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Establishing and approaching the fundamental limit of orbital-angular-momentum (OAM) multiplexing
are necessary and increasingly urgent for current multiple-input multiple-output research. In this work, we
elaborate the fundamental limit in terms of independent scattering channels (or the degrees of freedom of
scattered fields) through angular-spectral analysis, in conjunction with a rigorous Green’s function method.
The scattering-channel limit is universal for arbitrary spatial-mode multiplexing, which is launched by a
planar electromagnetic device, such as antenna, metasurface, etc., with a predefined physical size. As a
proof of concept, we demonstrate both theoretically and experimentally the limit by a phase-only meta-
surface hologram that transforms orthogonal OAM modes to plane-wave modes scattered at critically
separated angular-spectral regions. Particularly, a minimax optimization algorithm is applied to suppress
angular-spectrum aliasing, achieving good performances in both full-wave simulation and experimental
measurement at microwave frequencies. This work offers a theoretical upper bound and corresponding
approach route for engineering designs of OAM multiplexing.

DOI: 10.1103/PhysRevApplied.16.064042

I. INTRODUCTION

The growing demand for of high data (transmission)
rate per unit bandwidth has driven researchers to con-
tinuously explore the potential of independent scattering
channels. It is well known that the upper bound of the data
rate is determined by Shannon’s channel capacity [1]; and
various spatial-mode-multiplexing (SMM) strategies have
been proposed to approach the scattering-channel limit for
maximizing the channel capacity [2,3]. Orbital-angular-
momentum (OAM) mode is an approximate solution to
the free-space Helmholtz equation in cylindrical coor-
dinates [4]. In contrast to extensively used plane-wave
mode, OAM mode exhibits unique electromagnetic (EM)
properties including nonuniform intensity with a phase
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singularity, helical wave front, strong divergence, and
rich orthogonal modes [5–7], which has been regarded
as a promising solution for overcoming the issue of
limited frequency channels [8–10]. In the past few
years, high-capacity communication systems based on
OAM multiplexing as well as corresponding OAM gen-
eration and detection technologies have drawn great
attention in optical [11–17], EM [18–28], and acoustic
[29,30] researches. However, OAM multiplexing pro-
vokes a discussion about its advantages over traditional
multiple-input multiple-output (MIMO) [31,32] systems
and its fundamental scattering-channel limit [33–35]. In
Ref. [33], an intuitive limit is given according to the
spatial-bandwidth product method in view of the size
of focusing lens and width of OAM beams. Similarly,
considering the expansion of OAM beam width dur-
ing wave propagation, the aperture size and propagating
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distance are deemed to govern the OAM scattering-
channel limit, where analytical results on the numbers of
independent scattering channels have been derived [35].
Based on the degrees of freedom (DOF) of scattered fields
[36], the relation between the scattering-channel limit and
EM source size was clarified by employing multipole
expansion of truncated Bessel beams over a sphere sur-
face [34]. Moreover, information theory of metasurfaces
[37] is proposed to infer the DOF of plane-wave multiplex-
ing. Nonetheless, a simple and physically intuitive bound
on the number of independent scattering channels and a
specific EM device designed to demonstrate the fundamen-
tal scattering-channel limit would bring insights into this
problem.

In this work, we establish an alternative and accessible
way to deduce the scattering-channel limit of OAM multi-
plexing, meanwhile, we propose an optimization algorithm
to approach the limit in ideal and realistic metasurface
designs. The number of independent scattering channels
of OAM modes, bounded by the physical size of the gen-
erating or detecting aperture, is equivalent to that of plane-
wave modes, which could be argued from a mathematical
point of view: a transformation of basis, from OAM modes
to plane-wave modes and vice versa, will not change the
DOF (or the number of independent scattering channels) of
SMM. Consequently, the fundamental scattering-channel
limit is generally applicable to any SMM systems. Further-
more, a minimax algorithm could be exploited to mitigate
mode crosstalks to a great extent for approaching the
fundamental limit of OAM multiplexing.

This paper is organized as follows. In Sec. II, we elabo-
rate the scattering-channel limit of plane-wave modes gen-
erated by a two-dimensional (2D) area-constrained source.
In Sec. III, we discuss that OAM basis and plane-wave
basis share the same scattering-channel limit when they
are generated by the same size source. After that, mini-
max optimizations for both ideal and realistic metasurfaces
are discussed in Sec. IV. Then, experiment is conducted
to verify the performance of the realistic metasurface at
microwave frequencies in Sec. V. Additionally, the con-
nections between EM theory and information theory of
a SMM system, a rigorous deduction of the scattering-
channel limit based on EM Green’s function and the details
of minimax optimization algorithm are described in the
Appendixes.

II. SCATTERING-CHANNEL LIMIT OF
PLANE-WAVE MULTIPLEXING

The SMM relies on the independence or orthogonal-
ity of EM modes in various bases, such as plane-wave
basis and OAM basis. The data rate of the SMM system
has been intensively studied in information theory, exhibit-
ing a close connection to the wave-basis concept in EM
theory (the relation between them is discussed in

Appendix A). Briefly speaking, the data rate critically
depends on the number of available orthogonal EM modes
scattered by a 2D planar EM device or generated by a 2D
equivalent source, which can be referred to as the funda-
mental scattering-channel limit of the 2D SMM system.
In this section, we first consider the plane-wave basis,
in which the derivation of the scattering-channel limit
(equivalent to the number of independent and distinguish-
able plane-wave modes generated by an area-constrained
source at far field) is straightforward. Suppose the physical
size of the area-constrained 2D source is Lx × Ly , which
can be regarded as a band-limited source function J(r′).
The far-field pattern of this source can be calculated with a
dyadic Green’s function as

Efar(k) = −j ωμ0
e−jk0r

4πr

∫
v

(
aθaθ + aϕaϕ

)

· J
(
r′) exp

(
jk0r′ · aR

)
dr′, (1)

where aθaθ and aϕaϕ represent the θ and ϕ components
of unit dyadic, aR denotes the R component of unit vec-
tor, both in the spherical coordinates, and k0 is the wave
number in free space.

Obviously, the transform from near field to far field is a
low-pass Fourier transform from the spatial domain to the
angular-spectral domain. For plane-wave modes propagat-
ing in free space, each mode will occupy a certain k area
because the source area is finite or constrained. They will
approach the distinguishable limit when the correspond-
ing half-power circles of far-field patterns in the k space
are nearly tangent, referred to as Rayleigh’s limit. Hence,
on account of the limited angular-spectral region in half
space, the number of distinguishable plane-wave modes
as independent scattering channels can be easily deduced,
inspired by the same concept in Ref. [38].

The quantitative analysis is demonstrated as follows.
The minimum resolutions along the x and y directions in
the angular-spectral domain are

�kx = 2π

Lx
, �ky = 2π

Ly
, (2)

where Lx and Ly are the side lengths of the source. Thus,
the minimum k elementary area needed for one plane-wave
mode propagating in free space is �kx�ky , denoted by the
dotted-line pixel in Fig. 1(a). In free space, we have

k2
x + k2

y + k2
z = k2

0, (3)

where k0 is the free-space wave number. For a propagating
plane-wave mode, which obeys k2

z > 0, the total angular-
spectral area in the half-space is bounded by

k2
x + k2

y < k2
0, (4)

marked by the light red circle in Fig. 1(a). Then, the num-
ber of independent scattering channels can be obtained
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FIG. 1. Fundamental scattering-channel limit of plane-wave
multiplexing. (a) The minimum distance between two dots rep-
resents the minimum resolution in k space, the dotted square
formed by the adjacent four dots represents the scattering chan-
nel for a free-space propagating plane-wave mode and the light
red zone inside the circle represents the total available k-space
region. (b) Far-field pattern of multiplexed plane-wave modes
generated by a square source with side length Lx = Ly = 1.12λ0.
The radius of depicted k area is k0. The dotted black lines
represent the half-power circles and the crosses represent the pre-
designed scattering directions of the four generated plane-wave
modes.

as

N ≤ πk2
0

�kx�ky
= π(2π/λ0)

2

(2π/Lx)(2π/Ly)
= πS

λ2
0

, (5)

where N is the fundamental limit of independent scatter-
ing channels of plane-wave multiplexing, S = LxLy is the
geometric area of the source, and λ0 is the free-space wave-
length. This limit considers only one type of polarization,
and it should be doubled if dual polarizations are adopted.
If more plane-wave modes beyond this limit are added,
they will not be distinguishable or angularly resolved.
Evanescent modes are required to support the expanded
angular spectrum, which, however, are not suitable for far-
field communication. Moreover, it is worth noting that Eq.
(5) is rather an intuitive method, we also provide a strict
and rigorous method to deduce this limit based on EM
Green’s function in Appendix B, which yields almost the
same result.

Here, an example is given for validation. The far-field
pattern of four multiplexed plane-wave modes oriented at
four predesigned directions is depicted in Fig. 1(b). The
minimum side length of the source is set as Lx = Ly =
1.12λ0 according to Eq. (5). The far field is calculated by

Pfar =
∣∣∣∣∣

4∑
n=1

F
{

exp[jkx(n)x + jky(n)y]�(x, y)

}∣∣∣∣∣
2

, (6)

where F denotes Fourier transform, �(x, y) is a window
function with � = 1 (� = 0) inside (outside) the source

area, n is the index of plane-wave modes, and the cor-
responding wave numbers of the four predesigned direc-
tions are kx(n)/k0 = [0.65, 0, −0.65, 0] and ky(n)/k0 =
[0, 0.65, 0, −0.65]. It can be visually observed from Fig.
1(b) that the half-power circle of each mode is nearly tan-
gent to that of nearby modes. Also, the k space is almost
totally occupied with little wide-angle margin, validating
Eq. (5). Quantitatively, if we define the crosstalk between
two modes as the inner product of there far-field patterns,
the normalized crosstalk matrix is

Ap =

⎡
⎢⎣

1 0.06 0.06 0.06
0.06 1 0.06 0.06
0.06 0.06 1 0.06
0.06 0.06 0.06 1

⎤
⎥⎦ , (7)

where the element Am,n denotes the crosstalk between
mode m and mode n, and m, n ∈ [1, 2, 3, 4].

III. THE EQUIVALENCE OF
SCATTERING-CHANNEL LIMIT BETWEEN OAM

BASIS AND PLANE-WAVE BASIS

Different from plane-wave basis, spatial waves or struc-
tured waves, such as Laguerre-Gaussian beams carrying
OAM, form the spatially orthogonal basis, which can
be multiplexed towards unidirection [6]. Information is
encoded (generated) or decoded (detected) in terms of
the superposed orthogonal modes via a EM generator
or detector involving antenna arrays, metasurfaces, spiral
phase plates, etc. Particularly, the EM detector is capa-
ble of distinguishing these modes for realizing information
retrieval. Intuitively, the structured waves can be infinitely
multiplexed in a line-of-sight (LOS) communication sys-
tem. However, the maximum number of orthogonal spatial
modes is only limited by the physical or geometrical size
of the EM device, and is independent of the specific source
basis. Although there could be infinite orthogonal source
distributions in the source plane, for example, infinite
orthogonal LG modes (even with different beam waists
[39,40]) could be arranged in a truncated plane, the avail-
able number of scattering channels is still limited due to
the constraint from the receiving side.

Hence, as a proof of concept, we can design a phase-
only metasurface to unitarily transform multiplexed OAM
modes to plane-wave modes in limit-approaching situa-
tion, benefiting from its remarkable advances in OAM
multiplexing [41–44]. As shown in Fig. 2, for a set of
multiplexed OAM modes with encoded amplitudes prop-
agating towards one direction, we expect that each of them
can be transformed to one plane-wave mode propagating
towards a predesigned direction with a well-engineered
metasurface. As a time-reversal procedure due to reci-
procity, multiplexed OAM modes can be generated by
impinging the metasurface with plane-wave modes from
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Metasurface

Half-power circles
in k space

Three plane-wave modesThree MUX OAM modes

FIG. 2. Schematic diagram to illustrate the fundamental
scattering-channel limit of OAM multiplexing based on the
transformation of basis. The mixed OAM wave, generated by a
superposition of three multiplexed and orthogonal OAM modes
with encoded amplitudes, is transformed to three propagating
and orthogonal plane-wave modes by a detecting metasurface.
When the number of superposed OAM modes approaches the
fundamental limit determined by the size of the metasurface, the
half-power circle of each plane-wave mode will be tangent to that
of nearby modes.

different directions. The proposed fundamental scattering-
channel limit can be approached if corresponding orthog-
onal plane-wave modes are generated and angularly dis-
tinguishable. In this case, the information encoded in
the amplitudes of multiplexed OAM modes is transmit-
ted to that in the amplitudes of multiplexed plane-wave
modes. Nevertheless, maximizing the number of indepen-
dent scattering channels is difficult because the transfor-
mation of basis by single metasurface is mathematically
nonideal. Under the incidence of one OAM mode, several
modes will be generated (one plane-wave mode and other
OAM modes), where only the plane-wave mode is use-
ful for information retrieval, and the other OAM modes
are regarded as crosstalks. Hence, in order to approach
the scattering-channel limit, the minimax algorithm is
employed to optimize the metasurface in the next section.

IV. APPROACH THE FUNDAMENTAL
SCATTERING-CHANNEL LIMIT WITH

MINIMAX OPTIMIZATION

To move from theory to practice, in this section, both
ideal and realistic metasurfaces are studied to verify
the performance of minimax optimization. In order to
implement an optimization algorithm, input variables and
objective functions should be given. As we consider only
lossless metasurfaces, input variables will be thus the
phases of the discretized meta-atoms of corresponding
metasurfaces. For both ideal and realistic metasurfaces,
objective functions are constructed similarly by the far-
field patterns of the metasurfaces under the incidences of
multiplexed OAM modes. However, the methods of cal-
culating the far-field patterns with the input variables are

different for the ideal and realistic cases. Technical details
and results are discussed in the following.

A. Ideal metasurface

To begin with, we consider the minimum source size for
spatial multiplexing of four OAM modes, then extend them
to eight modes. In order to match the full-wave EM sim-
ulation in the next subsection, the metasurface is designed
to be composed of 10 × 10 meta-atoms working at 5.088
GHz, in which the meta-atoms refer to the repetitive unit
cells of the metasurface. The area of this metasurface is
set to be S = 1.36λ2

0 and the side length is Lx = Ly =
1.17λ0. From Eq. (5), the maximum number of indepen-
dent OAM modes allowed for multiplexing is calculated
to be 4.3, leaving a negligible margin for the multiplexing
of four modes. According to the method proposed in Ref.
[45], multiplexed OAM modes can be detected by a single
metasurface with phase distribution

t(r, φ) = A(r, φ) exp [j φ0(r, φ)]

×
(∑

n

exp{j [lnφ + kx(n)x + ky(n)y
]}
)

, (8)

where n is the index of modes, ln is the topological charge
of OAM modes, A(r, φ) are the normalized amplitude
factors for guaranteeing |t(r, φ)| = 1 and φ0(r, φ) are the
initial phases to be optimized for reducing mode crosstalks
of high-order OAM modes and suppressing side lobes of
transformed plane-wave modes. Laguerre Gaussian (LG)
beams are utilized as OAM sources with the radical index
p = 0 and azimuthal index l0 at the position z = 0 [6]

Lł0
0 =

√
2

π(|l0|)!
1

w(0)

[
r
√

2
w(0)

]|l0|

× exp
[ −r2

w2(0)

]
exp[jl0φ]L|l0|

0

(
2r2

w2(0)

)
, (9)

where r is the radius, φ is the azimuthal angle, L0 is the
associated Laguerre polynomial, and w(0) is the beam
waist. It is worth noting that w(0) is set equal to the side
length of the metasurface. Next, a phase plane of the same
size is digitized into 10 × 10 pixels to represent the ideal
metasurface and additional phase will be carried when the
LG beams pass through the plane. After that, the far-field
pattern can be calculated with a Fourier transform [46].

Efar = F
{
Lł0

0 t(r, φ)

}
=
∑

n

EOAM(ln+l0)(kx, ky), (10)

where F denotes Fourier transform, t(r, φ) is the phase
distribution of the metasurface and (ln + l0) represents the
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orders of generated OAM modes. The normalized far-field
intensity pattern can be written as

Pfar(kx, ky) = E2
far(kx, ky)∑

kx ,ky
E2

far(kx, ky)
, (11)

where
∑

kx ,ky
denotes the sum of power density over all

k space. Obviously, far-field intensity Pfar is a function
of kx and ky , denoting the power intensities along differ-
ent directions. By engineering the phase distribution of the
metasurface, the OAM mode with l0 + ln = 0, which has
the highest intensity and behaves like a plane-wave mode,
can be generated towards a predesigned direction to realize
the mode detection and information retrieval.

Unfortunately, the unwanted high-order OAM modes
with l0 + ln �= 0 are inevitable with this detecting method.
As the size of metasurface becomes smaller, the unwanted
crosstalks between the high-order modes become worse,
especially for the minimum limiting case, which shows a
big difference from our previous work [45]. Such side lobes
will not only reduce the detecting accuracy but will also
make it difficult to analyze the scattering-channel limit.
The design of this OAM sorter is then in virtue of an opti-
mization algorithm. Mathematically, the optimization in
this case can be considered as a worst-case tolerance prob-
lem, and the key is to find the phase distribution, which
makes the worst far-field pattern optimal under the inci-
dence of each OAM mode to be multiplexed. Therefore,
each input OAM mode is related to one dash-line circle
in angular spectrum in Fig. 1(b), the best performance
will be achieved if we make the power of OAM modes
diffracted into the corresponding angular circles as much
as possible. We propose a minimax optimization algorithm
to suppress the unwanted side lobes as much as possi-
ble, details of the optimization algorithm can be found
in Appendix C, where the input variables are the phases
of the discretized pixels (ideal meta-atoms) denoted by
[φ1, φ2, . . . φ100], multiplexed LG beams are fixed as the
input sources and objective functions are constructed with
far-field patterns given by Eqs. (7)–(10).

The comparison between nonoptimized and optimized
results is depicted in Fig. 3, from which one can see
that the side lobes are significantly suppressed, especially
for modes 1 and −1. With the optimization, the normal-
ized far-field intensity patterns under the incidences of
multiplexed OAM modes are shown in Fig. 4. For each
scattered plane-wave mode, the maximum-intensity point
in the k space with a normalized power intensity 1 is set
as the center of the half-power circle, and the radius of
the half-power circle is set as the median of the distance
between the two points with the normalized power inten-
sity 1 and 0.5 in the k space, respectively. Furthermore, the
predesigned scattered directions of the four OAM modes
are denoted by the crosses. There will be minor deviations
between the designed and realistic scattered directions. For

(a)

k0

(b) (c) (d)

(e) (f) (g) (h)

FIG. 3. Responses of an ideal metasurface for OAM detecting
under the incidences of different OAM modes. (a)–(d) Far-field
intensity patterns under the incidences of OAM modes l0 =
1, 3, −3, −1 without optimization. (e)–(h) Far-field intensity pat-
terns under the incidences of OAM modes l0 = 1, 3, −3, −1 with
optimization.

the four OAM modes’ multiplexing, the half-power circle
of each scattered plane-wave mode is nearly tangent to that
of nearby modes and almost all of the k space is occupied,
manifesting that the OAM scattering-channel limit is the
same as that of the plane-wave case in Sec. II. Calculated
with the same method as Eq. (7), the crosstalk matrix of
the four generated modes is

Ao =

⎡
⎢⎣

1 0.18 0.22 0.10
018 1 0.28 0.18
0.22 0.28 1 0.18
0.10 0.18 0.18 1

⎤
⎥⎦ , (12)

where the crosstalk between modes l0 = 3 and 3 is the
worst case. Moreover, the eight OAM modes’ multiplex-
ing is also investigated with a larger metasurface whose
size is S = 2.67λ2

0, and the theoretical upper limit N in Eq.
(5) is calculated to be 8.4. In Fig. 4(b), the red-dot circle
denotes an overlapped useless field region resulting from
the crosstalks of high-order OAM modes. Fortunately,
eight transformed plane-wave modes are angular spec-
trally separated in a marginal sense. Therefore, the fun-
damental scattering-channel limit of OAM multiplexing
can be roughly approached with the proposed optimization
algorithm.

B. Realistic metasurface

In this subsection, a realistic metasurface is built up,
where the input variables, sources, calculation of far field,
and error compensations are different from the ideal case.
The area of this realistic metasurface is set to be S =
1.36λ2

0 and it is constructed by the same 10 × 10 meta-
atoms as the ideal case. For flexible phase control and sim-
ple printed-circuit-board fabrication, Pancharatnam-Berry
meta-atoms are chosen to construct the detecting metasur-
face for achieving desired geometric phase [47–49]. Under
the incidence of circular-polarized wave, additional phase
will be carried by the transmitted cross-polarized wave and
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FIG. 4. Responses of the ideal metasurfaces under the inci-
dences of multiplexed OAM modes. (a) Far-field intensity
pattern under the incidence of multiplexed OAM modes
l0 = 1, 3, −3, −1. The dotted black lines represent the half-power
circles of far-field intensity patterns and the crosses represent the
predesigned scattered directions of the four OAM modes (the
scattering-channel limit of OAM multiplexing with this metasur-
face is 4.27). (b) Far-field intensity pattern under the incidence
of multiplexed OAM modes l0 = 1, 3, 5, 7, −7, −5, −3, −1. The
dotted black lines represent the half-power circles of far-field
intensity patterns, the dotted red line represents the overlapped
mode and the crosses represent the predesigned scattered direc-
tions of the eight OAM modes (the scattering-channel limit of
OAM multiplexing with this metasurface is 8.4).

the introduced phase by each meta-atom is exactly twice
of its rotation angle. It is noticeable that the size of this
detecting metasurface is minuscule with the side length
Lx = Ly = 1.17λ0, which suggests small size meta-atoms
are needed. Based on the design principle in Ref. [49], we
construct a meta-atom around 0.11 × 0.11λ2

0 by using a
substrate with a high relative dielectric constant εr = 12.2.
Using periodic boundary conditions in full-wave EM simu-
lation, this meta-atom achieves nearly 99.8% transmission
efficiency at 5.088 GHz as shown in Fig. 5. And the
detecting metasurface, composed of 10 × 10 meta-atoms,
is shown in Fig. 6.

As we adopt the geometric phase-based metasurface,
all the variables to be optimized are the rotation angles
of the meta-atoms represented by [α1, α2, . . . α100]. The
far-field calculation is different from that of the previ-
ous case. In the ideal case, totally confined LG beams
and ideal phase plane are utilized, which are not attain-
able in realistic implementation. For general consideration,
circularly polarized plane-wave modes are used to gen-
erate four OAM modes with the help of corresponding
generating metasurfaces. Different from the ideal case,
hypergeometric-Gaussian (HyGG) modes are generated
with this method, which leads to more radial-mode com-
ponents and energy loss [50,51]. Also, high-order diffrac-
tion induced by pixel structure is inevitable in a realistic
hologram. Therefore, even with the same optimization
algorithm, the performance of side-lobe suppression is
expected to be worse in the realistic case. The response

(a)

(b)
(c)

h

p

l w

1.0

0.8
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ag

ni
tu

de

Ph
as

e 
(d

eg
)

0.2

0.0 –200
4.6 4.8 5.0 5.2 5.4

Frequency (GHz)
4.6 4.8 5.0 5.2 5.4

Frequency (GHz)
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50
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d

FIG. 5. Full-wave simulation results of the meta-atom. (a)
Structure of the meta-atom. The parameters are εr = 12.2,
p = 7 mm, h = 3.81 mm, l = 6.4 mm, d = 6.7 mm, and w =
1.2 mm. (b) Simulated magnitudes of the cotransmission coef-
ficients. (c) Simulated phases of the cotransmission coefficients.

of the detecting metasurface can be obtained by super-
posing the transmissions of the four multiplexed OAM
modes with the same input power. To detect OAM modes
with better efficiency (minimized crosstalks) at microwave
frequencies, topology charges of l0 = 1, 2, −2, −1 are
adopted instead of l0 = 1, 3, −3, −1 as in the ideal meta-
surface case after a comparison. As for the phase-
distribution design, a challenging problem is that the phase
introduced by metasurface is always nonideal because of
the breakdown of periodic boundary conditions after rota-
tions of meta-atoms. Several methods are proposed to
solve this problem.

(1) The phase introduced by each meta-atom could be
obtained by simulating the entire metasurface rather than
using periodic boundary conditions. Each meta-atom can

(a) (b)

1.17 l0

FIG. 6. Optimized pattern of the detecting metasurface. (a)
Discretized phase distribution of the metasurface. (b) Top view
of the metasurface.
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be represented by a transmission matrix

T =
[

t11 t12
t21 t22

]
, (13)

and the elements of the transmission matrix can be
extracted from the full-wave simulation of the entire meta-
surface.

(2) When the meta-atom is rotated by α, the transmis-
sion matrix becomes

T(α) =
[

cos(−α) sin(−α)

− sin(−α) cos(−α)

]
T
[

cos(α) sin(α)

− sin(α) cos(α)

]
.

(14)

As a result, the transmission matrix of each meta-atom can
be calculated by their rotation angles [α1, α2, . . . α100].

(3) OAM modes with l0 = 1, 2, −2, −1 are generated
by four metasurfaces with different phase distributions as
excitation sources. Even if the generated OAM modes
are not pure, the OAM sources Ei can be sampled from
full-wave simulation to avoid the error.

With these methods, we can reduce the errors from the
breakdown of periodic boundary conditions and impure
OAM sources. Nonetheless, phase error still exists, which
could result from the inevitable coupling between meta-
atoms.

The output near-field Eo can be calculated by multi-
plying rotated transmission matrices with the Ei fields at
corresponding meta-atom centers.

[
Exp

o (n)

Eyp
o (n)

]
= T(αn)

[
Exp

i (n)

Eyp
i (n)

]
, (15)

where n = 1, . . . , 100 is the index of each meta-atom, αn
is the rotation angle of each meta-atom, and superscripts
xp and yp denote the x-polarized and y-polarized compo-
nents. With the output near field, far field can be obtained
by Fresnel diffraction [52]

Efar(x, y) = eik0z

iλ0z

∫∫ +∞

−∞
Eo
(
x′, y ′, 0

)

× e(ik0/2z)
[
(x−x′)2+(y−y ′)2

]
dx′dy ′, (16)

where z is the distance between the source plane and tar-
get plane, and x′ and y ′ denote the geometric positions
at source plane. The left-polarized and right-polarized
components are taken as

El = Exp
far + iEyp

far

2
, Er = Exp

far − iEyp
far

2
. (17)

Assuming the incident wave is left circularly polarized, the
objective polarization will be transformed twice in total

(one is for the generation of OAM source and another
for detection), which will end up being still left circularly
polarized. Hence, the objective far-field intensity is

Pfar(kx, ky) = E2
l (kx, ky)∑

kx ,ky
E2

l (kx, ky)
. (18)

Then, the optimization algorithm can be constructed simi-
larly to the ideal case, as described in Appendix C, where
the input variables are the rotation angles of the meta-
atoms, superposed E field of four OAM modes generated
by the generating metasurfaces is employed as the input
source, and the far-field patterns are calculated with Eqs.
(11)–(16). Optimized far-field patterns are depicted in Fig.
7, where the scattered waves have relatively low side lobes.
Far-field patterns without optimization can be found in
the Supplemental Material [40], which shows severe side
lobes. The response of the detecting metasurface under the
incidences of the multiplexed OAM modes is also given
as a comparison to the ideal case result in Fig. 4(a). The
corresponding crosstalk matrix is

Aon =

⎡
⎢⎣

1 0.23 0.19 0.22
0.23 1 0.17 0.12
0.19 0.17 1 0.32
0.22 0.12 0.32 1

⎤
⎥⎦ , (19)

where the crosstalk between modes l0 = 2 and −1 is the
worst case. Although there appear some deviations of wave
orientations and deformations of wave shapes due to the
mode crosstalks, the four modes are generally separated.
Hence, the fundamental scattering-channel limit of OAM
multiplexing can also be roughly approached with the
realistic detecting metasurface.

V. MICROWAVE EXPERIMENTS

Experimental facilities and measured results are given
in this section. As shown in Fig. 8, experimental facil-
ities mainly consist of circularly polarized (CP) horn
antenna, generating and detecting metasurfaces, support-
ing frame, and near-field scanning system. The circularly
polarized horn antenna has an aperture size of 128 × 128
mm, which emits left circularly polarized wave at 5.088
GHz. The HGG OAM modes carrying topology charges
l0 = 1, 2, −2, −1 are generated with corresponding four
generating metasurfaces, then impinge on the optimized
detecting metasurface. The distance between the two meta-
surfaces is fixed as 6 mm by a plastic spacer to avoid severe
divergences of OAM modes, while focusing lens should
be applied if a long distance communication is consid-
ered. A 500 × 500-mm iron plate with a 70 × 70 square
hole in the center is fabricated as the supporting frame,
which is covered by a piece of the same shaped absorption
material to reduce the edge scattering of the metal hole.
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(d)
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FIG. 7. Full-wave EM simulations of far-field patterns. (a)–(d)
Normalized three-dimensional (3D) patterns under the inci-
dences of OAM modes l0 = 1, 2, −2, −1. (e) Normalized 2D
pattern in k space under the incidence of multiplexed OAM
modes. The dotted black lines represent the half-power cir-
cles of far-field intensity patterns and the crosses represent the
predesigned scattered directions of the four OAM modes.

This supporting frame is used for guaranteeing that waves
can only pass through the metasurface rather than bypass
it. The details of fabricated metasurfaces and supporting
frame are given in the Supplemental Material [40]. Near-
field scanning system is employed for collecting the data
of near-field electric components Exp and Eyp , from which
left circularly polarized far-field pattern can be calculated.
As testing criteria, the distance between the metasurface
and probe is set as 170 mm, and 52 × 52 data points are
sampled over a 800 × 800-mm plane.

Measured far-field patterns are drawn in Fig. 9. The
corresponding crosstalk matrix is

Aot =

⎡
⎢⎣

1 0.30 0.17 0.29
0.30 1 0.21 0.11
0.17 0.21 1 0.33
0.29 0.11 0.33 1

⎤
⎥⎦ . (20)

Near-field
scanning system

Supporting frame

CP horn antenna

Foam

Metasurfaces

FIG. 8. Experimental setup of the near-field measurement.

Compared with simulation results, the directions of the
four scattered waves show some deviations, and there are
also more severe side lobes, especially for modes −1 and
−2. From the result of the multiplexed OAM incidences
in 2D k space, mode crosstalks and wave deformations
can be noticed, while the four modes can be roughly sep-
arated. The measurement error can be largely attributed to
the coupling between the edge of square hole and the upper
surface of metasurface, the reflection between two meta-
surfaces, as well as the fabrication errors of metasurfaces.
To realize the miniaturization of meta-atoms, working
bandwidth has to be sacrificed to a relatively narrow level,
while the high dielectric constant of substrate also imposes
strict constraints for fabrication. Generally, the deviations
in measurement are acceptable as our aim is to explore the
feasibility of approaching the fundamental limit of OAM
multiplexing in the practical design. Although our solution
is proved to be reliable in numerical simulations and exper-
iments, we believe more advanced meta-atoms should be
proposed to realize wider working bandwidth and simpler
fabrication process while maintaining small sizes, which
will take full advantage of the wave manipulation ability
of metasurfaces.

VI. CONCLUSION

In summary, an accessible derivation of the upper
scattering-channel limit for OAM multiplexing is given by
both angular-spectral analysis and rigorous EM Green’s
function method, which reveals the relation between the
number of independent scattering channels and the physi-
cal size of detecting aperture. Then, the theory is verified
with both the ideal optimization case and practical full-
wave simulation, where the minimax algorithm is applied
successfully to suppress side lobes. Moreover, microwave
experiment is also carried out to test the performance of
optimized metasurfaces. By using this theory, the ultimate
performance of SMM-based communication system can
be precisely estimated. The optimization algorithm is also
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(a) (b)
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(d)

x
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FIG. 9. Measured far-field patterns. (a)–(d) Normalized 3D
patterns under the incidences of OAM modes l0 = 1, 2, −2, −1.
(e) Normalized 2D pattern in k space under the incidence of
multiplexed OAM modes. The dotted black lines represent the
half-power circles of far-field intensity patterns and the crosses
represent the predesigned scattered directions of the four OAM
modes.

useful for practical implementation of SMM, especially for
OAM multiplexing.

APPENDIX A: CONNECTIONS BETWEEN EM
THEORY AND INFORMATION THEORY OF A

SMM SYSTEM

In view of information theory, SMM can be analyzed
with the same model as the traditional MIMO system, as
the underlying mathematics is universal. For a MIMO sys-
tem, the ergodic information capacity per unit frequency is
of the form [53]

C = E
[

n∑
i=1

log2

(
1 + Pi

N
σ 2

i

)]
, (A1)

where E is the mean operator, n is the number of chan-
nels (i.e., DOF), Pi is the signal power of each channel
(usually equally allocated), N is the power of noise, and

σ 2
i are the squared singular values of the channel matrix.

When the number of channels increases, the capacity will
be enhanced with the same total input power, due to the
fact that the DOF gain is more significant than the SNR
gain embedded in the log operator, which is the spirit of
MIMO technology. It can be found that the capacity totally
depends on the singular values.

In view of EM theory, the σ 2
i in Eq. (A1) represent

the eigenvalues of the EM eigenmodes in a SMM system
[54], the values of σ 2

i determine the strength of the corre-
sponding eigenmodes. Each EM mode can be regarded as
a channel, as well as the correlation between two channels
is equivalent to the inner product between two EM modes.
When the channels are uncorrelated with each other, i.e.,
the EM modes are independent and distinguishable, the
maximum information capacity of the SMM system is
approached.

APPENDIX B: A RIGOROUS DEDUCTION OF
THE DOF LIMIT BETWEEN A 2D PLANE AND

HALF-SPACE

To clearly demonstrate the strict solution, let us begin
with an intuitive method for deducing the communication
DOF limit between two finite 2D planes with arbitrary
source distributions under paraxial approximation [55].
For the source and receiving planes with areas AS and
AR, the minimum spot a generated by source plane AS on
receiver plane AR can be obtained from the concept of solid
angle as

a ∼ λ2
0D2/AS, (B1)

where λ0 is the free-space wavelength, D is the distance
between the two planes. As each spot can be utilized
for independently coding information, the communica-
tion DOF can be intuitively regarded as the maximum
containable number of spots on AR

N ∼ AR/a, (B2)

which is

N ∼ ASAR

λ2
0D2

. (B3)

Similarly, if we replace the AR by a half-space receiver (a
circular area in angular spectrum defined by k2

x + k2
y < k2

0),
and replace a by the minimum resolution area (�kx�ky) in
angular spectrum, it will yield the intuitive method in Eq.
(5), this DOF refers to the number of significant EM modes
in a communication system.

Now we can deduce the strict solution for the DOF limit.
First of all, for the communication between a source vol-
ume and a receiving volume, with arbitrary source distri-
butions inside, it is easy to prove that the DOF limit is only
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dependent on the size of the volumes, and is independent
of the specific source distributions, see Eqs. (3.3)–(4.2) in
Ref. [54]. What we need to do is to deduce the coupling
operator H between a 2D plane and half-space, then to
investigate the number of significant eigenmodes of this
coupling operator. Without loss of generality, assume some
point sources (δ-function bases) are uniformly distributed
on a 2D plane, a similar method is utilized in deducing the
coupling operator between two planes, see Eqs. (6)–(10) in
Ref. [17]. The δ-function basis can simplify the equations,
and the results will not be affected by using other bases.
As we consider an ideal far-field half-space receiver, the
scalar Green’s function is adequate for this scenario (two
orthogonal polarization components are independent with
each other). The scalar Green’s function in free space is

g
(
r, r′) = 1

4π

exp
(−jk0

∣∣r − r′∣∣)
|r − r′| , (B4)

where k0 is the free-space wave number, r and r′ rep-
resent the positions of field and source. Under far-field
approximation (r → ∞), we have

∣∣r − r′∣∣ ≈ r − r′ · kR, (B5)

where kR is the unit direction vector of r, then the scalar
Green’s function becomes

gfar
(
kR, r′) = e−jkr

4πr
exp(jk0r′ · kR), (B6)

which describes the field at kR direction generated by a
source point. As the term (e−jkr/4πr) is a constant, it will
not influence the DOF of this system. Considering a set of
NS point sources at the positions rSn in the source plane
with the complex amplitudes tn, and NR receiving direc-
tions at kRm, the superposed electric field in direction kRm
would be

E (kRm) = e−jkr

4πr

NS∑
n=1

exp(jk0rSn · kRm)tn =
NS∑

n=1

hmntn,

(B7)

where

hmn = e−jkr

4πr
exp(jk0rSn · kRm) = gfar (kRm, rSn) . (B8)

The received signals at one direction would be the sum of
the fields from all the point sources added up at kRm

fm =
NS∑

n=1

hmntn. (B9)

If tn and fm are collected in the two column vectors t =
[t1, t2, . . . , tNS ]T and f = [f1, f2, . . . , fNR]T, we can define
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(c) (d)
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FIG. 10. Eigenvalues of HH†, where † denotes conjugate
transpose. The intersection point of the two dot lines denotes the
inflection point, the number of eigenvalues larger than the value
of this inflection point denotes the number of dominant eigen-
modes, i.e., DOF. (a) L = 5λ0; (b) L = 10λ0; (c) L = 15λ0; (d)
L = 20λ0.

the projection from the source plane to the half-space as

f = Ht, (B10)

with

H =

⎡
⎢⎢⎣

h11 h12 · · · h1NS
h21 h22 · · · h2NS
...

...
. . .

...
hNR1 hNR2 · · · hNRNS

⎤
⎥⎥⎦ , (B11)
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FIG. 11. Relations between DOF and plane size calculated
with the EM method and the intuitive method.
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which is the coupling operator (channel matrix) between
a source plane and half-space. Then, with singular value
decomposition (SVD), we can obtain the number of domi-
nant eigenmodes of this system, which is the DOF limit.

Assume Ns × Ns point sources are uniformly distributed
in an L × L square plane, and the receiving kR are the
sampled directions in half-space. Specifically, φ = 0 − 2π

is uniformly sampled with 4Nr points, and θ = 0 − π/2
is sampled with Nr Gaussian-Legendre quadrature points
as [56]

θi = cos
(

π
(1/2) + i

Nr

)+
π

2
, (B12)

where i = [1, 2, . . . , Nr] and + denotes the positive part. To
guarantee the information is totally captured by the ideal
half-space receiver, Nr is set as 2L/λ0, which makes the
results convergent. Now we can investigate the specific
eigenvalues of the coupling operator. As depicted in Fig.
10, the eigenvalues of the coupling operators with differ-
ent L are demonstrated, these eigenvalues will decrease
rapidly when pass the inflection point ln(σ 2) = −7, thus
the eigenvalues larger than ln(σ 2) = −7 are regarded as
the significant eigenvalues, and the DOF is the number
of significant eigenvalues. Then, we can find the relation
between DOF and the area of plane with this rigorous
model, as depicted in Fig. 11. It is interesting to observe
that the rigorous model gives almost the same result as the
intuitive method.

Aforementioned results can be easily reproduced, as the
δ-function basis makes this procedure simplified. The rea-
son for transforming OAM into plane-wave basis is that
the plane-wave basis is naturally convenient for deducing
the intuitive equation in angular spectrum, and is also par-
ticularly useful in microwave implementation. Therefore,
the theoretical basis of the fundamental limit proposed in
the paper is valid, and can be verified with both intuitive
and rigorous methods.

APPENDIX C: MINIMAX OPTIMIZATION

The minimax algorithm is used to minimize the possible
loss for a worst (maximum loss) scenario, which is fre-
quently used in engineering problems [57,58]. The crucial
part of constructing such an algorithm is to set appropriate
objective functions. The minimax optimization algorithm
for our cases can be written as

minimax{fn(κ1, κ2, . . . κ100)}, n = 1, 2, 3, 4, (C1)

where f1, f2, f3, f4 are the four objective functions under
the incidences of four OAM modes and [κ1, κ2, . . . κ100]
denotes the input variables, being the phases of pixels
[φ1, φ2, . . . φ100] for the ideal metasurface case and the

rotation angles of meta-atoms [α1, α2, . . . α100] for the real-
istic metasurface case, respectively. With the input vari-
ables, four objective functions can be constructed with the
normalized far-field patterns Pfar given in Sec. IV.

For the construction of objective functions, as each
input OAM mode is related to one dash-line circle in
angular spectrum [see Fig. 1(b)], the objective power is
set as the sum of power included in the k circle cen-
tered at a predesigned direction. The corresponding wave
numbers of the four critically designed directions are
an = kx(n)/k0 = [0.65, 0, −0.65, 0] and bn = ky(n)/k0 =
[0, 0.65, 0, −0.65], where k0 is the free-space wave number
and n = 1, 2, 3, 4. The radius of the k circle is set as 1/3 k0,
which shows the best performance after testing. Note that
the input powers of the four incident OAM modes are set
to be the same, so that higher objective power indicates
better performance. In order to search the best perfor-
mance of the worst case under the incidences of four OAM
modes, reciprocal of the objective power should be set as
the objective function. The final objective functions are

fn =
⎡
⎣ ∑

[(kx/k0)−an]2+[(ky/k0)−bn]2<(1/3)2

Pfar(kx, ky)

⎤
⎦

−1

.

(C2)

We use the fminimax function in the MATLAB optimization
toolbox to construct the algorithm.
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