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In this study, we theoretically explore the probability distribution of the write-error rate (WER) of a
voltage-controlled magnetoresistive random-access memory (VC MRAM). A probability density function
(PDF) of the WER is analytically obtained using the change-of-variable technique with the assumption that
the anisotropy constant of the VC MRAM follows the normal distribution. Furthermore, we assume that
the WER of a single memory cell forms a parabola as a function of the anisotropy constant, resulting from
numerical simulations by solving the Landau-Lifshitz-Gilbert equation based on the macrospin model.
Theoretical analysis facilitates in identifying types of the PDF: a monotonic decreasing function with a
peak at the smallest WER, and a function with local maximum.

DOI: 10.1103/PhysRevApplied.16.064068

I. INTRODUCTION

Reliability is a key characteristic of electronic devices
[1–4]. In the present design of computing systems, mem-
ory devices ensure reliability with the help of error-
correction systems. However, error correction requires the
increase of circuit area, latency, and energy consump-
tion. Recently, decreasing such additional overheads has
emphasized the requirement for alternative designs of
computing systems, in order to exclude error corrections
in the hardware components [5–7].

One of the attempts is by the applications of machine
learning or deep neural networks, which provides the out-
put with probability or confidence. In other words, these
techniques are principally error tolerant, that is, robust
against bit errors [7–9]. Another way is by increasing
the demand for edge devices. The edge devices limit
the device size and operation energy, so that decreas-
ing overheads of error-correction systems makes a large
contribution.

Furthermore, a hybrid memory system has also
drawn significant attention [10–12]. The system exhibits
both conventional volatile memory systems, such as
dynamic random-access memory (DRAM) and static
RAM (SRAM), and nonvolatile memory systems, such
as magnetic RAM (MRAM) [13–16], phase-change mem-
ory [17–19], and resistive RAM [20–22]. Compared with
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the conventional DRAM and SRAM, nonvolatile mem-
ories have robustness for radiation-induced soft errors
and energy efficiency. However, they have weakness for
endurance, latency, and reliability. A hybrid memory sys-
tem, combining two types of memory devices (e.g., erro-
neous memory device and reliable memory device), has a
potential to expand the use of erroneous memory to more
applications, which enables us to protect critical data by
reliable memory. Practically, computing systems without
error corrections on the hardware require an understanding
of how data stored on a memory module include errors.
The errors would occur with any spatial distribution on the
memory module. The assumption with uniform probability
for the error is not accurate.

For efficient design of these emerging devices based
on nonvolatile memories, variation-aware simulations
are necessary. Although several groups have devel-
oped the variation-aware model of the spin-transfer-
torque (STT) MRAM [23–26], little attention has been
paid to the variation-aware model of the voltage-control
(VC) MRAM, which is a promising candidate for high-
performance and ultralow power nonvolatile memory.

VC MRAM is sensitive to manufacturing variations.
MRAM stores information in the direction of magnetiza-
tion in a magnetic tunnel junction (MTJ). In VC MRAM,
the writing operation, that is, the magnetization switch-
ing, occurs with voltage control of magnetic anisotropy
(VCMA) [27–31]. Each MTJ cell has manufacturing vari-
ation owing to fabrication processes, implying that a
MRAM chip is made by a set of MTJ cells with slightly
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different material parameters. The effect of VCMA results
in variation for each MTJ cell even if exactly constant
voltage is applied to all MTJ cells. Thus, the performance
of the MRAM chip results from the statistical distribu-
tion of MTJ cells. Particularly, the write process is the
most affected process due to the manufacturing variation
rather than the read and the retention processes. How-
ever, most previous studies have focused on improving the
single-bit write-error rate (WER) [32–39]. The effects of
manufacturing variations on the WER are still unclear.

In this study, a distribution of the WER of VC
MRAM due to the manufacturing variation is theoreti-
cally explored. By assuming the variation of magnetic
anisotropy, a probability density function (PDF) of the
WER is analytically obtained, and the condition to deter-
mine the shape of the PDF is established. The frequency
distribution of the WER is also obtained from the PDF,
which strongly depends on the variation of magnetic
anisotropy. The remainder of the paper is organized as fol-
lows. Section II describes the numerical simulations of the
WER for a single MTJ. Section III explains the analyti-
cal derivation of the PDF of the WER. Section IV presents
the general property of the WER distribution, while Sec.
V focuses on the contribution of the variation of magnetic
anisotropy. Finally, the paper is summarized in Sec. VI.

II. WRITE-ERROR RATE OF A SINGLE
MAGNETIC TUNNEL JUNCTION

First, the WER of a single MTJ is investigated to
clarify the relationship between the WER and magnetic
anisotropy. The MTJ nanopillar considered is schemati-
cally shown in Fig. 1(a). The nonmagnetic insulating layer
is sandwiched by the two ferromagnetic layers: the free
layer and the reference layer. A static external field (Hext)
is applied in the positive x direction. Application of the
voltage (V) pulse reduces the magnetic anisotropy through
the VCMA effect and induces the precessional motion of
the magnetization around the external magnetic field. The
pulse width is set to be about a half of the precession
period to switch the magnetization. The direction of the
magnetization in the free layer is represented by the unit
vector m = (mx, my , mz). The magnetization unit vector in
the reference layer p is fixed to align with the positive z
direction, p = (0, 0, 1). The x and y axes are considered
as the in-plane directions, while the z axis is considered
as the out-of-plane direction. The size of the nanopillar
is assumed to be significantly small such that the mag-
netization dynamics can be described by the macrospin
model.

Figure 1(b) shows the V dependence of the total
anisotropy constant (Ku) of the free layer, comprising the
crystalline anisotropy, interfacial anisotropy, and shape
anisotropy. Hereafter, Ku is called the “anisotropy con-
stant” for simplicity. Without application of the voltage,
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FIG. 1. (a) Magnetic tunnel junction and Cartesian definitions
coordinates (x, y, z). The nonmagnetic insulating layer is sand-
wiched by the two ferromagnetic layers: the free layer and the
reference layer. A static magnetic field (Hext) is applied along
the positive x direction. The application of the voltage (V) pulse
can induce precessional motion of the magnetization in the free
layer through the VCMA effect. (b) Voltage (V) dependence of
the uniaxial anisotropy constant, Ku. Ku is a linearly decreasing
function of V, which assumes the value of Koff

u at V = 0 and van-
ishes at V = V0. (c) Shape of the voltage pulse with amplitude
Vp and duration tp . A relaxation time of 5 ns is set before and
after the pulse. (d) Time dependence of the anisotropy constant
Ku. The anisotropy constants at V = 0 and Vp are represented by
Koff

u and Kon
u , respectively.

the free layer is assumed to have out-of-plane uniaxial
anisotropy, which is characterized by Koff

u . The variation
of Koff

u is assumed to follow the normal distribution. We
assume that Ku is a linear decreasing function of V and van-
ishes at V = V0, that is, Ku = (1 − V/V0) Koff

u . For V > V0,
Ku becomes negative, and therefore, the free layer has an
easy-plane anisotropy.

The shape of the assumed voltage pulse is illustrated
in Fig. 1(c), where Vp and tp represent the amplitude
and duration of the pulse, respectively. A relaxation time
of 5 ns is set before and after the pulse. As shown in
Fig. 1(d), the anisotropy constant is assumed to decrease
to the value of Kon

u with the application of Vp , that is,
�Ku = Kon

u − Koff
u .

The dynamics of the magnetization unit vector in the
free layer is obtained by solving the Landau-Lifshitz-
Gilbert (LLG) equation,

dm
dt

= −γ m × Heff + αm × dm
dt

, (1)

where γ is the gyromagnetic constant and α is the Gilbert
damping factor. The first and second terms on the right-
hand side represent the torque resulting from the effective
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field Heff and the damping torque, respectively. The effec-
tive field comprises the external field, anisotropy field
(Hanis), and thermal agitation field (Htherm) as

Heff = Hext + Hanis + Htherm. (2)

The anisotropy field is defined as

Hanis = 2Ku(t)
μ0Ms

mz(t)ez, (3)

where μ0 is the vacuum permeability, Ms is the saturation
magnetization of the free layer, and ez is the unit vector
in the positive z direction. The thermal agitation field is
determined by the fluctuation-dissipation theorem [40–44]
and satisfies the following relations:

〈
H i

therm(t)
〉 = 0, (4)

〈
H i

therm(t) H j
therm(t′)

〉
= ξ δi,j δ(t − t′), (5)

where the indices i and j denote the x, y, and z components
of the thermal agitation field. δi,j represents Kronecker’s
δ, and δ(t − t′) represents the Dirac’s δ function. The
coefficient ξ is given by

ξ = 2αkBT
γ μ0 Ms �

, (6)

where kB is the Boltzmann constant, T is temperature, and
� is the volume of the free layer.

The following parameters are assumed for numerical
calculations: α = 0.1, and Ms = 0.955 MA/m [36]. The
magnitude of the external field is Hext = 1 kOe. The diame-
ter of the free layer is 40 nm. The thickness of the free layer
is 1.1 nm. We assume the constant voltage is applied with
the magnitude where Koff

u = 1.1 × 105 J/m3 [36] vanishes
at V = V0, that is, �Ku = −1.1 × 105 J/m3. The initial
state of the magnetization is set m = (0, 0, 1), i.e., up state.
The WERs are calculated from 107 trials for T = 300 K.

Figure 2 shows a color map of the WER on the tp -
Ku plane. The values of both Koff

u and Kon
u are shown in

the plot. The value of Ku changes in the range of 0.6 ×
105 ≤ Koff

u ≤ 2.0 × 105 J/m3 at V = 0, corresponding to
−0.5 × 105 ≤ Kon

u ≤ 0.9 × 105 J/m3 at V = V0. The area
with dark color is located around tp = 0.20 ns and Kon

u >

0. The vertical dashed line expresses at tp = 0.18 ns, which
is a half period of the magnetization precession at Kon

u = 0.
Along the dashed line, the Ku dependence of the WER is
a downward convex function of Ku as shown by the blue
curve with markers in Fig. 3.

The WER is minimized at the optimum value of Koff
u =

1.23 × 105 J/m3, where the direction of the magnetiza-
tion at the end of the pulse is close to the equilibrium
direction of the down state at V = 0. Decrease of Koff

u
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FIG. 2. Color map of the WER-Ku relation on the tp -Ku plane
with both scale of Kon

u and Koff
u , keeping �Ku constant as −1.1 ×

105 J/m3. The WER along the dashed line at tp = 0.18 is shown
in Fig. 3.

from the optimal value induces the in-plane magnetic
anisotropy, i.e., Kon

u < 0. The trajectory of the precession is
squeezed to the equator, mz = 0. The direction of the mag-
netization at the end of the pulse is close to the equator and
has large probability to switch back to the up state during
relaxation. Therefore, the WER increases with decrease of
Koff

u for Koff
u < 1.23 × 105 J/m3. If Koff

u is much smaller
than the optimum value, the magnetization direction at the
end of the pulse is almost in plane. After the pulse, the
magnetization rotates to the up or down state with equal
probability of 0.5.
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FIG. 3. Ku dependence of the WER at a pulse duration of 0.18
ns, shown by the (blue) line with markers. The solid (red) line
shows the fitting result obtained using Eq. (8), with a = 13.73,
b = 1.23, and c = −3.81. The vertical (gray) lines are a guide
for the eyes. The unit for Ku is omitted for simplicity.
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For Koff
u > 1.23 × 105 J/m3, the WER is an increas-

ing function of Koff
u and converges to unity at Koff

u =
2.0 × 105 J/m3. In this region, the Kon

u is positive and the
magnetization feels the uniaxial anisotropy field along the
perpendicular to plane direction during the voltage pulse.
The increase of the perpendicular anisotropy field has two
effects on the WER. One is the change of the precession
period, which shifts the direction of the magnetization at
the end of the pulse from the equilibrium direction of the
down state and increases the WER. The shift and there-
fore the WER increases with increase of Koff

u . The other is
the enhancement of the thermal stability at V = 0, which
reduces the WER because the thermal fluctuation of the
magnetization is suppressed. The suppression of the ther-
mal fluctuation is the origin of the slope around Koff

u =
1.4 × 105 J/m3. If Koff

u is much larger than the optimal
value, the magnetization stays along the initial direction
and therefore the WER is unity.

III. ANALYTICAL DERIVATION OF
PROBABILITY DENSITY FUNCTION OF THE

WRITE-ERROR RATE

Let us consider the MTJ nanopillars having a man-
ufacturing variation of Koff

u , which follows the normal
distribution. The other material parameters are assumed to
be constant. Hereafter, the superscript “off” and the unit of
105 J/m3 for Ku are omitted for simplicity. The PDF for Ku
is written as

f (Ku) = 1√
2πσ

e− 1
2σ2 (Ku−μ)2

, (7)

where μ and σ are the mean and standard deviation,
respectively. We also assume that the Ku dependence of
the WER is approximated by the following function:

y(Ku) = 10a(Ku−b)2+c, (8)

with a, b, and c representing constants. Because the WER
is a downward convex function of Ku as shown in Fig. 3,

a is assumed to be positive. The value c requires c < 0
because y represents the WER, which satisfies 0 ≤ y ≤ 1.

We model the WER shown by the blue curve with mark-
ers by the red parabola with a = 13.73, b = 1.23, and
c = −3.81, as shown in Fig. 3. The parabola is assumed to
have two cuts at WER = 0.5 (left) and WER = 1 (right).
The values of a, b, and c are obtained as follows. The val-
ues of b and c are set to reproduce the minimum value of
the WER. Then the value of a is obtained by fitting the
WER using the least-squares method.

We need to find the PDF of the WER when Ku follows
the normal distribution. Practically, one can independently
control the anisotropy distribution and the operation con-
dition. All the parameters, a, b, c, μ, and σ , are variable.
To simplify the problem, the distribution of Ku is trans-
formed to the standard normal distribution, implying that
two parameters are fixed as μ = 0 and σ = 1.0. Introduc-
ing a variance z = (Ku − μ)/σ , one obtains the PDF of the
standard normal distribution

f (z) = 1√
2π

e− 1
2 z2

. (9)

The WER-Ku relation is transformed to

y(z) = d × 10A(z−B)2
, (10)

where d = 10c, A = aσ 2, and B = (b − μ)/σ , i.e., d cor-
responds to the best value of the WER. Figure 4(a) shows
the WER as a function of z modeled by Eq. (10), where
the parameters are set A = 1.0, B = 0.5, and d = 10−4

(c = −4) as an example, while Fig. 4(b) shows Eq. (9). To
simplify the problem, we assume that y(z) is symmetric
with respect to z = B: y(z) also converges to 1.0 as z < 0.
The problem is now aggregated to investigate the influ-
ence of the parameters A, B, and d, which represent the
degree of curvature, vertex, and the depth of the parabola,
respectively.

The PDF is obtained using the change-of-variable tech-
nique as

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

g(y) = N
2

(
ln ȳ

A ln 10

)− 1
2 1

ȳAd ln 10
1√
2π

⎡

⎣e
− 1

2

(
B+
√

ln ȳ
A ln 10

)2

+ e
− 1

2

(
B−
√

ln ȳ
A ln 10

)2
⎤

⎦,
(

1 < ȳ ≤ 1
d

)

g(y) = 0 , (ȳ ≤ 1)

, (11)

where ȳ = y/d, and ln denotes the natural logarithm (loge). N is a normalization constant written using the Gauss
error function, erf(x),

N = 2

erf
(√

ln(1/d)

2A ln 10 + B√
2

)
+ erf

(√
ln(1/d)

2A ln 10 − B√
2

) . (12)
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The normalization constant is needed because the range
of y is limited to be y ≤ 1. Apparently, g(y) is an even
function for B. One can assume B > 0 or b − μ > 0
without loss of generality.

To investigate the property of g(y), let us differentiate
g(y) with y.

g′(y) = N
4

(
ln ȳ

A ln 10

)− 3
2
(

1
ȳAd ln 10

)2 1√
2π

×
⎧
⎨

⎩

⎡

⎣e
− 1

2

(
B+
√

ln ȳ
A ln 10

)2

+ e
− 1

2

(
B−
√

ln ȳ
A ln 10

)2
⎤

⎦
[
−1 − 2A ln 10

(
ln ȳ

A ln 10

)]

+
(

ln ȳ
A ln 10

) 1
2

⎡

⎣−e
− 1

2

(
B+
√

ln ȳ
A ln 10

)2 (

B +
√

ln ȳ
A ln 10

)

+ e
− 1

2

(
B−
√

ln ȳ
A ln 10

)2 (

B −
√

ln ȳ
A ln 10

)⎤

⎦

⎫
⎬

⎭
. (13)

Designating
√

ln ȳ
A ln 10 as m and using the expression

e− 1
2 (B+m)2

e− 1
2 (B−m)2

= e−2Bm, (14)

one can obtain the following equation from g′(y) = 0:
(
1 + e−2Bm) (1 + 2Am2 ln 10

)

+ m
[
e−2Bm(B + m) − B + m

] = 0. (15)

By taking the limit e−2Bm → 0, it follows

1 + 2Am2 ln 10 − Bm + m2 = 0. (16)

Equations (15) and (16) can be plotted as a contour plot
on the m-B plane for a given A. Figure 5 shows the plot
for A = 1.0. Both curves are quite similar. Equation (16)
is to be analyzed instead of Eq. (15). Furthermore, the
maximum value of m exists, and it is given as

mmax =
√−c

A
, (17)

which corresponds to ȳ = 1/d or y = 1. We obtain mmax =
2.0 for the case where A = 1.0 and c = −4.

Let us analyze Eq. (16). First, we obtain the minimum of
B, Bmin. By representing Eq. (16) in the form of a function
of m:

B = m(1 + 2A ln 10) + 1
m

(18)

is obtained. By the first and second derivative test, B has a
local minimum

Bmin = 2
√

1 + 2A ln 10 (19)

at m0 = (√1 + 2A ln 10
)−1

.

If a given B satisfies Bmin < B, Eq. (16) has a solution.
Solving Eq. (16) for m, we obtain the solutions of m at
which the critical points of g(y) are located,

m± = B ±
√

B2 − 4(1 + 2A ln 10)

2(1 + 2A ln 10)
. (20)
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FIG. 4. (a) WER-Ku relation given by Eq. (10), with A = 1.0,
B = 0.5, and d = 10−4. (b) Standard normal distribution given
by Eq. (9). The mean and standard variance for z, that is, Ku, is
fixed to 0 and 1.0, respectively.
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FIG. 5. Curves obtained from contour plots solved by Eqs.
(15) and (16), with A = 1.0 on the m-B plane. Bmin describes the
minimum B in Eq. (16). In the shaded area satisfying B < Bmin,
the PDF is a monotonically decreasing function of the WER.

Thus, the critical points of g(y) are located at

y± = d × 10Am2± . (21)

In the shaded area in Fig. 5, satisfying B < Bmin, the PDF is
a monotonic decreasing function of WER within the range
of considered parameters as shown below.

A cumulative distribution function (CDF) for g(y) is
given:

F(x) = N
2

[

erf

(√
ln(x/d)

2A ln 10
+ B√

2

)

+erf

(√
ln(x/d)

2A ln 10
− B√

2

)]

. (22)

The details of the derivation of PDF and CDF are summa-
rized in the Appendix.

IV. GENERAL PROPERTY FOR THE
PROBABILITY DENSITY FUNCTION

Let us investigate the effects of some parameters on the
PDF of the WER. Figure 6 shows the curve of Bmin as a
function of A, given in Eq. (19). If the values of A and B
are present in the shaded area under the line, g(y) has no
extreme values. However, if the values are both in the area
above the line, g(y) has extreme values.

0.01 0.10 1 10
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2

4

6

8

10

12

14

B

0

FIG. 6. Curve of Bmin as a function of A, given in Eq. (19).
When the parameters A and B are both in the shaded area, the
PDF is a monotonically decreasing function, whereas when A and
B are both in the area above the line, the PDF has some extreme
values.

The typical shapes of g(y) are summarized in Fig. 7
with different B. The parameters except for B are set as
A = 1.0 and d = 10−4. At B = 0, that is, b = μ, it corre-
sponds that the majority of MTJs can operate with the best
WER. In this case, as shown in Fig. 7(a), the shape of the
PDF has a sharp peak at y = d. Figure 7(b) shows the case
B = 4.0, which still satisfies B < Bmin = 4.735. The shape
of the PDF is similar to that shown in Fig. 7(a), although
the contribution of the probability density at higher WERs
increases. In the case of Figs. 7(c) and 7(d), the PDFs have
extreme values because B > Bmin is satisfied. The dashed
and dotted vertical lines express the positions at y− and y+
given in Eq. (21), respectively. Note that the increase of B
implies the value of Ku with the best WER deviates from
μ. As a result, the local maximum of the PDF shifts to a
higher WER side with the increase of B. With a further
increase in B, one extreme value of the PDF disappears as
shown in Fig. 7(e).

The range of B showing the local maximum in g(y)

depends on A. Figure 8 shows y+ as a function of B with
different A. The dashed vertical line expresses the position
at Bmin, which is 2.4 for Fig. 8(a), 4.7 for Fig. 8(b), and
13.7 for Fig. 8(c). With the increase of A, the range of B
giving d < y+ < 1 becomes wider.

V. PRACTICAL PROPERTY FOR THE
DISTRIBUTION OF THE WRITE-ERROR RATE

A. Frequency distribution

Practically, the shape of the frequency distribution of the
WER, that is, a histogram for the WER, is more relevant
than that of the PDF. In addition, the shapes of the fre-
quency distribution would be different from that of the PDF
owing to a logarithmic scale in the horizontal axis. In this
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FIG. 7. Probability density functions of WER with different
B. Other parameters are set as A = 1.0, and d = 10−4. Dashed
and dotted vertical lines express y− and y+, given by Eq. (21),
respectively.

section, the frequency distribution of the WER is investi-
gated. One way to produce a frequency distribution from a
PDF is to multiply the sample number and the probability
obtained by integrating the PDF for every interval corre-
sponding to a bin width. Another way is to use the inverse
transform method, which produces a distribution of ran-
dom variables with any PDF. The algorithm of the inverse
transform method is expressed as follows:

1. Generate a random number u from the uniform
distribution in the interval [0, 1] (u = {u1, u2, · · · un}).

2. Solve F(x) = u for x numerically for each element
of u, then obtain a set x = {x1, x2, · · · , xn}.

The obtained {x1, x2, · · · , xn} shows the distribution of
random variables with the given PDF.

To avoid any trouble on numerical integration because
of a small number on g(y) and the WER value, the his-
togram of the WER is directly produced by the inverse
transform method. Figure 9 summarizes the PDFs, g(y), in
the left column, the corresponding CDFs, F(x), in the mid-
dle column, and the frequency distributions of the WER
obtained by inverse transform method in the right column
with a different parameter set. The parameters for Fig. 9(a)
are set a = 13.73, b = 1.23, c = −3.81, μ = 1.1, and σ =
0.11, which corresponds to A = 0.166, B = 1.182. The
parameters for Fig. 9(b) are similar to those in Fig. 9(a),
but b = 1.45, i.e., B = 3.18. The parameters for Fig. 9(c)
are similar to those in Fig. 9(a), but σ = 0.011, i.e., A =
1.66 × 10−3 and B = 11.8. Because the number of random

A = 10.0

A = 1.0

A = 0.1

10
B

0
B

y+

y+

100

10–1

10–2

10–3

10–4

100

10–1

10–2

10–3

10–4

100

10–1

10–2

10–3

10–4

y+

0 20 30 40 50

10 20 30 40 50

10 20 30 40 500
B

(c)

(b)

(a)

FIG. 8. Curves of y+ as a function of B with different A. The
value of d is fixed, d = 10−4. The dashed line expresses the
position at Bmin, which is given by Eq. (19).

numbers from the uniform distribution are set n = 1000,
there are 1000 elements in x. In the middle column of
Fig. 9, the gray solid line shows Eq. (22), and the red points
show a part of x. One obtains Bmin = 2.66 for A = 0.166,
and Bmin = 2.01 for A = 1.66 × 10−3. As aforementioned,
the PDF is a monotonic decreasing function as shown in
Fig. 9(a), while the PDF has local maximum in Figs. 9(b)
and 9(c).

It is different between the shape of the PDF in the
left column and the shape of the frequency distribution
in the right column of Fig. 9. As the horizontal axis
of the PDF is a logarithmic scale, the left side of the
PDF has a smaller contribution than the right side. We
note that the contribution of larger WER is more empha-
sized in Fig. 9(b), resulting from the value range of the
PDF is relatively smaller than other cases in Fig. 9. For
the application to conventional memory system, it would
be expected the WER distribution biased to the left or
bell-shaped distribution with narrow width. On the other
hand, the WER distribution with wider width is applica-
ble for a hybrid memory system. We also note that the
difference between Figs. 9(a) and 9(c) results from the
value of σ . By reducing σ , the spread of the histogram
is significantly suppressed, with changing the shape of the
histogram.

B. Contribution of the standard deviation

In the previous section, it is found that the frequency
distribution of the WER significantly depends on the value
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FIG. 9. PDFs in the left column, CDFs in the middle column, and frequency distributions in the right column. Parameters for (a)
are set a = 13.73, b = 1.23, d = 1.564 × 10−4, i.e., c = −3.81, μ = 1.1, and σ = 0.11, corresponding, A = 0.166 and B = 1.182. In
(b), b = 1.45, i.e., B = 3.18. In (c), σ = 0.011, i.e., A = 1.66 × 10−3 and B = 11.8. The other parameters are the same in (a). In the
middle column, the points show a part of data that is prepared to draw the histogram shown in the right column. All histograms are
illustrated with 20 bins. In (c), the enlarged view is also shown.

of σ . The other parameters can contribute to the frequency
distribution of the WER. However, other parameters, such
as a, b, and c result from magnetization dynamics, i.e.,
the condition of the magnetization switching operation.
The operation condition is to be optimized for the aim of
applications. This implies that the most useful parameter
to control the frequency distribution is σ . In this section,
we focus on the contribution of σ .

First, we note that the upper limit of σ is required in
the range of Ku to ensure the perpendicularly magnetized
MTJs under the assumption of the normal distribution of
Ku. For example, if σ = 0.33 and μ = 1.1, the range of
“5-sigma” corresponds to −0.55 ≤ Ku ≤ 2.75. It reaches
Ku < 0, that is, in-plane magnetization state. If one would
like to prepare perpendicularly magnetized MTJs within
the range of 5-sigma, the upper limit of the variance is to
be σ = 0.22.

If the parameters a, b, c, and μ are fixed, the condition
Bmin < B is rewritten in terms of σ :

2
√

1 + 2A ln 10 <
b − μ

σ
. (23)

Solving the equation for σ with σ > 0, one obtains

σ =
√

−4 +
√

16 + 32a(ln 10)(b − μ)2

16a ln 10
≡ σth. (24)

Thus, one obtains σ < σth, instead of B > Bmin. Figure 10
shows σth as a function of b − μ with a = 13.73. The
crosses describe the parameter set of (b − μ, σ), as men-
tioned in Figs. 9(a)–9(c). When b − μ = 0.13, correspond-
ing to Figs. 9(a) and 9(c), σth = 0.059. The shaded area
corresponds to the shaded area in Fig. 6.
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FIG. 10. Curve of σth as a function of b − μ, given by Eq. (24).
The parameters are fixed as a = 13.73. The area under the line
satisfies B > Bmin, while the shaded area above the line satisfies
B < Bmin. The crosses with an alphabet indicate the set of the
parameters used in Fig. 9.

Finally, the analysis for the shape of the frequency dis-
tribution of the WER is presented. Figure 11 shows the
property for the distribution of the WER. The color bars in
each figure show the mean, standard deviation, skewness,
and kurtosis, respectively. They are the average values for
the ten trials with 1000 data obtained by the inverse trans-
form method. The value of (b − μ) changes to 0, 0.13
and from 0.25 to 0.55 with 0.1 steps. The value of σ

changes to 0.011, 0.03, 0.05, 0.07, 0.09, 0.11, and 0.22.
The other parameters are fixed: a = 13.73 and c = −3.81.
The dashed line shows σth given in Eq. (24). With increas-
ing b − μ, and also increasing σ , the mean of the WER
increases, as shown in Fig. 11(a). A similar behavior is
found on the standard deviation of the WER, as shown
in Fig. 11(b). Skewness shown in Fig. 11(c) and kurto-
sis shown in Fig. 11(d) describe the histogram’s shape.
If the skewness is positive, it indicates that the tail of the
histogram is on the right. Since the value of skewness at
(b − μ, σ) = (0.13, 0.11) is 1.96, the tail of the histogram
is on the right, as seen in Fig. 9(a). Conversely, since the
value of skewness at (0.35, 0.11) is 0.322, the histogram
shows almost symmetric shape, as shown in Fig. 9(b).
Since the value of skewness at (0.13, 0.011) is 0.282, as
shown in Fig. 9(c), the histogram of the WER has a bell
shape. Kurtosis describes whether the tail of the distri-
bution is heavy or light. In the definition adopted here,
kurtosis equals 0 for the normal distribution. If kurtosis is
positive, the histogram has heavier tails compared with the
normal distribution. If kurtosis is negative, the histogram
has lighter tails. The value of kurtosis at (0.13, 0.011)

corresponding to Fig. 9(c) is 0.11. We note that even if
b − μ = 0, that is, anisotropy constants for the axis of
symmetry of the parabola of the WER for a single memory
cell matches the value of the mean of the normal dis-
tribution of the anisotropy constant for VC MRAM, the
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FIG. 11. Property for the distribution of the WER on the
(b − μ)-σ plane. (a) Mean of data, (b) standard deviation, (c)
skewness, and (d) kurtosis. The dashed line shows σth, given by
Eq. (24).

frequency distribution of the WER shows skewed distri-
bution, which has the largest frequency at the smallest
WER, and not bell-shape distribution. Furthermore, even
if the distributions have similar means and standard devi-
ations, these shapes are not always similar. For example,
let us focus on the following two cases, at (0, 0.09), and
at (0.25, 0.011). The values of mean are 2.3 × 10−4 at
(0, 0.09), and 1.1 × 10−3 at (0.25, 0.011). The values of
standard deviation are 2.8 × 10−4 at (0, 0.09), and 2.0 ×
10−4 at (0.25, 0.011). Although these values are similar
to each other, the shapes of the frequency distribution of
the WER are different. The value of skewness is 2.97 at
(0, 0.09), where the tail of the histogram is on the right.
Conversely, the value of skewness is 0.17 at (0.25, 0.011),
where the histogram resembles a bell shape. These results
help us to design a specification depending on applica-
tions, for example, DRAM replacement or approximate
computing. For the application to conventional memory
system which is expected to replace DRAM, the WER
is expected to be uniform with low WER. It requires the
WER distribution with narrow width, i.e., positive kurto-
sis. It also requires that most of the memory cells have
low WER, i.e., 0 or positive skewness. On the other hand,
error permissive applications such as erroneous memory
and approximate computing loosens those requirements.
The WER distribution itself becomes more relevant.

VI. SUMMARY

In this study, the distribution of the WER of the
VC-MRAM owing to the manufacturing variation of Ku
is theoretically explored. An analytical expression for the
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PDF is obtained, and then analyzed to characterize the
shape of the PDF. The frequency distribution of the WER
is also obtained numerically. The shape of the frequency
distribution or histogram is completely different from the
normal distribution of material parameter Ku we assume,
and strongly depends on the operation conditions of the
VC MRAM and the variation of Ku. Nonvolatile memo-
ries, including the VC MRAM have the distribution of the
errors owing to the manufacturing variation. This study
ushers in a basic understanding for alternative design of
computing systems exploiting no or less error-corrected
memories.
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APPENDIX: MATHEMATICAL SUPPLEMENTS

1. Change-of-variable technique

Let X be a continuous random variable with a PDF
fX (x). A probability is obtained by integrating the PDF,

P(X ∈ A) =
∫

A
fX (x)dx, (A1)

where A denotes a possible set of X . The cumulative
distribution function of X is defined as

FX (x) = P(X ≤ x) =
∫ x

−∞
fX (z)dz, (A2)

if fX is continuous at x. Therefore, one can obtain

d
dx

FX (x) = fX (x). (A3)

Given a new variable Y = h(X ), let us consider the PDF
of Y, gY(y). The PDF can be obtained using Eq. (A3), such
that one should calculate P(Y ≤ y).

If h(x) is an increasing function,

P(Y ≤ y) = P[X ≤ h−1(y)]

=
∫ h−1(y)

−∞
fX (x)dx. (A4)

Therefore, one can obtain

gY(y) = fX
[
h−1(y)

]× d
dy

h−1(y). (A5)

Conversely, if h(x) is a decreasing function,

P(Y ≤ y) = P[h−1(y) ≤ X ]

= 1 − P[X ≤ h−1(y)]

= 1 −
∫ h−1(y)

−∞
fX (x)dx. (A6)

Therefore, one can obtain

gY(y) = −fX
[
h−1(y)

]× d
dy

h−1(y). (A7)

In the case of Eq. (10),

h−1(y) = z = B ±
√

ln(y/d)

A ln 10
, (A8)

where h−1(y) with the upper (lower) sign corresponds to
that in Eq. (A5) [Eq. (A7)], that is, for the range B < z
(z < B). Finally, one obtains

g(y) = 1
2

(
ln ȳ

A ln 10

)− 1
2 1

ȳAd ln 10
1√
2π

×
⎡

⎣e
− 1

2

(
B+
√

ln ȳ
A ln 10

)2

+ e
− 1

2

(
B−
√

ln ȳ
A ln 10

)2
⎤

⎦, (ȳ > 1)

(A9)

without the normalization constant.

2. Cumulative distribution function

A CDF is calculated from the definition:

F(x) =
∫ x

−∞
g(y)dy

=
∫ d

−∞
g(y)dy +

∫ x

d
g(y)dy

=
∫ x/d

1
g(ȳ)d × dȳ

=
∫ m1

0
g(m)d2m ln 10 × 10Am2

dm,

where m1 =
√

ln (x/d)

A ln 10 . Rearranging the equation, we obtain

F(x) = 1√
2π

∫ m1

0

[
e− 1

2 (m+B)2 + e− 1
2 (m−B)2

]
dm. (A10)

Introducing the Gauss error function:

erf(x) = 2√
π

∫ x

0
e−t2dt (A11)
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FIG. 12. Cumulative distribution functions given by Eq. (A12)
shown as the dashed line, and given by Eq. (22), as shown by the
solid (blue) line. The parameters are mentioned in the text.

and using the property erf(−x) = −erf(x), one obtains the
CDF,

F(x) = 1
2

[
erf
(

m1 + B√
2

)
+ erf

(
m1 − B√

2

)]
(A12)

without the normalization constant. The CDF is required to
reach 1 at x = 1, because the variable x implies the WER.
However, Eq. (A12) does not satisfy the requirement,
because y(z) is cut off above y ≥ 1, as shown in Fig. 4(a).
To satisfy the requirement on the CDF, a normalization
constant is derived from

N
∫ +∞

−∞
g(y)dy = 1. (A13)

Then, one obtains

N = 1
F(x = 1)

= 2

erf
(√

ln(1/d)

2A ln 10 + B√
2

)
+ erf

(√
ln(1/d)

2A ln 10 − B√
2

) .

(A14)

Figure 12 shows the CDFs. The dashed line shows Eq.
(A12), and the solid (blue) line shows Eq. (22). The param-
eters are set A = 0.363, B = 1.364, and d = 10−4 (a = 30,
b = 1.25, c = −4, μ = 1.1, and σ = 0.11) as an example.
By making the normalization constant, Eq. (22) reaches 1
at x = 1.

3. Analysis of histogram

As aforementioned, a set of data x = {x1, x2, , . . . , xn} is
obtained through the inverse transform method. The mean

for a set of data is defined as

x̄ = 1
n

n∑

i

xi. (A15)

The standard deviation is defined as

σ̄ =
√√√√1

n

n∑

i

(xi − x̄)2. (A16)

There are some definitions for skewness and kurtosis. The
following definition of skewness is used in this study:

skewness = μ3

μ
3/2
2

, (A17)

where μr denotes rth central moment defined as

μr = 1
n

n∑

i

(xi − x̄)r. (A18)

Note that μ2 is the variance, denoted by σ̄ 2. The following
definition of kurtosis is used in this study:

kurtosis = μ4

μ2
2

− 3, (A19)

which is equal to excess kurtosis. We note that to ana-
lyze the histogram of the WER with logarithmic scale,
skewness and kurtosis are calculated for the data of ln x =
{ln x1, ln x2, · · · , ln xn}.

Using ten different seeds to generate a set of random
variables from a uniform distribution, ten sets of data, x1,
x2, · · · , and x10, are obtained. The values of mean, stan-
dard deviation, skewness, and kurtosis are calculated for
each of the ten trials. The values for the average of ten
trials are then obtained and summarized in Fig. 11.
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