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High-precision frequency estimation is an ubiquitous issue in fundamental physics and a critical task
in spectroscopy. Here, we propose a quantum Ramsey interferometry to realize high-precision frequency
estimation in a spin-1 Bose-Einstein condensate via driving the system through quantum phase transitions
(QPTs). In our scheme, we combine adiabatically driving the system through QPTs with π/2 pulse to real-
ize the initialization and recombination. Through adjusting the laser frequency under fixed evolution time,
one can extract the transition frequency via the lock-in point. The lock-in point can be determined from
the pattern of the population measurement. In particular, we find the measurement precision can approach
the Heisenberg-limited scaling. Moreover, the scheme is robust against detection noise and nonadiabatic
effect. Our proposed scheme does not require single-particle resolved detection and is within the reach
of current experiment techniques, which may point out an alternative way for high-precision frequency
estimation.
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I. INTRODUCTION

The high-precision frequency estimation is useful for
many areas ranging from fundamental physics and modern
metrology science to molecular spectroscopy and global
position systems [1–9]. The history of precision spec-
troscopy with the atomic and molecular-beam resonance
method started from the 1930s, which was originally pro-
posed by Rabi [10]. By scanning the frequency of the
electromagnetic excitation around the exact resonance, a
symmetric measurement signal with respect to the res-
onant point can be observed. The symmetric measure-
ment signal can be used as the frequency lock-in signal
to obtain the value of frequency. To improve the mea-
surement precision, the Ramsey technique of separated
oscillating field was proposed [11,12] and has been widely
applied in experiments [7,13–18]. In atomic, molecular,
and optical (AMO) systems, Ramsey interferometry is a
generalized tool for frequency estimation. The conven-
tional Ramsey interferometry consists of two π/2 pulses
and a free-evolution process. The two π/2 pulses act as
two beam splitters, and the free evolution accumulates
the relative phase between the involved levels [19]. For
N two-level atoms with internal states |e〉 (excited state)
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and |g〉 (ground state), the transition frequency between
|g〉 and |e〉 is ω = (Ee − Eg)/� (we set � = 1 in the
following). In general, the interferometry starts from an
initial state of all N atoms in the ground state |g〉, i.e.,
|�〉in = |g〉

⊗
N . Applying the first π/2 pulse with laser

frequency ωL slightly detuned from the atomic transition
frequency ω, the input state |�〉pro = [(|e〉 + |g〉)/√2]

⊗
N

can be prepared. Then each atom undergoes a free evo-
lution of duration T and a second π/2 pulse is applied
to recombine the two internal states. Finally, a measure-
ment on the atomic state is performed. During evolution
time T the atoms gather up a relative phase φ = δT with
detuning δ = ω − ωL, which can be estimated from the
measurement data. Due to the frequency ωL and the evo-
lution time T are known, one can recover the transition
frequency ω from the relative phase φ. Ideally, using the
product state |�〉pro as input, the measurement precision
can achieve the standard quantum limit (SQL), i.e., �ω =
1/

√
NT [20–23], which had been realized in atomic clocks

[24–26]. Quantum entanglement is a useful resource for
improving the measurement precision over the SQL [27–
31]. The metrologically useful many-body quantum entan-
gled states include spin squeezed states [32–38], spin cat
states [39], twin Fock (TF) state [40], Greenberger-Horne-
Zeilinger (GHZ) state [41,42], and so on. Thus, a lot
of endeavors had been made to generate various kinds
of entangled input states. One can prepare the desired
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entangled state via dynamical evolution [27–31] or adia-
batic driving [39,42–47]. For GHZ state, the measurement
precision can improve to the Heisenberg limit, i.e., �ω =
1/NT [27,28,41,48–56]. However, it is hard to prepare the
GHZ state with large atomic number in experiments. For
TF state, the measurement precision of frequency can also
beat the SQL, i.e., �ω = 1/

√
N (N/2 + 1)T [40]. More-

over, the TF state has been generated deterministically by
adiabatic driving in a spin-1 atomic Bose-Einstein conden-
sate with more than 1000 atoms [47,57–59]. However, to
realize quantum-enhanced frequency estimation via entan-
glement, single-particle resolved detection is assumed to
be necessary [19,22,40,60–67], which has been a bottle-
neck in practical experiments. Moreover, imperfect ini-
tial state preparation, nonideal recombination and detec-
tion are also the key obstacles that limit the improve-
ment of measurement precision via many-body entangle-
ment. Based on the quantum-enhanced frequency estima-
tion via TF state, it is natural to ask the following: (i)
Can one achieve Heisenberg-limited frequency measure-
ment without single-particle resolved detection? (ii) If the
Heisenberg-limited measurements are available, what are
the influences of imperfection on frequency estimation in
practical experiment? In this paper, we propose a scheme
to implement Heisenberg-limited frequency measurement
via driving through QPTs without single-particle resolved
detection. Our scheme is based on a ferromagnetic spin-1
Bose-Einstein condensate under an external magnetic field.
Through adjusting the laser frequency, we can extract the
transition frequency ω according to the frequency lock-in
signals. For every fixed frequency ωL, one can imple-
ment quantum interferometry for frequency estimation.
We combine adiabatically driving through QPTs with π/2
pulse to realize the initialization and recombination. We
find that the population measurement is symmetric respect
to detuning δ and reaches its maximum at the lock-in point
ω = ωL. Thus, population measurement can act as the fre-
quency lock-in signal to obtain the value of frequency.
Particularly, we find the measurement precision of the
frequency can approach the Heisenberg-limited scaling.

Further, we study the robustness of our scheme against
detection noise and nonadiabatic effect. We find that the
detection noise and nonadiabatic effect do not induce any
frequency shift on the frequency lock-in signals. For detec-
tion noise, the measurement precision of frequency �ω
can beat the SQL when σ ≤ 0.7

√
N in our consideration.

For nonadiabatic effect, the measurement precision of fre-
quency �ω can still beat the SQL when the sweeping
rate β is moderate. Compared with conventional proposal
via parity measurement [40], our scheme does not require
single-particle resolved detection. Our proposed scheme
may open up a feasible way of measuring frequency with
Heisenberg-limited scaling. The paper is organized as fol-
lows. In Sec. II, we introduce our scheme for frequency
estimation. In Sec. III, within our scheme, we study two

frequency lock-in signals and frequency measurement pre-
cision in detail. In Sec. IV, we study the robustness against
practical detection noise and nonadiabatic effect. In Sec. V,
a brief summary is given.

II. GENERAL SCHEME

Our proposal for frequency estimation via driving
through quantum phase transitions is presented below. We
consider an ensemble of spin-1 atoms with three Zeeman
levels: |F = 1, m = 1〉, |F = 1, m = 0〉, |F = 1, m = −1〉.
Throughout this paper, we assume all time-evolution pro-
cesses are unitary and abbreviate the three Zeeman levels
to |1, 1〉, |1, 0〉, and |1, −1〉, respectively. Our goal is to
measure the transition frequency ω between |1, 1〉 and
|1, −1〉. The system states can be represented in terms
of the Fock basis |N−1, N0, N1〉. Here, N̂m = â†

mâm and
âm are particle number operators and annihilation opera-
tors of atoms in state |1, m〉, respectively. In our scheme,
by adjusting the laser frequency ωL, we can extract the
transition frequency ω according to the frequency lock-in
signals. For every fixed laser frequency ωL, one can imple-
ment quantum interferometry for frequency estimation.
The interferometry consists of four steps: (a) initialization,
(b) interrogation, (c) recombination, (d) measurement, as
shown in Fig. 1. In the initialization step, we consider
an initial state of all N atoms in |1, 0〉 and the total
atomic number N being an even integer. The evolution
of the initial state |�〉in = |0, N , 0〉 is governed by the
Hamiltonian:

ĤQPT = c2

2N
[2(â†

0â†
0â1â−1 + â0â0â†

1â†
−1)

+ (2N̂0 − 1)(N − N̂0)] − q(t)N̂0. (1)

Here, |c2|(c2 < 0) describes the rate of the spin-mixing
process, q = (ε+1 + ε−1)/2 − ε0, with εm being the energy
of the state |1, m〉, and q(t) can be tuned linearly with time
in experiment. The system possesses three distinct phases
through the competition between |c2| and q [47,57]. For
q � 2|c2|, the ground state is polar state with all atoms
in |1, 0〉. For q � −2|c2|, the ground state becomes TF
state with atoms equally populated in |1, −1〉 and |1, 1〉.
When −2|c2| < q < 2|c2|, the ground state corresponds
to a superposition of all three components. The two QPT
points locate at qc = ±|c2|. In this step, we ramp q(t) from
q � 2|c2| towards q � −2|c2| with q(t) = q0 − βt to gen-
erate state |�〉1 = e−i

∫ τ1
0 ĤQPT(t)dt |�〉in. Here, β denotes

sweeping rate, the TF state can be adiabatically prepared
when the sweeping rate is very slow. Then, a π/2 pulse
with frequency ωL act as a beam splitter to generate
input state |�〉2 = R̂π/2 |�〉1, as shown in Fig. 1(a). The
frequency ωL is slightly detuned from the atomic tran-
sition frequency ω. For simplicity, we assume the π/2
pulse is perfect. In the interrogation step, the system goes
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Initialization(a) (b) (c) (d)Interrogation Recombination Measurement
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FIG. 1. Proposal of the frequency measurement scheme via driving through QPTs in the spin-1 Bose-Einstein condensate. The
scheme consists of four steps: initialization, interrogation, recombination, and measurement. (a) In the initialization stage, all atoms
are initially prepared in |1, 0〉. Then sweeping q(t) from q0 towards qf very slowly to generate the TF state, and a π/2 pulse is applied
on the TF state to prepare the input state. (b) In the interrogation step, the input state undergoes an interrogation stage for signal
accumulation with φ = δT. (c) In the recombination step, a second π/2 pulse is applied and then sweeping q(t) from qf towards q0
very slowly for recombination. (d) In the measurement step, applying a suitable observable measurement on the final state. The pattern
of observable measurement results versus δ can tell us the frequency lock-in point ω = ωL. Here, c2 = −1, q0 = −qf = 3, T = 100,
and β = 0.01.

through a phase accumulation process and the output state
is |�(δ)〉3 = Û(δ) |�〉2, as shown in Fig. 1(b). In the
recombination step, a second π/2 pulse (using the same
laser) is applied as another beam splitter to generate state
|�(δ)〉4 = R̂†

π/2 |�(δ)〉3, and then ramping q(t) from q �
−2|c2| towards q � 2|c2| with q(t) = qf + βt, as shown
in Fig. 1(c). In analogy with the passive atomic clock
[68–72], the two π/2 pulses also act as the local oscillator
to stabilize the atomic transition frequency via measure-
ment signals. Thus, the final state after the total sequences
can be written as

|�(δ)〉f = e−i
∫ τ2
τ1+TĤQPT(t)dtR̂†

π
2

Û(δ)R̂ π
2

e−i
∫ τ1

0 ĤQPT(t)dt |�〉in . (2)

Here, Û(δ) = e−iδT/2(â†
1â1−â−1â†

−1) describes the phase accu-
mulation process with φ = δT and δ=ω−ωL, R̂π/2 =
ei(π/4)(â†

1â−1+â†
−1â1) is the π/2 pulse. According to Eq. (2),

the final state contains the information of the estimated
transition frequency ω. Ideally for δ = 0, the final state
|�(δ)〉f is identical to the initial state |�〉in. When δ �= 0,
the nonzero δ will bias the state |�(δ)〉f with respect to the
initial state |�〉in. In the measurement step, one can apply
an observable measurement Ô on the final state and the
expectation of Ô is

〈Ô(δ)〉 =f 〈�(δ)| Ô |�(δ)〉f . (3)

In the framework of frequency estimation, if the expecta-
tion 〈Ô(δ)〉 with respect to detuning δ is symmetric, the
expectation 〈Ô(δ)〉 can act as frequency lock-in signal to
obtain the value of frequency, as shown in Fig. 1(d). In

the next section, we introduce how to realize the high-
precision frequency estimation within this framework.

III. FREQUENCY MEASUREMENT

In this section, we illustrate two frequency lock-in sig-
nals. One is the fidelity F = |f 〈�(δ)|�〉in|2 between the
final state |�(δ)〉f and the initial state |�〉in. Another is the
population measurement 〈N̂0(δ)〉 on the state |1, 0〉. Fur-
thermore, we find that the measurement precision of the
transition frequency ω can surpass the SQL and even attain
the Heisenberg-limited scaling when the particle number is
large enough.

A. Frequency lock-in signals

For convenience, we assume the time-dependent evo-
lutions both are adiabatic in our scheme. Thus, we have
|�〉1 = e−i

∫ τ1
0 ĤQPT(t)dt |�〉in = |TF〉 and the state |�(δ)〉4

can be written as

|�(δ)〉4 = R̂†
π/2e−iδT/2(â†

1â1−â†
−1â−1)R̂π/2 |TF〉 . (4)

After some algebra, we can obtain the explicit form of
the state |�(δ)〉4 (see the Appendix for derivation). For
brevity, we denote n = N/2 in the following. If n is even,

064056-3



MIN ZHUANG et al. PHYS. REV. APPLIED 16, 064056 (2021)

we have |�(δ)〉4 = |�(−δ)〉4 and it is

|�(δ)〉4 =
n∑

m=0

A(n, m) |2n − 2m, 0, 2m〉

+ 2
n/2−1∑

k=0

2k∑

m1=0

2n−2k∑

m2=0

B(n, k, m1, m2)

× cos[(2k − n)δT]

× |2n − 2k + m1 − m2, 0, 2k − m1 + m2〉 .
(5)

If n is odd, we have |�(δ)〉4 = − |�(−δ)〉4 and it is

|�(δ)〉4 = 2i
n−1/2∑

k=0

2k∑

m1=0

2n−2k∑

m2=0

B(n, k, m1, m2)

× sin[(2k − n)δT]

× |2n − 2k + m1 − m2, 0, 2k − m1 + m2〉 .
(6)

Here, the coefficients An,m and Bn,k,m1,m2 read as

An,m = (−1)n−m
(

1
2

)2n Cn/2
n√
n!n!

Cm
n

√
(2m)!(2n − 2m)!,

(7)

Bn,k,m1,m2 = (−1)n−k
(

1
2

)2n
√

Ck
2kCn−k

2n−2k

2k(2n − 2k)!
Cm1

2k Cm2
2n−2k

×
√
(2n − 2k − m2 + m1)!(2k − m1 + m2)!.

(8)

The Cj
i is the combinatorial number. Furthermore, the final

state is

|�(δ)〉f = e−i
∫ τ2
τ1+T ĤQPT(t)dt |�(δ)〉4 . (9)

When δ = 0, we have

|�(δ = 0)〉f = e−i
∫ τ2
τ1+T ĤQPT(t)dt |�(δ = 0)〉4

= e−i
∫ τ2
τ1+T ĤQPT(t)dt |TF〉 = |�〉in . (10)

Thus, the fidelity F and the population measurement
〈N̂0(δ = 0)〉 are

F(δ = 0) = |in〈�|�〉in|2 = 1, (11)

and

〈N̂0(δ = 0)〉 = 〈0, N , 0| N̂0 |0, N , 0〉 = N . (12)

When δ �= 0, the final state is not exactly the initial state,
thus the fidelity F and the population measurement N̂0 both
are deviate from F(δ = 0) and 〈N̂0(δ = 0)〉, respectively.
According to Eqs. (5) and (6), we have F(δ) = F(−δ)
and 〈N̂0(δ)〉 = 〈N̂0(−δ)〉. Thus, the fidelity F and the pop-
ulation measurement 〈N̂0(δ)〉 both are δ dependent and
symmetric with respect to the lock-in point ω = ωL. Par-
ticularly, they approach their maximum when ω − ωL = 0.
It means that the fidelity F(δ) and population measure-
ment 〈N̂0(δ)〉 can act as the frequency lock-in signals to
obtain the value of ω. In Fig. 2, the variation of fidelity
F(δ) and population measurement 〈N̂0(δ)〉 versus detuning
δ are shown. The numerical results agree perfectly with our
theoretical predictions. Thus, one can determine the fre-
quency lock-in point ω − ωL = 0 from the pattern of the
two frequency lock-in signals.

B. Measurement precision

In this subsection, we illustrate the measurement preci-
sion of frequency within our scheme. Here, we characterize
the measurement precision ofω via the linewidth of fidelity
F(δ) and the error propagation formula with population
measurement N̂0. First, we analyze the measurement pre-
cision via linewidth. The value of linewidth is defined as
the FWHM and denoted as �. As shown in Fig. 2(a), it is

(a) (b)
FIG. 2. The two frequency
lock-in signals in our scheme.
The variation of frequency lock-
in signals (a) F(δ) and (b) 〈N̂0(δ)〉
versus detuning δ for different
N . They are both symmetric
with respect to the lock-in point
ω − ωL = 0. Here, c2 = −1,
q0 = −qf = 3, T = 100, and
β = 0.01.
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(a) (b)

(c)

FIG. 3. (a) Log-log scaling of the linewidth � versus the total particle number. The blue line is the fitting curve. (b) Log-log scaling
of the optimal measurement precision �ωmin versus total particle number. The blue line is the fitting curve. (c) The variation of
measurement precision of frequency ω versus detuning δ for N = 20. The black red dot corresponds to the optimal measurement
precision �ωmin, which is near the frequency lock-in point ω − ωL = 0. Here, c2 = −1, q0 = −qf = 3, T = 100, and β = 0.01.

evident that the linewidth F(δ) is a function of detuning δ
and decreases as N increases. To confirm the dependence
of � on the total particle number N , we numerically cal-
culate the linewidth � versus N , as shown in Fig. 3(a).
According to the fitting result, the log-log linewidth is
ln(�) ≈ −0.88ln(N )− 3.5. For N uncorrelated atoms, the
log-log linewidth is ln(�) ≈ −0.5ln(N ), thus our scheme
can decrease the linewidth � effectively.

Further, we consider the measurement precision with
the population measurement of 〈N̂0(δ)〉f . According to the
error propagation formula, the measurement precision of
frequency ω is

�ω = �N̂0

|∂〈N̂0(δ)〉f /∂ω| . (13)

Here, �N̂0 is the standard deviation of N̂0 and can be
written as

�N̂0 =
√

〈N̂ 2
0 (δ)〉 − [〈N̂0(δ)〉]2. (14)

In Fig. 3(c), how the measurement precision ω changes
with detuning δ is shown, and we find the optimal measure-
ment precision �ωmin occurs near the frequency lock-in
point ω − ωL = 0. To confirm the dependence of �ω
on the total particle number N , we numerically calcu-
late the variation of the measurement precision versus
particle number, as shown in Fig. 3(b). According to
the fitting result, the optimal log-log measurement pre-
cision �ωmin is ln(�ωmin) ≈ −0.94ln(N )+ 0.13. It indi-
cates that the combination of reversed adiabatic driving
and population measurement is an effective way to realize
quantum-enhanced frequency estimation with TF state.

IV. ROBUSTNESS AGAINST IMPERFECTIONS

In this section, we study the robustness of our scheme.
In practical experiments, there are many imperfections
that can influence the frequency lock-in signal and limit
the final measurement precision. Here, we discuss two
imperfections: the detection noise in the measurement
step and the nonadiabatic effect in the initialization and
recombination steps.

A. Robustness against detection noise

We study the influence of detection noise by considering
the additional classical noise in the measurement process.
In an ideal situation, the population measurement on the
final state can be rewritten as 〈N̂0(δ)〉 = ∑

N0
P(N0|δ)N0,

where P(N0|δ) is the ideal conditional probability, which
obtains the measurement result N0 with a given δ. How-
ever, in realistic experiment, the detection noise can limit
the measurement precision of frequency. For an imperfect
detector with Gaussian detection noise [31,67,68,73], the
population measurement becomes

〈N̂0(δ)〉 =
∑

N0

P̃(N0|σ)N0, (15)

with

P̃(N0|σ) =
∑

Ñ0

AÑ0
e−(N0−Ñ0)

2/2σ 2
P(N0|δ). (16)

The conditional probability depends on the detection noise
σ . Here, AÑ0

is a normalization factor.
According to our numerical calculation, we find that

the Gaussian detection noise does not induce any fre-
quency shift on the frequency lock-in signal 〈N̂0(δ)〉.
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(a) (b) FIG. 4. The influence of
detection noise on frequency
estimation. (a) The variation
of the frequency lock-in signal
〈N0(δ)〉 versus detuning δ with
different detection noise σ

under N = 30. (b) The optimal
measurement precision �ωmin
versus detection noise σ for
N = 18, 24, 30. The dotted line
is the SQL, i.e., 1/(

√
NT2).

Here, c2 = −1, q0 = −qf = 3,
T = 100, and β = 0.01.

The frequency lock-in signal 〈N̂0(δ)〉 is still symmet-
ric with respect to the lock-in point ω = ωL and attains
its maximum at the point. However, the height and the
sharpness of the peak both decrease as σ increases, as
shown in Fig. 4(a). To further confirm the influence of
the detection noise, the optimal measurement precision
�ωmin versus the detection noise σ for different parti-
cle number N is shown in Fig. 4(b). The measurement
precision can still beat the SQL when σ ≤ 0.7

√
N with

N ∈ [2, 32]. Thus our proposal is robust against to detec-
tion noise.

B. Influences of nonadiabatic effect

To realize perfect initialization and recombination in
our scheme, the sweeping process should be adiabatic.
However, nonadiabatic effect always exists in practical
experiments. In general, the adiabaticity of the driving

(a) (b)

(c)

FIG. 5. Influences of nonadi-
abatic effect on frequency esti-
mation. The variation of fre-
quency lock-in signal (a) F(δ)
and (b) 〈N̂0(δ)〉 with detuning
δ for different sweeping rate β
under N = 30. (c) The mea-
surement precision �ω versus
detuning δ for different sweep-
ing rate β under N = 20. Here,
c2 = −1, q0 = −qf = 3, T =
100, and β = 0.01.
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process can be characterized by the sweeping rate β. If
the sweeping rate β is sufficiently small, the adiabatic
evolution can be achieved. To confirm the influences of
nonadiabatic effect on frequency estimation, the variations
of the two frequency lock-in signals with different sweep-
ing rate β are shown in Figs. 5(a) and 5(b). Our results
indicate that the nonadiabatic effect also does not induce
any frequency shift on the two frequency lock-in signals.
The height and the sharpness of the peak also decrease as β
increases. Further, we study the influence of nonadiabatic
effect on the measurement precision, the variation of �ω
with detuning δ for different sweeping rate β is shown in
Fig. 5(c). It can be observed that the measurement preci-
sion of frequency �ω becomes worse as β increases, but
the measurement precision of frequency �ω can still beat
the SQL when the sweeping rate β is moderate.

V. SUMMARY

In summary, we present a realizable scheme for per-
forming Heisenberg-limited frequency estimation with a
spin-1 Bose-Einstein condensate by driving through QPTs.
In our scheme, by adjusting the laser frequency ωL,
we can extract the transition frequency ω according to
the frequency lock-in signals. For every fixed laser fre-
quency ωL, one can implement quantum interferometry
for frequency measurement. The interferometry consists
of four steps: initialization, interrogation, recombination,
and measurement. Particularly, we combine adiabatically
driving through QPTs with π/2 pulse to realize the ini-
tialization and recombination. Based upon the proposed
scheme, we find two frequency lock-in signals, fidelity
F(δ) and population measurement 〈N̂0(δ)〉, to obtain the
value of ω. They are both symmetric with respect to
lock-in point ω = ωL and achieve their maximum at the
lock-in point. Further, we study the measurement preci-
sion of frequency via two different methods. We find the
measurement precision�ω can exhibit Heisenberg-limited
scaling.

At last, we illustrate the robustness of our scheme
against detection noise and nonadiabatic effect. These
imperfections do not induce any frequency shift on fre-
quency lock-in signals and just degrade the measurement
precision. For detection noise, the measurement preci-
sion �ω can still beat the SQL when σ ≤ 0.7

√
N in

our calculation. For nonadiabatic effect, the measurement
precision �ω can still beat the SQL when the sweep-
ing rate β is moderate. Compared with the conventional
frequency estimation with entanglement, our proposal
does not require single-particle resolution detectors and
is robust against detection noise [40,41]. To realize the
quantum-enhanced frequency estimation without single-
particle resolution detectors in experiments, the implemen-
tation of adiabatic sweeping process is necessary. Owing to
the well-developed techniques in quantum control, the TF

state can be generated by adiabatically driving a 87Rb con-
densate undergoing spin mixing through two consecutive
QPTs [47,57]. Furthermore, to extract the transition fre-
quency ω via frequency lock-in signals, one has to adjust
the laser frequency precisely. The precise implementation
of π/2 pulses is a mature technology in quantum con-
trol. Thus, our scheme adds no additional complexity for
the apparatus design. Our study paves an effective way to
realize Heisenberg-limited frequency measurement.
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APPENDIX: THE EFFECT OF π/2 PULSE ON THE
GENERAL FOCK STATE

Here, we give the derivation of Eqs. (6) and (5)
in the main text. The π/2-pulse operation R̂π/2 =
e−i(π/4)(â†

1â−1−â†
−1â1) just acts on m =±1 modes. For con-

venience, we rewrite the R̂†
π/2 to Ûπ/2 = e−i(π/4)(â†b̂−b̂†â).

Here, â and b̂ are the annihilation operators for particles in
mode |a〉 and mode |b〉, respectively. For a two-mode Fock
state |na, nb〉, we give the general derivation of Ûθ |na, nb〉
with Ûθ = e−iθ(â†b̂−b̂†â),

Ûθ |na, nb〉 = Ûθ

(â†)na

√
na!

(b̂†)nb

√
nb!

|0〉a |0〉b

= Ûθ

(â†)na

√
na!

(b̂†)nb

√
nb!

Û†
θ |0〉a |0〉b . (A1)

Due to Ûθ Û
†
θ = 1, we have

Ûθ |na, nb〉 = (Ûθ â†Û†
θ )

na

√
na!

(Ûθ b̂†Û†
θ )

nb

√
nb!

|0〉a |0〉b . (A2)

Then, using the basic formula: eÂB̂e−Â = ∑∞
m 1/m![Â(i),B̂]

and the Taylor expansion, we have

Ûθ b̂†Û†
θ = cosθ b̂† + sinθ â†, (A3)

Ûθ â†Û†
θ = cosθ â† − sinθ b̂†. (A4)
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Similarly, we can obtain

Ûθ b̂Û†
θ = cosθ b̂ + sinθ â, (A5)

Ûθ âÛ†
θ = cosθ â − sinθ b̂. (A6)

When θ = π/4, we have

(Ûπ/2â†Û†
π/2)

na

√
na!

(Ûπ/2b̂†Û†
π/2)

nb

√
nb!

|0〉a |0〉b

=
√

2(â† − b̂†)na

2
√

na!

√
2(â† + b̂†)nb

2
√

nb!
|0〉a |0〉b . (A7)

Particularly, when na = nb = n = N/2, we have

(Ûπ/2â†Û†
π/2)

n

√
n!

(Ûπ/2b̂†Û†
π/2)

n

√
n!

|0〉a |0〉b = 1
n!2n (â

†â† − b̂†b̂†)n |0〉a |0〉b

=
n∑

k=0

Dk
n |2k〉a |2n − 2k〉b . (A8)

Here, Dk
n = (−1)(n−k)√2k!(2n − 2k)!n!/k!(n − k)!. Thus, Eq. (9) in the main text can be written as

|�(δ)〉 = R̂†
π/2e−iδT/2(â†

1â1−â†
−1â−1)Rπ/2 |�〉TF

= e−iδ(2k−n)T
n∑

k=0

Ck
nR̂†

π/2 |2k, 0, 2n − 2k〉

= e−iδ(2k−n)T
n∑

k=0

Dk
n

[R̂†
π/2â†

1R̂π/2]2k[R̂†
π/2â†

−1R̂π/2]2n−2k

√
2k!(2n − 2k)!

|0, 0, 0〉 . (A9)

Then, submitting Eqs. (3) and (5) into Eq. (9), we can
obtain Eqs. (6) and (5) straightly in the main text. For
example, for n = 2, the state |ψ(δ)〉 can be written as

|ψ(δ)〉 =
(

3
4

cos(4δ)+ 1
4

)

|2, 0, 2〉

+ i

√
3

2
√

2
sin(4δ)[|1, 0, 3〉 + |3, 0, 1〉]

+
√

3

4
√

2
[cos(4δ)− 1][|4, 0, 0〉 + |0, 0, 4〉].

(A10)

When ω = ωL, we have |ψ(δ = 0)〉 = |2, 0, 2〉, and F(δ =
0) = 1.
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