to two more reasons: (i)
the decreased IR broadening of the transitions occurring
at the bottom of sub-bands (small in-plane momenta), (ii)
nonparabolicity coupled to the nonthermal occupation of
laser sub-bands.

The reasoning (i) is illustrated in Fig. 7(a), which presents
the k-resolved FWHMs for the cases with and without IR-
scattering mechanisms included in the calculations.

The former has the dependence, which resembles the
one in Fig. 1; with k decreasing, the FWHM initially
increases due to the increasing value of the integral in
Eq. (2). The expected further increase of the linewidth
with decreasing k breaks down at k2 ≈ 0.2 nm−2. At this
value, the limitation of the non-negative in-plane kinetic
energy Ek′ ≥ 0 imposed on the in-scattering states starts to
asymmetrize the spectrum and prevents its further broad-
ening. The strength of this effect is especially visible when
Ek drops below the FWHM value (approximately equal to

50 meV). As most of the states reside within the energy
range described by FWHM, the limitation Ek′ ≥ 0 for
the energy of the final state of the scattering event effec-
tively thins their population and makes FWHM decrease.
This decrease can be directly observed in Fig. 8, where
the energy-momentum position-resolved density of elec-
trons for one module of QCL structure is shown. The
bar at k2 = 0.1 nm−2 (Ek = 45 meV), which measures
the upper state width, has the height 50 meV—equal to
the FWHM at this k value [see Fig. 7(a)]. A similar
bar at k = 0 is much shorter. Recall that, for the quan-
tum well analyzed in Sec. II C (see Fig. 1), the decrease
of the linewidth in the limit k → 0 is attributed to the
IR-scattering mechanism.

In Fig. 7(a), the gap in the data in the range 0.2 < k2 <

0.3 nm−2 appears due to the highly nonthermal occupation
of the laser sub-bands [36–38]. As shown in Fig. 8, the
populations in the laser sub-bands are inverted for low-k
states and normal for high-k states. Then, either the gain
or the absorption arises depending on the k value. For
medium k’s, there is almost no absorption or gain. It is then
hard to estimate the FWHM of the corresponding transi-
tions. However, the lack of FWHM data is of minor rele-
vance. More meaningfull is that—due to the nonparabol-
icity—the absorption occurs at lower transition energies
than the gain. This affects the overall optical spectrum of
the upper-to-lower transition. The evolution of the FWHM
of the gain spectrum with the increasing number of transi-
tions included in its formation is shown in Fig. 7(b). After
the initial increase (resulting from the increasing FWHMs
with increasing k’s), the FWHM decreases in the region
k2 > 0.25 nm−2, in which the inter-sub-band absorption
takes place. This effect is observed only when IR scat-
tering is strong enough to make the gain and absorption
peaks broad and overlap each other. Then, the resulting
peak, being the sum of the two, gets thinner. For IR-free
or weak IR scattering, the absorption and gain peaks are
narrow, do not overlap, and so the widths of these peaks
do not change [see the insets in Fig. 7(b)]. In this case, the
theoretical �2 dependence is expected, which is confirmed
by the data presented in Fig. 6 inset. As discussed above,
the departure from the theoretical dependence observed for
larger �’s is due to the inter-sub-band absorption, which
narrows the gain spectrum. For � = 0.53 nm, which is the
value that best fits the simulations with the experiment,
the spectrum is narrowed by ∼= 10 meV. As a result, the
IR part of the total linewidth drops below 50%. This esti-
mate is of some relevance for studies that assume the IR
broadening is the only broadening mechanism and identify
its parameters from EL or gain spectrum measurements.
One example of such a study is the scaling proposed
in Ref. [3], which was used to evaluate the dephasing
times of various transitions. Our finding indicates that
such a procedure may be burdened with considerable
uncertainty.
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IV. SUMMARY AND CONCLUSIONS

Detailed quantum-mechanical modeling of modern elec-
tronic devices allows one to obtain insight into and ana-
lyze the processes that otherwise cannot be examined,
even with state-of-the-art experimental techniques. Such
an analysis, applied to the short-wavelength QCL emit-
ting at approximately 5 μm wavelength reveals that the
broadening of the optical linewidth in the range 30–40
meV, typical for this class of devices, is theoretically jus-
tified, even if there are no vertical correlations of the
interface-roughness potential and the interfaces are not
smooth. At room temperature, the IR-scattering contri-
bution to the optical linewidth drops to merely 50%, so
the approaches, which rely on the assumption about its
almost 100% contribution, can be burdened with substan-
tial numerical uncertainty. The decreased broadening due
to IR-scattering is caused by the finite carrier concentra-
tion and the decreased population of the final states k

′

(which always must fulfill the condition Ek′ ≥ 0) avail-
able for the initial state k in the limit k → 0. Unlike in
other types of devices, e.g., quantum detectors, for which
the nonparabolicity is known to increase the broadening
[7,56]; in short-wavelength QCLs, the nonparabolicity can
lead to line narrowing because of the highly nonthermal
occupation of the lower laser sub-band, which destroys the
population inversion for the hot carriers.
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