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Ferrite microwave circulators allow one to control the directional flow of microwave signals and
noise, and thus play a crucial role in present-day superconducting quantum technology. They are typ-
ically viewed as a black box, with their internal structure neither specified nor used as a quantum
resource. In this work, we show a low-loss waveguide circulator constructed with single-crystalline
yttrium iron garnet in a three-dimensional cavity, and analyze it as a multimode hybrid quantum sys-
tem with coupled photonic and magnonic excitations. We show the coherent coupling of its chiral
internal modes with integrated superconducting niobium cavities, and how this enables tunable non-
reciprocal interactions between the intracavity photons. We also probe experimentally the effective
non-Hermitian dynamics of this system and its effective nonreciprocal eigenmodes. The device plat-
form provides a test bed for implementing nonreciprocal interactions in open-system circuit QED.
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I. INTRODUCTION

Microwave circulators, typically composed of a trans-
mission line Y-junction with ferrite materials [1], are
ubiquitous in superconducting circuit QED experiments
[2]. They provide a crucial link in the readout chain
of superconducting quantum processors, by directing the
signal traffic while protecting the qubits and resonators
from thermal noise [3]. They also enable the interactions
between distinct quantum circuit modules to be nonrecip-
rocal [4,5], a feature which is important for eliminating
long-distance crosstalks in modular quantum computa-
tion architectures. Despite their importance, microwave
circulators are generally treated as broadband black-box
devices in experiments. Formulating a more microscopic
quantum description is often challenging, as their internal
modes involving the magnetic spin excitations (magnons)
are generally too lossy and complex to be analyzed using
canonical circuit quantization [6].

On the other hand, there has been growing interest
in studying and manipulating magnon excitations of fer-
romagnetic and ferrimagnetic materials in the quantum
regime [7,8]. In particular, the ferromagnetic resonance
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(FMR) mode of yttrium iron garnet (YIG), a ferrimag-
netic insulator with usage in commercial circulators, has
shown sufficiently high quality factor and coupling coop-
erativity with microwave cavities to function as a quantum
oscillator mode in strong-coupling circuit QED [9–11].
Notably, coherent coupling of magnons with a supercon-
ducting qubit [12] and single-shot detection of a single
magnon [13] have been demonstrated using a millimeter-
sized single-crystalline YIG sphere in a three-dimensional
(3D) cavity. Furthermore, there is a plausible pathway
towards planar superconducting-magnonic devices [14,15]
to connect circuit QED with spintronics technologies by
advancing fabrication techniques of low-damping YIG
films [16].

It would be interesting to harness these recent advances
in the study of quantum magnonics to revisit the design
of microwave circulators, potentially leading to alterna-
tive kinds of nonreciprocal devices in circuit QED. Our
work here describes a step in this direction. Here we
demonstrate a tunable nonreciprocal device based on the
waveguide circulator loaded with single-crystalline YIG,
which explicitly makes use of well-characterized hybrid
polariton modes. Such modes are the normal modes of
coupled magnon-photon systems [9–11,17,18], and have
an intrinsic chirality that is set by the magnetic field
[19–21]. While our device follows the same basic work-
ing principles underpinning textbook circulators [1,22],
detailed understanding of the internal modes allows us to
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incorporate the physical source of nonreciprocity in the
full description of a larger system including two external
superconducting cavities, using a non-Hermitian effective
Hamiltonian.

While our device can be configured to operate as a
traditional circulator for its nonreciprocal transmission of
traveling waves, the main focus of our study is to use the
device for mediating a tunable nonreciprocal interaction
between localized long-lived quantum modes. Such nonre-
ciprocal mode-mode couplings result in distinct signatures
in the eigenvalues and eigenvectors of the non-Hermitian
system Hamiltonian, which is relevant to the more general
study of non-Hermitian dynamics in contexts ranging from
classical optics to quantum condensed matter. Anomalous
properties of the eigenvalues and eigenvectors of a non-
Hermitian Hamiltonian have given rise to a number of
striking phenomena such as the existence of exceptional
points [23,24] and the non-Hermitian skin effect [25–27],
but direct experimental access to the underlying eigen-
modes is often difficult. In this study, we provide com-
prehensive characterization of the eigenmode structure,
which is a step towards effective Hamiltonian engineering
of nonreciprocal non-Hermitian systems.

The most tantalizing usage of nonreciprocity in quantum
systems (such as entanglement stabilization using direc-
tional interactions in chiral quantum optics setups [28,29])
require extremely high-quality devices. In particular, they
must approach the pristine limit where undesirable inter-
nal loss rates are negligible compared to the nonreciprocal
coupling rates. While many experiments have focused on
various avenues of achieving nonreciprocity [30–36], this
loss-to-coupling ratio, which can be understood as the
quantum efficiency of the nonreciprocal interactions, has
been typically limited to approximately 10% (approxi-
mately 0.5 dB) or more, which is comparable to the linear
insertion loss of typical commercial circulators as mea-
sured in modular circuit QED experiments [4,5]. This per-
formance lags far behind the quality of unitary operations
between reciprocally coupled quantum components (i.e.,
two-qubit gate infidelity < 1%). Our approach provides
a route for transcending this limitation on the quantum
efficiency of nonreciprocal interactions.

The results of our study have implications in several
areas. (1) In the context of quantum magnonics, we present
a study of polariton modes with a partially magnetized
ferrite material, which features a high quality factor and
low operating field, both of which are crucial for con-
structing superconducting-magnonic devices. (2) In the
context of modular superconducting quantum computing,
we demonstrate a circulator with internal loss well below
1% of the coupling bandwidth, which would enable high-
fidelity directional quantum state transfer. (3) Relating to
general non-Hermitian physics, we demonstrate an experi-
mental probe of the nonreciprocal eigenvector composition
of a non-Hermitian system. Combining these advances,

we have established an experimental platform that meets
the conditions for future study of nonlinear nonreciprocal
interactions with superconducting qubits.

II. EXPERIMENTAL SETUP

Our experimental setup is shown in Fig. 1(a). Three
rounded-rectangular waveguides, each with a cross section
of 21.0 × 4.0 mm2, placed 120◦ away from each other,
intersect to form the body of the circulator. A φ-(5.58 ×
5.0 mm2) single-crystalline YIG cylinder is placed at the
center of the Y-junction, with external magnetic fields
applied along its height (the z axis and the [111] orienta-
tion of the YIG crystal). At the end of the three waveg-
uide sections, we can either attach impedance-matched
waveguide-to-SMA transitions (IMT) to perform standard
characterization of the circulator (as in Sec. IV), or attach
weakly coupled probe (WCP) pins to explore the internal
modes of this YIG-loaded Y-shaped cavity (as in Sec. III).
The use of reconfigurable probes in the same waveguide
package allows us to infer the operation condition and
the performance of the circulator from the properties of
the internal modes. Furthermore, the copper waveguide
sections can be replaced by superconducting niobium cav-
ities, with details to be described in Sec. V and Fig. 5.

(b)

297 K

VNA

Y

X
Z

IMT WCP

4 K

800 mK

20 mK

HEMT

(a)

FIG. 1. Device and measurement setup. (a) A YIG cylin-
der (black) is placed at the center of the intersection of three
rounded-rectangular waveguides placed 120◦ away from each
other. The light gray region is vacuum inside an oxygen-free
copper enclosure. The device can be assembled in two differ-
ent configurations. First, a drum-head-shaped transition pin can
be attached at the end of each waveguide section to form an
impedance matched waveguide-to-SMA transition (IMT). Alter-
natively, a short weakly coupled probe (WCP) can be attached
to each waveguide section to explore the internal modes of the
device. (b) The device is mounted to a mezzanine plate that is
thermalized to the mixing chamber of a dilution refrigerator, and
is positioned at the center of a superconducting solenoid mag-
net that operates at 4 K. The device is connected to three input
cables (with attenuators as marked) and two output amplifier
lines (with directional couplers splitting signals) for S-parameter
measurements using a vector network analyzer (VNA).
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This modular substitution introduces additional external
high-Q modes to the system, and understanding the result-
ing Hamiltonian and the hybridized mode structure of the
full system will be a step towards the study of pristine
nonreciprocal interactions in circuit QED.

The device package is thermalized to the mixing cham-
ber plate (approximately 20 mK) of a Bluefors LD-250
dilution refrigerator inside the φ-100 mm bore of a 1 T
superconducting magnet that applies magnetic field along
the z axis [Fig. 1(b)]. A vector network analyzer is used to
measure the complex microwave transmission coefficients
Sij (from port j to port i, where i, j = 1, 2, 3) of the device
in series with a chain of attenuators, filters, and amplifiers
as in typical circuit QED experiments. A magnetic shield
made of a steel sheet is placed outside the bottom half of
the refrigerator, and all data are acquired under the per-
sistent mode of the superconducting magnet to minimize
magnetic field fluctuations.

III. INTERNAL MODE STRUCTURE

We begin by discussing the internal mode structure of
the device, as probed by S21 as a function of applied
magnetic field B when the device is installed with WCP
[Fig. 2(a)]. A series of electromagnetic modes (relatively
field independent) are observed to undergo large avoided
crossings with a cluster of magnon modes of the YIG crys-
tal, forming photon-magnon polariton modes. The magnon
mode most strongly coupled to photons is known to corre-
spond to near-uniform precession of YIG spins, or the Kit-
tel mode of FMR, whose frequency increases linearly with
magnetic field: ωm = γ [B + μ0(Nx,y − Nz)Ms] ≈ γB, as
marked by the dashed line in Fig. 2(a). Here γ is the gyro-
magnetic ratio, and the (volume-averaged) demagnetizing
factors Nx,y,z in a magnetic saturated state are very close to
1/3 for the aspect ratio of our YIG cylinder [37]. These

avoided crossings are similar to previous experiments
showing strong photon-magnon coupling [10,11], but due
to the much larger size of the YIG in our experiment, a
large cluster of higher-order magnetostatic modes, most
of which have slightly higher frequency than the Kittel
mode [38,39], also coherently interact with the microwave
photons, contributing to the complex transmission spec-
tra in the vicinity of the crossings. Nevertheless, to have
a coarse estimate of the photon-magnon coupling strength,
it is convenient to model each observed spectral line far
away from the crossing region as a bare electromagnetic
mode with frequency ωc/2π hybridized with a single com-
bined magnon mode. The implied coupling strengths g/2π
(in the cavity QED convention) are about 1.2 and 2.1
GHz for the two modes of particular interest to this study
[blue and red in Fig. 2(a)], placing the mode hybridiza-
tion in the ultrastrong coupling regime (see, e.g., Ref. [40])
with g/(ωc + ωm) ∼ 10%. Even at B = 0, with a photon-
magnon detuning of � = ωc − ωm ≈ 2π × 10 GHz, the
participation of magnon excitations in the photon branch
of the polariton modes remains quite substantial.

Using finite-element simulations (Ansys HFSS,
Appendix A), we identify that the five polariton modes
in the frequency range 8–12 GHz at B = 0 include two
nearly degenerate mode pairs with twofold symmetry and
another mode with threefold symmetry. Electric field dis-
tributions of each of the modes are illustrated in Fig. 2(b).
Each degenerate mode pair can be understood using a
basis of standing-wave modes polarized along the x or y
direction. The application of a magnetic field lifts this x-y
degeneracy, as the mode pair forms clockwise and counter-
clockwise rotating eigenmodes with a frequency splitting
[19–21].

Prior use of these chiral polariton mode pairs have
been in the magnetically saturated regime [19–21]. Here
we focus on the low-field regime (|B| < 0.05 mT) where
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FIG. 2. Internal mode spectrum of the device. (a) VNA transmission measurement S21 of the multimode photon-magnon hybrid
system formed in the waveguide circulator package with WCP. The blue (red) dashed line plots the frequency of the clockwise
(counterclockwise) mode from a simplified two-mode model of photon-magnon avoided crossing with g/2π = 1.3 GHz (2.1 GHz) to
compare with an observed spectral line. (b) The right panel shows a finer sweep of S21 in the low-field regime. The mode frequencies
differ slightly from (a) since the data was acquired after some modifications to the device packaging (a piece of Teflon spacer at the
top of the YIG cylinder is removed). The left panel shows the electromagnetic mode structures of the eigenmode solutions from our
HFSS simulation for the WCP with good frequency agreement to the experimental data (see Fig. 8 in Appendix A). The color scale
from red to blue represents electric field strength from high to low on the log scale. The pair of modes around 11 GHz are connected
to the circulating modes of the loaded circulator and (c) shows their linewidths.
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the approximately linear increase of frequency splitting
between the mode pair reflects increasing magnetization of
YIG under increasing applied magnetic field. After imple-
menting demagnetization training cycles to suppress a rel-
atively small hysteretic effect throughout our experiments,
we expect an approximately linear magnetization curve
(M -H ) for YIG until it approaches magnetic saturation. In
the limit of high permeability μ � μ0 (with μ0 being the
vacuum permeability), we have M = B/μ0Nz (note that
B is the applied magnetic field strength) and Nz ≈ 0.285
is the z-direction demagnetizing factor when the YIG is
significantly below magnetic saturation [37]. Saturation
magnetization Ms = 2440 Oe [41] of YIG is approached
on the scale of B ∼ μ0NzMs ≈ 70 mT, which agrees with
the changing curvature of the mode-splitting spectra.

On the other hand, in the completely demagnetized
state (M = 0) at zero field, the system is expected to sat-
isfy macroscopic time-reversal symmetry. As supported
by numerical simulations, the x-y mode pairs should be
in principle exactly degenerate since both the Y-junction
geometry and the [111] YIG crystal has threefold rotational
symmetry around the z axis. However, appreciable zero-
field splitting is observed experimentally. We attribute
this splitting to some anisotropy in the x-y plane break-
ing this symmetry and allowing a preferred magnetization
axis of the YIG at zero field. Some possible explana-
tions for this anisotropy are a small visible damage to
our YIG crystal on one edge or possible imperfections
in eccentricity and alignment. If the magnetic domains
of unsaturated YIG preferentially align with one in-plane
axis compared to its orthogonal axis within the x-y plane,
this anisotropy would result in a relative frequency shift
between the standing-wave modes along the in-plane easy
and hard axes. This anisotropy-induced frequency shift ±β
for the x and y modes can be modeled in numerical sim-
ulations employing a permeability tensor of unsaturated
ferromagnets [42,43] with a certain anisotropic assump-
tion, which can plausibly explain the data (Appendix A).
As B increases, we expect β to decay towards 0 when the
magnetic domains are increasingly aligned towards the z
direction, thus making any x-y plane energetic preference
of negligible effect. We model this decay with a thermody-
namic toy model (Appendix B) whose details do not affect
the conclusions of this study.

For the rest of this article, we focus on the pair of polari-
ton modes near 11 GHz in Fig. 2(b), and refer to them
as “the circulator modes” for reasons that will become
apparent. We can model their frequencies in the partially
magnetized regime (|B| < 50 mT) using a phenomenologi-
cal model accounting for the degeneracy-lifting anisotropy
and the field-dependent magnetization of YIG. Let the
zero-field frequencies of the x and y modes be ωx = ωy
if the device had perfect threefold symmetry, let β and
θ/2 be the degenerancy lifting caused by the magnitude
of anisotrophy and the direction of the in-plane anisotropy

axis (relative to the x axis), and let the off-diagonal imag-
inary coupling term ±ikB be the magnetic-field-induced
degeneracy lifting, linearly increasing with a real coeffi-
cient k. We use the following Hamiltonian to characterize
the pair of circulator modes in the basis of x and y mode
amplitudes:

H/� =
(
ωx + β cos θ + mB2 β sin θ + ikB

β sin θ − ikB ωy − β cos θ + mB2

)
.

(1)

This effective model of the polariton modes has absorbed
the magnon contributions in the regime where they
have been adiabatically eliminated. The formation of
clockwise and counterclockwise eigenmodes is due to
magnon-mediated interactions modeled by ±ikB. The level
repulsion from the far-detuned magnon modes is approx-
imated by a small quadratic shift in frequency mB2.
The quadratic dependence is empirically chosen because
the sum of the mode frequencies over field displayed a
roughly quadratic relationship with B over the plotted
field range. By fitting the mode spectrum in Fig. 2(b),
we obtain ωx/2π = ωy/2π = 11.054 GHz, k/2π = 9.82
GHz/T, m/2π = 50 GHz/T2, β/2π = 139 MHz.

It is well known that the FMR modes of partially magne-
tized ferrimagnetic insulators, where the magnetic domains
are not aligned in equilibrium, have large damping. There-
fore, one may expect broad linewidths for photon-magnon
polariton modes below magnetic saturation. Indeed, we
have observed linewidths exceeding 100 MHz for another
polariton mode at 5 GHz at B < 50 mT (not shown). Sur-
prisingly, the polariton modes at higher frequency display
narrow linewidths, κi ≈ 2 MHz for the pair of circulator
modes [Fig. 2(c)], which corresponds to quality factors on
par with some circuit QED elements such as the readout
resonators. The narrow internal linewidth of the circula-
tor modes is crucial for constructing a low-loss circulator
and eventually achieving high quantum efficiency of non-
reciprocal interactions in circuit QED. It is primarily aided
by the use of single-crystalline YIG and the relatively low
magnon participation in the circulator modes compared to
commercial circulators. The observed κi may be limited by
either the spin relaxation in YIG or the ohmic loss in cop-
per. The former remains to be investigated in this partially
magnetized regime, and the latter may be further reduced
through better surface treatment or the use of supercon-
ducting materials in low-field regions of the waveguide
package.

IV. CIRCULATOR CHARACTERIZATION

The device acts as a circulator when the end of each
waveguide section is in IMT rather than WCP with an
applied magnetic field in the ẑ direction. In this configura-
tion, the linewidths of all internal modes are substantially
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FIG. 3. Illustration of the circulator working principle and low-temperature characterization of the nonreciprocity. In the circulator
package with IMT, the frequency splitting of clockwise and counterclockwise rotating modes as shown in (a) can be tuned such that the
phase of the modes are π/6 and −π/6, as shown in (b). This then produces a node at the upper port, thereby preventing any signal from
leaving there at all times where ωt = 0 and ωt = π/4 are shown pictorially in (c). (d),(e) Measured microwave transmission (d) |S12|
and (e) |S21| spectra as a function of the magnetic field B. (f)–(i) The isolation performance: (f) I12 = |S12/S21|, (h) I21 = |S21/S12|,
(g) I23 = |S23/S32|, (i) I13 = |S13/S31|. We obtain S21 by measuring the S12 at –B, which provides a self-calibrated way to determine
the isolation of the circulator.

broadened, forming a transmission continuum in the mea-
surement, as shown in Figs. 3(d) and 3(e) for |S12| and
|S21|. Nevertheless, the operating condition of the circu-
lator can be conceptually understood as having a pair of
counterpropagating internal modes with their magnetic-
field-induced splitting (δ) satisfying the relationship δ =
2κc/

√
3 versus their half linewidths (κc) [22]. As illus-

trated in Figs. 3(a)–3(c), when driven at a frequency in the
middle of the two resonances, the two circulator modes
are excited with equal amplitude and a phase shift of
±π/6 relative to the drive. The resultant standing-wave
pattern forms a node at the isolation port of the circula-
tor. This condition can be satisfied by choosing the correct
combination of frequency and magnetic field.

We characterize the nonreciprocity of the circulator by
the isolation ratio I12 = |S12/S21|, which may be com-
puted from Figs. 3(d) and 3(e). However, since S12 and
S21 are measured through different cables and amplifier
chains [Fig. 1(b)], it is challenging to calibrate their abso-
lute values precisely. A much better self-calibrated tech-
nique to extract the isolation ratio in our system is to
use the Onsager-Casimir relation [44], S21(B) = S12(−B),
resulting from the microscopic time reversal symmetry.
Therefore, we use I12 = |S12(B)/S12(−B)| to determine
the isolation ratio of the circulator, as shown in Fig. 3(f),
with the (field-independent) contribution from same trans-
mission chain canceled out. The result indicates that the
circulator working condition is met for the pair of coun-
terpropagating modes at approximately 11.2 GHz with an
external field of approximately 0.022 T. We see ≥ 20 dB
of isolation over a bandwidth of about 250 MHz, with
maximum isolation of at least 35 dB.

The same analysis on S21 data yields the same isola-
tion property [Fig. 3(h)] as expected. Similarly, I23 and
I13 are measured as in Figs. 3(g) and 3(i), each showing a
slightly different working field and frequency (possibly due

to imperfections of the device geometry) but similar isola-
tion magnitude and bandwidth. These data are measured
at an estimated circulating photon number on the order
of tens, but when we lower the power to below single-
photon level, the isolation property does not show notable
changes.

An important motivation of our work is to ultimately
implement pristine nonreciprocal interactions between
superconducting qubits or cavities. It is crucial to mini-
mize the ratio between the undesirable internal dissipation
(κi) and the external bath coupling (κc) that enables nonre-
ciprocity. In the case of a circulator, this ratio sets the limit
for the circulator’s microwave insertion loss L21 [1,22]:

L21 = 1 − |S21|2 ≥ 1 − |S21|2 − |S11|2 − |S31|2 ≈ κi

κc
.

(2)

This lower limit is obtained in principle when the circu-
lator has perfect impedance matching (S11 = 0) and isola-
tion ratio (S31 = 0). Typical commercial ferrite circulators
used in circuit QED experiments have shown insertion
loss around 10% [4,5], which is dominated by internal
loss. Experimental Josephson circulators so far have also
reported insertion loss of −0.5 dB (11%) or higher [30,31].
The lowest quoted insertion loss for a commercially listed
waveguide circulator is −0.1 dB (or 2.2%), but that is
untested in the quantum regime. In order for the quantum
efficiency of a nonreciprocal two-qubit interaction channel
to match the fidelity of state-of-the-art two-qubit opera-
tions, the insertion loss would need to be improved to the
subpercent level.

It is an open challenge to calibrate the insertion loss
of a microwave component in a dilution refrigerator with
a precision better than 1%. Even using specialized thru-
reflect-line calibration components and well-characterized
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FIG. 4. Characterization of the internal loss of the circulator at
room temperature. (a) Linewidths of the pair of circulator modes
measured at room temperature. (b) Transmission S21 and reflec-
tion S11 near the maximum isolation regime of the circulator,
measured at B = 24.8 mT (top panel) and the internal loss of the
circulator calculated from it (bottom panel) at room temperature.

cryogenic switches, the resultant precision would still be
limited to about 0.1 dB (or 2.3%) [45]. In order to infer
the loss of our circulator at 20 mK, we measure its S
parameters at room temperature after a careful calibration
procedure that uses attenuators in series to suppress stand-
ing waves. We find a conservative upper bound for room-
temperature internal loss of ≤ 1 − |S21|2 − |S11|2 ≈ 2%, as
shown in Fig. 4(b). Assuming that κc does not change as a
function of temperature, comparing the intrinsic linewidth
of the circulator mode pair at room temperature versus 20
mK would inform the internal loss at 20 mK. The intrin-
sic linewidths, measured in WCP, are 4.1 and 6.3 MHz
at room temperature [Fig. 4(a)] and 1.8 and 2.2 MHz
at low temperature [Fig. 2(c)], indicating that κc � 260
MHz and κi/κc � 0.8%. If we instead use the relation of
κc = √

3δ/2, which yields κc in the range from 430 to 550
MHz (and data in Sec. V would further suggest κc at the

high end of this range), or κi/κc ≈ 0.4%. Further improve-
ment of the circulator bandwidth and the coupling ratio
can be achieved by applying impedance transformation
techniques to increase κc [46].

Translating this small internal loss ratio to a subpercent
insertion loss for a circulator as a peripheral transmission-
line device would further require excellent impedance
matching. However, we emphasize that this requirement
is not fundamental if the circulator is modeled as part of
the quantum system itself mediating interactions between
other quantum resonance modes. Unlike most ferrite cir-
culators, our device operates in the regime of partial
magnetization for YIG. It only requires a moderate exter-
nal magnetic field that is significantly below the critical
field of a variety of superconducting materials. This allows
for 3D integration of superconducting niobium cavities
and shielded transmon qubits for studying circuit QED
with nonreciprocal interactions. In the following section,
we demonstrate direct coupling of two external super-
conducting cavity modes with the circulator modes and
analyze the resultant nonreciprocal hybrid system as a
whole.

V. TUNING NONRECIPROCITY OF THE
EIGENMODE STRUCTURE

We integrate superconducting cavities with the ferrite
device by replacing the rectangular waveguide exten-
sions with superconducting 3D cavities made of niobium
[Fig. 5(a)]. Two cavities, attached at ports 1 and 2, are
tuned to have resonance frequencies close to each other,
ω1 ≈ ω2 ∼ 10.8 GHz, both of which are within the band-
width of the circulator. Each cavity is coupled to the central
Y-junction via a coupling aperture. As a result, the cir-
culator modes will mediate an interaction between these
two external cavities. Crucially, this circulator-mediated
interaction can have both coherent and dissipative aspects,

x

Circulation 
Direction at 
Positive Field

Niobium 

Cavity 1

Niobium 
Cavity 2

Input port 1 Input port 2

YIG Cylinder

Copper Waveguide
Output Port 3

(c)(b)(a)

FIG. 5. Waveguide circulator-cavity integration. (a) The photo image, (b) a schematic top-down view, and (c) a diagrammatic
illustration of the effective Hamiltonian [see Eq. (4); for clarity, the β and mB2 terms have been neglected in the illustration] of our
integrated nonreciprocal device. It is composed of a Cu waveguide Y-junction loaded with a YIG cylinder, two Nb cavity segments
with weakly coupled drive ports (ports 1 and 2), and an output port with IMT (port 3). For each cavity, the sidewall closest to the
copper Y-junction is formed by a standalone niobium plate in the assembly [enclosed in blue in (a)], which contains a 5-mm-diameter
aperture to create an evanescent coupling between the superconducting cavity mode and the circulator modes. One of the cavities is
loaded with a transmon qubit [marked with a cross in (b)] that stays unused in its ground state in this study.
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FIG. 6. Spectroscopy of the hybridized nonreciprocal modes of a circulator-cavity system. (a) VNA transmission measurement
and (b) model prediction of the |S31| frequency spectrum over external magnetic field B. Remaining panels show magnetic field
dependence of the system’s eigenmodes and wavefunctions: (c) eigenmode linewidths κn/2π , (d) eigenmode frequencies ωn/2π , (e)
amplitude parameter An [cf. Eq. (3)], and (f) amplitude ratio [cf. Eq. (8)] of experimental data (dots) from two-mode Lorentzian fit
[Eq. (3)] and theory predictions (dashed lines). The symmetry of κn and ωn (i.e., complex eigenenergy of the hybrid system) with
respect to B exemplifies the microscopic time-reversal symmetry of the non-Hermitian system. The nonreciprocity is reflected in
the difference in An at ±B, which reveals the asymmetry between left and right eigenvector structure [cf. Eq. (8)]. The effective
Hamiltonian parameters from the fit are: ω1/2π = 10.8104 GHz, ω2/2π = 10.8040 GHz, ωx/2π = 10.707 GHz, ωy/2π = 10.813
GHz, θ = 37.7◦, κ3/2π = 730 MHz, gx/2π = 9.0 + 0.011β MHz, gy/2π = 5.0 + 0.006β MHz with β/2π = 139 MHz at B = 0 and
decays with |B|.

and can be nonreciprocal. The degree and the direction of
nonreciprocity of the coupling can be tuned via the exter-
nal magnetic field. Note that port 3 remains impedance
matched to a transmission line. This is also essential: it
serves as the dominant dissipative bath that is necessary
for achieving nonreciprocal intermode interactions [47].

To probe the hybridized mode structure of the compos-
ite system, we measure S31 from a weakly coupled drive
port on cavity 1 to port 3. The measured amplitude of S31
as a function of magnetic field and frequency is shown in
Fig. 6(a). There are a total of four bare oscillator modes
in the vicinity (within 0.5 GHz) of the frequency range of
interest: two superconducting cavity modes and two inter-
nal circulator modes. Since the loaded circulator modes
with very broad linewidths (> 100 MHz) are difficult to
observe in the presence of the standing-wave background
of the coaxial cables, this spectroscopy measurement pri-
marily reveals the eigenmodes that are localized in the
external superconducting cavities. Indeed, at |B| > 0.03 T,
the spectrum shows two sharp resonances that we identify

as the bare cavity modes to a good approximation. At lower
fields, the cavities appear to more strongly hybridize with
each other and with the lossy circulator modes, but the
spectrum can nonetheless be captured relatively well by
the sum of two Lorentzian modes a and b:

S31 = Aaeiφa

−i(ω − ωa)− κa/2
+ Abeiφb

−i(ω − ωb)− κb/2
. (3)

By fitting the spectrum to Eq. (3), we can extract the
linewidth (κi), frequency (ωi), and amplitude (Ai) of the
two Lorentzians at each magnetic field, as plotted in
Figs. 6(c)–6(e).

The magnetic field dependence of the two prominent
Lorentzians can be connected to the eigenmode solu-
tions of an effective Hamiltonian model of the system.
We describe the system using the following 4 × 4 non-
Hermitian matrix, written in the basis of the ampli-
tudes of the two cavity modes and the two circulator
modes:

Heff

�
=

⎛
⎜⎜⎝
ω1 − iκ1/2 0 gy gx

0 ω2 − iκ2/2 gy −gx
gy gy ωy − β cos θ + mB2 − iκ3/2 β sin θ − ikB
gx −gx β sin θ + ikB ωx + β cos θ + mB2

⎞
⎟⎟⎠ . (4)
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The two niobium cavities have bare frequencies ω1, ω2,
and input coupling rates of κ1 and κ2. The bottom right
block of Eq. (4) describes the two circulator modes, with
their anisotropy dependence and imaginary coupling due
to magnon hybridization following the same description as
in Eq. (1). The zero-field frequencies of the two circulator
modes ωx, ωy are no longer equal since the device is no
longer threefold symmetric. The y mode with frequency ωy
is symmetric with respect to the y axis, and therefore has an
equal and in-phase coupling rate gy with the two cavities. It
rapidly leaks to the waveguide output port 3, with a decay
rate κ3 � κ1, κ2, gx, gy . The rate κ3 is related to κc of the
loaded circulator as in Sec. IV by κ3 = 4κc/3. The x mode
is antisymmetric with respect to the y axis, preventing it
from coupling to the output port. This also leads to a 180◦
phase difference in cavity coupling as accounted for by the
negative sign on two of the gx parameters.

This effective non-Hermitian Hamiltonian can be diago-
nalized as

Heff =
∑

n

�ωn |nR〉 〈nL| , (5)

where n = a, b, c, d are the eigenmode indices of the sys-
tem, ωn the complex eigenfrequencies, and |nR〉 and |nL〉
the right and left eigenvectors of the non-Hermitian Hamil-
tonian, defined as Heff |nR〉 = �ωn |nR〉 and H †

eff |nL〉 =
�ω∗

n |nL〉. The scattering matrix element Sij from port j
to port i can be generally derived from the input-output
theory relation Sij = δij − i√κiκj GR

ij (ω), where the 4 × 4
retarded matrix Green’s function is defined as GR(ω) =
(ω − Heff)

−1, and κi and κj are the output and input cou-
pling rates, respectively. Applying this formalism to the
S31 measurement of our device, we arrive at the fol-
lowing Lorentzian spectral decomposition to describe the
spectrum:

S31(ω) =
∑

n

−i
√
κ1κ3 〈y| |nR〉 〈nL| |1〉

ω − ωn
. (6)

Here the real and imaginary parts of the eigenfrequency ωn
correspond to the observed Lorentzian frequencies and half
linewidths, respectively. The amplitudes of the Lorentzians
are proportional to the product of the left eigenvector over-
lap with the bare cavity mode |1〉 and the right eigenvector
overlap with the output circulator mode |y〉.

By fitting the extracted Lorentzian parameters of the two
prominent eigenmodes in Figs. 6(c)–6(e) to the predictions
of the 4 × 4 Hamiltonian model across all fields [Eq. (4)],
we can determine all the free Hamiltonian parameters in
this model. This includes κ3 = 730 MHz, implying that
κc = 550 MHz for the loaded circulator, consistent with
(and at the high end of) the estimates in Sec. IV. Some-
what surprisingly, the experimental data strongly suggest
that the cavity-circulator coupling rates gx and gy must be

magnetic field dependent. (For example, it heavily con-
strains that gx/2π > 16 MHz near B = 0 and gx/2π < 12
MHz at |B| > 30 mT.) We attribute this varying coupling
to the change in electromagnetic field distribution of the x
and y modes around the coupling aperture due to the x-y
anisotropy of YIG. Assuming that gx and gy contain a con-
tribution proportional to β(B) with the same decay shape
over applied field, the effective Hamiltonian model fits the
Lorentzian parameters quite well and also reproduces the
overall transmission spectrum [Fig. 6(b)].

The eigenmode features of the system can be understood
intuitively by considering first the intermixing of the x, y
circulator modes (i.e., diagonalization of the lower right
block of Heff) and then their mixing with the two cavity
modes. At B = 0, the circulator modes are relatively close
in frequency to the bare cavities, resulting in strong four-
mode hybridization and substantial linewidth broadening
and frequency shift to mode a. As B increases, the block-
diagonalized circulator modes split further in frequency
in response to increasing magnetization of YIG [analo-
gous to the unloaded internal mode spectrum in Fig. 2(b)],
and become more detuned from the bare cavities, so the
cavity-circulator hybridization is continuously reduced.
This is reflected in the eventual flattening of the frequency
and linewidth of the observed Lorentzians at high fields.

In our device, opposite magnetic fields produce oppo-
site directions of nonreciprocity; hence, the transmission
spectra observed at ±B in Fig. 6(a) are markedly dif-
ferent. Interestingly, the extracted data in Figs. 6(c) and
6(d) show that the underlying eigenmode frequency and
linewidths at ±B are equal, unchanged under the map-
ping P of B :�→ −B. This is no coincidence, but is
rather the direct consequence of microscopic symmetry
requirements. Recall again that the Onsager-Casimir rela-
tion [44] requires that the full scattering matrix S satisfy
S(−B) = S�(B). As S is however directly determined by
our non-Hermitian Hamiltonian, this necessarily implies
that Heff(−B) = H�

eff(B). This in turn implies that the com-
plex eigenvalues of Heff are unchanged under P . Note that
the operation P is not just a simple time-reversal opera-
tion, as it does not involve transforming loss to gain (and
vice versa). This property of Heff can be easily seen to hold
for our specific model in Eq. (4). Nonetheless, we empha-
size that our experimental observation here of eigenvalue
invariance under the mapping P is a demonstration of a
general physical property; it is by no means contingent on
the specifics of our model.

While the eigenvalues of Heff do not directly reflect the
nonreciprocal physics of our system, the same is not true
of its eigenvectors. As it involves matrix transposition, the
operation P exchanges the left and right eigenvectors of
the effective Hamiltonian: |nR(B)〉 = |nL(−B)〉∗. A defin-
ing feature of a nonreciprocal Hamiltonian is that the left
and right eigenvectors generally differ in their spatial struc-
tures (i.e., they look very different when expressed in a
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basis of bare modes):

Ri,n = | 〈nL| |i〉 |
| 〈i| |nR〉 | �= 1. (7)

As has been discussed elsewhere [48,49], the Ri,n charac-
terizes a fundamental asymmetry in the response of our
system. The numerator characterizes the susceptibility of
the eigenmode n to a perturbation or excitation entering
from bare mode i. In contrast, the denominator tells us
the amplitude on bare mode i that would result given that
the system eigenmode n is excited. In a Hermitian sys-
tem these quantities are necessarily identical, expressing a
fundamental kind of reciprocity between susceptibility and
response. In our non-Hermitian system, the nonunity ratio
here reflects the effective nonreciprocity of the intermode
interactions.

This nonreciprocal eigenvector structure is experimen-
tally verified by the asymmetry of the Lorentzian ampli-
tudes with respect to B in Fig. 6(e),

An(B)
An(−B)

=
∣∣∣∣ 〈nL| |1〉
〈1| |nR〉

〈y| |nR〉
〈nL| |y〉

∣∣∣∣ = R1,n

Ry,n
. (8)

We plot this ratio in Fig. 6(f). For our device, a calculation
based on Eq. (4) shows that Ry,n ≈ 1 for most of the field
range (near zero field and |B| � 15 mT), allowing Fig. 6(f)
to be understood as a measurement of the nonreciprocity
ratio R1,n, in this field range, showing the role of cavity
1 in the two prominent eigenmodes of the system. In par-
ticular, the most pronounced asymmetry is observed near
the optimal working point of the circulator (B = ±28 mT)
for mode b, which can leak through cavity 1 but cannot be
excited from cavity 1 or vice versa, as expected for a mode
dominated by photons in cavity 2.

It is also interesting to discuss our system in the context
of general systems exhibiting nonreciprocal interactions
between constituent parts. Such systems are commonly
described by phenomenological non-Hermitian Hamilto-
nian matrices H , whose matrix elements in a local basis
encode interactions with directionality: |Hij | �= |Hji|. A
prominent example is the Hatano-Nelson model [25] of
asymmetric tunneling on a lattice. In our case, we have
a microscopically motivated model that is fully consis-
tent with the requirements of microscopic reversibility, but
which encodes nonreciprocity. As shown in Appendix C,
one can adiabatically eliminate the internal circulator
modes from our system to obtain an effective two-mode
non-Hermitian Hamiltonian that describes the external
cavity modes and their circulator-mediated interaction:

H ′
eff

�
=

(
ω1,eff − iκ1,eff/2 H12

H21 ω2,eff − iκ2,eff/2

)
. (9)

The field-tunable nonreciprocity can be seen in the asym-
metry of the off-diagonal coupling values H12 and H21
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FIG. 7. Mediated nonreciprocal coupling rates between the
external superconducting cavities. Red curves show the off-
diagonal coupling terms in the effective two-mode Hamiltonian
[cf. Eq.(9)], |H12| and |H21|, as a function of magnetic field, and
blue shows r = √|H21|/|H12|.

based on the model, as plotted in Fig. 7. We note that the
scale of H12 and H21 of a few megahertz (which can be
increased by using a larger coupling hole) is much larger
than the achievable internal loss of the superconducting
cavities, making the nonreciprocal coupling the dominant
interaction.

Furthermore, this reduced Hamiltonian and its eigen-
vectors can be mapped to a reciprocal Hamiltonian and
associated eigenvectors using a similarity transformation
S(r), where

√|H21|/|H12| ≡ r, as outlined in Appendix C.
The similarity transform effectively localizes the mode par-
ticipation on the lattice site in the direction of stronger
coupling more than would be expected in the recipro-
cal case, causing the amplitude ratios (Ri,n) to deviate
from 1, which can be viewed as a consequence of the
non-Hermitian skin effect on a two-site Hatano-Nelson lat-
tice [26]. Furthermore,the similarity transformation can be
used to explain the qualitative behavior of the disparate
amplitude ratios seen in Fig. 6(f). In particular, for B � 20
mT, we have R1,a ≈ 1 and R1,b ≈ r2 (see Appendix C for
details).

VI. OUTLOOK

In this work, we have revisited the working principles
of a Y-junction ferrite circulator [22], a microwave engi-
neering classic from the 1960s, in the context of hybrid
quantum systems and non-Hermitian Hamiltonians. The
use of reconfigurable probes and single-crystalline YIG in
a low-loss waveguide package allows us to connect the
properties of the photon-magnon polaritons to the circu-
lator performance. We have further leveraged our direct
access to the internal modes and our ability to tune their
coupling in situ to construct a multimode chiral system
and unambiguously reveal its nonreciprocal eigenvector
structure. An understanding of the circulator modes and
the nonreciprocal eigenvector structure of the multimode
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chiral system provides a foundation for future engineering
of any target non-Hermitian Hamiltonian. This is achieved
by our creation of a template model that one can use to
couple any circuit QED element to in order to understand
how it would integrate into the nonreciprocal dynamics, as
was done here with the superconducting cavities.

Looking forward, our device architecture provides a ver-
satile testbed for studying nonreciprocal interactions in
circuit QED by integration of superconducting qubits. This
is enabled by two of its highlighted properties: the low
internal loss of the circulator modes (<1% of the demon-
strated coupling rates, compatible with potential high-
fidelity operations), and the relatively low-field operation
of the circulator (approximately 25 mT, below ferrimag-
netic saturation). The latter allows niobium waveguides or
cavities to conveniently act as magnetic shields for super-
conducting qubits. We have preliminarily tested that the
coherence times of a transmon qubit housed in one of the
niobium cavities are unaffected by in situ application of
a global magnetic field up to at least 0.1 T. We expect a
transmon housed in a niobium waveguide should receive a
similar level of protection from the magnetic field.

Direct nonreciprocal coupling of superconducting qubits
would open a frontier in the study of nonreciprocal dynam-
ics currently dominated by linear systems [33,34,36,50].
The physics of an N -mode linear nonreciprocal system
can always be described efficiently by an N × N non-
Hermitian Hamiltonian matrix (exemplified by our appli-
cation of such a model) and its dynamics are always in
the classical correspondence limit. Direct participation of
multiple nonlinear modes (such as superconducting qubits)
in nonreciprocal coupling, as envisioned in chiral quantum
optics [29], would lead to alternative forms of entangle-
ment stabilization and many-body phases [28,51]. Our
system presents another potential platform to implement
this regime in circuit QED in addition to those proposed
using dynamic control [52,53]. Strong coupling of Joseph-
son circuits with low-loss nonreciprocal elements can even
produce degenerate and protected ground states for robust
encoding of qubits [54].
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APPENDIX A: NUMERICAL SIMULATION OF
THE FERRITE DEVICE

Finite element analysis software that supports magne-
todynamic simulations, such as Ansys HFSS (High Fre-
quency Electromagnetic Simulation Software), can be used
to simulate our circulator system with both driven mode
and eigenmode solutions. Eigenmode analysis can solve

for the frequency and field distributions of our device’s
eigenmodes, while driven mode analysis reports the S
parameters over frequency. Here we discuss eigenmode
simulations, but driven mode analysis can be carried out
similarly.

It is well known that, when the applied field is large and
magnetization is saturated along the z axis, one can gener-
alize to the whole ferrite the equations of motion derived
from the torque experienced by an electron dipole moment
under the presence of an applied field. This approach, aug-
mented by the small signal approximation of the Landau-
Lifshitz equation of motion, yields the textbook Polder
(relative) permeability tensor

[μ]z =
⎛
⎝ μr iκ 0

−iκ μr 0
0 0 1

⎞
⎠ , (A1)

where μr = 1 + ω0ωm/(ω
2
0 − ω2), κ = ωωm/(ω

2
0 − ω2),

with ω0 = γμ0H0 and ωm = γμ0Ms being the internal
field strength and saturation magnetization converted to
frequencies, respectively.

The Polder permeability tensor is implemented in HFSS
by default to solve for the interaction of a saturated ferrite
with an ac microwave field. However, in our experiment
we operate the circulator at a low bias field, where the fer-
rite is not fully saturated. We adopt a permeability tensor
model proposed by Sandy and Green [43] for a partially
magnetized ferrite:

[μ]z =
⎛
⎝ μp iκp 0

−iκp μp 0
0 0 μz

⎞
⎠ . (A2)

Here

μp = μd + (1 − μd)

( |Mp |
Ms

)3/2

, (A3)

κp = κ

(
Mp

Ms

)
, (A4)

μz = μ
(1−|Mp |/Ms)5/2

d , (A5)

μd = 1
3

+ 2
3

√
1 −

(
ωm

ω

)2

, (A6)

with Mp being the net magnetization of the partially mag-
netized ferrite. This model contains functional forms for
μp and μz that are purely empirical. However, the expres-
sions for κp , which dictates the chiral splitting of the circu-
lator modes, and μd, which represents the permeability in
fully demagnetized state, are well motivated [42].

This model is implemented in simulations by defining
materials with the customized permeability tensor as given
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FIG. 8. Eigenfrequencies of the device from finite-element
simulations. For the circulator device with WCP, HFSS eigen-
mode simulation gives the mode frequency over different mag-
netic fields (dots) and agree semiquantitatively with experimental
data.

above. Whereas HFSS does not by default support eigen-
mode simulations for a ferrite under a dc bias field, man-
ually defining the permeability tensor components allows
us to simulate the circulator’s eigenmode structure at any
magnetization (bias field), as shown in Fig. 8.

The simulation results agree semiquantitatively with
the experimental data in Fig. 2(a) with a linear relation-
ship between the applied magnetic field and magnetization
M = μ0B/Nz mentioned earlier, including a dielectric res-
onance mode with steep magnetic field dependence that is
visible in the experimental data.

Relating to the anisotropy mentioned earlier in Sec. III,
the simulation is treating the YIG cylinder as completely
isotropic, leading to degenerate modes x and y at zero field.
To account for the anisotropy, we introduce a general ener-
getic preference along the x axis, thus making the domains
of the unsaturated YIG preferentially align along the x axis
and breaking the rotational symmetry.

When all domains are oriented along the z axis with net
magnetization of zero, the permeability is calculated to be

[μ]z =
⎛
⎝μeff 0 0

0 μeff 0
0 0 1

⎞
⎠ , (A7)

where μeff = √
(ω2 − ω2

m)/ω
2. To get the permeability

matrix for domains aligned along the x and y axes ([μ]x,
[μ]y ), one can apply a change of coordinates to Eq. (A7).
The matrix for completely random domain orientations
would be an equal average of the three permeability matri-
ces [μ]x, [μ]y , [μ]z [42]. Applying a weighted average to
the matrices will then allow for representation of an ener-
getic preference, as shown for a preference along the x

axis:

[μ] = ( 1
3 + δ

)
[μ]x + ( 1

3 − δ
)
[μ]y + 1

3 [μ]z. (A8)

Using δ = 0.1 in Eq. (A8) gives 260 MHz of splitting
between mode x and mode y, which is in good agreement
with the experimental results from Fig. 2(b).

APPENDIX B: MODELING YIG ANISOTROPY IN
THE SYSTEM HAMILTONIAN

As mentioned earlier, there is a clear broken rotational
symmetry in the x-y plane apparent from the splitting
in Fig. 2(b). Since the exact origin of the anisotropy is
unknown, we treat it as a general energetic favoring in the
x-y plane. As the ẑ bias field is increased, the magnetiza-
tion will align more along ẑ, making x-y plane preferences
less impactful. Based off this understanding, we want a
simple functional form to describe how the effect of this
anisotropy decays with an increase in bias field strength
that we can use to describe the decay of β. Since we
just want the general form of how the effect of an ener-
getic preference decays over field, the actual form of the
energetic preference in the x-y plane is not important. We
choose to use a toy model of a magnetic domain with a
simple Hamiltonian (Han) with a simple energetic prefer-
ence given by K along the x axis and a total net magnetic
moment M :

Han = −BM cos(θ)− K sin2(θ) cos2(φ). (B1)

To see how the effect of this anisotropy changes as we
vary the magnetic field B, we utilize classical Boltzmann
statistics. We define a partition function

Z =
∫ π

0

∫ 2π

0
e−Han(θ ,φ)/(kbT) sin(θ)dθdφ, (B2)

so we can calculate the expectation of the mag-
netic moment direction using Eq. (B3) for A = Mx, My ,
Mz; Mx = M sin(θ) cos(φ), My = M sin(θ) sin(φ), Mz = M
cos(θ). We obtain

〈A2〉 =
∫ π

0

∫ 2π

0
A2e−Han(θ ,φ)/(kbT) sin(θ)dθdφ/Z. (B3)

We calculate these expectation values numerically, and
find that the difference of 〈M 2

x 〉 − 〈M 2
y 〉 follows approxi-

mately a sech(B) function. This motivates us to use this
simple functional form to model the anisotropy-induced
term β:

β(B) = β0sech(B/B0). (B4)

The scaling factor B0 is fit to the S31 spectrum, giving a
value of 18.5 mT. While this is a rather crude phenomeno-
logical treatment of the anisotropy, since the detuning of
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the circulator modes becomes large enough that there is
little hybridization with the cavities at relatively small
magnetic fields (approximately 20 mT), the exact depen-
dence on the magnetic field becomes less important to
understand the nonreciprocal dynamics of the cavities.

APPENDIX C: TWO-MODE HAMILTONIAN AND
GAUGE SYMMETRY

We aim to elucidate the nonreciprocity from the Hamil-
tonian given in Eq. (4) by reducing it to the form written
in Eq. (9). In order to do this, we adiabatically integrate
out the two circulator modes to reduce the Hamiltonian to
a simple 2 × 2 matrix (H ′

eff) involving only the two cav-
ity modes. The adiabatic elimination is justified due to the
large loss rate on the hybridized circulator modes, mak-
ing their relevant time scales much faster than the time
scale set by the coupling parameters to the cavities. The
form of the effective Hamiltonian is written out in Eq. (9).
Because of the complicated dependence on the four-mode
model parameters, we have written simple frequency and
loss terms on the diagonal entries and simple nonreciprocal
couplings on the off diagonal entries where their explicit
values change as a function of magnetic field. The cou-
pling terms (H12, H21) along with r = √|H21|/|H12| are
plotted in Fig. 7. The nonreciprocal nature of the sys-
tem then becomes immediately apparent as the H21 and
H12 Hamiltonian terms are different outside of the zero
field, showing a clear directionality in the interaction. We
can map this Hamiltonian to a reciprocal one using the
similarity transformation

H ′
eff → SH ′

effS−1 ≡ Hrec (C1)

with the transformation matrix

S =
(

r1/2 0
0 r−1/2

)
. (C2)

This reciprocal Hamiltonian is now symmetric upon flip-
ping the sign of the magnetic field Hrec(B) = Hrec(−B).
This means that plotting the ratio of Ri,n,rec from Hrec will
always yield 1 for all B values. One can also map the
eigenvectors of the original system (|ψi〉) to the reciprocal
system (|ψi,rec〉) by |ψRi,rec〉 = S |ψRi〉 , |ψLi,rec〉 = S−1 |ψLi〉.
Starting from the ratio Ri,n,rec = 1 using the eigenvectors
of Hrec, it is then apparent that transforming the eigenvec-
tors back to those of H ′

eff will allow one to simply calculate
Ri,n. To illustrate this, we start with the explicit change in
components from the transformation of the right and left
eigenvectors as written in Eqs. (C3) and (C4); we can then
substitute these into the earlier expression for the ratio Ri,n
and see how the ratio deviates from the reciprocal case of

1, as done in Eq. (C5) with i = 1 as an example:

|ψR,rec〉 =
(

x
y

)
similarity−−−−→
transform

|ψR〉 = 1√
|x|2/r + |y|2r

×
(

x/
√

r√
ry

)
, (C3)

|ψL,rec〉 =
(

x∗

y∗

)
similarity−−−−→
transform

|ψL〉 = 1√
|x|2r + |y|2/r

×
( √

rx∗

y∗/
√

r

)
, (C4)

R1,n = | 〈nL| |1〉 |
| 〈1| |nR〉 | = |r1/2x

√
|x|2r−1 + |y|2r|

|r−1/2x
√

|x|2r + |y|2r−1| . (C5)

It is important to note two simplifying limits for Eq. (C5)
that the reader may verify themselves: for x/y � r, R1,n ≈
1 and, for y/x � r, R1,n ≈ r2.

One can use this similarity transformation to under-
stand the qualitative behavior of the disparate amplitude
ratios seen in Fig. 6(f). As mentioned earlier, the ampli-
tude ratio in this case can be roughly approximated as R1,n
at |B| � 15 mT, so we can focus primarily on this ratio
to understand the behavior in this field range. At larger
fields (B � 20 mT) modes a and b are dominated by par-
ticipation in the bare cavity modes, so we can approximate
these modes by using the eigenmode values from H ′

eff for
the cavity mode components and zeros for the circulator
mode components. Under this approximation, we can look
at the inner products in R1,n just from the components in
the eigenmodes of H ′

eff. Mode a is largely dominated by the
cavity-1 component with little circulator participation with
| 〈arec| |1〉 |/| 〈arec| |2〉 | � r for all values of r; thus, we can
invoke the limit of Eq. (C5) previously mentioned to find
the ratio R1,b ≈ 1, which is what is seen in Fig. 6(f). The
same argument can be made for mode b, but in the opposite
limit of | 〈brec| |2〉 |/| 〈brec| |1〉 | � r, leading to the other
limit of Eq. (C5), making the ratio R1,b ≈ r2, which can
be seen by comparing Fig. 6(f) with Fig. 7.
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