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Phonon drag due to momentum exchange between electrons and phonons can lead to a substantially
increased Seebeck coefficient desirable for thermoelectric energy conversion. However, this effect is only
usually observable at low temperatures when the phonon mean free path is long, and it is thought to become
negligible above room temperature or in heavily doped materials due to strong phonon scattering. Here,
we present first-principles calculations of all thermoelectric transport properties of silicon-germanium
alloys from 150 to 1100 K. Results show that phonon drag is dominant at low temperatures. At 1100 K,
phonon drag still contributes to 10%–20% of the thermoelectric figure of merit, zT, and its relative con-
tribution increases with higher carrier concentration. The favorable comparison between our calculations
and reported experiments brings us closer to predicting the thermoelectric transport properties of alloys
using first-principles simulations. The surprising insights in phonon drag could stimulate the search for
better thermoelectric materials.
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I. INTRODUCTION

Phonon drag due to momentum exchange between
traveling phonons driven by a temperature gradient and
charge carriers significantly enhances the Seebeck coeffi-
cient at low temperatures [1–8]. It is commonly understood
that phonon drag is only important at low temperatures
(T ≤ 100 K) and in high-purity materials where phonons
have long mean free paths [2]. However, at low tem-
peratures, the lattice thermal conductivity is also large,
leading to low thermoelectric-energy-conversion (cooling
or power generation) efficiency governed by the dimen-
sionless figure of merit, zT (zT = S2σT/κ , where S, T, σ ,
and κ are the Seebeck coefficient, the absolute temperature,
the electrical conductivity, and the thermal conductivity,
respectively). Slack and Hussain [9] pointed out that, in
alloy-based thermoelectric materials, like Si-Ge, used to
provide power for most deep-space exploration missions
[10], the phonon mean free paths are so short that phonon
drag would disappear in mixed crystals. However, these
assumptions about phonon drag are hard to examine exper-
imentally: it is difficult to determine phonon drag directly
from conventional experiments because the measured See-
beck coefficient is the sum of the diffusive and phonon-
drag contributions, both of which vary with temperature
and doping level. In this work, we use density-functional
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theory (DFT) to simulate all thermoelectric transport prop-
erties of Si-Ge alloys, including phonon drag, and achieve
reasonable agreement with experiments. Strikingly, we
find that phonon drag can contribute 10%–20% of zT even
up to 1100 K. As a 10%–20% increase in zT is often con-
sidered significant in thermoelectric materials, insights into
phonon drag’s contribution to zT at a comparable level
but such high temperatures are of both fundamental and
applied importance.

Recent experiments through comparative measurements
between bulk and nanostructured materials have shown
that phonon drag is still significant in bulk silicon [11],
Si nanowires [12], and (Al, Ga)N/GaN two-dimensional
electron gas [13] at room temperature. Although these
experimental results are inspiring, they require delicate
fabrication and measurement techniques, which may not
apply to bulk thermoelectric materials in use. Early theo-
retical works [2,14–16] attempted to quantitatively deter-
mine the phonon-drag contribution by solving the coupled
electron-phonon Boltzmann transport equations (BTEs)
using a variational approach [14], and reasonable agree-
ments with experiments were achieved [17,18]. However,
these calculations adopted simplified scattering models
with many adjustable parameters, and the quality of the
results was much affected by the trial functions. All these
impair their predictive power. Mahan et al. studied phonon
drag in silicon using deformation potentials [19]. Similarly,
Protik and Broido solved the coupled BTEs to calculate
the transport coefficients of n-doped GaAs using DFT
calculations of anharmonic phonon-phonon interactions
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and deformation-potential theory for electron-phonon
interactions [20]. Zhou et al., Fiorentini and Bonini further
enhanced the predictive power by obtaining the electron-
phonon scattering rates from first-principles calculations
for silicon [21,22]. Works by Mahan et al., Protik and
Broido, and Zhou et al. are able to produce results con-
sistent with previous experiments [3,11,23] up to room
temperature. The importance of phonon drag at higher
temperatures and in alloys typically employed in thermo-
electric materials remains unknown.

On the other hand, Klemens [24] pointed out that, in
semiconductors, only phonons with a frequency below a
critical value, ωc (ωc ∝ T1/2), would interact with elec-
trons. Zhou et al. [21] further show that the major phonons
contributing to phonon drag are those with a longer mean
free path and lower frequency than those carrying heat.
These motivate us to study phonon drag in alloys. It
could be possible that the point defects in alloys tend to
scatter phonons of short wavelength and high frequency,
reducing the lattice thermal conductivity while retaining
phonons of long wavelength and consequently long mean
free path; thus, phonon drag can still make considerable
contributions.

We choose silicon-germanium (Si-Ge) alloys not only
because they are one of the best and most-studied high-
temperature thermoelectric materials [9,10,25–30], but
also phonon drag was reported in germanium [1] and bulk
silicon possesses large phonon drag even, at room tempera-
ture [19,21]. No previous work has computed all zT param-
eters in alloys from first principles, despite most high-
performance thermoelectric materials employing alloying
to reduce thermal conductivity. There are a few DFT-based
zT predictions for some nonalloy layered materials [31–33]
and three-dimensional (3D) compounds [34–37], most of
which use simplified electron-scattering models (e.g., con-
stant relaxation time, energy-dependent relaxation time,
deformation-potential theory). In this work, we present
DFT simulations of all thermoelectric transport properties
of Si-Ge alloys over the complete range of compositions
at different concentrations (1015–1020 cm−3) from 150 to
1100 K. In particular, we include the phonon-drag con-
tribution in our Seebeck calculations and take alloy scat-
terings of both phonons and electrons into account. Such
detailed simulations not only demonstrate the importance
of the phonon-drag effect in practical thermoelectric mate-
rials up to 1100 K, but also explain the mechanisms of
this persistence and other important aspects of thermo-
electric transport in alloys, such as the interplay between
band convergence and scattering [38,39]. Our results show
that, contrary to what Slack and Hussain assumed above
[9], even at 1100 K and at the carrier concentration of
1020 cm−3, phonon drag is not negligible in Si-Ge alloys:
it still contributes to 10%–20% of zT, and its relative con-
tribution increases with carrier concentration in the range
of interest. Via spectral analysis of phonon modes, we

attribute this nonintuitive phenomenon to the competi-
tion of several phonon-scattering mechanisms. Favorable
agreement with reported experimental data proves that our
first-principles calculations can provide guidelines for the
design of better thermoelectric materials.

II. RESULTS AND DISCUSSION

A. Verification of calculation methodology using
silicon as an example

We first verify our method by calculating phonon drag
in Si [see Fig. 1(a)]. Good agreement with experimental
data [3] at 300 K is achieved across the range of carrier
concentrations of interest. We also extend the calculations
and plot the results at 150 and 1100 K for comparison. The
phonon-drag magnitude is proportional to the momentum
transferred from phonons to charge carriers and phonon
mean free paths [see Eq. (1) within Supplemental Mate-
rial Note S1 [41]]. At 150 K, phonon drag is dominant in
Si because weak intrinsic phonon scattering results in long
phonon mean free paths. Although phonon drag weak-
ens with increasing temperature, it is still comparable to
the diffusive part of the Seebeck coefficient, and it consti-
tutes 35%–47% of the total Seebeck coefficient at room
temperature in Fig. 1(a). In the lightly doped samples
(n ≤ 1017 cm−3), phonon drag is insensitive to the change
in carrier concentration because the electron-phonon inter-
action is so weak that the phonon mean free path is barely
affected by it. At higher carrier concentrations, phonon
drag starts to drop with increasing carrier concentration, as
the phonon mean free path decreases with stronger phonon
scattering by electrons [64]. The diffusive Seebeck coeffi-
cient represents the average energy that electron transport
relative to the Fermi level. At a given temperature, the
Fermi level is closer to the band center at lower dop-
ing concentrations, which results in the downward trend
in the diffusive Seebeck coefficient with increasing car-
rier concentration. The bipolar contribution to the diffusive
Seebeck coefficient is considered at all temperatures, while
it is only noticeable at 1100 K when the thermally excited
minority charge carriers and majority charge carriers are
comparable (n = 1018 and 1019 cm−3 in Fig. 1). Surpris-
ingly, we find, even at 1100 K and a carrier concentration
of n = 1020 cm−3, the phonon drag still exists in Si and
contributes 11% of the total Seebeck coefficient, which
translates into 21% of the figure of merit, zT, as zT includes
a square term of the Seebeck coefficient. We discuss the
mechanisms behind this contribution later in Section II C.

B. Calculated all thermoelectric properties of Si-Ge
alloys

We extend the methodology to Si-Ge by adopting a vir-
tual crystal approximation, comparing room-temperature
results with experimental data [40,42] in Fig. 1(b), Fig. 2,
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(a) (b)

FIG. 1. Phonon drag in Si and Si0.7Ge0.3. Absolute Seebeck coefficient (left y axis) and relative contribution of phonon drag, Sdrag,
to the total Seebeck coefficient, Stot (right y axis), for n-type Si (a) and Si0.7Ge0.3 (b) as a function of carrier concentration at 150, 300,
and 1100 K. Experimental results (blue diamonds) are from Refs. [3,40].

and Fig. S1 within the Supplemental Material [41], and
showing Si-Ge alloys’ all thermoelectric properties at
1100 K in Fig. 3. While phonon drag drops with stronger
electron-phonon interactions in Fig. 1(b), the decrease in
the diffusive Seebeck coefficient is more significant than
that in phonon drag as the carrier concentration approaches
1020 cm−3, which also results in the increasing relative
contribution of phonon drag with higher carrier concen-
tration. Figure 2(a) demonstrates that, at 300 K, it is still
essential to include phonon drag in the calculation for
heavily doped n-type Si-Ge alloys. Otherwise, the figure of
merit, zT, would be underestimated by half. Even at 1100 K
and in the heavily doped region (n ∼ 1020 cm−3), phonon
drag is not trivial, and it still contributes to 10%–20% of
zT in Si-Ge alloys [see Fig. 3(a)]. The calculated electrical
properties in Figs. 2(a) and 3(b) include electron scattering
by equilibrium phonons, the long-range effect of ionized
impurity, and the alloying effect. Phonon calculations in
Figs. 2(c) and 3(c) take intrinsic three-phonon scattering,
phonon scattering by equilibrium electrons, mass disorder,
and the boundary into account. While alloying would affect

thermal transport by mass difference and strain fluctuations
created by size differences of the atoms, using Klemens’
impurity model [43], Abeles found that in Si-Ge alloys
the strain contribution to disorder was only about 10%
of the mass difference, and the large thermal resistivity
was predominantly due to mass-disorder scattering [66].
Thus, we do not include strain scattering in our calcula-
tions [more simulation details are given in Supplemental
Material Notes [41]] and our calculated total thermal con-
ductivity at 300 K [see Fig. 2(c) and Fig. S1(c) within
the Supplemental Material [41]] shows good agreement
with experimental data [40,42]. Detailed methods and a
discussion of the thermal-conductivity calculations can be
found in our previous work [67]. Electron-phonon cou-
pling strength not only affects the mean free paths of
phonons and electrons, but also determines how effec-
tively that momentum can be transferred between phonons
and electrons. Hence, the magnitude of phonon drag is
proportional to the electron-phonon coupling strength,
which is reflected in the electron-phonon coupling matrix,
|〈k′β|∂qλV |kα〉|2, in the formula for our phonon-drag
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(a) (b)

(c) (d)

FIG. 2. Thermoelectric properties of n-type Si-Ge alloys at 300 K. (a) Calculated figure of merit, zT, with (solid lines) and without
(dashed lines) phonon drag, (b) electrical conductivity, and (c) thermal conductivity at carrier concentrations of n = 1019 and 1020 cm−3

at 300 K. Yellow curve is the lattice thermal conductivity determined by intrinsic three-phonon scattering only, not counting electron-
phonon interactions (EPIs) nor electronic thermal conductivity (ETC). Other two dashed lines are lattice thermal conductivity after
considering EPIs, while solid lines also include ETC. Experimental data [40] are total thermal conductivity at a carrier concentration of
n = 1.5 × 1020 cm−3. (d) Calculated diffusive part of the Seebeck coefficient (blue), phonon drag (red), and the total Seebeck coefficient
(yellow) of n-type Si-Ge at a carrier concentration of n = 1019 cm−3 at 300 K compared with experimental data [65]. Samples in
experiment have a carrier concentration of n = 1.1 × 1019 cm−3, and measurements are performed at 295 K.

calculation [see Eq. (1) in Supplemental Material Note S1
[41] ]. We notice that Si has a larger phonon drag than that
of Ge. We compare the electron velocities of Si and Ge
[see Fig. S14(a) within the Supplemental Material [41] ]
at their conduction-band edges and find that they are not
very different. However, the electron-phonon interaction
in Si is stronger, resulting in lower electrical conductiv-
ity [shorter electron mean free path in Fig. S14(b) within
the Supplemental Material [41] ] and larger phonon drag in
Figs. 2 and 3. We also study the phonon-scattering rate due

to mass disorder [see Fig. S15(a) within the Supplemental
Material [41] ] and find that the increase in mass-disorder
scattering rate is more significant while alloying Si with
Ge in the Si-rich region than that in the Ge-rich region.
Accordingly, in a cumulative phonon-drag figure [see Fig.
S15(b) within the Supplemental Material [41] ], phonons
of higher frequency (up to 3 THz) have important con-
tributions to phonon drag in Si, while phonon drag in
Ge and the alloys is mostly contributed to by phonons
of frequency lower than 1 THz. Therefore, we attribute
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(a) (b)

(c) (d)

FIG. 3. Thermoelectric properties of n-type Si-Ge alloys at 1100 K. (a) Calculated figure of merit, zT, with (solid lines) and without
(dashed lines) phonon drag, (b) electrical conductivity, and (c) thermal conductivity at 1100 K. Yellow curve is lattice thermal con-
ductivity determined by intrinsic three-phonon scattering only, not counting EPIs nor ETC. Other two dashed lines are lattice thermal
conductivity after considering EPIs; solid lines also include ETC. Experiments [40] measure total thermal conductivity. (d) Calculated
diffusive part of the Seebeck coefficient (blue), phonon drag (red), and the total Seebeck coefficient (yellow) at a carrier concentration
of n = 1020 cm−3. Experimental data [40] have a carrier concentration of n = 1.5 × 1020 cm−3, and measurements are performed at
around (b) 1064 K, (c) 1144 K, and (d) 1066 K.

the rapid change in phonon drag with composition in the
Si-rich region to changes in both mass-disorder scatter-
ing and electron-phonon coupling strength. As shown in
Figs. 2(a) and 2(d), the peak in zT in n-type Si-Ge around
the composition of Si0.13Ge0.87 is mainly contributed to by
the corresponding peak in the Seebeck coefficient. This is
due to band convergence, which results in an increased
density of states [38,39] [detailed band structure is given
in Fig. S6 within the Supplemental Material [41]], which
agrees well with experimental data from Amith’s work

[65]. Interestingly, at the band-convergence composition,
although a peak exists in the diffusive Seebeck coefficient,
the peak in zT is actually largely contributed to by the
stronger peak in the phonon-drag part, and this peak in zT
becomes less appreciable as phonon drag diminishes with
increasing temperature [see Figs. 3(a) and 3(d)]. Although
the Seebeck coefficient increases because of the large den-
sity of states at band convergence, electron scattering also
increases, leading to reduced electron mobility. Another
peak in zT around Si0.7Ge0.3 [see Fig. 3(a) and Figs. S1(a)
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and S2(a) within the Supplemental Material [41] ] is due to
both the low phonon thermal conductivity and electronic
contributions. Overall, when the atomic Si percentage is
larger than 30% and smaller than 80%, the Si-Ge alloys
have comparable electronic properties.

We plot cumulative contributions of different phonon
mean free paths to both the phonon-drag Seebeck coef-
ficient [see Fig. 4(a)] and the lattice thermal conduc-
tivity [see Fig. 4(b)] in absolute scale for Si, Ge, and
Si0.6Ge0.4 at 1100 K [see Fig. S4 within the Supplemen-
tal Material for plots at 150 and 300 K [41]]. Indeed,
phonons contributing to phonon drag have a longer mean
free path (see Fig. 4) and lower frequency [see Fig. S5
within the Supplemental Material [41]] than those con-
tributing to the lattice thermal conductivity. For instance,
in Si and Ge, at n = 1020 cm−3 and T = 1100 K [see
Fig. 4 and Fig. S4(b) within the Supplemental Mate-
rial [41] ], phonon drag is contributed to mostly by
phonons with a mean free path longer than 0.2 µm, while
approximately 80% of heat conduction is from phonons
with a mean free path shorter than 0.2 µm. The alloy
significantly scatters high-frequency phonons with short-
to-medium mean free paths, so that the lattice thermal
conductivity drops drastically [Fig. 4(b)], leaving longer-
mean-free-path phonons contributing more to heat conduc-
tion. The alloy does scatter long-mean-free-path phonons
to some extent, leading to reduced phonon drag. However,
the degrees of the alloy’s influence on phonon drag and
the lattice thermal conductivity are different, and the alloy
serves as a filter that effectively lowers the lattice thermal
conductivity without decreasing the Seebeck coefficient
significantly.

On the other hand, electron-phonon interactions scat-
ter phonons with a long mean free path, so this reduces
phonon drag more than it reduces the thermal conductivity
[the difference between the solid lines and dashed lines in
Fig. 4(a) is larger than that in Fig. 4(b)]. When the car-
rier concentration is high, long-mean-free-path phonons
are scattered heavily by carriers and phonon drag decreases
considerably. At 1100 K, when the carrier concentra-
tion increases from n = 1019 cm−3 (Fig. 4, solid lines) to
n = 1020 cm−3 (Fig. 4, dashed lines), phonon-drag values
of Si, Ge, and Si0.6Ge0.4 decrease by 70%, 37%, and 46%,
respectively, but thermal-conductivity values drop only by
15%, 12%, and 24%, respectively. The latter matches our
previous conclusion [67] that the reduction in lattice ther-
mal conductivity due to electron-phonon interactions in
alloys is more significant than that in Si and Ge: the mass
difference in Si-Ge alloys screens out the high-frequency
phonons with short-to-medium mean free paths and leaves
the long-mean-free-path phonons subject to scattering by
electrons contributing more to the lattice thermal con-
ductivity. Nevertheless, for phonon drag, we cannot draw
the same conclusion because, in addition to the alloying
effect, the electron-phonon coupling strength, which is a

(a)

(b)

FIG. 4. Absolute cumulative contributions of phonons with
different mean free paths to phonon drag and lattice thermal con-
ductivity at 1100 K. Calculated cumulative (a) phonon drag and
(b) lattice thermal conductivity for n-type Si (blue), Ge (yellow),
and Si0.6Ge0.4 (red) at 1100 K at two different carrier concen-
trations: 1019 cm−3 (solid lines) and 1020 cm−3 (dashed lines).
Comparison between solid and dashed lines demonstrates the
effect of electron-phonon interactions: electron-phonon interac-
tions have larger impacts on phonon drag than on lattice thermal
conductivity.

deciding factor of phonon drag, also depends on the alloy’s
composition.

When the temperature increases, the two features dis-
cussed above, regarding the alloying effect and electron-
phonon interactions, still hold true. But the entire accumu-
lation spectrum would shift to a shorter mean free path, as
a result of the change in phonon population and intrinsic
phonon-phonon scattering strength.

We further present the thermoelectric properties of
Si0.7Ge0.3 from 150 to 1100 K (see Fig. 5) to demonstrate
our method’s predictive power, since the thermoelectric
properties ofSi0.7Ge0.3 across a wide range of temperatures
are available from experimental work by Dismukes et al.
[40]. The overall trend of our results agrees with experi-
ments. The discrepancy between our calculated figure of
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(a) (b)

(c) (d)

FIG. 5. Comparison of calculated and experimental thermoelectric properties of n-type Si0.7Ge0.3 as a function of temperature at
three different carrier concentrations. (a) Figure of merit, zT; (b) electrical conductivity; (c) thermal conductivity, including electronic
thermal conductivity; and (d) Seebeck coefficient (both diffusive Sdif and total Stot are shown). At 1100 K and n = 1.5 × 1020 cm−3,
phonon drag contributes to about 7% of the Seebeck coefficient and about 13% of zT. Experimental data are from Ref. [40].

merit, zT, and the experimental data could arise for the
following reasons. (1) The band structure generated by
DFT may not be entirely accurate, especially for Ge-rich
alloys. Band structures used in transport-property calcula-
tions are after Wannier interpolation, which can have small

deviations from as-calculated results of electronic band
calculations [Fig. S6(b) within the Supplemental Mate-
rial [41] ]. In heavily doped materials, a strong coupling
between dopants and the host material can alter the band
structure. We do not have this feature in our current
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FIG. 6. Comparison of phonon-scattering rates in heavily doped n-type Si0.7Ge0.3 at different temperatures. Phonon-scattering rates
of intrinsic three-phonon scattering (“3-phonon,” blue), alloy mass-disorder scattering (“alloy-ph,” red), and EPI (yellow) at 150 K
(left), 300 K (middle), and 1100 K (right). Carrier concentration is kept at n = 1020 cm−3 at all three temperatures.

simulations. An inaccuracy in the band shape would cause
an error in the electrical conductivity, and an inaccuracy
in the band gap could affect the bipolar effects in the elec-
trical conductivity, the thermal conductivity, and the See-
beck coefficient. (2) We use the Brooks-Herring model in
our ionized-impurity scattering calculation, which assigns
electrons to plane-wave states and does not consider the
core scattering of ionized impurities. Figure S11 within
the Supplemental Material [41] gives a comparison of cal-
culated and measured electron mobilities in Si, Si0.2Ge0.8,
and Ge at different carrier concentrations. The electri-
cal conductivity calculations can be further improved by
incorporating short-range core scattering by dopants. (3)
In experiments, the sample carrier concentrations are mea-
sured at high temperatures and can change with temper-
ature due to the thermal activation of dopants [40]. In
our simulations, materials have fixed net carrier concen-
trations at all temperatures. Hence, the “rising tails” in
experimental data in Figs. 5(b) and 5(c), resulting from
bipolar electrical conductivity and bipolar thermal con-
ductivity, are not well captured. (4) We include only the
three-phonon process as the intrinsic phonon-phonon scat-
tering in our calculation of the lattice thermal conductivity,
while the four-phonon process can be important at high
temperatures [68,69]. Given that the strength of four-
phonon scattering scales quadratically with temperature
[69], we estimate that the lattice thermal conductivity of
Si-Ge alloys at 1100 K determined only by the three-
phonon process would be about 25% higher than that
considering both three-phonon and four-phonon processes.
(5) The virtual crystal approximation is only a first-order

approximation. It models alloy systems as homogeneous
crystals and cannot capture many other disordered fea-
tures in real alloy materials (especially in heavily doped
samples), e.g., dislocations, stacking faults, vacancies or
vacancy complexes, and other defects. (6) The current
approach relies on several approximations that neglect
higher-order effects: phonon scattering by equilibrium
electrons, electron scattering by equilibrium phonons, the
relaxation approximation, and the after-scattering state
described as the undisturbed Bloch state of the peri-
odic host lattice within the first Born approximation. (7)
According to our convergence test [see Figs. S9 and S10
within the Supplemental Material [41]], we estimate that
there might be up to 10% error in our current results, com-
pared with the ideally converged results if denser meshes
were allowed by computing power.

C. Competition of phonon scattering mechanisms

Our results show that, even at 1100 K and in the heavily
doped region (n ∼ 1020 cm−3), phonon drag is not triv-
ial in Si-Ge alloys, and it still contributes to 10%–20%
of zT [see Fig. 3(a) and Fig. S2(a) within the Supple-
mental Material [41] ]. As shown in Fig. 1, surprisingly,
phonon drag’s relative contribution can increase with car-
rier concentration at 1100 K. From the spectral analysis
of phonons, we attribute this nonintuitive phenomenon
to competition between several phonon-scattering mech-
anisms. We already know that low-frequency phonons
are those participating in phonon drag [see Fig. S5
within the Supplemental Material [41]], thus the dominant
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scattering of these phonons determines their mean free
path and largely determines phonon drag. Taking Si0.7Ge0.3
as an example, we compare the three phonon-scattering
rates (intrinsic three-phonon scattering, phonon scattering
by mass disorder, and phonon scattering by electrons) in
Fig. 6. At lower temperatures, phonon drag is more sen-
sitive to carrier concentration, since the intrinsic phonon
scattering is weak, so it is easier for phonon scattering
by electrons to surpass the intrinsic phonon scattering and
become the dominant scattering mechanism for phonons
contributing to phonon drag. At 1100 K, the intrinsic
phonon scattering is so strong that electron-phonon scat-
tering barely affects the low-frequency phonons’ mean free
path, unless the carrier concentration becomes extremely
high (n > 1020 cm−3). In such a case, before entering the
extremely heavily doped region, phonon drag stays almost
constant, while the diffusive part of the Seebeck coefficient
decreases with increasing carrier concentration, so the rel-
ative contribution of phonon drag to the total Seebeck
coefficient can become more appreciable in the heavily
doped Si-Ge alloy. On the other hand, in Si0.7Ge0.3, the
decrease in the diffusive Seebeck coefficient with stronger
electron-phonon interactions is more significant than that
in phonon drag in Fig. 1(b) at 150 and 300 K as the carrier
concentration approaches 1020 cm−3, but the increasing
relative contribution of phonon drag with higher carrier
concentration in Si0.7Ge0.3 is not observed in Si at 150 and
300 K. This is because electron-phonon interactions have
a smaller impact on phonon drag in the Si0.7Ge0.3 alloy
than that in Si (due to stronger scattering of long-mean-
free-path phonons by mass disorder in Si0.7Ge0.3, weaker
intrinsic phonon scattering, and stronger electron-phonon
interactions in Si) at these temperatures, as shown by the
cumulative contributions of electrons with different mean
free paths to the diffusive Seebeck coefficient and phonon
drag at n = 1019 and 1020 cm−3 in Si and Si0.7Ge0.3, [see
Fig. S16 within the Supplemental Material [41]].

III. CONCLUSION

We calculate the Seebeck coefficient, the electrical con-
ductivity, and the thermal conductivity, and obtain zT of
both n-type and p-type Si-Ge alloys [data for p-type mate-
rial are available in the Supplemental Material [41]] over
the complete range of compositions at different carrier con-
centrations (1015 to 1020 cm−3) from 150 to 1100 K. In
particular, we include the phonon-drag part of the con-
tribution in our Seebeck calculations and take both alloy
scattering of phonons and alloy scattering of electrons into
account. Contrary to conventional wisdom that phonon
drag would disappear in alloy-based thermoelectric mate-
rials [9] or at high temperatures, we find that phonon
drag contributes significantly to the total Seebeck coeffi-
cient in Si-Ge alloys: even at 1100 K, phonon drag still
contributes to 10%–20% of zT and its relative contribution

to the total Seebeck coefficient can increase with higher
carrier concentration. Our first-principles calculation
successfully reproduces the peak in the measured Seebeck
coefficient around the composition of n-type Si0.13Ge0.87
due to band convergence and highlights the competition
between band convergence increasing the Seebeck coef-
ficient with increased scattering and lower mobility. This
work demonstrates that all thermoelectric transport prop-
erties of alloy-based practical thermoelectric materials can
be simulated from first principles. The insights gained
here are essential for understanding thermoelectric trans-
port and improving the performance of state-of-the-art
thermoelectric materials.

IV. METHODS

A. DFT calculations

The SixGe1−x alloy crystal is generated by composi-
tionally averaging the masses and pseudopotentials of Si
and Ge (Si.pz-n-nc.UPF and Ge.pz-n-nc.UPF), and the lin-
early interpolated lattice constants are used as initial inputs
to get the final relaxed structure. The electronic Hamil-
tonian, dynamical matrix, and phonon perturbation are
obtained from density-functional-theory calculations using
the QUANTUM ESPRESSO software [44]. The kinetic energy
cutoff for wave functions is 80 Rydberg; the convergence
threshold for self-consistency is 10−12 Rydberg. Elec-
tronic band calculations use a 12 × 12 × 12 Monkhorst-
Pack [70] k-mesh phonon band and perturbation calcula-
tions use a 6 × 6 × 6 Monkhorst-Pack q mesh. Electronic
Wannier functions and phonon perturbation in the Wan-
nier representation constructed from information obtained
on the coarse meshes outlined above are interpolated to
an 80 × 80 × 80 k mesh and an 80 × 80 × 80 q mesh to
calculate the electron-phonon matrix element using the
EPW code [45–47]. We do the same interpolation for the
alloy-electron scattering-rate calculations in parallel by
substituting the electron-phonon interaction matrix with
the alloy-electron interaction matrix using the perturbed
potential obtained in alloy-electron scattering. The lattice
thermal-conductivity calculations within the relaxation-
time approximation to the phonon Boltzmann transport
equation are carried out with our modified ShengBTE
package [48] using a 60 × 60 × 60 q mesh. More details on
thermal-conductivity calculations can be found in our pre-
vious work [67]. Methods of calculating phonon drag and
addressing different scattering mechanisms of phonons and
electrons are given in the Supplemental Material [41].

Data that support the plots and other findings of this
study are available from the lead contact on reasonable
request. The code for computing electron-phonon scatter-
ing rates through first-principles calculation is a modified
version of the EPW [45,46] code, released initially within
the QUANTUM ESPRESSO [44] package. Our modified EPW
code is available, see Ref. [47].
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