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Advances in micromachinery and nanotechnology, such as magnetically actuated microrobots for nav-
igating in viscous environments, are important driving forces in medicine. Recently, it has been shown
that the spatial orientation of an ensemble of immobilized nanoparticles with parallel-aligned magnetic
easy axes has an effect on the magnetization response to an external dynamic magnetic field. Here, we
introduce a method that allows us to estimate the spatial orientation of this axis from the magnetization
response and experimentally study a potential application scenario.
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Introduction.—Magnetic nanoparticles are the subject
of intense study for researchers from a wide range of disci-
plines [1–4]. Their key feature is that they can be detected
and manipulated by static and dynamic external magnetic
fields, to which they respond with Brownian and Néel
rotational dynamics of their magnetization [5,6]. When
nanoparticles are immobilized, Néel rotation dominates the
magnetization dynamics. For nanoparticles with parallel
alignment of the easy axes, the orientation of the easy axes
with respect to the magnetic excitation field is one of the
key parameters for their magnetization response [7] for
large degrees of parallel alignment [8].

In this work, we use this dependency to estimate the
spatial orientation of the easy axes relative to an external
magnetic excitation field from the magnetization response
of the nanoparticles. We approach this issue at three differ-
ent levels. Theoretically, we analyze the interplay between
easy-axis orientation, the external magnetic field, and the
magnetic moment for a single nanoparticle qualitatively,
using the Stoner-Wohlfarth model [9]. Next, we investi-
gate the mean magnetic moment of a large ensemble of
immobilized nanoparticles with parallel-aligned easy axes
exposed to a sinusoidal excitation field quantitatively in
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a simulation study. In this setting, we find a good dis-
tinguishability of the response signals with respect to the
easy-axis orientation. Application-wise, we use these find-
ings to perform a data-driven estimation method for the
spatial orientation of the easy axis of magnetic nanopar-
ticles and provide a proof of principle in a magnetic-
particle-imaging [10,11] setting where the orientation can
be estimated tomographically. In this context, the proposed
method provides an additional image contrast, such as the
recently introduced temperature [12], viscosity [13,14],
and core-size [15] contrasts, all of which are provided in
addition to the spatial nanoparticle distribution. To this
end, the proposed method allows us to simultaneously
estimate the orientation and position of multiple objects
labeled by immobilized nanoparticles with parallel-aligned
easy axes.

Magnetization dynamics of a single immobilized
nanoparticle.—In the general case of ferrofluids, two
dynamic mechanisms influence the magnetization behav-
ior of individual nanoparticles, Brownian and Néel rota-
tional dynamics [5,6] (for recent reviews, see Refs. [16–
18]). Unlike ferrofluids, for immobilized nanoparticles,
Brownian rotation is suppressed and only the Néel rota-
tion derived from the phenomenological Landau-Lifshitz-
Gilbert equation remains [19,20].

Assuming a single domain structure (e.g., for nano-
particles with ferromagnetic cores with sufficiently small
diameters [21]), neglecting particle-particle interactions,
including an uniaxial anisotropy with easy axis n̂ ∈ S2

(Stoner-Wohlfarth model [9]), and including thermal
noise, the magnetic moment m of an individual particle
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can be described by the Langevin equation with respect to
its orientation m̂ : (0, T) → S2:

˙̂m = γ̃
{
(Beff + D̃�) × m̂ + α′[m̂ × (Beff + D̃�)] × m̂

}
,

(1)

where Beff = μ0H + 2(Kanis/MS)(m̂ · n̂)n̂ (with anisotropy
constant Kanis and saturation magnetization MS), γ̃ =
(γ /1 + α′2), in which γ > 0 is the gyromagnetic
ratio and α′ > 0 is the damping parameter, D̃ =√

2(α′kBTB/γ̃ (1 + α′2)m0) > 0 is the noise coefficient
(with Boltzmann constant kB, temperature TB, and m0 is
the absolute value of the magnetic moment of the par-
ticle), and � is a white-noise component with 〈�i(t)〉 =
0, 〈�i(t1)�j (t2)〉 = δij δ(t1 − t2), for all t, t1, t2 > 0, and
i, j = x, y, z. The right-hand side of Eq. (1) can be split
into three components with respect to their dependence
on H, n̂, or �. The qualitative behavior of the magnetic
moment of the particle strongly depends on the interplay
between these three quantities. Here, we assume that the
influence of thermal noise � is on a low-to-moderate rela-
tive level such that the deterministic contributions of n̂ and
H provide the main contributions to the behavior of the
moment.

In a ferrofluid, the easy axis n̂ would dynamically
change depending on the applied magnetic field. In con-
trast, n̂ is static for immobilized nanoparticles. In this case,
the interplay between n̂ and H becomes apparent if the
particle is subject to a magnetic sinusoidal excitation field
in the x direction (denoted by the unit vector ex; ey and
ez defined analogously). If n̂ is parallel to ex, the model
given in Eq. (1) predicts that the main contribution of
the magnetization response will be parallel to the excita-
tion direction, which is qualitatively very similar to the
response of mobile nanoparticles. However, if the easy
axis n̂ is rotated out of the x direction, the model given in
Eq. (1) not only predicts response changes in the x direc-
tion but significant signal contributions in the y-z plane
as well.

Magnetization dynamics of an ensemble of nanoparti-
cles.—We proceed with a large ensemble of immobilized
nanoparticles with parallel-aligned magnetic easy axes, as
sketched in Fig. 1(a). Considering a sinusoidal excitation
along ex in relation to the magnetic easy-axis orienta-
tion n̂(α) = [cos(α), sin(α), 0]T, specified by the angle α ∈
[0, π) between the excitation direction and the direction
of the magnetic easy axis, the mean magnetic moment
m̄α of the ensemble can be simulated computationally
via the Fokker-Planck equation approach, as described in
Refs. [22–24]. The magnetization signal of such an ensem-
ble is often picked up by induction coils. In this case,
the coil signal is proportional to a projection of ˙̄mα . To
this end, ˙̄mα · ex and ˙̄mα · ey are illustrated in Fig. 1(b)
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FIG. 1. An illustration of the basic idea to estimate the spatial
orientation of the easy axis of immobilized magnetic nanopar-
ticles (MNPs) with parallel-aligned magnetic easy axes. (a)
Nanoparticles in aqueous solution are brought into a strong mag-
netic field to align their magnetic easy axis in parallel to the
field. (b) Particle rotation is then rendered impossible by par-
ticle immobilization. A sinusoidal magnetic excitation field in
the x direction causes a magnetization response, which strongly
depends on the angle α between the excitation direction and the
direction of the magnetic easy axes. This is illustrated by the time
signals ˙̄mα · ex and ˙̄mα · ey , which are proportional to the signal
that inductive x and y coils would pick up, respectively. On the
contrary, no orientation dependency is observed for particles with
a uniform easy-axis distribution (ud). (c) Next, concatenated time
signals from x and y coils are considered. Let uα be calibration
signals of samples with known orientation and let uβ be a signal
of an unknown axis orientation, which we aim to estimate. Using
a least-squares approach to approximate uβ by a linear combi-
nation of the calibration signals uα using non-negative weights
Wβ = (wα,β)α , one observes large weights whenever α and β are
close. In practice, this observation can be used as the basis for a
data-driven estimator for the unknown orientation β.
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in relation to the easy-axis orientation α and for non-
aligned nanoparticles as reference. The distinctiveness of
the signals indicates that they contain information about
the spatial orientation of the easy axis n̂ with respect to the
direction of the magnetic excitation ex. To further inves-
tigate the distinguishability, we concatenate ˙̄mα · ex and
˙̄mα · ey into a single signal vector uα . Considering signals

uβ with unknown orientations β, we use a calibration-
based approach and try to approximate them by a linear
combination of a set of calibration signals uα using non-
negative weights, as illustrated in Fig. 1(c). The structure
in the resulting weights highlights the distinguishability
of the signals with respect to the easy-axis orientation
and simultaneously can be used for estimation of β in a
data-driven approach.

Tomographic orientation estimation with magnetic par-
ticle imaging.—Until now, we have considered a setting
where all particles will have the same parallel easy-
axis orientation and are subject to the exact same mag-
netic excitation. Next, we consider the spatial distribu-
tion of immobilized magnetic nanoparticles with a spa-
tially dependent particle distribution and orientation of the
parallel-aligned easy axes, with the aim of obtaining a
tomographic estimate of both. To this end, we move to
a magnetic-particle-imaging (MPI) setting, where a static
magnetic gradient field is superimposed with an excita-
tion field leading to a spatially dependent magnetization
response, used to tomographically image the nanoparticle
distribution [10] along other image contrasts [11–15].

Experiments are performed with a preclinical MPI sys-
tem (Bruker, Ettlingen, Germany) operating at a gradient
strength of −0.96, −0.98, and 1.94 Tμ−1

0 m−1 in the x,
y, and z directions and a two-dimensional (2D) excitation
field, generated by two orthogonal sinusoidal fields with
slightly different frequencies and amplitudes of 12.59 and
13.55 mT μ−1

0 in the x and y directions, respectively, where
μ0 is the vacuum permeability. This results in a field of
view of size 26 × 28 mm2 and a measurement repetition
time of 652.8 μs. For signal reception, three orthogonal
pickup coils aligned in the x, y, and z directions are used.
Each measurement vector u is a concatenation of the three
Fourier-domain induction signals sampled at a rate of 2.5
MHz, one for each pickup coil.

A dot phantom, as sketched in Fig. 2, is printed using
a Form 3 3D printer and clear resin (Formlabs Inc.,
Somerville, USA). The top part is a 8 × 8 × 4 mm3 cuboid
with a cylindrical cavity at the top, with a diameter of 3
mm and a height of 3 mm, fit to hold immobilized par-
ticles. It has a pin at the bottom to allow insertion into
a series of connectors, each of which can be attached to
a robot arm, which can be used to position the phantom
in the MPI scanner. Each connector provides a defined
phantom orientation inside the x-y plane of the MPI sys-
tem. The orientation is specified by the angle between the

(b)(a)

FIG. 2. A schematic of magnetic nanoparticle immobilization,
parallel magnetic easy-axis alignment (a), and phantom orienta-
tion inside the MPI system (b). The phantom parts (dark gray) are
assembled and the cylindrical depression is filled with a alginate-
tracer mixture (brown), which is quickly placed in a magnetic
field (axial between red-sided magnets) to dry. The top part of
the phantom can then be reattached to different connectors, each
providing a defined easy-axis orientation inside the MPI system,
once connected to the robot arm (blue and gray).

parallel-aligned magnetic easy axis and the y axis of
the MPI system. For the magnetic nanoparticles, per-
imag (Micromod Partikeltechnologie GmbH, Rostock,
Germany), with an iron concentration of 89 mmolFel−1,
is used. An amount of 20 μl of the fluidal-particle sus-
pension are mixed with about 21 μl of sodium alginate
powder inside the cavity and put in between two cylin-
drical neodymium magnets, creating a strong axial field
measured by a model 460 three-channel gaussmeter with a
three-axis high-sensitivity Hall probe (Lake Shore, West-
erville, USA) to be 0.4 Tμ−1

0 . Inside this field, the mag-
netic easy axes of the magnetic nanoparticles align in
parallel to the external field by particle rotation [7,8].
Drying the mixture for 20 min immobilizes the magnetic
nanoparticles and fixes the orientation of their easy axes
permanently.

The relation between the measured signal uα and the
spatial distribution of the particles, described by the parti-
cle concentration vector cα , is linear and can be described
by Sαcα = uα , where Sα is the system matrix. Here, the
subscript α labels the orientation of the easy axis of the
particle, i.e., the angle between the parallel-aligned mag-
netic easy axis and the y axis of the MPI system. Twelve
different system matrices Sα are obtained using different
easy-axis orientations, specified by the angles α in Table I.
Each system matrix is measured in a 33 × 33 mm2 field
of view at N = 11 × 11 = 121 equidistant measurement
positions. Additional measurements uβ,i are taken for each
of the 36 alignments β listed in Table I and 21 phantom
positions i listed in the open-source software repository
associated with this project [25]. For both calibration and
the additional measurements, the signal-to-noise ratio is
increased by block averaging 5000 consecutive MPI mea-
surement cycles, corresponding to a total measurement
time of about 3.3 s per position and angle.

For reconstruction, the multicontrast method introduced
in Ref. [11] is applied, where all 12 system matrices are
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TABLE I. The magnetic easy-axis orientations used during calibration (α) and measurement (β).

α α β β β β β β

(degrees) (degrees) (degrees) (degrees) (degrees) (degrees) (degrees) (degrees)

0 90 24 61 82 104 135 169
15 105 25 62 83 105 136 170
30 120 26 63 84 106 137 171
45 135 29 66 87 109 140 174
60 150 34 71 92 114 145 179
75 165 44 81 102 124 155 9

used to obtain a 12-channel MPI tomogram, each channel
cα corresponding to one of the angles α in Table I. That is,
for each measurement vector uβ,i the Tikhonov regularized
optimization problem

argmin
c̃0◦ ,...,c̃165◦∈R

N+

∥∥∥∥∥∥∥
S

⎛

⎜
⎝

c̃0◦
...

c̃165◦

⎞

⎟
⎠ − uβ,i

∥∥∥∥∥∥∥

2

2

+ λ

∥∥∥∥∥∥∥

⎛

⎜
⎝

c̃0◦
...

c̃165◦

⎞

⎟
⎠

∥∥∥∥∥∥∥

2

2

(2)

is solved, where S = (
S0◦ · · · S165◦

)
is the multicon-

trast system matrix. To this end, we use an open-source
MPI reconstruction framework [26], a relative Tikhonov
regularization parameter of λ = 0.01(‖S‖2

F/N ), and 5000
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FIG. 3. A typical multicontrast tomogram (β = 82◦ and i =
17) is shown. Each image shows a single channel with the cor-
responding label α at the bottom left corner. The largest signal
contributions can be found in the channels 75◦ and 90◦ close to
the phantom position (white marker).

iterations of the iterative Kaczmarz solver, where ‖ · ‖F
denotes the Frobenius norm. The noise background is
reduced by selecting frequencies above 80 kHz and a
signal-to-noise ratio greater equal than 5 [27].

An exemplary multicontrast tomogram cβ=82◦, i=17, is
shown in Fig. 3, where the indices β and i label the align-
ment and position of the corresponding phantom, respec-
tively. If we consider a single voxel r and channel α inside
the tomogram we obtain the non-negative numbers cα,r,β,i.
Due to image noise, the cα,r,β,i show a certain amount of
spatial variation, which can be reduced by summing these
numbers in a neighborhood U(i), i.e., a radius of 4 mm
around the respective position of the phantom, resulting in
the weights wα,β,i = ∑

r∈U(i) cα,r,β,i for each tomogram cβ,i,
which are equivalent to the weights described in Fig. 1.

Similar to the observations made with the simulation
setup, the individual weights wα,β,i are large, where α and
β are close, which motivates the data-driven definition
of the following alignment estimator. Let f (α; b, c, βe) =
b{cos2[π(α − βe)]}c be a π -periodic function with maxi-
mum at α = βe and let

(c∗
β,i, b∗

β,i, β
∗
β,i)= arg min

c,b>0,βe∈[0,π)

‖
∑

α

wα,β,i − f (α; b, c, βe)‖2
2

be the least-squares fit of this function to these weights.
Then β∗

β,i defines our estimator for the easy-axis alignment
obtained from cβ,i.

Results.—Regardless of the phantom orientation β and
position i, the phantom can be located visually inside the
MPI multicontrast tomograms. The largest signal contribu-
tion is found in pixels at or directly adjacent to the position
of the phantom in channels α close to the alignment of the
sample β, as shown, for example, in Fig. 3. In agreement
with this observation, we find the weights wα,β,i obtained
from each tomogram to be large whenever |α − β| < 30◦,
similar to the observations made in the simulation setup.
Estimates for the alignment are successfully obtained
from all MPI tomograms. The estimation errors have a
mean of 0.3◦ and a standard deviation of 2.5◦. A closer
analysis shows no spatial dependence of the estimation
error.
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Conclusion and perspectives.—In this work, we show
that the magnetization response of immobilized magnetic
nanoparticles with parallel-aligned easy axes to an external
magnetic excitation field can be used to estimate the angle
between excitation and easy-axis direction. Our qualitative
investigations of a single moment inside a one-dimensional
magnetic excitation field predicts a nonzero magnetiza-
tion response orthogonal to the excitation direction for
easy-axis alignments nonparallel to the excitation direc-
tion. A quantitative simulation study of a large ensemble of
nanoparticles shows distinct magnetization-signal changes
with the variation of the angle between the excitation and
the easy axis—a feature that can be attributed to the easy-
axis alignment, since no such changes are observed for
immobilized magnetic nanoparticles with uniformly dis-
tributed easy axes. A numerical analysis of the signals
shows that a simple data-driven approach can be used for
signal discrimination, as well as for the estimation of the
angle between the excitation and the easy axis from a given
signal.

Application-wise, we provide a proof of concept that
the orientation of the easy axis and the spatial position of
an ensemble of immobilized magnetic nanoparticles with
parallel-aligned easy axes can be estimated in a MPI sys-
tem. In this scenario, orientation estimation supplements
submillimeter-accurate spatial localization [28] to provide
additional information about the orientation, especially if
its size is well below the current spatial resolution of
the MPI, of around 1 mm [29], where image-processing-
based approaches fail. In this study, a systematic error
of 0.3◦ and a larger standard error of 2.5◦ are observed,
which, combined, are well below the discretization step
size of 15◦ used for the calibration measurements, which
are required for the data-driven approach used. Part of this
error is likely to be caused by the signal-to-noise ratio,
as found in a different multicontrast MPI setting [14]. A
potential lever to address this issue consists of tailored
nanoparticles with a large fraction of Néel relaxation and
large uniaxial anisotropy as opposed to the ones used in
this work, which lose much of their signal strength when
immobilized. Although we restrict our setup to estimate
orientations within a 2D plane only, the proposed method
is generalizable to a 3D setup.

Orientation information can be invaluable for the nav-
igation of microrobots in viscous environments. To this
end, our findings could open up additional routes for
the navigation of magnetically actuated microrobots. In
the context of MPI, identical helical micromachines can
be spatially selective actuated [30]. Moreover, alter-
nating imaging and actuation of helical micromachines
[31,32], magnetic microbeads [33], and swarming
magnetite nanoparticles [34] have recently been shown.
Since our proof of concept does not require a special-
ized imaging sequence, but only labeling with immobilized
easy-axis-aligned nanoparticles, it would be feasible to

obtain the additional orientation information in such a
setting.
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