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We investigate how a combination of a nonmagnetic impurity scattering rate y and finite subgap states
parametrized by Dynes I' affects various physical quantities relevant to superconducting devices made
from extreme type-II s-wave superconductors. All the calculations are based on the Eilenberger formalism
of the BCS theory. It is well known that the optimum impurity concentration minimizes the surface resis-
tance R,. We find the optimum I' can also reduce R, by one order of magnitude for a clean superconductor
(y/Ap < 1) and a few tens of % for a dirty superconductor (y /Ay > 1). Here, Ay is the pair potential for
the idealized (I' — 0) BCS superconductor for 7 — 0. Also, we find a nearly ideal (I'/A¢ <« 1) clean-
limit superconductor exhibits a frequency-independent R, for a broad range of frequency w, which can
significantly improve Q of a compact cavity with a few tens of GHz frequency. As T" or y increases, R
obeys the w? dependence. The subgap-state-induced residual surface resistance Ry is also studied, which
can be detected by a high-Q three-dimensional resonator. We calculate the kinetic inductance Ly (y,T", T)
and the depairing current density J,(y, ", T), which are monotonic increasing and decreasing functions
of (y,I', T), respectively. Measurements of (y,I") of device materials can give helpful information on

improving Q, engineering L, and ameliorating J; via materials processing.
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I. INTRODUCTION

The microscopic theory of superconductivity is the
linchpin of research and development of various supercon-
ducting devices, such as superconducting radio-frequency
(SRF) cavities for particle accelerators [1-3], super-
conducting magnets and cables [4], kinetic inductance
detectors (KIDs) [5], hot-electron bolometer [6], other
superconducting instruments for astrophysics and cosmol-
ogy [7], superconducting single-photon detectors (SSPDs)
[8,9], and superconducting qubits for quantum-information
processing (QIP) [10,11]. Models of superconducting
devices based on the idealized BCS superconductor with-
out any pair breakers usually provide good starting points
to understand the operating principles of these technolo-
gies. However, such models are sometimes too naive
to analyze the physics of real devices. The representa-
tive example is the quality factor Q of superconducting
resonators. The surface resistance and then Q are sen-
sitive to the detail of the quasiparticle density of states
(DOSs), which is affected by various pair breakers in the
real world, such as the current and magnetic impurities
[12—16]. Hence, an analysis of O based on the ideal
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BCS DOS, i.e., the Mattis-Bardeen (MB) theory [17], is
qualitative and sometimes inadequate even for qualitative
analyses. In fact, the MB theory cannot explain the rf-field-
dependent nonlinear Q, effects of material treatment on
0, and saturation of Q at T — 0. Another example is the
depairing current density J;. The well-known Kupriyanov-
Lukichev-Maki theory [18,19] gives J; for the ideal BCS
superconductor. However, pair breakers in device mate-
rials (e.g., magnetic impurities) can degrade J; and thus
reduce the ultimate limit of the current density in super-
conducting cables and that of the accelerating field of the
SRF cavity [20]. To understand the physics of supercon-
ducting devices and to discern the causes of unexpected
performance limitations of real devices, we need to take
various pair breakers in real materials into account (e.g.,
current, magnetic impurities, metallic suboxides, hydride,
and nonstoichiometric regions) and to assess the effects of
such nonideal features on device performances [21,22].
One of the nonideal features observed in various super-
conducting materials is the broadening and subgap states
in DOS [23-33], in contrast to the sharp spectrum gap
in the idealized BCS superconductor. Various mecha-
nisms can contribute to the subgap states, e.g., inelastic
scattering of quasiparticles on phonons [34,35], Coulomb
correlations [36], anisotropy of the Fermi surface [37],
local inhomogeneities of the BCS pairing constant [38],

© 2022 American Physical Society
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FIG. 1. (a) Quasiparticle DOSs at 7 — 0 calculated for
'/Ay =0.2, 0.1, 0.05, 0.01, and 0.001. (b) DOS in a logarith-
mic scale. Note the DOS in the zero-current state is independent
of a concentration of nonmagnetic impurities.

magnetic impurities [39], and effects of spatial correlations
in impurity scattering [40]. Such a broadened DOS is often
described by using the phenomenological Dynes formula
[41,42] (see also Fig. 1),
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Here A is the pair potential, Ny is the normal-state DOS at
the Fermi level, and I" is the Dynes broadening parameter.
We can reproduce the ideal BCS DOS by taking I' — 0.
Irrespective of microscopic models of the Dynes formula,
we can incorporate I into the quasiclassical formalism of
the BCS theory (see, e.g., Refs. [21,22,43—46]). The micro-
scopic derivation of Eq. (1) is still an open question, while
some models have been investigated [47,48].

The first way to calculate physical quantities based on
a realistic spectrum is to incorporate all the broadening
mechanisms in materials into a device model. However,
such a model should contain a bunch of free parame-
ters, which is practically useless unless those parameters
are determined from a number of experiments. Another
way is to introduce the phenomenological Dynes I' into
a device model. Here, a value of I" can be determined from
experiments such as tunneling spectroscopy [23], angle-
integrated photoemission spectroscopy (AIPES) [32], and
measurements of complex conductivity [49,50]. Even if we
do not know what kind of pair breakers contribute to sub-
gap states, such an experimentally determined I" makes
it possible to calculate physical quantities based on the
realistic quasiparticle spectrum. In the present paper, we
pursue the second approach, which would give reliable
results rather than those based on the idealized BCS DOS.

According to the previous studies for the diffusive limit
[21,22,43,44], influences of a finite " are far reaching: it
affects, e.g., the pair potential A, the critical temperature
T., the penetration depth A, the kinetic inductivity Ly, the
complex conductivity o, the coherence peak of dissipative
conductivity o1, the surface impedance, Q factor, and the

(D

depairing current density J;. One of the nontrivial conse-
quences is the fact that there exists the optimum I', which
maximizes Q at some temperature range [3,21,22,43]. This
I'-induced Q rise comes from the same mechanism as the
O rise due to current-induced DOS broadening [51,52].
On the other hand, finite subgap states in the vicinity of
the Fermi level induce a residual dissipative conductivity,
limy— 07 [2,3,21,43,53].

The effects of a finite I' in a moderately clean super-
conductor have been studied less extensively except for
some calculations of o [49,53]. In the present study, we
investigate the effects of a combination of Dynes I and
nonmagnetic impurity scattering rate y on the kinetic
inductivity Ly, the surface resistance Ry, and the depair-
ing current density J;, which are the physical quantities
relevant to modern superconducting devices. The kinetic
inductance is known to limit the reset time after a detec-
tion event of SSPDs [54] and also plays an essential role in
the operating mechanism of KIDs, which detects a shift
of resonant frequency §f o« —8L; due to the arrival of
pair-breaking photons [5]. The surface resistance R; is
proportional to the dissipation at the inner surface of a
three-dimensional (3D) resonant cavity for SRF and QIP.
Reduction of R; (or improvement of Q) has been the pri-
mary interest of researchers of resonant cavities over the
last decades. Vortex-free Nb cavities [55-60] exhibit a
huge quality factor O ~ 10'1°-10'? at T < 2 K [61-64]
even under the strong rf current [65—68] close to the depair-
ing current density. The depairing current density J,; is
related to the bias current of SSPD and is the maximum
current that SRF cavities and superconducting cables can
support. The screening current density on the inner sur-
face of the cutting-edge Nb cavity reaches a current density
close to J;, and SRF researchers study next-generation cav-
ities using alternative materials with higher J; theoretically
[69—74] and experimentally [75-85].

Our calculations are based on the well-established Eilen-
berger formalism of the BCS theory [16,86], which can
include an arbitrary impurity concentration. We assume
that the penetration depth A is much larger than the coher-
ence length &, then a superconductor obeys the local
electrodynamics. Large-A /& superconductors include dirty
Nb and also NbN, Nb-Ti-N, and Nb;3Sn for any impurity
concentration from the clean limit to the dirty limit.

The paper is organized as follows. In Sec. II, we
briefly review the Eilenberger formalism of the BCS the-
ory [16,86] and basic consequences of a finite I" in the
zero-current state. In Sec. 111, we evaluate the penetration
depth A(y,I',T) and the kinetic inductivity Li(y,T", 7).
Convenient formulas for A and L; are also summarized.
In Sec. IV, we summarize the complex conductivity for-
mulas, evaluate the T’ dependence and the coherence peak,
and consider the low 7 limit and moderately low T
regime (ho < kgT < Ap). Then, combining the results of
Secs. Il and IV A—IV D, we study the effects of (y,I")
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on the surface resistance and Q factor in the low 7' limit
and the moderately low T regime. In Sec. V, we solve the
Eilenberger equation in the current-carrying state and eval-
uate the effects of (y, ") on the depairing current density
Jy. In Sec. VI, we discuss the implications of our results.

II. THEORY

A. Eilenberger equation

The normal (g,,) and anomalous (f;,) quasiclassical Mat-
subara Green’s functions obey the Eilenberger equation
[16,86]. Since we consider the case A > &, the cur-
rent distribution varies slowly over the coherence length,
and then the spatial-differentiation terms are negligible.
The Eilenberger equation for the current-carrying state
reduces to

s
|:i7 cos 0 + (hw, + F)}/m — Agy

= V{(fm)gm - (gm)fm}- (2)
Here, g2 + 1.2 = 1, hw, = 27kzT(m + 1/2) is the Mat-
subara frequency, I' is the Dynes parameter, y = i/2Tjnp
is the nonmagnetic impurity scattering rate, Ty, is
the electron scattering time on nonmagnetic impurities,
s = hqur /m = (q/q0) Ao, hq is the superfluid momentum,
vr is the Fermi velocity, go = 1/& = mwAg/hvy is the
inverse of the BCS coherence length, A is the pair poten-
tial, Ay is the pair potential of the idealized (I' — 0) BCS
superconductor in the zero-current state (¢ = 0) at 7 — 0,
0 is the angle between the Fermi velocity and the cur-
rent, and the bracket (X') is the angular averaging of a
quantity X over the Fermi surface. We assume a spher-
ical Fermi surface: (X) = (1/2) foﬂX sinfdf. Note here
that considering the average distance the electron trav-
els between electron-nonmagnetic impurity collisions is
given by fimp = Vs Timp, We obtain the relation £y, /&) =
Ay / 2)/.

In the zero-current state (¢ = 0), the 6 dependences of
Jm and g, drop off: (f,,) = f,, and (g,) = gu. Then, Eq. (2)
reduces to

which no longer includes the nonmagnetic impurity scat-
tering rate y. Hence, in the zero-current state, A does
not depend on a concentration of nonmagnetic impurities.
This robustness of s-wave superconductor to nonmagnetic
impurity is known as Anderson’s theorem [16].

The Eilenberger equation is compensated by the self-
consistency equation

o _ 0w
ln7 =27kgT Z (ha)m A ) ))

wm>0

1o+_(a) 104 (b)
0.8 0.8
o %
J0.6 2 = 0.6
= > =
< oS o
0.4 2) 0.4
o
021 \® 0.2
0.0 : : : : ! 0.0 : : . : )
0.0 0.1 0.2 03 04 05 0.0 0.1 0.2 03 04 0.5
/A I/ Ag

FIG. 2. (a) Pair potential A as functions of I, calculated for
T/To =0,0.1,0.3,0.5,0.7, and 0.9. (b) Critical temperature 7,
as a function of I'.

Here, kpT.o = Agexp(ye)/m =~ Ay/1.76 is the critical
temperature of the idealized (I' — 0) BCS superconduc-
tor, and yr = 0.577 is Euler’s constant. Solving Egs. (2)
and (4) for the current-carrying state or Egs. (3) and (4) for
the zero-current state, we can calculate various physical
quantities.

B. Brief review of the consequences of a finite I in the
zero-current state

Let us briefly review the effects of finite Dynes subgap
states on A, T., and DOS in the zero-current state. This
short review provides the basic knowledge necessary for
the discussions in the following sections.

Solving Eq. (3), we get

. hw,, + T )
T o+ TRt A2
A
fo= ()

V(hw, +T)2 + A2

Here, A = A(T", T) is calculated from Eq. (4). For T — 0,
it is easy to find [21,22,43,44,48,49,53]

r
AT, Droo = Ao, |1 — ZA_' @)
\ 0

Hence, the zero-temperature pair potential vanishes at
the critical value I' = A(/2. Equation (7) reduces to =~
Ag — T when I'/Ag < 1. A calculation for an arbitrary
temperature is straightforward. Shown in Fig. 2(a) is A as
functions of I" for different temperatures. The larger the
temperature is, the smaller the critical value is.

The critical temperature 7. = 7.(I") is obtained by
substituting 7 — 7. and A — 0 into Eq. (4). We find
[21,22,43,44,48]

2=y (5 ) =5+ ®)
n = | -vlz=+——).

T.0 2 2 2mkgT.
Here, ¢ is the digamma function. Equation (8) reduces
to T, >~ T,y — nl"/4kp for '/ Ay < 1. It should be noted
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that Eq. (8) has the same form as the well-known for-
mula of critical temperature for a superconductor with
pair-breaking perturbations [12—16]. Shown in Fig. 2(b) is
T. as a function of I', which is a monotonically decreasing
function of " and vanishes at ' = A(/2.

In the real frequency representation (hw, — —ic), we
get
e +il’

gle) = _ , ©)

V(e +il)? — A?

A

fe) = , : (10)

V(e +il)? — A?
The quasiparticle DOS is given by N(€)/Ny = Re[g],

which corresponds with the Dynes formula shown in Sec. I
[see Eq. (1) and Fig. 1].

The Dynes I' is a phenomenological representation of
some pair breakers in real materials. Introducing I" not
only yields the broadened DOS (see Fig. 1) but also results
in various pair-breaking effects (e.g., suppression of A and
T. shown in Fig. 2). In the zero-current state, A, 7., and
DOS are independent of a concentration of nonmagnetic
impurities (Anderson theorem). Hence, the results shown
in Sec. II B are coincident with those for the dirty limit
discussed in the previous studies [21,22,43,44]. In the fol-
lowing sections, we study physical quantities that depend
on the Dynes I" and the nonmagnetic impurity scattering
rate y.

III. PENETRATION DEPTH AND KINETIC
INDUCTANCE
A. Penetration depth

First, consider the penetration depth in the zero-current

limit. The penetration depth A(y,I',7) is calculated
from [16]
1 _ 2mhkgT 2
ALY S (11)
Ry LD~ 3 = dy

Here, )F =2172(0,0,0) = (2/3),uoe2N0v = poen/m is
the 1deahzed BCS penetration depth in the clean
limit at 7— 0, f,, is given by Eq. (6), and d,

V (A, + )2 + A2 + . Analytical expressions of A can
be obtained for some special cases, e.g., a nearly ideal
(I'/Ap <« 1) moderately clean (y/Ay < 1) superconduc-
tor at 7 — 0. The summation can be replaced with integral
QrkgT/hY_,, o = fooo dw) when T — 0, and we find

i) 02

Another example is the idealized (I' — 0) BCS super-
conductor at 7 — 0 including an arbitrary concentration

1 1 r
=—(1-—
Ay < Ap, T < A, 0) xg( Ao

of nonmagnetic impurities. Replacing the summation with
integral, Eq. (11) reduces to the well-known formula (see,
e.g., Ref. [2,3,87]):
1
A2(y,0,0)
. (n cos (¥ /Ap)
rgv/do\ 2

V1= (r/Ay)?

) /do<1)

- %(% —1) (r/Bo=1).
: b cosh_l(y/Ao)
B m) w/Bo>1)
(13)

In the dirty limit (y /Ao = w&o/24imp > 1), substituting
d, >~ y into Eq. (11), we reproduce the formula derived
in the previous study [21]:

1
Ay > Ao, T,7)
4kBT Z 2
S

)”() dirty O wm>0

_ 2@ w( r

3 iy Ao 2kgT

A, T)
rET ) (14)

Here, )\a’ﬁmy = (7 AO/2)/))»072 = muoAooy,/h is the well-
known BCS penetration depth in the dirty limit at 7 — 0,
and ¢ is the digamma function. For the idealized dirty-
limit BCS superconductor, Eq. (14) simplifies to [12,16]

1 _ AO,D
2(y > Ao,0,7) )‘%,dinon

A(0,7)
tanh ) 1
an T (15)

Equation (15) is widely used when analyzing experi-
mental data of superconducting devices, but its range of
applicability is somewhat limited.

To evaluate A for an arbitrary (y,[',T), we need to
calculate Eq. (11) numerically. Shown in Fig. 3 is A as
functions of (a) y and (b) I" for different temperatures: X is
a monotonic increasing function of y, I', and 7. The rapid
increases of A at '/ Ao 2 0.1 come from the pair-breaking
effect of " close to its critical value (see also Fig. 2 and
Ref. [44]).

B. Kinetic inductance

The direct application of the results of Sec. I A is
calculations of the kinetic inductance in the zero-current
state, which is a crucial physical quantity for supercon-
ducting devices, such as KIDs and SSPDs. The kinetic
inductance of a thin and narrow film is given by Lgiy, =
[length/(width x thickness)] x L. Here, Ly is the kinetic
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FIG. 3. Penetration depth A(y,I",7) as functions of (a) non-
magnetic impurity scattering rate y/Ag = m&y/2¢;y, and (b)
Dynes parameter I'.

inductivity. In the zero-current limit, L; is given by L; =
oA’ (see also Refs. [44,88,89] for L; of a dirty-limit
superconductor under the current). Since we already cal-
culate A in Sec. III A, we have almost finished the
calculations of Lg; see Fig. 4.

For readers’ convenience, let us summarize the analyti-
cal formulas of L in the zero-current limit (¢ — 0). For a
superconductor including an arbitrary impurity concentra-
tion, Ly is given by

A(y,I,7)
Li(y,I',T) = Lk0T~

0

(16)

Here, Lyy = Li(0,0,0) = pord = 3/262N0vj§ is the kinetic
inductivity for an idealized (I" — 0) clean-limit (y
Z;nlp — 0) BCS superconductor at 7 — 0. In the dirty limit
(v/Ao =méy/2limp > 1), taking d,, — v, we get

Ay > 0o, T, T

2
)‘O,dirty

Li(y > Ao, I, T) = Lo diny (17)

Here, Lo diry = Mo)\é’dmy = h/m Ao, is the inductivity of
the idealized (I' — 0) dirty-limit BCS superconductor at
T — 0. Substituting Egs. (12) or (13) into Eq. (16) or sub-
stituting Egs. (14) or (15) into Eq. (17), we can analytically
evaluate L;.

=
o
fun
o

_ ST
97(a) ‘ 0 (b) =01 A
gl TMo=0.1 i 8 - !
1
1
71 / 7
o
I 61 / %6
~ ] ~
X 5 X 5
44 4
3 3
2 2
1= 1
10~ 103 1072 1071

/Do

FIG. 4. Kinetic inductivity at 7/T.o = 0.1 as functions of (a)
nonmagnetic impurity scattering rate y /Ag = m&y/24y, and (b)
Dynes I' parameter.

It should be noted that, Egs. (15) and (17) yield the
widely used formula, L; = [hp, /7 A0, T)]/tanh[A(0, T)/
2kgT], but it can apply only to the idealized (I" — 0) dirty-
limit (y /Ao = 7&o/24imp > 1) BCS superconductor. The
other formulas introduced in this section are more general
and would be available for various situations.

IV. COMPLEX CONDUCTIVITY, SURFACE
IMPEDANCE, AND Q0 FACTOR

The complex conductivity and the surface impedance
depend on the quasiparticle spectrum and the quasiparti-
cle distribution function [51,90,91]. Under the microwave
field, the screening current modifies the quasiparticle spec-
trum [12—-16]. In addition, the quasiparticle distribution
is not necessarily well described by the Fermi-Dirac
function fpp = [1 — tanh(e/2kgT)]/2 [12,16]. Deviation
depends on an absorbed microwave power and a rate
of the energy transfer from quasiparticles to phonon.
The previous study [22] calculated the distribution func-
tion under the microwave field using the Keldysh tech-
nique of the nonequilibrium Green’s function and eval-
uated the nonequilibrium effect. Taking a Nb resonator,
for example, the parameter (I'/A, T,w/2m,Hy/H,) =
(0.1,2 K, 1 GHz,0.5) is on the fuzzy boundary where the
nonequilibrium effect becomes significant. Here, Hj is the
amplitude of the microwave magnetic field, and H. is the
thermodynamic critical field. The nonequilibrium effect
is diminished as I" increases, T increases, w decreases,
or Hy decreases. In the weak-field limit (Hy — 0), the
problem is significantly simplified: we may neglect the
nonequilibrium effect and may use frp for the quasiparti-
cle distribution function. The spectrum function is given
by Egs. (9) and (10). In this section, we focus on the weak-
field limit and calculate the complex conductivity and
the surface impedance using the well-established linear
response formulas [17,87,92-95].

A. Complex-conductivity formulas

The general formula for the complex conductivity o of
a large-A /& superconductor, which can include an arbi-
trary concentration of nonmagnetic impurities, is given by
[87,92-95]

o(y,I',T,w) = o1 +ioy

S / de |:Il tanh & [, tanh €—+i|

4ot | o 2kT 2kT|
(18)
o 8+8- +ff- =1 g8l +fif+ 1
: dy +d_ dy —d*
(19)
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_ggt -1

gg +Afr+1
T ‘

I
: dy, —d*

(20)

Here, o is a function of the impurity scattering rate
v/Ao = m&y/2limp, the Dynes parameter I', temperature
T, and the photon frequency w; o, = (2/3)@2N0v;r is
the dc conductivity in the normal state, T is the electron
relaxation time, €1 = € £ hw/2, g+ = glex), f+ = f (ex),
dir =d(ey),and d(e) = /(e + i — A2 +iy.

In the normal state (A — 0), we have g+ =1, fi. =0,
andd, — d* = hw + 2i(T" 4 y). Then, Eq. (18) reduces to
the Drude model of the ac electrical conductivity of normal
metal: 0,1 = 0,,/[1 + (w1)*] and 0,p = o,07/[1 + (07)?]
with the electron relaxation time t,

1 1 1
—=—t+—. 1)
T Timp 4

Here timp = /2y and 1 = h/2T. It is also possible to
derive Egs. (21) considering a microscopic origin of I': the
electron-phonon scattering [94] and other models such as
Ref. [48].

In the low-frequency regime (hw < y, T, kgT, Ay), we
can expand the integrand with respect to a tiny w. Then,
Eq. (18) reduces to

o.h/t [ 1
o1(y,I,T,0) = / de —————
8kpT J_oo  cosh®(e/2kpT)

[(Re g)*
Imd

(RedImf — Ideef)2j|
{Red)? + (Imd)?}Imd |’
(22)

and

00 2
oy = I / de tanh € Re f—
2tw J_o 2kpgT d
262 Nyv? 2
f m
= 2wk T ==
? Z dm /~'LOCU)"2

(23)

3uow
Ko wm>0

which are used in Ref. [49] to study the effects of I in the
low-frequency regime.

In the dirty limit (y /Ag = &0 /24imp > 1), we can take
dy ~d_ ~iy. Then, Eq. (18) reduces to the well-known
formulas [92]:

o1(y > Ao, I, T, )
On

= —/ de[frp(€) — frp(e4)IM (€, ), (24)

ho J_o
M (€,w) = Reg(e)Reg(e; 1) + Ref (€)Ref (e44), (25)

and

€
2kpT

L(e,w),
(26)
L(e,w) = Reg(e)Img(e1+) + Ref (Imf (e44).  (27)

o, %
o2y > Ao, I, T,0) = %/ de tanh
—00

Here, €,; =€+ hw. Equation (24) is wused in
Refs. [21,22,43] to study the impact of imperfect sur-
faces on Q factor. It should be noted that, for the ideal-
ized (I' — 0) dirty-limit (y/A¢ > 1) BCS superconduc-
tor, Egs. (24) and (26) reproduce the textbook formulas
[7,12]:

Ul()’ > A():F - O,T,(,l))
_ 20, /Oo de [€ (€ + w) + A”][fin(€) — fip(€4+)]
A

he Ve — A2 Jer, — A2
(28)
and
o2(y > Ao, T' = 0,7, w)
A+he _h A2
= ﬁ/ de tanh — cle —he) +
heo Ja 2T JT AT JA2 -
(29)

for hw < A. Here, e__ = ¢ — hw.

Now, it would be evident that the famous handy formu-
las, Egs. (28) and (29), can apply only to the special case
and are usually not enough for quantitative understand-
ing of dissipation in real devices, which generally include
some pair breakers. The previous studies used Eqgs. (24),
(26) and their nonequilibrium version to investigate the
effects of Dynes subgap states, strong rf current, mag-
netic impurities, and proximity-coupled normal layer at the
surface [21,22,43,51]. In the following, we use Eq. (18),
which can be applied to a superconductor with an arbitrary
impurity concentration, to investigate how a combination
of subgap states (I") and nonmagnetic impurities (y ) affects
o and Q.

B. Temperature dependence of oy and coherence peak

First, consider the effect of the Dynes I and the nonmag-
netic impurity scattering rate y o &y/£imp on the tempera-
ture dependence of o} and the coherence peak. See also the
recent study [49], in which they studied o (7T) for w — 0.

To examine o7 (T), we need the temperature dependence
of I'. Some materials exhibit nearly constant I" for 7/7, <
0.5 (e.g., MoC [29], Nb [32], Pb [32]), while some do not
[31]. Also, the microscopic origin of Eq. (1) is still an
open question, and theoretical I'(7) is unclear. Hence, in
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FIG. 5. Temperature dependence of o(y,I',T,w) for a T-

independent constant I". (a) I'/Ag = 0.05 and hw/Ay = 0.004.
(b) A higher frequency: hAw/Ag = 0.1. (c) A smaller Dynes
I': T'/Ap = 0.005. The impurity concentration is varied from
y /Ay = 0.001 (clean limit) to y /A = 10 (dirty limit). (d) Com-
parison between (a),(c). The solid-pink and dashed-black curves
correspond to (a),(c), respectively. The solid and dashed curves
for I'/y = 5 and 0.5 almost overlap. See also the previous study
[49] for the results of w — 0.

Sec. IV B, we assume a T-independent constant I" for
simplicity, which would be a good starting point for inves-
tigating the temperature dependence of 0.

Shown in Fig. 5 are the temperature dependences of
o1(y,T", T,w) normalized by the real part of Drude’s ac
conductivity o, = 0,/[1 + (wt)?]. Figure 5(a) is calcu-
lated for '/ Ay = 0.05, the photon frequencies hw/Ay =
0.004, and several different impurity concentrations. As the
material gets clean (i.e., as y /A¢ = mw&p/2¢;n, decreases),
the height of the coherence peak decreases. This result
might be counterintuitive, but it is consistent with the pre-
vious theoretical studies [49,94] and supported by exper-
iments [96]. Figure 5(b) is calculated for the same I' as
(a) but a higher frequency (hw/A¢ = 0.1) and shows that
o reduces the height of the coherence peak. Figure 5(c) is
calculated for the same frequency as (a) but for a smaller
', which shows I' decreases the height of the coherence
peak.

Shown in Fig. 5(d) is the comparison between (a) and
(c). Interestingly, as first pointed out in Ref. [49], the tem-
perature dependence of o; for a clean-limit superconductor
does not depend on I' and y separately but on the ratio
I'/y (see the curves for I'/y = 5 and 0.5). Note that this
is not the case for a dirty superconductor (see the curve for
I'/y = 0.05).

C.Residual oy at T — 0

It is well known that o) of the idealized (I' — 0)
BCS superconductor vanishes at 77— 0. On the other
hand, a realistic quasiparticle spectrum expressed with a
finite I" results in a residual o7 at 7 — 0 due to finite
subgap states at the Fermi level [2,3,21,43,49,53]. Sup-
pose hw/A¢ < 1. Then, replacing tanh(e/2kgT) with the
Heaviside step function and using g = I['/~/T? + A2,
fi=A/irT2+ A2 and dy = iv/T?2 + A% + iy, Eq. (18)
reduces to [49]

7. T, T,0)| v+ 7 T G
a b b ’a) — =Un .
1y T—0 Y+ T2 AZT2 4+ A2

Here, A = A(I', T)|r—o = Aos/1 —2I'/A¢ [see Eq. (7)].
In the dirty limit (y/A¢ = 7w&y/24imp > 1), we reproduce
[3,21,22,43,53]

2

rmra O

01(% F: Tn C’))|T—>0 = Oy
Note that 0, depends on electron relaxation time: o,, 7.
Shown in Fig. 6(a) is the residual dissipative conductiv-
ity limy_,o o7 as a function of the nonmagnetic impurity
scattering rate y. Note that o; is normalized by oy =
(2/3)€2N0U?‘L’0 = (19/7)0,, independent of the electron
mean free path in contrast to o,. Here, 1y is defined by
79 = h/2A¢. The dashed-black curve is numerically cal-
culated for Aiw = 0.1 and T/T.9 = 107>, The solid-green
curve, calculated from Eq. (30), overlaps the dashed-black
curve and is a good approximation as long as hw < Ag.
We find the residual o decreases as materials get dirty [see
Eq. (31): 01 &< 0, & 1/y]. Shown in Fig. 6 (b) is lim7_, 0}
calculated for different I using Eq. (30). The residual o
increases as [ increases (i.e., as subgap states at the Fermi
level increase). Hence, the subgap-states-induced residual
o1 can be significantly suppressed by using a nearly ideal
(I'/Ap < 1) dirty-limit (y /Ao > 1) superconductor.

(a) (b)

1074 grmmmmmm— 1074

Residual 0, /0g
=
o
]
&
P
Residual 01 /0¢
=
o
&

N\ 1077
r/Ag=0.01 N\
10°6 10-8
1073 1072 107! 10° 10' 102 1073 1072 107! 10° 10' 102

«< Clean % «< Clean y/ho Dirty =

Dirty =

FIG. 6. (a) Residual oy at T — 0 as functions of the nonmag-
netic impurity scattering rate y/Ag = w&/24;mp calculated for
I'/Ay = 0.01. The dashed-black curve is the numerical result for
T/T. = 0.001 and Aw/Ay = 0.1. The solid-green curve, which
overlaps the dashed-black curve, is calculated from Eq. (30). (b)
Residual o at T — 0 as functions y for different I.
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D. Moderately low-temperature regime
(hw < kpT < Ag)

Type-II superconductors used for superconducting
devices typically have the gap frequencies Ag/2mh 2 sev-
eral hundred GHz (e.g., A¢/27h ~ 680 GHz for Nb-Ti-
N). Operating frequencies of devices are around 1-10 GHz
and then satisfy hw < Ay. The operating temperature
depends on the type of device, but almost all devices
satisfy kpT < 0.2kgT. >~ 0.1A¢9 < Ay. Hence, we may
consider that a typical operating condition of supercon-
ducting microwave devices falls into the category of the
low-frequency and low-temperature regime: hw < A and
kgT < Ay. In particular, when hw < kgT < Ay, o7 is
mainly determined by thermally activated quasiparticles
and is sensitive to the quasiparticle spectrum.

First, consider the idealized (I" — 0) BCS super-
conductor in the dirty limit (y/Ag = w&y/2€imp > 1).
When hw <« Ay and kgT < Ay, the main contribution
to the integral in Eq. (28) comes from a narrow strip
of energy range 0 < € < kpT(«K A). Here, we define
€ =€ — A. Then, the factor € — A% reduces to ~
2¢ A, the distribution function reduces to frp(€) — frp(€ +
hw) ~ e~ 2/k8Te=¢/ksT (1 — g=h/ksT) " and then Eq. (28)
results in the famous handy formula [3,5]: Uld ™ /o, =
(4A /hw)e2/%8T sinh(hew/2ks T)Ko(hew 2k T). Here, the
modified Bessel function Ky(hw/2kgT) reduces to
~ In(4kpT/e"* hw) when hw < kzT. Hence, we find
crld o In(1/w). However, as materials get clean, o
exhibits a much different behavior from the dirty limit.
Applying the similar calculation as above to Eq. (18),
we find 0" oc =2 when fiw <K kgT < Ao. Figure 7(a)
shows o of a nearly ideal (I'/Ay = 0.001) superconduc-
tor as functions of w for different impurity concentrations
from the clean limit (black) to the dirty limit (red). A dirty-
limit superconductor (red) exhibits In(1/w) dependence
(see the red curve), while a clean-limit superconductor
(black) exhibits w2 dependence at hw/A 2> 0.01. The
black curve deviates from w2 dependence at hw < y,
where electrons can see the impurities during the rf period.

Finite subgap states can drastically change the w depen-
dence of o,. Figure 7(b) is an example calculated for
significantly smeared DOS peaks (I'/Ay = 0.1, see also
Fig. 1), in which o is almost independent of w. Rather than
such a large T, a relatively small T (ho ST < kT K
Ay) induces nontrivial effects. Figures 7(c) and 7(d) are o
for a clean and a dirty superconductor, respectively, calcu-
lated for different I". In both cases, o) for low-frequency
regions (hw < kgT) decreases as I' increases, takes the
minimum when I'/Ay ~ 0.01-0.1, and then increases
with I

Figures 8(a) and 8(b) show o] as functions of Dynes
I". In both the clean- and dirty-limit cases, the optimum
value (') minimizes 0. In the clean (dirty) limit, o (I"y)
is >~ 90% (40%) smaller than that of the idealized (I" — 0)

(a) (b) 107
-2
10 5
05
<1073 ’ <
E 210*2
S S
1074
5| =02 T/Tep=0.2
1074 r/ay=0.001 1o-3 | e=01
1073 1072 1071 1073 1072 1071
hw/Ao hw/Ay
(€) 102 (d)
—— \
1072
1073
S 5
= 2 =
8] -4 s}
10 “So
2
10-51 T =02 T/Teo=0.2
¥/Bo = 0.005 (clean) 10-3 | ¥Bo=5 (dirty)
1073 1072 1071 1073 1072 1071
hw/Ao hw/Ay

FIG. 7. The dissipative conductivity o; as functions of the
photon frequency w. (a) o of a nearly ideal (I'/Ay = 0.001)
superconductor calculated for different nonmagnetic impurity
scattering rate y/Ag = w&y/2linp from the clean limit to the
dirty limit. (b) o7 of a superconductor with strongly smeared
gap peaks (I'/Ay = 0.1) calculated for different y. (c) o1 of a
clean-limit (y /Ao = 0.005) superconductor calculated for differ-
ent Dynes I'. (d) o, of a dirty-limit (y /A = 5) superconductor
calculated for different Dynes I

BCS superconductor. These results can be qualitatively
explained as follows. At moderately low temperatures,
hw < kgT < Ay, o1 is mainly determined by thermally
activated quasiparticles and sensitive to the the broad-
ening of the DOS. For the dirty limit, the integral of
the broadened quasiparticle spectrum with width approx-
imately I' > hw yields o oclog(1/T") [3,21,43,51]. As T’
increases, o] logarithmically decreases [see the slope at
[ <0.01 in Fig. 8(b)]. In the clean limit, in addition to
the broadened quasiparticle spectrum, the d factor con-
tributes to the integral, resulting in a sharper drop of
oy xI'12In(1/T") [see the slope at I' <0.05 in
Fig. 8(a)].
According to Eq. (23), we have

1

oy, lo)= ———
2y )= 2T D)

(32)

for hw <« Ay. The same result can be derived from a
simple discussion based on the local electrodynamics [3].
Suppose T < T, and we have the quasistatic magnetic field
B. = Bye */*e7™" in a superconductor occupying x > 0.
Then, Ampere’s law and J, = o E, >~ ioyE, yield E, =
(Bo/ mooah)e M *e "@H7/) \while Faraday’s law leads to
the electric field E, = wABoe /e "@H7/2) Then, we
reproduce Eq. (32). Since the results are already shown in
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FIG. 8. The dissipative conductivity o; as functions of Dynes
I". (a) o1 of a clean-limit superconductor (y /Ag = 7&y/24imp =
0.005) and (b) a dirty-limit superconductor (y/A¢ = 5). The
stars represent the minimums.

Figs. 3 and 4, we do not repeat the calculations of o,. See
Refs. [49,53,87] for calculations of o5.

E. Quality factor and surface resistance

The electromagnetic response of a superconductor is
generally nonlocal [17]. However, for an extreme type-
IT superconductor (A > &), a calculation reduces to a
local problem, and the surface impedance Z; is expressed
with the complex conductivity. When /0> < 1 and the
thickness of the material is larger than A, we have

ZS = Rs - lA/s = Rs +]Xh (33)
1
R, = Euéwzk301, (34

X, = [B% = poor. (35)
02

The quality factor Q = wU/P can be expressed with
these quantities. Here, P = (1/2)fRS|H|2dS and U=
(1t0/2) [ IH[?dV are the dissipation and the stored energy
in the cavity, and dS and dV represent the area element
and the volume element, respectively. Then, we have Q =
pow [ H?dV/ [ R{H|*dS, which simplifies to

G
0= z (36)
oo [ [HPPdV
6= s (37)

when R; is uniform on the inner surface of the cavity. We
can calculate R using the results of Secs. III-IV D and
Eq. (34).

Shown in Fig. 9 (a) is R; as functions of 1/7 for different
impurity concentrations. Here, the normalization factor Ry
is given by

L, - HoAoAo
Ry = EM%TO 2)\.(3)0' = T (38)

(@) 10 (b) 07

10-°

T/Tco =0.005, hw/Ao=0.01

I/bo = 0.005

<
\4 hw/Ay = 0.004

1076
o
< 107
<
10°8
107°
107 -11
2 5 10 15 1073 102 10! 10° 10! 102
(TITeo)™t «< Clean y/ho Dirty =
FIG. 9. (a) Surface resistance R, as functions of 1/7. Here,

Dynes T is assumed independent of 7' for simplicity (see also
Sec. IV B). (b) Subgap-state-induced residual surface resistance
R.es = limy_ ¢ R, as functions of nonmagnetic impurity scatter-
ing rate y/A¢ = m&y/24in, calculated for different Dynes I'.
The solid curves are numerically calculated for 7/T,, = 0.005
and fiw/A¢ = 0.01. The dashed and dotted curves are calculated
from Egs. (39) and (40), respectively.

For instances, Ry >~ 0.5 and ~ 0.82 for Nbs;Sn and
Nb-Ti-N, respectively. At higher temperatures, a dirty
superconductor (red) exhibits smaller R;. At lower tem-
peratures, however, R, of a clean superconductor (blue)
becomes smaller than the red curve. Although the resid-
ual o7 at T — 0 decreases as material gets dirtier (see
Fig. 6), the contribution from A® significantly pushes
up R; of a dirty superconductor. Shown in Fig. 9(b) is
the subgap-state-induced residual surface resistance Ry =
limy_, ¢ Ry as functions of the nonmagnetic impurity scat-
tering rate y/Ag = m&y/2linp (solid curves). Ry is a
monotonic increasing function of y and I'. For '/ Ay < 1
and y /Ay <« 1 (clean limit), we find an analytical formula
of Ry for a clean superconductor:

den Ro (Bo\? ([ T \? or 37 y
Rl = 2 =) (— ) |1+ =—+(=-1)]
4\ Aa0) \ A 24 8 Ao

(39)

Here, Egs. (7), (12), and (30) are used. The dashed
curves are calculated from Eq. (39), which agree well
with the numerical results (solid curves) at y /Ay < 1. For
I'/JAg <1 and y/Ag > 1 (dirty limit), using Egs. (7),
(14), and (31), we find

Rdiny _ RO h_w 2 L ? L 1 + z + i L
S 221 \ Ao A Ay 2 w) A
(40)

The dotted curves are calculated from Eq. (40) and agree
with the numerical results (solid curves) at y /A 2 10.
Here, we focus on the subgap-state-induced Ry, which
can be translated into the quality factor Or = G/R,s. Note
that other factors [e.g., the two-level-system (TLS) defect
[97], nonequilibrium quasiparticles [22,91], and trapped
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FIG. 10. Frequency dependences of the surface resistance Rj
(a) calculated for different nonmagnetic impurity scattering rate
y and (b) calculated for different Dynes I'.

vortices [3]], can also contribute to the total Q:

0 ' =01+ 00+ .. (41)

Suppose y/Ag~ 1, Ry ~ 0.1, and G ~ 1002. Then,
/Ao~ 0.0l and 0.1 yield Op' ~ 102 and 1071°,
respectively. All other contributions need to be suppressed
to a level below these values to observe Qr'.

Next, consider R; in the moderately-low-temperature
regime (hw < kT < Ay), which corresponds to an oper-
ating condition of some types of microwave resonators
(e.g., SRF and KIDs). Figure 10(a) shows R, of a nearly
ideal BCS superconductor (I'/Ay = 0.001 <« 1) as func-
tions of w calculated for different impurity concentrations.
The red curve corresponds to a dirty superconductor,
exhibiting the famous w? dependence well below the gap
frequency (see, e.g., Ref. [98]). However, as the material
gets clean (i.e., as y decreases), a plateau appears. When
v/Ao =1E/24imp = 0.001 (black curve), R, is almost
independent of w for a wide frequency range, 0.005 <
hw/Ag < 0.1, corresponding to 3.7 GHz < f < 75 GHz
and 3.4 GHz < f < 68 GHz for Nb3Sn and Nb-Ti-N,
respectively. This frequency-independent R; comes from
the w2 dependence of o, in the clean limit (see Fig. 7)
canceling out the @ dependence of R, « w’cy, which
occurs at wt 2 1. Shown in Fig. 10(b) is calculated for
different Dynes I'. As I' increases, the plateau shrinks
and disappears at I'/Ag ~ 0.05. Only nearly ideal (I'/ Ay
« 1) clean-limit (y /Ay < 1) superconductors exhibit the
plateau. It should be noted that this result is applicable to
extreme type-II superconductors (A >> &), while pure Al
and pure Nb, which are popular resonator materials, do not
fall into this category.

Now we investigate how to minimize Ry (i.e., maxi-
mize (). Shown in Fig. 11(a) is R, as functions of non-
magnetic impurity scattering rate y /Ag = 7&o/2liyp. The
navy curve is calculated for a nearly ideal BCS super-
conductor (I'/Ag = 0.001), whose minimum locates at
v /Ao == 3, namely, £in,/& == 0.5. The existence of the
optimum mean-free path is very well known (see, e.g.,
Ref. [98]); its origin is the interplay of A* and o}, which

(a) hw/ho = 0.005 (b) Aw/Ag =0.005
T/To=0.2 T/Teo=0.2
107649 107°
7
=] (=} 40
& s
> 3 N,
o 3
Vi =3
10-7 1077
1072 107! 10° 10' 102 1073 1072 107!
& Clean y/ho Dirty = I/ Do
FIG. 11. (a) Ry as functions of nonmagnetic impurity scatter-

ing rate y/A¢ = w&y /24y, calculated for different I'. (b) Ry as
functions of I" calculated for y /Ay = 3 (red) and y /Ay = 0.01
(blue). The stars represent the minimums.

are increasing and decreasing functions of y, respectively.
As T increases, the minimum further decreases (see the
dark-violet curve) and then increases at I'/Ay = 0.01.
Figure 11(b) shows this nonmonotonic behavior as func-
tions of I'. The red curve is calculated for an optimally
dirty superconductor (y /Ao = 3), reaching the minimum
at I'/Ay >~ 0.02, where R is >~ 30% smaller than that of
the ideal superconductor (I" — 0) [21,22,43,51]. The blue
curve is calculated for a clean superconductor (y/A¢ =
0.01). Its minimum locates at I'/Ay =~ 0.05, where R; is
=~ 80% smaller than that of the ideal (I' — 0) supercon-
ductor. The reduction of R, due to a finite I" comes from
o1 ('), which is discussed in detail in Sec. IV D (see also
Fig. 8).

As mentioned above, we find that R, of a clean (y/A¢
<« 1) and nearly ideal (I'/A¢ < 1) superconductor can be
frequency independent for a wide frequency range (see
Fig. 10). For instance, the condition y/A¢=T/A¢ =
0.001 yields the plateau with R;/Ry ~ 1 x 107°, which
is one order of magnitude larger than the global mini-
mum for hw/Ay = 0.005 [see the star on the red curve in
Fig. 11(b)]. However, R, of such a dirty superconductor
increases in proportion to w? and exceeds Ry/Ry ~ 107>
at hw/Ag = 0.1, while R; of a clean and nearly ideal
superconductor remains Ry/Ry ~ 107® even at hw/A¢ =
0.1 (see Fig. 10). Moderately dirty (£imp ~ &o) super-
conductors are widely believed to minimize R, while
a nearly ideal clean superconductor (y/A¢~T /Ay =~
0.001) can yield much smaller R, for moderately-high-
frequency regions (fiw 2 0.01) for an extreme type-II
superconductor.

V. DEPAIRING CURRENT DENSITY

The depairing current density J; is the maximum value
of the supercurrent density. To obtain J,;, we need to solve
Eq. (2) and calculate the current density. The solution for
lg] > 0 is given by [20]

a+icosf
gm= bl
V(a+icosf)? + b2

(42)
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b
In= V(a+icos6)? + b2 )
Here a, b, (g,,), and (f,,) are given by
hon +T + (ga)y = 5a =0, (44)
A+ (f)y = 5 =0, (45)
(gn)! + (@ + b7 = D{gn)* —a® =0, (46)
D %, (47)

and A = A(s, y, I, T) satisfies Eq. (4). The current density
can be calculated from [16] J = —4mwkzTeNyIm )

(Vf gm) or

wm>0

1
Jioz —ﬁz—fﬂ > /ldc{csinu(c) sinv(c)}. (48)

wn>0Y "

Here, u + iv = tan"'[b/(a + ic)], ¢ = cos 8, Jy = H.y/ Ao,
H.o = Ag/Ny/ Lo is the thermodynamic critical field of
the idealized BCS superconductor (I' — 0) in the zero-
current state, and Ay = A(0,0,0) is the zero-temperature
(T — 0) penetration depth of the idealized (I" — 0) clean-
limit (y — 0) BCS superconductor in the zero-current
state (see also Sec. I1I A).

Let us briefly review the depairing current density for
the idealized (I' — 0) BCS superconductor. Figure 12
shows the pair potential A and the current density J as
functions of the superfluid momentum ¢/qo = s/ A, for
the idealized BCS superconductor (I' — 0) in the clean
limit (y — 0) calculated for different temperatures. When
|g] is small, the current pair-breaking effect is limited
[Fig. 12(a)], and J linearly increases with |q| [Fig. 12(b)].
However, as |g| increases, the reduction of A becomes
rapid [Fig. 12(a)], and J ceases to increase [Fig. 12(b)].
The maximum value of J (see the blob) is the depairing
current density J;(y, ', T). Interestingly, when 7'/ Ty < 1,

(a) T =0 0.s1(B)
/Ao =0 A
y/ho =0 &8
0.6 S
S
~0.4
o
0.24 T8 =0 02 o
y/Bo =0
0.0 0.0 . .
0.0 02 04 06 08 0.0 02 04 06 08
19/qo| la/qol
FIG. 12. (a) A and (b)J for the idealized BCS superconductor

(I' = 0) in the clean limit (y = 0) calculated for 7/T,o = 0, 0.2,
and 0.6. The blobs correspond to the depairing current densities.

a finite |g| little affects A up to a large momentum close
to the depairing momentum. For y =T' = T = 0 (i.e., the
black curve), the solution is well known [15,19,20]. The
pair potential A = A(s, 0,0, 0) is given by

lnA
AV
B 0 (s/A <2/m)
— cosh™! :—AS + T QA/as)? (/A >2/7)’
(49)

and the current density J = J(s, 0,0, 0) is given by

(s/A <2/m)
(s/A>2/m)’
(50)

i_ TS 1
Jo VoA, |1 —{1— QA /)P

which reaches the depairing current density,

HcO
b

J4(0,0,0) = 0.826
Ao

(1)

at the depairing momentum ¢;/qo = sq4/A¢ = 0.655.
According to Eq. (49), A is unaffected by the super-
fluid flow for ¢/q¢ = s/A¢ < 0.637, which is very close
to the depairing momentum. The nonexistence of cur-
rent pair-breaking for a broad range of ¢ is the well-
known anomalous feature of a clean-limit superconductor
at T/T,y < 1. It should be noted that this feature dis-
appears as 7 increases (see the red curve); also impure
superconductors do not exhibit such an anomalous feature
evenat T — 0 (see the dirty-limit results [18,43,44,89] and
Fig. 13). Shown in Fig. 13 are J (¢) and A(J) of the ideal-
ized BCS superconductor (I" — 0) calculated for different
impurity concentrations. As y increases (as materials get
dirty), J; and A(J)|;~,, decrease: nonmagnetic impurities

0.8

(a) (b)
o MBo=0 1.0
0.6 4 TITo=0.2 010
S/~ 0.8 T 1
XS y/ho =10
S04 <06
= S
> 0.4
0.2 §
0.2180=0
0 \ TITeo=0.2
0.0 : 0.0 : . ,
0.0 03 0.6 0.9 1.2 1.5 1.8 2.1 00 02 04 06
[a/qol ilio
FIG. 13. Effects of impurity scattering rate y (see also the

previous studies [19,20]). (a) J as functions of ¢ for the ide-
alized BCS superconductor (I' — 0) calculated for y/Ay =
w&y/2limp =0, 0.1, 1, 3, and 10. (b) A as functions of J cal-
culated for J < J;. The blobs represent the depairing current
densities.
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FIG. 14. Effects of Dynes I" on J(g) and A(J). (a) J as func-
tions of the superfluid momentum ¢ calculated for y /Ay = 1 and
3andI'/Ay =0, 0.05, 0.1, and 0.2. The blobs correspond to the
depairing current densities. (b) A as functions of J calculated for
J <Jy

become pair breakers and significantly impact A in the
current-carrying state, in contrast to their pair-conserving
nature in the zero-current state (see Sec. II B).

Shown in Fig. 14 are the effects of Dynes I' on J(q)
and A(J). As I increases, J; and A decrease. In contrast
to nonmagnetic impurities, Dynes I' is always pair break-
ing even in the zero-current state as shown in Sec. II B;
compare Fig. 13(b) with Fig. 14(b).

Figure 15(a) shows J; as functions of the nonmagnetic
impurity scattering rate y/Ag = w&/2imp; Ja decreases
as y increases (see also Fig. 13). At y/A¢ 2> 1, we

have J; oc y =12, consistent with the dirty-limit result
[18,43,44,89]:
Ji(y > Ao, T, T) = C(T', T) Heo ! (52)
Y s Ly = > X —.
¢ 0 Adity /Y

Here, Aodity = v/ Aion/T oA o /Y is the zero-
temperature penetration depth of the idealized (I' — 0)
dirty-limit BCS superconductor for the zero-current state
(see also Sec. III A), and the coefficient C(I', T) can be
calculated from the microscopic theory, e.g., C(0,0) =
0.595 and C(0, T) are calculated some decades ago [18,19];
C(T", T) is calculated in Refs. [43,44]. Figure 15(b) shows

(a) 08 Tme=02](b) %8
0.7 V/Ao=0.01

0.6
505
N

<04

0.3 10

0.24
TITo=0.1
0.1 T T .0
107! 10° 10! 103 1072 107!
v/ /Ay

FIG. 15. The depairing current density J; as functions of (a)
the nonmagnetic impurity scattering rate y /Ay = m&y /28y, and
(b) Dynes I' parameter.

Jy as functions of Dynes I' for different impurity con-
centrations; J, is significantly suppressed at I'/Aq 2 0.1,
where the pair-breaking scattering almost destroys the
superconductivity.

VI. DISCUSSION

The effects of Dynes I and nonmagnetic impurity scat-
tering rate y o &y/limp on various physical quantities
relevant to superconducting devices have been investi-
gated. Here, we summarize our results and discuss their
implications for superconducting devices.

A. Kinetic inductance

In Sec. 111, we calculate the penetration depth A and the
kinetic inductivity L; taking the effects of I' and y into
account and show that A and L; are monotonic increasing
functions of I' and y (see Figs. 3 and 4). Equation (12)
can evaluate A for a nearly ideal (I'/A¢ < 1) and clean
(y/Ayp < 1) BCS superconductor. Equations (13)~15)
give other convenient formulas for A. Combining these
formulas with Eqs. (16) and (17), we get the analytical
formulas for L;. Note that Eq. (15) is widely used for
analyses of experimental data of superconducting devices,
but it is applicable only to the idealized (I' — 0) dirty-
limit (y /Ao = &y /Limp > 1) superconductor. To analyze
a wide range of materials, Egs. (12)+17) or the numerical
results (Figs. 3 and 4) would be helpful.

The reset time of SSPD is known to be limited by
the kinetic inductance [54], and therefore nanowires with
smaller kinetic inductances have been developed. On the
other hand, a high kinetic inductance has also attracted
attention in the quantum-circuit community; the so-called
superinductor makes fluxonium qubit immune to charge
fluctuations (see, e.g., Ref. [99]). According to our results,
not only y (impurity concentration) but also I" increase L.
The effect of I' on L; would not be negligible. However,
' in the material of SSPDs, KIDs, and other quantum cir-
cuits is usually not measured. Measurements of I of circuit
material using tunneling spectroscopy [23], AIPES [32], or
recently proposed method to extract I' from complex con-
ductivity measurements [49,50], which will be discussed
in Sec. VI B, would give insight into a method to engineer
Ly.

B. T dependence of o1 and coherence peak

In Sec. IV B, we study the effects of I" and y on
the 7 dependence of o; and the coherence peak. The
height of the coherence peak decreases as w or £imp(x
y~1) increases, consistent with the previous theoretical
study [49,94] and experiment [96]. Note that the peak
height decreases as the material gets clean. Also, a finite
I' reduces the peak height, consistent with the previous
studies for the dirty-limit superconductor [43,53].
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The recent finding of Ref. [49] was also reproduced: the
o1(T) curve for a clean superconductor does not depend
on I' and y separately but depends on the ratio I'/y
[see Fig. 5(d)]. Also, it is possible to extract I' and y
by fitting experimental data with the theory as proposed
in Ref. [49], in which they evaluated I" and y using the
recent experimental data of SRF resonant cavities [50].
This method would apply to KIDs and other resonators
for quantum technologies. Now, I of resonator material
can be easily obtained via measurements of o1, which are
routinely performed in laboratories. Using experimentally
determined I', it becomes possible to compare experi-
mental data of devices with the more realistic theories
[21,22,43,44] rather than the simplest formulas such as
Egs. (15) and (28).

C. o1 and R at a very low T

In Secs. IV C and IV E, we calculate the subgap-
state-induced residual-dissipative-conductivity limz_.o o}
and residual surface resistance R, = limr_ ¢ R;, which
originates from a finite density of subgap states in the
vicinity of the Fermi level (see Figs. 6 and 9). Equa-
tions (30) and (31) are formulas for limz_,¢ 0. Also, we
derive the formulas for R, Egs. (39) and (40), which give
good approximations of the numerical results of R [see
Fig. 9(b)].

These results can be tested by experiments: measure the
temperature dependence of oy, extract I and y from o (7)
using Refs. [49,50], and cool a resonator down until O
becomes independent of 7. However, as shown in Eq. (41),
factors other than the subgap-state-induced R..s can also
contribute to Q. Such contributions should be reduced to a
level ignorable as compared with O U= Rpes /G, which is
typically < 107'° (see Sec. IV E). It would be difficult for
a two-dimensional resonator to detect Q;l, in which Q{LIS
always overwhelms Q;l. High-Q SRF cavities [61] may
be helpful for this purpose.

D. 01 and R, at a moderately low T

In Secs. IV D and IV E, we study o] and R, at moder-
ately low temperatures, hw < kgT < Ao.

It is found that o, of a dirty superconductor exhibits
the well-known frequency dependence « In(1/w), while
that of a nearly ideal (I'/A( < 1) clean (y/A¢ =
7&y/2Limp <K 1) superconductor exhibits w™? dependence
(see Fig. 7), resulting in the frequency-independent sur-
face resistance Ry, shown in Fig. 10. For instance, R, of a
nearly ideal (I'/Ay = 0.001) clean-limit (y /Ay = 0.001)
superconducting resonator made from a large-A /€ material
(e.g., Nb3Sn, Nb-Ti-N) is frequency independent between
a few GHz and several tens of GHz (e.g., 3.7 GHz < f <
75 GHz for Nb3Sn). Roughly speaking, the red curve in
Fig. 10(a) corresponds to a dirty Nb3Sn cavity operated
at 7'~ 4 K. When the resonant frequency is f ~ 1 GHz,

which corresponds to fiw/A¢ = 1073, its surface resis-
tance is R, ~ n€2 from Fig. 10(a), consistent with experi-
ments. The frequency-independent R; is realized when the
material is nearly ideal and clean (the black curve). R
of the black curve is one order of magnitude larger than
the red curve at hw/A¢ = 1073 (approximately 1 GHz)
but smaller than the red curve at fiw/Aq = 1072 (approxi-
mately 10 GHz), where R, ~ u€2. The red curve increases
in proportion to w?, while the black curve remains Ry ~
u2 even at hw/Ay~ 0.1 (approximately 100 GHz).
Hence, if there is a demand for a compact cavity with
the resonant frequency approximately a few tens GHz, it
should be made from a nearly ideal (I'/Ay < 1) clean-
limit (y /Ao < 1) type-1I superconductor to minimize R;.

Also, it is found that oy and R, are nonmonotonic func-
tions of I', and there exists the optimum value I',, which
minimizes o] and Ry. For the dirty limit, o (I',) and Ry(T',)
are a few tens of % smaller than those of the idealized
dirty-limit BCS superconductor, consistent with the previ-
ous studies [21,22]. On the other hand, for the clean limit,
o1(I"y) and R, (T",) are one order of magnitude smaller than
those of the idealized clean-limit BCS superconductor (see
Figs. 8 and 11). It has been well known that the optimum
impurity scattering rate y/Ag ~ &y/fimp ~ 1 minimizes
R,. Such an R; minimized by the optimum y can be fur-
ther reduced by the optimum I [see Fig. 11]. These results
suggest that we can significantly reduce R; by tuning I'.
According to the previous experiments, doping appropri-
ate impurities [26,30,50] can reduce I' of Nb. While the
physics and materials mechanisms behind I' are not well
understood, comparison of experimentally determined I"
(e.g., using tunneling spectroscopy [23], AIPES [32], or
complex conductivity measurement [49,50]) and various
materials treatments [26,50] can give useful information
on how to engineer I".

In the present study, we focus on the weak-field regime.
However, to understand the physics of particle accel-
erator cavities operated under a strong microwave field
close to H., we need to extend the present theory to
the field-dependent nonlinear regime. Such an extension
requires formulating the field-dependent nonlinear surface
resistance R;(H,) based on the Keldysh technique of the
nonequilibrium Green’s function. It should be noted that
Ref. [22] found the nonequilibrium effect is negligible
for some practical parameter space by using the Keldysh
technique of the nonequilibrium Green’s function and cal-
culated R (Hy) using the quasiparticle spectrum under the
strong rf current and the Fermi-Dirac distribution func-
tion, while the calculation based on the nonequilibrium
distribution function remains the future challenge.

E. Depairing current density

In Sec. V, we study the depairing current density J;. As
shown in Fig. 15, J; is a monotonically decreasing function
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of I'and y Ei_mlp. Hence, we need both I" and y to know
J, of the materials of devices or cables. As repeatedly men-
tioned above, tunneling spectroscopy can determine I", and
the T dependence of o7 [49,50] can determine I' and y.
Combining these measurements of I' and y with those of
Jya, such as Refs. [100,101], we can test the theory. Also,
combining various materials treatments and the I' mea-
surement can give beneficial information on ameliorating
Ja, which is practically extremely useful to examine the
quality of superconducting cable and a thin film laminated
on the inner surface of a superconducting heterostructure
cavity.
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