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Softening of the Euler Buckling Criterion under Discretization of Compliance
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Euler solved the problem of the collapse of tall thin columns under unexpectedly small loads in 1744.
The analogous problem of the collapse of circular elastic rings or tubes under external pressure was math-
ematically intractable and has only been fully solved recently. In the context of carbon nanotubes, an
additional phenomenon was found experimentally and in atomistic simulations but not explained: the col-
lapse pressure of smaller-diameter tubes deviates below the continuum-mechanics solution [Torres-Dias
et al., Carbon 123, 145 (2017)]. Here, this deviation is shown to occur in discretized straight columns and
it is fully explained in terms of the phonon dispersion curve. This reveals an unexpected link between the
static mechanical properties of discrete systems and their dynamics described through dispersion curves.

DOI: 10.1103/PhysRevApplied.16.L051002

The tendency of tall thin columns to collapse under
unexpectedly small loads was already known to the ancient
Greeks—it is suggested that their use of entasis [Fig. 1(a)]
was to strengthen columns [1]. The Romans based their
structures on short fat columns, as in the Pont du Gard
[Fig. 1(b)]. The phenomenon was explained by Euler in a
classic work [2]; his explanation is now usually expressed
in terms of the elastic energy required for a lateral deflec-
tion of the column compared with the work done by the
advance of the load for the same deflection.

The collapse of circular tubes under external pressure
follows the same simple physics but is mathematically
intractable. Although it was of great importance in early
steam engine boilers, and later in oil wells, engineers had
to rely on empirical testing [4,5], as only partial theo-
retical solutions were available [6,7]. The full solution
for the postbuckling behavior of a continuous thin elastic
ring has only been given as recently as 2011 [8,9]. How-
ever, here we are concerned only with the pressure at the
onset of collapse. If the continuum solution is normalized
against the bending stiffness of the tube wall, D, and the
radius, r, of the tube, this, PC = 3D/r3, can be expressed
as PN

C = PCr3/D = 3 [6,7,10].
In a recent study of the collapse pressure of single-

wall carbon nanotubes [11], a surprising result has
been reported. Small-diameter tubes collapse at pres-
sures lower than the continuum solution. Experimental
measurements and simulations (molecular dynamics and
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density-functional modeling) are in agreement in finding
PN

C = 3(1 − β2/d2) (d is diameter), with a value of β

about 0.4 nm (this is therefore the diameter of the smallest
stable free-standing nanotubes). Both the analytic form of
this expression and the value of β are wholly unexplained
[11,12].

Nanotubes are not continuous elastic rings, as they have
radii of only a few atoms. To find the collapse pressure of
discretized elastic rings, Sun et al. [13] has modeled them
as polygons of area A with rigid sides joined by angular
springs at the vertices (spring constant c), under an external
pressure, P. The total energy is written as a function of the
angles ϕ of the hinges,

∑
1/2cϕ2 + PA, and minimized.

The results are similar but still unexplained.
Here, we set out to find an explanation by investigat-

ing the simpler problem of Euler’s column, but atomistic
or discretized. Three methods, numerical, analytic, and
dynamical, reveal the same phenomenon, with results fit-
ting an expression for the normalized critical force FN

C of
the same form (but different constants) as for PN

C above.
But the results do not elucidate why this occurs; nor do
they explain the value of the constant β2. A fourth method,
recasting the problem in terms of waves on an infinitely
long column, does provide a theoretical explanation in
terms of the dispersion curve ω(k). Moreover, it shows
that the empirical expression for FN

C is not exact and it
predicts the value of β2 correctly. This approach reveals
a link between the static mechanical properties of discrete
systems and phonon dispersion curves.

In continuum mechanics, a column of length L with
unconstrained ends and a bending stiffness D (defined by
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FIG. 1. (a) Entasis in Greek columns (exaggerated). (b) A
schematic of the Pont du Gard. (c) A continuous pillar, buckling
(dashed). (d) A discretized pillar, buckling (dashed). (e) The col-
lapse of a continuous elastic ring. (f) A discretized elastic ring (a
polygon). (g) A continuous tube. (h) An example of a discretized
tube (a nanotube) [3].

E = 1/2DR−2, where R is the radius of curvature and E
is the stored elastic energy per unit length) has a buck-
ling force of FC = π2D/L2. This force is to be applied
along the column axis. The normalized collapse force,
FN

C = FCL2/D, is thus π2 ≈ 9.870. In what follows, we
work only with the normalized problem (L = 1, D = 1),
except where it is useful to keep these quantities explicit.
We divide the column into N equal lengths (a0 = 1/N ) and
then move all the compliance S = a0/D = 1/N in each
length to the center of that length. That gives N + 1 rigid
links or rods, at angles θ to the column axis, joined by
the compliant hinges, stiffness c = N , bent through angles
ϕ (note that ϕμ = θμ − θμ−1). The two end rods are half
the length of the others. Concentrating the compliance in
this way does indeed give a reduction in the normalized
collapse force for small N . One might think, by consid-
ering the case of N = 1, that the compliance has been
moved from where, in a continuous column, much of it is
wasted (regions of smaller curvature), to the point of max-
imum curvature. That explanation is, however, valid only
for N = 1. For larger N , a simple calculation shows that as
much compliance has been moved to where it is less useful
as to where it is more useful (see Sec. I of the Supplemental
Material [14]).

First, we use the numerical method of Sun et al. [13].
For each load F , the energy is minimized with respect to
the angles of the hinges and as F is increased, the col-
lapse force is detected by the first departure of these angles
from zero (see Sec. II.1 of the Supplemental Material [14]).
The calculations confirm that the collapse force is reduced
below π2 at small N for the discretized columns, as for
the polygons. However, the calculations give no hint of
the reason for this behavior. The numerical results, plot-
ted in Fig. 3, do not contain any information on how they
arise. Clearly, less elastic energy is stored in the discrete
springs for a given advance of the force—but why? These

numerical values of FN
C for discrete N cannot be reverse

engineered for a general form for all N .
It is not difficult to find analytic expressions for the

collapse force for each N . This is done by relating the
moment on a hinge to its angle (Sec. II.2 of the Supplemen-
tal Material [14]). In this way, for N = 1, the normalized
collapse force is found to be 4, for N = 5 it is 25/2(3 −√

5) ≈ 9.549, and for N = 6 it is 36(2 − √
3) ≈ 9.646,

in agreement with the numerical calculations. However,
these exact expressions for the analytic solutions for each
N again do not reveal the reason for this behavior; nor do
they lead to a general expression in N .

An alternative dynamical approach is to calculate the
lateral oscillation frequency of the column as a function
of the longitudinal compression or tension. The equation
of motion for the μth hinge in a chain of point-mass hinges
is readily written down if we attribute an arbitrary density
ρ = 1 to the continuous column and then concentrate the
mass m = ρa0 as well as the compliance at the hinges. The
force on the μth hinge comes from its own torque, exerting
a force on the two adjacent hinges, plus the torques of these
two hinges exerting forces on itself, and from the compres-
sion (or tension) and its own angle. That is, it depends on
three terms: ϕμ±1 and ϕμ. The shorter end rods and the end
hinges have to be treated differently (see Sec. II.3 of the
Supplemental Material [14]).

The equations of motion for the N hinges can be writ-
ten down in matrix form and then diagonalizing the matrix
gives the frequencies as the eigenvalues. The eigenvec-
tors describe the modes of oscillation; we are interested
only in the lowest mode in which all hinges move in
the same direction. The collapse force is found by set-
ting the eigenvalue of this mode to zero and solving for
the force (Sec. II.3 of the Supplemental Material [14]).
These results, of course, agree with the previous calcula-
tions but again give no hint as to the physical reason for
the phenomenon.

The explanation is found by developing the dynamical
method by removing the restriction of the finite column
length, L, and the restriction that N is an integer (N now
becomes the number of hinges per unit length). We let μ

take all values from −∞ to ∞ and there are now no end
segments to be treated differently. Instead of diagonaliz-
ing the resulting infinite matrix, we apply Bloch’s theorem
[15]. This is done in Sec. II.4 of the Supplemental Material
[14] and it gives the normalized phonon dispersion curve
ω(k) for all (continuous) N ∈ R:

ω(k) = 2N 2 sin
(

k
2N

) √

2 − F
N 2 − 2 cos

k
N

. (1)

This dispersion relation is interesting because it has
solutions for negative tension, i.e., compression F , and it
gives the collapse force at zero frequency. Equating the
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term in the square root to zero gives

FN
C = 2N 2

(

1 − cos
k
N

)

. (2)

As the problem is set up, these solutions are unphysical,
because an infinite or indefinitely long system will collapse
even under an indefinitely small compression. However,
we can extract interesting special cases that are physically
realizable. First, we are not interested in running waves
but in standing waves, because we can set the wavelength
λ of a standing wave. Imposing the constraint y = 0 every
half-wavelength along the chain determines the positions
of the nodes of a standing wave of wavelength λ, with-
out affecting its frequency. This also prevents buckling of
the chain under smaller compression at wavelengths longer
than λ. We can do this for the special cases where the half-
wavelength λ/2 = π/k is an integer multiple of the length
a0, i.e. k = π/(Na0) and, even more specifically, we can
then set the nodes halfway between two hinges. With nor-
malization, this sets λ/2 to unity, k to π , and restricts N to
integer values. In this way, the section between two adja-
cent nodes replicates the model of Fig. 2. The compressive
force at which Eq. (2) gives zero frequency is, precisely,
the Euler buckling force for the finite half-wavelength sys-
tem, the solutions for which can be picked out from Eq. (2)
at integer N .

Equation (2) is plotted in Fig. 3 as the solid curve, which
passes exactly through the solid circle data points from
the previous solutions for integer N . In particular, the data
point for N = 1 is accurately fitted. This fourth method
does provide the explanation of the softening of the Euler
buckling force in the discretized column. It is equivalent
to the general sublinearity of the dispersion relation of
acoustic phonon modes, ω(k), which softens the phonon
frequency as the wave vector approaches the edge of the
first Brillouin zone—it is the same physics.

Returning to Eq. (2) and keeping N as a real number,
the expression for FN

C can be expanded as a polynomial in

y

x

FIG. 2. A pillar along the x axis is discretized to have com-
pliance only at N angular hinges of stiffness c. The lower part
of the graph shows a chain of rigid rods numbered μ = 0 to N
at angles θμ. Buckling causes y-axis displacements of the hinges
yμ (μ = 1 to N ).
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FIG. 3. The normalized collapse force FN
C of Eq. (2) is plot-

ted against N−2, where N is the number of hinges per half-
wavelength of a buckling mode of an infinite chain with k = π

(solid black line) or, equivalently, the number of hinges in a col-
umn of unity length. Results from calculations for integer N are
plotted (solid circles), for N = 1–4, 6, ∞. The green dashed line
is the least-squares fit of Eq. (3) to these data, excluding N = 1.
The blue crosses are the numerical data for the collapse of m-gons
[13], plotted for m = 4–8, 10, 12, ∞. These data are rescaled by
converting pressure to circumferential force and using m = 4N .
The blue dotted line is the least-squares fit to these data. The
experimental data for nanotubes [11] are shown by red data
points with error bars and fitted by the red dashed line, scaled
to these axes as described in the text.

N−2. Dropping the higher-order terms, this gives

FN
C (N ) = k2

(

1 − k2

12N 2

)

= π2
(

1 − β2

N 2

)

, (3)

with k = π , giving β2 = π2/12.
Equation (3) is plotted in Fig. 3 to show that the trunca-

tion of the polynomial expansion of Eq. (2) at N−2 intro-
duces only a small error for the column-collapse forces for
large N . The true value of β2 is 0.8224 · · · and the slope of
the linear fit to the data points shown (N = 2, 3, 4, 6, ∞) is
substantially less, at 0.7453. However, the fit residuals are
tiny, the largest being 0.02. It would be natural to fit Eq. (3)
to these data, to suppose the N = 1 datum to be anomalous
(perhaps by the simple argument of Sec. 1 of the Supple-
mental Material [14]), and to seek physical explanations
for Eq. (3), for the value β2 = 0.745, for the tiny residuals,
and for the apparently anomalous N = 1 data point. Sim-
ilarly, for the polygon data plotted in Fig. 3, it would be
natural to seek physical explanations as to why Eq. (3) fits
so well, why here β2 = 0.53, and perhaps why the N = 6
point has a relatively large residual.
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The experimental data of Torres-Dias et al. [11] is also
shown in Fig. 3 (their simulation data are omitted for clar-
ity but they behave very similarly). For these data, the y
axis is numerically in units of normalized collapse pres-
sure, GPa nm3, and the x axis is numerically in units of
1/2d2, with d in nanometers, in order to accommodate
these data on the same graph and show the similar behav-
ior. It is by chance, and of no significance, that the red
dashed line fitted to the data converges closely onto the
pillar results at x = 1. It is also by chance, not design, that
the polygon fit and the nanotube fit have very similar x-
axis intercepts, of 1.87 and 1.85, respectively; what this
may signify is not known. However, the similar behavior
of the experimental data explains why Torres-Dias et al.
[11] fitted the data with Eq. (3).

It is interesting that the three direct attacks on the prob-
lem as stated fail because they only give discrete solutions
for integer N . It is by discarding this constraint in the
fourth method, discarding the boundary conditions, that a
solution for all N ∈ R is found, which gives the true func-
tional form. The results for N ∈ Z can be picked out from it
but are explained by the more general solution. The reverse
process, of finding the general solution for N ∈ R from the
discrete solutions for N ∈ Z and hence the explanation, is
not obviously possible.

An early approximation for the problem of the elastic
ring was to equate the tangential force at collapse to the
collapse force of a column of length one quarter of the cir-
cumference. Levy [6] appreciated that this is not exact and,
in fact, gives a normalized collapse pressure of 4 instead of
the correct value of 3. This is why the numerical calcula-
tions for the collapse pressure of polygons [13], rescaled
for the same wavelength of collapse as the column, and
converted from pressure to circumferential force, have the
prefactor 3/4 π2 instead of π2, as seen in Fig. 3.

We set out to explain the reduction of the collapse pres-
sure of atomistic rings or tubes such as carbon nanotubes at
small diameters. We show that is the consequence of small
numbers of discrete bodies in an Eulerian buckling wave-
length. There remain two practical omissions for future
work. The first is the extension of these calculations to dis-
cretized circular rings (polygons), where we do not expect
the value of β2 to be the same as for straight columns.
The second is the scaling factors between the value of
β2 for simple polygonal rings and for carbon nanotubes
[Fig. 3 would appear to imply that the smallest nanotube
in the experimental data set, chirality (8, 3), has between
four and five hinges around its circumference]. This can
be investigated by standard techniques, such as the study
of structures intermediate in complexity between carbon
nanotubes and linear discretized columns. More funda-
mentally, attributing the reduction of the collapse pressure
to the properties of the phonon dispersion curve might
be considered to be a complete explanation of the phe-
nomenon under study or it might be considered to beg the

question “Why does the phonon dispersion curve behave
in this way?” We are not aware of a good answer to this
question. Very generally, the phase velocity of a wave,
given by the square root of stiffness over inertia (mass
density), decreases as the wavelength is reduced toward
the lattice constant. Viewed macroscopically, should this
be interpreted as a decrease in the effective stiffness?
That would be completely consistent with the comment
above that discretization results in less stored energy for
a given advance of the force. Whatever that explana-
tion may be, it would then fully explain why the Euler
buckling force decreases when a0 of a discretized pillar
approaches L.

This is not only an issue at the atomic scale. Macro-
scopic structures that might ideally be continuous linear
or curved structures are sometimes discretized in macro-
scopic sections. An example is the medical stent, intended
to hold arteries open and therefore subject to external
loading. Stents would ideally be cylindrical but they are
designed to be inserted in a collapsed form and expanded
once in place. Therefore, stents are commonly polygo-
nal in section and, depending on how the compliance is
distributed, may be weakened against collapse by dis-
cretization of the compliance.

Of course, ω(k) relationships are often derived with-
out any reference to scale—indeed, we follow a standard
derivation here for Eq. (1) [16]. And it is commonplace
that phonon softening under pressure is related to struc-
tural phase transitions. Nevertheless, in condensed-matter
physics, there is a strong tendency to consider that phe-
nomena arising on the atomic scale are microscopic prop-
erties and are fully explained by a quantum-mechanical
derivation invoking, e.g., Bloch’s theorem, without con-
sidering if the same phenomena would arise at the macro-
scopic scale. Yet here the reduction in collapse pressure
is the same if a0 is 1 m or 3 Å, for the same N . The
static properties— in particular, the structural failure—of
structures at all scales are here linked to the softening
of acoustic phonon modes as wavelengths approach the
atomic scale.
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