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In this paper we study the electromagnetic scattering, absorption, and performance bounds for short
time modulated pulses that impinge on a time-varying lossy layer that is sandwiched between vacuum and
a perfect electric conductor. The electric characteristics of the layer, namely, the conductivity, permittiv-
ity, and permeability, are assumed to change abruptly or gradually in time. We demonstrate numerically
that a time-varying absorbing layer that undergoes temporal switching of its permittivity and conduc-
tance can absorb the power of a modulated, ultrawideband, as well as a quasimonochromatic, pulsed
wave beyond what is dictated by the time-invariant Rozanov bound when integrating over the whole fre-
quency spectrum. We suggest and simulate a practical metamaterial realization that is constructed as a
three-dimensional array of resistor loaded dipoles. By switching only the dipole’s load resistance, desired
effective media properties are obtained. Furthermore, we show that Rozanov’s bound can be bypassed
with abrupt and a more practical gradual, soft, switching, thus overcoming some possible causality issues
in abrupt switching.
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I. INTRODUCTION

Wave absorbers find important applications in various
wave-based systems, in acoustics and electromagnetics,
where they are used for the minimization of scattering
and emission from certain domains, as for example radar
absorbers or in electromagnetic compatibility applications
[1–8]. The typical absorber is based on a proper spa-
tial arrangement of linear and time-invariant (LTI) lossy
materials. For LTI absorbers that consist of a lossy layer
backed by an ideal conductor (a perfect electric con-
ductor), Rozanov [9] developed a fundamental trade-off
between the absorber thickness and the absorption band-
width. However, since this bound, as several other bounds
in wave theory, has been developed under the LTI assump-
tion, it does not necessarily apply when non-LTI, e.g.,
linear time-varying (LTV) wave systems, are considered.
In fact, time-varying wave devices have been shown in
recent years to allow an additional degree of freedom com-
pared to conventional LTI designs and therefore in many
cases they can potentially achieve better performances
[10–15]. Interestingly, time variation is also considered a
means of wave manipulation, leading to additional peculiar
functionalities [16–32].
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As spatial variations, temporal variations can also take
different forms, such as periodic modulation and temporal
discontinuity. The former is better suited for narrowband
applications [11,33,34], whereas the latter fits better with
pulsed wave applications. Specifically, it has been used in
Ref. [10] to achieve better impedance matching between
transmission line and reactive loads for short time pulses,
in Ref. [29] for the purpose of antireflection coating, and
in Ref. [13] to improve the reflection bandwidth of a Dal-
lenbach screen. Furthermore, the problem of reflection and
transmission, as well as energy balance, in the presence
of abrupt and gradual temporal variation of the guiding
medium were explored in Refs. [35–44].

Scattering and radiation by time modulated small obsta-
cles that can be described using the dipole approximation
have been explored in Refs. [45–48]. Such descriptions
may be helpful for the development of homogenization
methodologies for time-varying composite media and may
be used to practically emulate effective bulk metamaterials
with various time-varying characteristics, as regained, e.g.,
in our work.

In this paper we study the electromagnetic wave scatter-
ing and absorption of short time pulses that impinge on
a time-varying lossy dielectric layer that is sandwiched
between the half-space of vacuum and a perfect elec-
tric conductor. The electric characteristics of the layer,
namely, its conductivity, permittivity, and permeability,
are assumed to change abruptly or gradually in time.
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To make the analysis as general as possible, we study the
equivalent transmission line (TL) problem of the actual
electromagnetic system. In accordance with Rozanov’s
bound, the incident pulse is assumed to impinge normally,
which enforces a TEM mode [49,50]. We solve a tem-
porally switched TL problem in the complex frequency
plane s and, by performing an inverse Laplace transform,
the time-domain voltage is obtained for any point along
the TL. We use this approach to augment the Rozanov
bound for ultrawideband and quasimonochromatic short
time pulsed signals followed by a demonstration of how
it may be bypassed using a temporally switched layered
wave absorber. While our time-domain absorption analy-
sis has a broader applicability, specifically to bypass the
LTI bound, we only apply temporal switching to the layer’s
permittivity and conductivity, which simplifies practical
realizations. To that end, we suggest a metamaterial struc-
ture that is composed of an array of resistor loaded dipoles.
By changing the resistance only we obtain the required
effective media properties. Moreover, we demonstrate that,
by using a realistic gradual soft switching instead of an
abrupt one, the absorbtion of the time-variant system is
still better than the Rozanov bound, even if the switch-
ing duration is several times larger than the pulse temporal
width.

II. DESCRIPTION OF THE PROBLEM

An electromagnetic pulsed wave with electric and mag-
netic fields, �E(r, t) and �H(r, t), propagates in vacuum in
the normal direction toward an absorbing layer. At t = t0
the pulsed wave impinges a dielectric layer with permittiv-
ity, permeability, conductivity, and magnetic conductivity
(ε1, μ1, σ1, σm1). The layer thickness is d, and it is sand-
wiched between vacuum and an ideal electric conductor.
See Fig. 1(a) for an illustration.

With respect to the plane of incidence, the wave is of
a transverse electromagnetic (TEM) mode that enables the
use of an equivalent TL model. Following standard text-
book formulation, such as Refs. [49,50], the TL model is
readily available.

We assume that initially the layer is lossless and can be
described by the TL parameters {L1, C1} ({R1 = 0, G1 =
0}), where {L1, C1} ({R1, G1}) are the per unit length induc-
tance and capacitance (series resistance and parallel admit-
tance). Because of the spatial discontinuity at x = 0, some
of the impinging wave will be back reflected upon inci-
dence [see Fig. 1(c)]. This reflection is nondispersive, i.e.,
the transmitted and back reflected pulses do not change
their shape. It has simple reflection coefficients of �s =
(Z1 − Z0)/(Z1 + Z0), where Z0 =

√
L0/C0 is the charac-

teristic TL impedance modeling the host medium (vac-
uum) and Z1 =

√
L1/C1 is the characteristic TL impedance

of the layer.
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FIG. 1. (a) Problem illustration: a short pulse propagates
toward a radar absorber that is composed of a magnetodielectric
layer (blue) attached to a perfect electric conductor (PEC) sur-
face (brown). The figure illustrates the (x, y) plane, which is the
plane of incidence. (b)–(d) Temporal description of the system.
(b) At t = t0 the incident wavefront impinges the boundary. (c)
At time t = ts the wave is completely contained within the layer
and an abrupt switching is preformed. (d) For times t > ts, the
electric and magnetic properties may lead to dispersive reflected
and transmitted waves.

At time ts > t0, while the pulse is completely contained
within the layer [see Figs. 1(c) and 1(d)], the TLs’ param-
eters are abruptly switched into a new set of parameters
(ε2, μ2, σ2, σm2) that translate to {L2, C2, R2, G2} in the TL
model, thus forming a temporal boundary separating the
two TL problems with initial conditions set at t = t+s along
the TL. In general, this switching process ignites two
waves that are counterpropagating inside the layer [51].
These two waves maintain the general pulsed shape; how-
ever, their temporal width may be different than that of the
pulse at t < ts, giving rise to pulse compression or expan-
sion. In association with that, the switching process may
absorb or pump energy into the wave system [10,36].

III. MATHEMATICAL FORMULATION

In this paper we strive to calculate the overall reflec-
tion by the temporally switched layer. This includes, of
course, the reflection due to the spatial discontinuity at
x = 0, but it also includes the reflection due to the temporal
discontinuity resulting from the switching process, and the
energy change caused by it. In order to solve this scattering
and absorption problem, in the next section, we develop a
time-domain Green’s function formalism for the complete
analysis of the fields at times t > ts. The wave solution of
the pulsed waveform along the layer for 0 < x < d and
t > ts is obtained by a superposition integration of Green’s
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function weighted by an initial time source at t = t+s that
results from flux continuity conditions.

A. The TL model and its formal solution

We reduce the general plane-wave scattering problem to
a one-dimensional (1D) TL problem that is governed by
the TL equations

∂V(x, t)
∂x

+ L
∂I(x, t)

∂t
+ RI(x, t) = 0, (1a)

∂I(x, t)
∂x

+ C
∂V(x, t)

∂t
+ GV(x, t) = 0, (1b)

where V(x, t) and I(x, t) denote the voltage and current
along the line, respectively, and are related to the field in
each domain. As a first step, we transform the time-domain
system in Eqs. (1) into the complex frequency (Laplace)
domain

∂V(x, s)
∂x

+ (sL+ R)I(x, s)− LI0(x) = 0, (2a)

∂I(x, s)
∂x

+ (sC+ G)V(x, s)− CV0(x) = 0, (2b)

where V0(x) and I0(x) are the initial voltage and current at
t = t+s , respectively, and s denotes the complex frequency
spectral variable. Taking the x derivative of Eq. (2a) fol-
lowed by the substitution of Eq. (2b) gives the Helmholtz
equation for a lossy medium,

∂2V(x, s)
∂x2 − (sL+ R)(sC+ G)V(x, s) = fs,v(x, s), (3a)

fs,v(x, s) = L
∂I0(x)

∂x
− C(sL+ R)V0(x), (3b)

with impedance boundary conditions at x = 0, and short
circuit due to the ideal conductor at x = d. We define the
spectral Green’s function for the voltage, gv(x, x′, s), such
that the solution for the spectral voltage V(x, s) can be
expressed as the superposition integral

V(x, s) =
∫ ∞
−∞

gv(x, x′, s)fs,v(x′, s)dx′. (4)

From this definition, clearly, gv(x, x′, s) is a solution of

∂2gv(x, x′, s)
∂x2 − γ 2gv(x, x′, s) = δ(x − x′), (5)

where γ = √(sL+ R)(sC+ G), with Re{γ } > 0, and δ

denotes the Dirac delta function. Once the voltage V(x, s)
is obtained, we obtain the time-domain voltage using the

FIG. 2. Time-domain voltage is evaluated by taking the
inverse Laplace transform along the imaginary axis. Here σR is
the real part of the rightmost singularity of V(x, s).

inverse Laplace transform:

V(x, t) = 1
2π j

∫ κ+j∞

κ−j∞
V(x, s)estds. (6)

Here −σR < κ < 0 in the region of convergence (ROC),
as shown in Fig. 2. In light of its realizability, our time-
varying electromagnetic system is causal. Moreover, since
it involves a single temporal switching, as opposed to peri-
odic variation, it is necessarily stable. As a result, all the
pole singularities of V(x, s) must lie in the left side of the
complex frequency plane (Re{s} < 0).

B. The spectral Green’s function

The spectral Green’s function gv(x, x′, s) is obtained
from Eq. (5) by following a standard procedure [52],

gv(x, x′, s) = Fv(x, x′, s)
W(s)

, (7)

Fv(x, x′, s) =←−u (x<)
−→u (x>),

where ←−u (x) [−→u (x)] is the solution of the homogeneous
equation corresponding to Eq. (5) that satisfies the bound-
ary conditions on the left boundary, at x = 0, and on the
right boundary, at x = d (see Fig. 3), x< = min(x, x′),
and x> = max(x, x′). Moreover, the Wronskian W(s) that
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FIG. 3. Two terminated half-sided transmission line prob-
lems. By solving the two simple problems, Green’s function is
obtained.

tunes the discontinuity between the left and right solutions,←−u (x) and −→u (x), at the source location x′ reads

W
[←−u ,−→u ] =←−u (x)

d
dx
−→u (x)−−→u (x)

d
dx
←−u (x). (8)

The homogeneous left and right solutions, i.e.,←−u (x) and−→u (x), are expressed using simple Fresnel coefficients
�L,R:

←−u (x) = eγ x + �Le−γ x, (9a)
−→u (x) = e−γ x + �Reγ x. (9b)

Here �L(s) = [Z0 − Z2(s)]/[Z0 + Z2(s)] is the
reflection coefficient at x = 0, where Z2(s) =√

(sL2 + R2)/(sC2 + G2) is the characteristic impedance
of the TL model of the layer after temporal switching.
Note that the square root should be selected such that
Re{Z2} > 0, and �R = −e−2γ d. Next, by using Eqs. (9) in
Eq. (8), the Wronskian is evaluated as

W(s) = −2γ (1+ �Le−2γ d). (10)

By substituting Eqs. (9) and (10) into Eq. (7), the spec-
tral domain Green’s function is expressed as a sum of four
wave contributions:

gv(x, x′, s) = [e−γ |x−x′| − eγ (x+x′−2d)

+ �Le−γ (x+x′) − �Leγ (|x−x′|−2d)]/W(s).
(11)

Substituting Eq. (11) into Eq. (4) gives the spectral domain
voltage V(x, s).

Since the source term in Eq. (4), fs(x′, s), is an analytic
function, gv(x, x′, s) and V(x, s) share the same singular
points in the complex s plane. Substituting the above
obtained V(x, s) into Eq. (6) yields the time-domain volt-

age at any point inside the TL model of the layer:

V(x, t) = 1
2π j

∫ +j∞

−j∞

est

W(s)

∫ ∞
−∞

Fv(x, x′, s)fs,v(x′, s)dx′ds.

(12)

For completeness of the discussion, a similar procedure
is applied to obtain the time-domain current I(x, t) (see
Appendix A).

IV. GOING BEYOND THE ROZANOV BOUND

We use the proposed time-variant approach to overcome
Rozanov’s bound for LTI systems with an ultrawideband
as well as a quasimonochromatic signal, i.e., a modu-
lated short time pulse. Recall that the Rozanov bound is
formulated as [9]

|ln ρ0|(λmax − λmin) ≤ 2π2μsd, (13)

where ρ0 is the maximal reflection within the operating
wavelength band [λmin, λmax] and μs denotes the static per-
meability. Next, we demonstrate with a numerical example
how this LTV approach may lead to bypassing Rozanov’s
bound.

In the following we apply the numerical procedure dis-
cussed above for the solution of pulsed wave scattering
by a temporally switched layer. We select ts = 0 as the
switching moment where the pulse is located at the cen-
ter of the layer. The excited voltage and current waves in
the TL problem at t = 0− are considered in the form of a
modulated Blackman-type function [53], and presented in
Eq. (14) below. If there exist a phase difference between
the baseband and the modulation terms, there will be sev-
eral modulation frequencies on the ultrawideband regime
where the average of the entire signal is close to zero. This
implies that their frequency response is akin to a quasi-
monochromatic or narrowband signal. In our example,
there is no such phase difference. We have

V0(t) = 1
w

3∑
k=0

ak cos
(

2πk(vp t− d/2)

w

)
�Tp

(
t− Tp

2

)

× cos
(

2π f0(vp t− d/2)

vp

)
, (14)

where w is the pulse width within the layer, vp is the wave-
front propagation speed inside the layer before switching,
the {ak} are Blackman’s weighting coefficients, f0 = 1/T0
is the carrier frequency with T0 being the time period of the
carrier signal, and �Tp (t) = H(t+ Tp/2)− H(t− Tp/2),
where H(t) is the Heaviside function. We consider the
pulse duration Tp = w/vp . Using such notation, Tp/T0 is
a measure of the signal’s fractional bandwidth. To clarify
our notation, note that, with (i) Tp/T0 → 0, the signal is
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practically a baseband signal while, with (ii) Tp/T0 →∞,
the signal is practically time harmonic. As Tp/T0 increases
in the range 0 < Tp/T0 <∞, the signal’s characteristics
changes from those of an ultrawideband (Tp/T0 � O(1)),
to those of quasimonochromatic and narrowband.

For the demonstration, we consider the pulse temporal
duration Tp = 1.6 ns. The physical layout is that of a layer
with d = 0.4 m that is initially characterized by ε1 = 1.5ε0,
μ1 = μ0, and σ1 = 0, σm1 = 0. At time t = ts, while the
pulse is tightly contained within the layer (i.e., w ≈ d), the
permittivity and conductivity are simultaneously switched
to ε2 = 0.75ε0, σ2 > 0, σm2 = 0. We stress that the layer’s
permeability remains unchanged (μ2 = μ0), and, conse-
quently, we pump energy into the wave system during the
switching process.

Next, we evaluate the ratio of the absorbed energy in
the layer to the incident energy for both time-variant and
time-invariant layers, and for different values of Tp/T0. To
that end, we make use of the reflected energy. The relation
between the incident, reflected, and absorbed energies are
given by

Eref

Einc
=

∫∞
−∞ |ρ0(f )v0(f )|2df∫∞
−∞ |v0(f )|2df

,
Eabs

Einc
= 1− Eref

Einc
,

(15)

where |v0(f )| is the magnitude of the Fourier trans-
form of the signal [|v0(f )| = |FT{V0(t)}|], Einc, Eref, and
Eabs denote the incident, reflected, and absorbed energies,
respectively. It should be noted that, generally, Eref is com-
posed of two contributions: (1) an early time (t < ts) pulsed
wave due to impedance mismatching at the layer’s bound-
ary and (2) a back reflected wave due to the switching of
the TL parameters and the multiple wave bounces in the
absorbing layer for t > ts.

First, in the LTI case where the layer is time invariant
and Rozanov’s bound exists, the parameter ρ0 in Eq. (13)
is taken to maximize the left-hand side of Eq. (13) within
the operating band to give

ρ0 =
{

e−2π2μsd/λ if λ ∈ [λmin, λmax],
1 otherwise,

(16)

where λ = λmax − λmin. Note that ρ0 is a function of λ

that can be expressed by two frequency related param-
eters: a center frequency fc and the bandwidth BW as
follows: λ = c0BW/[(fc − BW/2)(fc + BW/2)] and c0
is the speed of light in vacuum. In order to minimize
the reflection within the operating band, we preform a
sweep of the parameters fc and BW to maximize the
ratio Eabs/Einc in Eq. (15). If the modulation frequency
of the incident signal is much larger than its bandwidth,
i.e., a narrowband signal, the optimal frequency will be
equal to the modulation frequency. However, for quasi-
monochromatic and ultrawideband signals, this is not
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FIG. 4. Absorption caused by time-invariant and time-variant
systems compared to Rozanov’s bound as a function of the
conductivity and for some values of the signal’s frequency
bandwidth.

always the case; therefore, a sweep along fc and BW is
preformed.

In contrast, the absorbed energy of the LTV system
is evaluated by subtracting the total reflected energy
from the incident energy, i.e., Eabs = Einc − Eref,initial −
Eref,s, where Eref,initial is the initial reflected energy due to
impedance mismatch before switching (t0 ≤ t ≤ t0 + Tp )
and Eref,s denotes the total reflected energy after switching
(t > ts).

The absorption optimization results are presented in
Fig. 4 as a function of the conductivity σ2 for several
values of Tp/T0 ∈ (0, 3) covering the range of extreme
ultrawideband to quasimonchromatic signals. In Fig. 4,
the red lines represent the proper Rozanov’s bound, the
blue lines represent a LTI system absorption response,
and the black dashed lines are used to depict the absorp-
tion with the time-varying scheme. It can be observed in
Fig. 4 that, for any given value of Tp/T0 (signal band-
width), it is possible to determine a range of conductivities
σ2 such that the time-varying scheme exhibits better, or
at least equal, performance in comparison to Rozanov’s
bound. In particular, for certain bandwidth regimes, an
enhanced performance of the time-varying scheme occurs
for σ � 0.024 [Figs. 4(a)–4(c)], while for other regimes,
it asymptotically occurs for relatively larger values of the
conductivity. Obviously, for the LTI case, shown with blue
lines, the performance is always below the bound.
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FIG. 5. Absorption caused by time-invariant and time-variant
schemes compared to Rozanov’s bound as a function of the
signal’s bandwidth and for some values of the conductivity.

A complementary view of the enhanced perfor-
mances of the LTV scheme over Rozanov’s bound is
demonstrated in Fig. 5, in which we plot the LTI, LTV,
and Rozanov’s bounds using blue, dashed black, and red
lines, respectively, for σ2 = 0.03, 0.054, 0.18, 1.002 S/m
as a function of the relative bandwidth Tp/T0. It can
be easily noted from Fig. 5 that, for σ2 � 0.024 S/m,
the LTV scheme performs better than Rozanov’s bounds
in some bandwidth regimes of the excitation signal (for
the parameters used here, σ2 ≈ 0.024 S/m can be identi-
fied as the minimal required value of loss for the LTV
scheme in order to bypass the Rozanov’s bound for
ultrawideband or quasimonochromatic signal excitation).
This enhanced performance in terms of better absorption
and extended bandwidth improves as σ2 is moderately
increased.

Finally, Fig. 6 depicts a contour plot (“isolines”) of the
ratio between the absorbed energy of the LTV scheme and
that predicted by the Rozanov’s bound, i.e.,

(Eabs)|LTV

(Eabs)|Rozanov
.

Note that the results presented in Figs. 4 and 5 are
obtained by horizontal and vertical “cuts” in Fig. 6 along
Cartesian grid lines. Furthermore, the extent of the fre-
quency bandwidth “windows” for which the LTV scheme
bypasses the Rozanov bound are easily spotted by observ-
ing the regions in which the contour line height is larger
than unity, i.e., [(Eabs)|LTV/(Eabs)|Rozanov > 1] for σ2 �
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FIG. 6. A contour plot (“isolines”) of the ratio of the absorbed
energy of the LTV scheme to that predicted by Rozanov’s bound,
i.e., (Eabs)|LTV/(Eabs)|Rozanov [see in Eq. (15)].

0.024 and Tp/T0 < 1.9, while for Tp/T0 > 1.9, it asymp-
totically approaches 1. The negative values in Fig. 6
for low values of conductivity (σ2) are due to energy
injection into the wave system during switching. There-
fore, the reflected field is stronger than the incident
field and can be recognized as negative absorption. To
conclude the discussion, this example demonstrates that
Rozanov’s absorption bound is valid only for LTI sys-
tems, and can be bypassed for certain cases by utilizing
mechanisms due to time variation; moreover, the example
demonstrates the appealing characteristics of the time-
varying scheme that involve permittivity and conductivity
(material loss) switching for ultrawideband and quasi-
monochromatic as well as narrowband (time harmonic)
signals. In order to reduce the “break-even” points for
which Rozanov’s bound bypasses the LTV scheme in
Fig. 5, and to further lower the required minimal σ2
values, it may be beneficial to use the more complex
time-variation schemes that involve, besides permittiv-
ity and conductivity switching, switching of the material
permeability.

The bounds demonstrated in this discussion are eval-
uated using the absorbed energy spectrum of the signal
along the entire frequency band [note that f ∈ (−∞,∞)

in Eq. (15)]. It should be recalled that switching the
medium permeability and permittivity changes the pulse
temporal width and consequently its frequency spectrum
[10]. Therefore, if interest is only, for example, in the min-
imization of the power reflection in the frequency band
of the incident wave, while discarding the reflection out-
side this band, then the time switching of the permittivity
only can be applied such that parts of the frequency spec-
trum are disperse to other bands outside that of the incident
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wave. Such an effect is utilized and nicely discussed in Ref.
[13] for quasimonochromatic signals.

V. REALISTIC IMPLEMENTATION

In the previous section we demonstrated a theoretical
way to bypass Rozanov’s bound by performing an abrupt
switching of both conductivity and permittivity of the
dielectric layer. There are however two important chal-
lenges with this scheme. First, we have to design a meta-
material and an as simple as possible switching scheme
that will change the effective properties (conductivity and
permittivity) between the values suggested in Sec. IV. Sec-
ond, abrupt switching is impractical, and may even contra-
dict causality, and therefore it is essential to demonstrate
that the proposed scheme to bypass Rozanov’s bound also
applies with gradual switching. These issues are addressed
bellow.

A. Effective media

Here, we suggest a practical system that realizes
the transition {ε1 = 1.5ε0, σ1 = 0} to {ε2 = 0.75ε0, σ2 =
0.18 S/m} demonstrated in Fig. 5(c). Such an extreme
transition between a pure dielectric material to an absorb-
ing material with high losses requires a variation of
the topology of the metamaterial during switching. It
can be achieved by altering a 3D system to a 2D
system. As previously shown, this transition achieves
(Eabs)|LTV/(Eabs)|Rozanov > 1 for an increased range of
modulated pulses. We use a metamaterial structure that is
composed of cubical unit cells with unit cell size a. Each
cell contains a PEC wire (dipole) with the length of each
arm denoted by l and the resistor length denoted by lR. The
total dipole length is 2l+ lR, and this should be equal to
a since a is the cubical unit cell size. The dipole’s diam-
eter is denoted by 2r0 loaded with a resistor R between
its two terminals (see Fig. 7). We obtain the required
effective properties (ε1, σ1), (ε2, σ2) by proper selection of
the dimensions of the wires and the resistance [54–56].
We consider the following parameters: a = 20 mm, r0 =
0.846 mm, lR = 7.4 mm. The wires are located in a host
dielectric media with εh = 1.3 (such as CarbonFoam PU 2
R PU [57]).

Effective media characteristics before switching are
ε1 = 1.5ε0, σ1 = 0. Here, an open circuit (R→∞) is
enforced between the two terminals, so the electric polar-
izability of a single wire is given by αee = l2/(j 2π fZwire),
where the input impedance of the wire Zwire is given by
[54,58]

Zwire = η0�dr

2π j {1+ k2l2F/3− jk3l3/[3(�− 3)]} , (17)

where the dimensionless parameters are F = 1+ 1.08/

(�− 3), � = 2 ln(2l/r0), and �dr = 2 ln(l/r0)− 2. The

l

l
CTRL

a

(a) (b)2r

l

2l

FIG. 7. Metamaterial topology. (a) Each element is composed
of a dipole connected by a resistor in its two terminals. The dipole
has a total length of 2l and a thickness of 2r0. The length of the
resistor R is lR. The switching device is composed of a single
CMOS transistor with a controlling feature (CTRL). (b) Each
unit cell (sized a) is attached to its neighbors vertically. By chang-
ing the resistance to a finite value, the current flows vertically
across the unit cells, thus altering the 3D system to a 2D system.

dipole polarizability in free space should satisfy the radia-
tion condition, and therefore a radiation correction should
be taken into account. However, for a nonresonant qua-
sistatic metamaterial, such a correction will produce a
minor impact on the effective properties, since |Re(α)| �
|Im(α)| (see Appendix B for further discussion). Apply-
ing the electric polarizability αee with the Maxwell Garnett
homogenization procedure [56] for 3D structures provides
the analytic complex effective permittivity

εeff = ε0εh + Nαee

(
1− Nαee

3ε0εh

)−1

, (18)

where N = 1/a3 denotes the lattice density. Using this ana-
lytical formalism with l = 0.0085 m provides εeff ∼ ε1. In
order to verify and fine tune the analytic results, we use
high-frequency simulation software (HFSS) [59] to extract
the effective parameters of the homogenized slab. We use a
well-known extraction technique [60] that uses the scatter-
ing ( ¯̄S) parameters of a normal incidence illumination (see
Fig. 8 for the simulation setup). A postprocessing deem-
bedding is performed to obtain the ¯̄S parameters at the
interface between the slab and the vacuum (marked by blue
dashed arrows). By the simulation optimization, the fol-
lowing design parameters are obtained in order to fit with
the desired effective material properties before switching:
l = 0.0063 m, R = 300 G�. Because of edge effects, there
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Periodic boundary

Periodic boundary

Floquet port
5a

Floquet port

FIG. 8. HFSS simulation setup. The periodic structure (peri-
odic boundary conditions) is excited by a Floquet port where
only the fundamental mode is propagating. By evaluating the ¯̄S
parameters and by performing a postprocessing deembedding we
extract the effective properties of the discrete slab.

is a slight deviation between the optimal dipole length
compared to the analytical formulas that is expectable
under real design considerations.

Results are presented in Figs. 9(a) and 9(b) with the stan-
dard definition of the relative permittivity, εr = εeff/ε0, and
εr = ε′r − j σ/(2π f ε0), where ε′r denotes the real part of
εr. Effective media characteristics after switching are ε2 =
0.75ε0, σ2 = 0.18 S/m. Here, we use a 2D homogenization
procedure suggested in Ref. [55] that was developed for a
loaded wire structure,

εeff = ε0εh − 1

ω2a2L̃− j ωa2R̃
, (19)

where L̃ = [μ0/(2π)] ln{a2/[4r0(a− r0)]} and R̃ = R/

a�/m are the inductance and resistance per unit length,
respectively. In this case, the optimal performances to
obtain a homogenized medium with ε2 = 0.75ε0, σ2 =
0.18 S/m are obtained with R = 272 � in the theoreti-
cal calculations, and R = 264 � extracted using numerical
HFSS optimization. The theoretical calculations assume
a lumped resistor, while the simulation also takes into
account the dimensions of the resistor. Results are pre-
sented in Figs. 9(c) and 9(d). During switching between
the two states only the resistance is altered, so by using
a switch as shown in Fig. 7(a), this switch, during the
transition from open to closed, alters the nature of the
metastructure system from 3D to 2D. This change enables
us to obtain lower values of ε (ε2 < ε1), while considering
an additional loss mechanism (σ2). Excellent agreement
between the desired, analytical, and extracted effective
parameters both before and after switching is provided by
this scheme, as can be observed in Fig. 9. To conclude
the discussion, both analytical and numerical calculations
show that a dipole-based metamaterial can exhibit the

1.2  

1.8  

(a)

–0.3  

0.3  

(b)

0.25  

1.25  

(c)

0.1 0.3 0.5 0.7 0.9 0.1 0.3 0.5 0.7 0.9

0.1 0.3 0.5 0.7 0.9 0.1 0.3 0.5 0.7 0.9

–300  

–100  

(d)

FIG. 9. Analytical, desired, and extracted complex ε as a func-
tion of the frequency f (a),(b) before switching and (c),(d) after
switching.

required effective media properties for the design of an
absorbing material with better performance than that of
Rozanov’s bound.

B. Gradual switching

In Sec. IV we demonstrated how the Rozanov bound can
be bypassed by using an abrupt switching of the effective
parameters. Such a switching scheme may be challenging
practically and may even contradict causality. Therefore,
we consider here a gradual (soft) switching scenario that
lasts over an extended period of time, even larger than the
temporal width of the impinging pulse. The switching pro-
cess begins at t = 0, while the pulse is contained within
the layer and ends at some time ts > 0 (see Fig. 10). In
a previous work [38] using WKB analysis some of the
authors of this paper have showed the equivalence of soft
switching and the staircase approximation. Hence, here,
gradual switching is implemented as a series of “small
sized” abrupt switchings (staircase steps), where the values
of the permittivity and conductivity change.

In each time step, we evaluate numerically the volt-
age and current along the TL using the initial conditions
obtained in the previous step and by considering the effect
of the abrupt voltage change due to switching (see Sec. III).
Generally, at each of the small switching steps we require
the continuity of the magnetic flux and the electric charge
on the TL section that undergoes switching at x > 0+,
and, consequently, the continuity of the voltage and current
there is obviously not satisfied. We stress, however, that at
x = 0+, at the connection point between the TL sections in
x > 0 and x < 0, this continuity condition does not hold.
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t

ε t

ε

ε

t0

FIG. 10. Illustration of gradual (soft) switching. The switch-
ing process begins at t = 0 and ends at ts. It is implemented as
a series of “small sized” abrupt switchings, with constant step
durations (black). The continuous limit is shown as a dashed blue
line.

Instead, at x = 0+, we enforce the continuity of the volt-
age and the current. This is essential because the properties
of the TL section at x < 0 are unaltered during the entire
switching process, implying that the current and voltage
on it also remain continuous at each one of the switching
steps. Thus, at x = 0 at any switching moment we have

I ′0(0) = lim
h↓0

I0(h)− V0(0)/Z0

h
,

V′0(0) = lim
h↓0

V0(h)− Z0I0(0)

h
.

(20)

Note that in the example the current remains continuous
since the magnetic properties are unchanged. We empha-
size that, for the gradual switching process (unlike a single
abrupt switching), one must evaluate both the voltage and
the current in each step, since they are used to evaluate the
initial conditions for the next switching (I0 and V0).

Here, we consider the transition {ε1 = 1.5ε0, σ1 = 0}
to {ε2 = 0.75ε0, σ2 = 0.18 S/m} for Tp/T0 = 0.992 [com-
pare to Fig. 4(b) for a single abrupt switching], with the
parameters obtained in the metamaterial realization that
was discussed in Sec. V A. The absorbtion results are pre-
sented in Fig. 11 for several time step values (blue line,
0.25Tp ; red line, 0.375Tp ; yellow line, 0.5Tp ; and purple
line, 0.625Tp ). It can be seen from Fig. 11 that, for switch-
ing times that are of the order of, and even larger than,
the pulse temporal width ts < 10Tp , the time-variant sys-
tem provides better performance compared to Rozanov’s
bound. Obviously, as the switching time tends to infinity,
the system is not time varying anymore; it remains at its
first state where the slab is lossless with ε1 = 1.5ε0, and
therefore its absorption is zero, as expected, and shown
in Fig. 11. Remarkably, even switching of 5 times the
pulse width leads to a minor effect on the performance,
and, interestingly, gradual switching may lead to better
performance even when compared to the case of abrupt
switching. This is a consequence of the reduced reflection

0 5 10 15
0.80 

0.85 

0.90 

0.95 

1.00 

0 50 100

0.5

1.0

Rozanov bound 

Instantaneous switching 

FIG. 11. Switching is performed gradually in a staircase man-
ner. In each step, the permittivity and conductivity are abruptly
switched. Time steps are 0.25Tp (blue line), 0.375Tp (red line),
0.5Tp (yellow line), and 0.625Tp (purple line). Remarkably, the
time-varying absorber under gradual switching performs simi-
larly to what is expected by instantaneous switching, and even
better under certain conditions. As the switching time extends
above approximately 10Tp , eventually, the time invariance does
not introduce an improvement compared with the Rozanov
bound for LTI absorbers.

coefficient caused by a gradual time switching, in com-
parison to that caused by an instantaneous switching [38].
Consequently, in light of the possibility of using switching
times that are substantially larger than the pulse tempo-
ral width, the pulse in these cases may be either fully or
only partially contained within the layer at t = 0, as the
switching process starts, with no substantial degradation in
performance, thus increasing the tolerance in the switching
process.

VI. SUMMARY AND CONCLUSION

In this manuscript, we consider the problem of a short
pulse propagating and scattering from an electromagnetic
wave absorber with time-varying properties. A transmis-
sion line equivalent is used to formulate an initial boundary
problem. The problem is solved by finding the spectral
(on the Laplace s plane) Green’s function, followed by
an inverse Laplace transform. This formalism is used
to obtain the time-domain-reflected voltage and current
from which all other required quantities are calculated.
Using this numerical procedure, we solve the problem
of reflection by a dielectric layer absorber in which the
permittivity and conductance are switched in time. We fur-
ther demonstrate that Rozanov’s LTI absorbtion bound,
when calculated over the whole signal’s spectrum range,
can be bypassed for modulated pulsed signals, ultraw-
ideband, quasimonochromatic, and narrowband, by such
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abrupt switching. We present a time-dependent switchable
metamaterial structure that exhibits the required effective
media properties before and after switching. Furthermore,
we examine a gradual switching that also results in an
improved performance compared to Rozanov’s bound,
similar, and even better than what is expected when using
an idealistic instantaneous switching.
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APPENDIX A: TIME-DOMAIN CURRENT

The spectral domain Helmholtz equation for the current
in a lossy medium can be written as

∂2I(x, s)
∂x2 − γ 2I(x, s) = fs,i(x, s), (A1a)

fs,i(x, s) = C
∂V0(x)

∂x
− L(sC+ G)I0(x), (A1b)

where γ is the complex propagation term and L, C, R, G
are the TL inductance, capacitance, series resistance, and
shunt admittance per unit length, respectively. Green’s
function for the current term is obtained in similarly to the
voltage (see Sec. III):

gi(x, x′, s) = Fi(x, x′, s)
W(s)

, (A2a)

Fi(x, x′, s) = e−γ |x−x′| + eγ (x+x′−2d)

− �Le−γ (x+x′) − �Leγ (|x−x′|−2d). (A2b)

Here W(s) is the Wronskian term [see Eq. (10)]. The time-
domain current at any point inside the TL is obtained by
performing an inverse Laplace transform, upon changing
Fv and fs,v by Fi and fs,v in Eq. (12).

APPENDIX B: RADIATION CORRECTION OF
THE POLARIZABILITY

Energy conservation implies that in the absence of
material loss, the complex polarizability satisfies the radi-
ation condition Im(1/α) = k3/6πε0 [55]. Let us denote
the polarizability term discussed in Sec. V A by αee =
αuncorrected, since it does not stand under this condition. The
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–0.08  

–0.03  

(b)

0.1 0.5 0.9 0.1 0.5 0.9

0.1 0.5 0.9

0.15  

0.40  

(c)

FIG. 12. Corrected and uncorrected polarizability coefficients:
(a) real part, (b) imaginary part, (c) radiation condition.

radiation correction X is given by

X = k3/6πε0 − Im(1/αuncorrected). (B1)

The corrected polarizability is defined as

αcorrected = αuncorrected

1+ jX αuncorrected
. (B2)

It is immediate to verify that αcorrected satisfies the radi-
ation condition. In Fig. 12 we compare the corrected
and uncorrected coefficients. We note that Re(αcorrected) ≈

Re(αuncorrected) since |Re(αuncorrected)| � |Im(αuncorrected)|;
however, the imaginary part is different, which compen-
sates for the radiation condition.
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