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Absence of Space-Charge-Limited Current in Unconventional Field Emission
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For field emission (FE), it is widely expected that its emitting current density J will become space-
charge-limited current (SCLC) within a gap spacing D biased at sufficiently large voltage V. In this paper,
we reveal a peculiar finding in which this expected two-stage transition (from FE to SCLC) is no longer
valid for FE not obeying the traditional Fowler-Nordheim (FN) law. By employing a generalized FN
scaling of ln(J/Ek

s ) ∝ −1/Es, where Es is the surface electric field at the cathode, we show the existence
of a critical exponent kc ≡ 3/2 where unusual behaviors occur for k < kc: (a) only FE at small D (no
transition to SCLC possible) and (b) three-stage transition from FE first to SCLC then back to FE at
large D. For k > kc, the conventional two-stage transition from FE to SCLC will always occur for all D,
including the classical case of k = 2. Using various unconventional FE models with k �= 2, we specifically
demonstrate these peculiar transitions. Under a normalized model, our findings uncover the rich interplay
between the source-limited FE and bulk-limited SCLC over a wide range of operating conditions.

DOI: 10.1103/PhysRevApplied.16.064025

I. INTRODUCTION

Field emission (FE) describes the process of electron
emission from a cathode via tunneling at a sufficiently high
electric field, which is known as the Fowler-Nordheim
(FN) law [1–3]:

J = AEs
2 exp

(
− B

Es

)
, (1)

where J is the current density, Es is the surface elec-
tric field, A and B are material- and structure-dependent
parameters. At high field where J reaches a sufficiently
large quantity, the space-charge effects become relevant
and the FN law transitions into the space-charge-limited
current (SCLC) or the Child-Langmuir (CL) law [4,5]:

J = 4ε0

9

√
2e
me

V3/2

D2 , (2)

where e and me are the charge and the mass of free electron,
respectively, ε0 is the free-space permittivity, V is the volt-
age, and D is the gap spacing. For a nanogap, the quantum
CL law is J ∝ V1/2 [6]. The transition from the FN law to
the CL law has been studied for a large gap [7–9], micro-
gap [10], and nanogap [11,12], which is useful for diodes
[13,14].
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The conventional two-stage transition from FE to SCLC
is based on the classical FN law having a scaling of
ln

(
J/Es

k
) ∝ Es

−1 with k = 2 . This understanding seems
to be challenged by the emergence of various condi-
tions not obeying the classical emission models [15–20].
Examples of the FE model with k �= 2 include Schottky-
Nordheim (SN) barrier modification (k ≈ 1.23 when φB =
4.5 eV) [17], graphene (k = 1.53) [18], two-dimensional
(2D) semimetals (k = 1) [19], and three-dimensional
(3D) topological semimetals (k = 3) [20]. Note the k �=
2 behavior of FE can be caused by surface roughness
(k < 2) [21,22]. For thermionic emission, the deviation of
the normal temperature scaling law has also been reported
recently [23,24].

In this paper, we aim to study the transition from FE
to SCLC for arbitrary values of k over a wide range of
applied voltage V and gap spacing D. The main findings
are summarized in Fig. 1. Intriguingly, there is a critical
value kc ≡ 3/2 that, for k ≤ kc, the transition to SCLC is
no longer possible for small D [Figs. 1(d) and 1(e)]. For
large D at k < kc, the transition becomes a three-stage pro-
cess: FE to SCLC to FE as shown in Fig. 1(e). For k > kc,
we have a two-stage transition from FE to SCLC for all
values of D [Figs. 1(a) to 1(c)]. The abnormal transition
arises solely because of unconventional FE having k < kc,
which fails to supply sufficient space charge to sustain the
required CL law. The critical kc ≡ 3/2 can be qualitatively
explained by the 3/2-power scaling governed by the CL
law [25]. It is not due to other effects due to quantum [26],
emission area [27,28], sharpness [29], short pulse [30–32],
and finite particles [33,34]. Note that a normalized model
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has been formulated, hence the predicted results are uni-
versal as long as the FE is in a general form of Eq. (3).
While the model is derived only for a planar gap, we expect
the critical kc ≡ 3/2 is applicable to cylindrical and spher-
ical gap, as these geometries have been shown to have the
same voltage scaling of the planar CL law with a numerical
constant difference (Eq. 8 in Ref. [25]).

II. MODEL

We consider a generalized FE model of

J = AkEs
k exp

(
− B

Es

)
, (3)

where k is an arbitrary scaling of the surface electric field
Es in the pre-exponential term, Ak and B are constants due
to materials and other properties. For simplicity, Eq. (3)
can be transformed into a normalized form of

J̄ = Ēk exp
(

− 1
Ē

)
, (4)

with J̄ = J/J0, Ē = Es/E0. E0 = B and J0 = AkBk are the
characteristic electric field scale and current density scale,
respectively, governed by the generalized FN law.

Using the same approach [7] in linking Eq. (4) to the
Poisson equation in the Llewellyn form to account for the
space-charge effects, we obtain

J̄ T̄2

2
+ ĒT̄ =

√
2V̄, (5)

J̄ T̄3

6
+ ĒT̄2

2
= D̄. (6)

Here the other normalized variables are gap spacing
D̄ = D/D0, transit time T̄ = T/T0, and voltage V̄ = V/V0.
Their respective scales are D0 = eE0T0

2/me (length), T0 =
ε0E0/J0 (time), and V0 = E0 × D0 (voltage). Once an
emission model (or material) is specified with known Ak
and B, all the normalized constants can be calculated.
Solving Eq. (5), we obtain T̄ = (

ξk/Ēk−1
)

exp
(
1/Ē

)
, and

ξk = −1 +
√

1 + 2
(
2V̄

)1/2 Ēk−2 exp
(

− 1
Ē

)
, (7)

which allows Eq. (6) to be rewritten as

ξk
3 + 3ξk

2 = 6D̄Ē2k−3 exp
(

− 2
Ē

)
. (8)

For given k and D̄, Eqs. (7) and (8) are solved numerically
to obtain V̄ as a function of Ē, which can be further used to
calculate J̄ via Eq. (4), and finally the relationship between
J̄ , D̄, and V̄ is determined consistently.

The factor Ē2k−3 in Eq. (8) suggests two con-
trasting behaviors for Ē � 1. For 2k > 3, we have
6D̄Ē2k−3 exp

(−2/Ē
) → 6D̄Ē2k−3. For 2k < 3, the limit

is 6D̄Ē2k−3 exp
(−2/Ē

) → 0. Such a contrasting limit of
Eq. (8) at Ē � 1 indicates the existence of a critical
value of k defined as kc ≡ 3/2, which classifies k into
three different regimes: (i) k > kc (supercritical), (ii) k = kc
(critical), and (iii) k < kc (subcritical).

In the supercritical regime at k > kc ≡ 3/2, the normal-
ized FE model at low field Ē 	 1 is

J̄FE =
(

V̄
D̄

)k

exp
(

− D̄
V̄

)
. (9)

At high field Ē � 1, we recover the normalized CL law:

J̄SCLC × D̄2 = 4
√

2
9

× V̄3/2. (10)

Detailed derivation of Eqs. (9) and (10) and their asymp-
totic limits at various regimes are shown in Appendix A.
By equating Eqs. (9) and (10), we obtain a relationship
between V̄ and D̄, which is

4
√

2
9

V̄3/2−k

D̄2−k
= exp

(
− D̄

V̄

)
. (11)

III. RESULTS AND DISCUSSION

Solutions of Eq. (11) are plotted in Fig. 1 for different
k = 1, 3/2, 1.75, 2, and 3 to show the boundary separating
the FE-dominated and SCLC regimes as a function of V̄
and D̄. For supercritical cases with k > kc ≡ 1.5 [i.e., k = 3,
2 and 1.75 in Figs. 1(a)–1(c)], the two-stage FE-to-SCLC
transition is evident at increasing V̄ with all D̄. Such a clas-
sic transition is, however, no longer warranted for k ≤ 3/2.
For critical (k = kc ≡ 3/2) and subcritical (k = 1 < kc)
cases, we have only the FE regime (complete absence of
SCLC even at infinitely large V) when D̄ is smaller than
a critical value D̄c [marked by the red dashed lines in
Figs. 1(d) and 1(e)]. This critical D̄c is defined as the min-
imum solution of D̄ from Eq. (11) as plotted in Fig. 1(f)
for 0 ≤ k ≤ 3/2. For D̄ > D̄c, the two-stage transition (FE-
to-SCLC) is only present in the critical case (k = 1.5) in
Fig. 1(d). This is in stark contrast to the subcritical case
(k = 1) in Fig. 1(e) for which the SCLC occurs only in the
intermediate V̄ regime before the FE becomes dominant
again at high V̄, which is the three-stage transition (FE-to-
SCLC-to-FE). The actual value of the critical gap, Dc is
dependent on the normalized constants of the governing
FN law, and can be calculated with Dc = D0 × D̄c.

Figure 2 shows the calculated J̄ × D̄2 as a function of V̄
for various k. The normalized gap distances are specifically
chosen at D̄ = 100 and D̄ = 0.01 to show a comparison
between large D̄ (> D̄c) and small D̄ (< D̄c) cases. For k =
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FIG. 1. Susceptibility diagram of FE and SCLC for normalized voltage V̄ and normalized gap spacing D̄. The solid line governs
the transition between FE and SCLC for (a) k = 3 , (b) k = 2 , (c) k = 1.75 , (d) k = kc ≡ 3/2, and (e) k = 1. The red dashed lines
in (d),(e) indicate the critical D̄c, which separates the exclusively only FE from the multiple-stage transition. (f) The critical D̄c from
k = 0 to kc ≡ 3/2.

2 (supercritical cases), the results exhibit a smooth transi-
tion from FE to SCLC for both large and small D̄ cases,
which confirms the Fig. 1(b) scenario and thus also recov-
ers the well-known classical transition [7]. As discussed
above, this two-stage transition is no longer warranted for
k ≤ 1.5, and D̄ will become a factor in determining the
transition. For small D̄ = 0.01, Fig. 2(b) shows that transi-
tion from FE to SCLC is not possible for both k = 1.5 and
k = 1, which confirm the results in Figs. 1(d) and 1(e). On
the other hand, Fig. 2(a) confirms the three-stage transition
at large D̄ = 100 for the k = 1 case, which is also depicted
in Fig. 1(e). The three-stage transition arises because FE
can only generate sufficient current density to maintain
SCLC at moderate voltage, and thus back to FE at high
voltage.

The above different transitions for various k and D are
summarized in Fig. 1. The exclusive and only FE mecha-
nism at k ≤ kc ≡ 1.5 and small D̄ < D̄c arises due to not
having sufficient emitted electrons to sustain the SCLC in
a small gap spacing. Figure 2(b) also shows a significant
reduced current density with decreasing k towards zero and
saturation of J . If one can identify some FE models (or
materials) with k ≈ 0, this property may serve a favorable
condition for stable current output even at high voltage [see
Fig. 3(c) and 3(f)].

We now employ several examples at different k to illus-
trate the peculiar transition reported above for potential
future experimental verification operating at high voltage.
The details are discussed and their normalized constants
are calculated in Appendix B. For fair comparison, let us
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(a) FIG. 2. Normalised J̄ -V̄ characteristics
of field emission with different k at (a) D̄ =
100, and (b) D̄ = 0.01. The red dashed
lines represent the SCLC limit.
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FIG. 3. J̄ -V̄ curves of different field emission models at D = 100 nm and 1 mm. The work functions φB used for each model are
labeled in the figures. The red dashed lines represent the SCLC limits.

consider work function φB = 4.5 eV for five cases: classi-
cal FN law (k = 2), SN barrier (k = 1.23), nanowall (k =
1.5), monolayer graphene (k = 1.53), and 2DEG (k = 0)
as shown in Figs. 3(a), 3(b), 3(d) 3(e), and 3(f), respec-
tively. For each case, we use two gap spacings: D = 1
mm and 100 nm. For D = 100 nm, the FE-SCLC tran-
sition is at V̄ = 26.47 in Fig. 3(a), which corresponds to
V ≈ 3 × 103 V or Es ≈ 30 V/nm. For D = 1 mm, we have
Es ≈ 10 V/nm. This high field can be reduced by using a
lower work function [see Figs. 3(c) and 3(f)].

The SN barrier model [17] has a more accurate bar-
rier, and the k is calculated by k = 2 − η/6, where
η ≡ e3BFN/4πε0φB

1/2 is a dimensionless work-function-
dependent parameter. For φB = 4.5 eV, we have k ≈ 1.23
used in Fig. 3(b), which shows a lower transition voltage
as compared to k = 2 in Fig. 3(a). Note Fig. 3(b) belongs to
the subcritical case, where the emission eventually dwells
back into the FE regime at high voltage due to the three-
stage transition. However, the transition from SCLC back
to FE will occur at an unrealistically high voltage, which
is not feasible experimentally.

For the critical case at k ≈ kc ≡ 1.5, we consider
nanowall (k = 1.5) and graphene (k = 1.53), which both
converge to SCLC for both D = 100 nm and D = 1 mm.
The graphene case is based on a Bardeen transfer Hamil-
tonian formalism [18]. The nanowall case is due to the

quantum confinement effect leading to a quantized energy
component along the confinement direction [35].

As mentioned before, transition from FE to SCLC at
low field is feasible by using low work-function materi-
als [36,37]. For φB = 0.7 eV [36], the SN model gives
k = 0.04, which shows a lower E-field of about 0.3 V/nm
for both D = 100 nm and D = 1 mm [see Fig. 3(c)]. Here
the D̄ values are larger than the calculated D̄c in Fig. 1(f),
thus three-stage transition is possible at sufficiently high
field. In Fig. 3(f), we show another k = 0 case by using
the FE model of a 2DEG based on a (Al,Ga)As/GaAs
quantum-well-structure (QWS) [38]. For this case, we
have Dc ≈ 2.4 × 10−3 = 2.4 mm at φB = 4.5 eV. In con-
trast to Fig. 3(c), we have the pure FE as expected in the
subcritical regime due to small D < Dc. To illustrate the
effect of work functions, the results at φB = 1.5 to 4.5 eV
are plotted in Fig. 3(f). The electron emission is exclu-
sively FE at small D = 100 nm for all work functions.
At D = 1 mm, the three-stage transition occurs only with
small φ = 1.5 eV.

IV. CONCLUSION

This paper shows that the conventional transition from
the FE model at low voltage to SCLC at high voltage is no
longer valid when FE does not follow the well-known FN
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law. For unconventional FE emission with arbitrary k, our
model predicts a critical value of kc ≡ 3/2 for which some
peculiar transitions will appear in three different regimes
(k > kc, k = kc, and k < kc) shown in Fig. 1. Recently,
high-current-density field emission is demonstrated exper-
imentally in 2D materials [39,40]. Such emitters, if oper-
ated at the high-field regime, can be used to verify our
model. The reported findings provide a theoretical foun-
dation for the modeling of unconventional field-emission
materials as high-current electron sources useful for appli-
cations like high-power microwave sources, beam physics,
and plasma physics. [41–44].
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APPENDIX A: ANALYTICAL FORMULATION OF
THE ASYMPTOTIC BEHAVIORS

From the generalized current-density equation and the
Llewellyn form of the Poisson equation [7], the normalized
equations [which are Eqs. (4), (7), and (8)] can be derived
as

J̄ = Ēk exp
(

− 1
Ē

)
, (A1)

ξk = −1 +
√

1 + 2
(
2V̄

)1/2 Ēk−2 exp
(

− 1
Ē

)
,

(A2)

ξk
3 + 3ξk

2 = 6D̄Ē2k−3 exp
(

− 2
Ē

)
. (A3)

These three equations can be solved numerically to obtain
the relationship of J̄ , V̄ or Ē, D̄ and k. We now analytically
examine the asymptotic behaviors for (i) k > kc; (ii) k =
kc; and (iii) k < kc, where kc ≡ 3/2.

1. Supercritical case: k > kc ≡ 3/2

We first consider the most common case, k > 3/2,
where the classic FN law fall in this supercritical regime
with k = 2. At large Ē � 1 limit, we have exp

(−2/Ē
) →

1 and Ē2k−3 � 1, the rhs of Eq. (A3) becomes 6D̄Ē2k−3 �
1. Since ξk � 1, Eq. (A2) is dominated by the Ē term and
it becomes

ξk ≈ 21/2 (
2V̄

)1/4 Ē(k−2)/2. (A4)

In doing so, ξk � 1 and the ξk-cubic term in Eq. (A3)
dominates, which becomes

ξk
3 ≈ 6D̄Ē2k−3. (A5)

Equating Eqs. (A4) and (A5), we obtain

21/2 (
2V̄

)1/4 Ēk/2−1 = (
6D̄Ē2k−3)1/3

, (A6)

which allows the surface electric field and the applied
voltage to be related as

Ē = 25/2k

32/k

V̄3/2k

D̄2/k
. (A7)

Inserting Eq. (A7) into Eq. (A1), we recover the classical
CL law given by

J̄k>1.5
(
Ē → ∞) = 4

√
2

9
V̄3/2

D̄2
. (A8)

In the opposite limit of Ē 	 1, exp
(−2/Ē

) → 0
and Ē2k−3 → 0. In this limit, 6D̄Ē2k−3 exp

(−2/Ē
) 	 1,

ξk 	 1. and the ξk-quadratic term in Eq. (A3) dominates,
which yields

3ξk
2 ≈ 6D̄Ē2k−3 exp

(
− 2

Ē

)
. (A9)

Due to ξk 	 1, the term containing Ē in the square-root
term in Eq. (A2) is vanishingly small. By using Taylor
expansion, we obtain

ξk ≈ (
2V̄

)1/2 Ēk−2 exp
(

− 1
Ē

)
. (A10)

Combining Eqs. (A9) and (A10), we get 3
(
2V̄

)
Ē2k−4

exp
(−2/Ē

) = 6D̄Ē2k−3 exp
(−2/Ē

)
, which can be simpli-

fied to yield V̄ = D̄ × Ē that allows Eq. (A1) to recover the
generalized FE current density:

J̄k>1.5
(
Ē → 0

) =
(

V̄
D̄

)k

exp
(

− D̄
V̄

)
. (A11)

From the asymptotic limits of Eqs. (A11)and (A8), we
prove the two-stage transition from FE at small field Ē 	
1 to the CL law (or SCLC) at large field Ē � 1 for the
k > kc case.

2. Critical case: k = kc ≡ 3/2

In the critical regime at k = kc, we show that other than
the two-stage FE-to-SCLC transition, there exists another
possible situation, where SCLC is absent in the emission
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process for small D̄ 	 1. At k = 1.5, we get Ē2k−3 = 1,
Eq. (A3) is

ξk
3 + 3ξk

2 = 6D̄ exp
(

1
Ē

)
. (A12)

Consider D̄ � 1, we have D̄ exp
(
1/Ē

) � 1 and D̄ exp(
1/Ē

) 	 1 for Ē � 1 and Ē 	 1, respectively. This
is similarly to the supercritical case, where a two-stage
FE-to-SCLC transition is expected, given by

J̄k=1.5
(
D̄ � 1, Ē → ∞) = 4

√
2

9
V̄3/2

D̄2
, (A13)

J̄k=1.5
(
D̄ � 1, Ē → 0

) =
(

V̄
D̄

)k

exp
(

− D̄
V̄

)
. (A14)

However, for D̄ 	 1, with any values of Ē, we have
D̄ exp

(
1/Ē

) 	 1. In this case, ξk 	 1, the dominating
term in Eq. (A3) is the ξk-quadratic term, and thus Eq. (A3)
becomes

3ξk
2 ≈ 6D̄ exp

(
− 2

Ē

)
. (A15)

The case is now analogous to the small Ē limit in the super-
critical case [see Eq. (A10)], and the generalized current
voltage FE current density is recovered:

J̄k=1.5
(
D̄ 	 1

) =
(

V̄
D̄

)k

exp
(

− D̄
V̄

)
. (A16)

Thus at the critical regime k = 1.5 and D̄ 	 1, the emis-
sion is an exclusively field emission without any transition
to SCLC.

3. Subcritical case: k < kc ≡ 3/2

We now consider the case of k < 3/2. In this regime,
a peculiar three-stage FE-to-SCLC-to-FE transition could
exist. At large Ē � 1, we have Ē2k−3 	 1, exp

(−2/Ē
) ≈

1, and ξk 	 1. The conditions are exactly the same to the
supercritical case of k > 1.5 at small Ē 	 1. Following
the same procedure, it is found that the limit at large Ē �
1 follows the FE limit rather than the SCLC limit

Jk<1.5(Ē → ∞) =
(

V̄
D̄

)k

exp
(

− D̄
V̄

)
. (A17)

When Ē is decreasing from the large Ē limit to the small Ē
limit, for large D̄, there is an intermediate Ē region, which
gives 6D̄Ē2k−3 exp

(−2/Ē
) � 1. In this scenario, ξk � 1,

the cubic ξk term dominates, and Eq. (A3) thus approaches

ξk
3 ≈ 6D̄Ē2k−3 exp

(
− 2

Ē

)
. (A18)

Since ξk � 1, we can rewrite Eq. (A2) as

ξk ≈ 21/2 (
2V̄

)1/4 Ē(k−2)/2 exp
(

− 1
2Ē

)
. (A19)

By combining Eqs. (A18) and (A19), we get the following
relation:

Ē = 25/2k

32/k

V̄3/2k

D̄2/k
exp

1
kĒ

, (A20)

which is substituted to Eq. (A1) to yield the SCLC limit
given by

J̄k<1.5
( ¯Eint

) = 4
√

2
9

V̄3/2

D̄2
. (A21)

Finally at Ē → 0, the FE limit is obtained:

J̄k<1.5
(
Ē → 0

) =
(

V̄
D̄

)k

exp
(

− D̄
V̄

)
. (A22)

Thus, for k < kc ≡ 3/2, there exists two different transi-
tions: (i) an exclusively FE at D̄ 	 1; and (ii) three-stage
FE-to-SCLC-to-FE transition at D̄ � 1.

APPENDIX B: NORMALIZED PARAMETERS OF
DIFFERENT FIELD-EMISSION MODELS

In this section, we show the various FE models with dif-
ferent prefactor field-scaling exponents k used in Fig. 3.
The normalized constants of each model are stated clearly
and are calculated in the tables below.

1. Classic Fowler-Nordheim model

The classic FN law [1] has the following form of

JFN = AFN
Es

2

φB
exp

(
−BFNφB

3/2

Es

)
, (B1)

where AFN and BFN are the first and second Fowler-
Nordheim constants, respectively. The classic FN equation
can be easily rearranged into our normalized form with
Ak ≡ AFN/φB, B ≡ BFNφB

3/2, and k = 2.

2. Schottky-Nordheim model

A more complete FN-type equation taking into account
the different barrier shape is known as the SN model [17]
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given by

J = AFN
Es

2

φB
exp

(
−νFBFNφB

3/2

Es

)
, (B2)

where νF is the barrier correction factor written as

νF ≈ 1 −
(

Es

Er

)
+ 1

6

(
Es

Er

)
ln

(
Es

Er

)
, (B3)

and Er = 4πε0φB
2/e3. Substituting Eq. (B3) to Eq. (B2)

gives the following approximate equation:

JSN = AFN (exp η)
Er

η/6Es
2−η/6

φB
exp

(
−BFNφB

3/2

Es

)
,

(B4)

where η ≡ BFNe3/4πε0φB
1/2 is a dimensionless work-

function-dependent parameter. The normalized constants
are Ak ≡ AFN (exp η) Er

η/6/φB, B ≡ BFNφB
3/2, and k =

2 − η/6. For a work function of 4.5 eV, we have k = 1.23.

3. Graphene

Based on the Bardeen transfer Hamiltonian formalism,
the graphene FE model can be approximated by [18]

Jgr = e3Ec
0.47Es

1.53

16π2�W
exp

[
−4

3

(
2m
�2

)1/2 W3/2

eEs

]
, (B5)

where Ec = 1 V m−1 is a characteristic field scale,
W is a fitting parameter and has a value of 12.78
eV. This equation gives Ak ≡ e3Ec

0.47/
(
16π2�W

)
, B ≡

(4/3)
(
2m/�2

)1/2 W3/2/e, and k = 1.53.

4. 2DEG

Using the Bardeen transfer Hamiltonian formalism, the
FE model for 2DEG is found to be [18]

J2DEG = e(2me)
1/2

π�2 WB (φB + WB)1/2 |ϕ(z)|2

exp

[
−4

3

(
2me

�2

)1/2
(φB + WB)3/2

eEs

]
, (B6)

where WB = π�2n/me is the width of the valence band,
n is the charge-carrier concentration and |ϕ(z)|2 ≈ 1/L
where L is the thickness of the 2DEG. Using the
(Al,Ga)As/GaAs QWS as an example of 2DEG, the
thickness and the charge-carrier concentration are L =
2 nm and n = 2 × 1012 cm−2, respectively [38]. Rear-
ranging the above equation into the generalized form
gives Ak ≡ e (2me)

1/2 WB (φB + WB) |ϕ (z) |2/π�2, B ≡
(4/3)

(
2me/�

2
)1/2

(φB + WB)3/2 /e, and k = 0.

5. Nanowall

In the electron FE from a nanowall structure, when the
nanowall width w is small enough, the emission is dom-
inated by n = 1 sub-band [35]. This condition yields the
following nanowall FE model:

JNW = ANW
1
3/2 Es

3/2

wH1
3/4 exp

(−BFNH1
3/2

�1Es

)
, (B7)

where ANW ≈ 1.079 631 × 10−10 A m−1 eV3/4 V−3/2 m3/2

is a universal constant, H1 ≈ φB + (π�/w)
2 /2me is the

barrier zero-field height seen by the tunneling electron
in the n = 1 sub-band. 
1 and �1 are dimensionless
correction factors and have the following relations:


1
−1 = 1

2

∫ 1

0

√ (
ρ2 + ξ1

2t2
)

(1 − t)
(
1 + ξ1

2t2
) dt, (B8)

�1
−1 = 3

2

∫ 1

0

√
(1 − t)

(
ρ2 + ξ1

2t2
)

(
1 + ξ1

2t2
) dt, (B9)

where ρ ≈ 2π−1/2 (w/2h)1/2, ξ1 ≈ H1/eEsh, and h is the
height of the nanowall. For a nanowall’s width w = 2
nm, h = 20 nm, and φB = 4.5 eV, we get H1 ≈ 4.594 eV
and ρ = 0.2523. Due to the existence of the complicated
field-dependent correction factors, the nanowall FE model
cannot be directly rearranged into our generalized form.
Hence, Eq. (B7) is rearranged into a different generalized

TABLE I. Normalized parameters of different FE models. The work function is set to φB = 4.5 eV, except for the SN barrier model
in which a lower work function of 0.7 eV is used.

Field-emission
model k Ak (A V−kmk−2) B (V m−1)

Classic FN law 2 3.4254 × 10−7 6.5207 × 1010

SN barrier (φB = 4.5 eV) 1.2272 2.4603 × 103 6.5207 × 1010

SN barrier (φB = 0.7 eV) 0.0406 1.4660 × 1016 4.0006 × 109

Nanowall (w = 2 nm) 1.5 0.0172 6.7261 × 1010

Graphene 1.53 0.0021 3.1062 × 1011

2DEG (QWS) 0 2.0141 × 1012 6.5311 × 1010
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TABLE II. Normalized constants of different FE models. The work function is set to φB = 4.5 eV, except for the SN barrier model
in which a lower work function of 0.7 eV is used.

Field-emission model E0 (V m−1) J0 (A m−2) D0 (m) U0 (V)

Classic FN law 6.5207 × 1010 1.4565 × 1015 1.7973 × 10−9 117.20
SN barrier (φB = 4.5 eV) 6.5207 × 1010 4.5950 × 1016 1.8057 × 10−12 0.1177
SN barrier (φB = 0.7 eV) 4.0006 × 109 3.5973 × 1016 6.8039 × 10−16 2.7220 × 10−6

Nanowall (w = 2 nm) 6.7261 × 1010 3.0009 × 1014 4.6466 × 10−8 3.1254 × 103

Graphene 3.1062 × 1011 8.0414 × 1014 6.3734 × 10−7 1.9797 × 105

2DEG (QWS) 6.5311 × 1010 2.0141 × 1012 9.4436 × 10−4 6.1677 × 107

form:

JNW = Ak
1
3/2Es

3/2 exp
(

− B
�1Es

)
, (B10)

where Ak ≡ ANW/wH1
3/4, B ≡ BFNH1

3/2, and k ≈ 1.5.
With B ≡ BFNH 3/2

1 , A ≡ ANW/wH 3/4
1 , and k = 0, the

nanowall field-emission model can be normalized to
become

J̄NW = 

3/2
1 Ē3/2 exp

(
− 1

�1Ē

)
. (B11)

Finally, the normalized parameters of these FE mod-
els are summarized in Table I. Using these parameters,
the corresponding normalized constants are calculated
with E0 ≡ B, J0 ≡ AkBk, T0 ≡ ε0E0/J0, D0 ≡ eE0T0

2/me,
U0 ≡ E0D0, and shown in Table II.
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