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Metamaterials with properly engineered linear and nonlinear optical response are of great interest for
many advanced applications in nanophotonics and quantum optics. In the present work, we perform a
detailed spectral investigation of the third-order nonlinear optical properties (nonlinear refractive index
and nonlinear absorption coefficient) of ε-near-zero Au/Al2O3 multilayer metamaterials in a broad range
of the visible spectrum across their ε-near-zero (ENZ) wavelength, at different incidence angles with TE-
and TM-polarized light. Multilayers with different gold filling fractions (16 and 33%) are produced by
magnetron sputtering to tune the spectral position of the ε-near-zero wavelength. The results demonstrate
that a continuous modulation of the linear and nonlinear optical parameters of these metamaterials can be
obtained as a function of the angle of incidence, with a peak of the nonlinear optical coefficients close to
the ENZ wavelength. A model is proposed to describe the nonlinear optical response of the metamaterials,
and an optimal agreement between experimental and simulated results is obtained in all the configurations
explored. This model represents a useful tool to design multilayer metamaterials with tailored nonlinear
optical properties, to be used in different experimental configurations.
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I. INTRODUCTION

Optical metamaterials (MMs)—composite materials
artificially structured on a subwavelength scale—have
been the object of intense research in the past few years
for the possibility to obtain unconventional functionali-
ties, which are not accessible by the material constituents
and can be engineered by properly designing the meta-
material structure [1–3]. The capability to tailor the linear
and nonlinear optical response of plasmonic metamateri-
als is of great interest for many advanced applications in
nanophotonics and quantum optics, and different geome-
tries have been proposed [4–9]. Beside this, the availability
of actively tunable metamaterials, whose optical response
can be controlled by acting on some external parameters,
has further broadened their field of applications [10–12].

More recently, much attention has been gained by a
peculiar class of metal-dielectric metamaterials, namely
ε-near-zero (ENZ) metamaterials [13,14]. These are
anisotropic uniaxial metamaterials, arranged as metal-
dielectric stacks or metal nanowires embedded in a dielec-
tric matrix, in which the real part of one of the diagonal
components of the effective permittivity tensor changes
sign as a function of the wavelength, vanishing at the so-
called ENZ wavelength. In correspondence of this, the
metamaterial undergoes an optical topological transition as
its dispersion law for extraordinary (transverse magnetic)
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waves changes from elliptic to hyperbolic [15]. Intrigu-
ing phenomena and applications have been demonstrated
for these metamaterials in the hyperbolic regime and close
to the ENZ wavelength [14–19], among which an ampli-
fied Kerr-type nonlinear optical response has been recently
reported [9,20].

In the present work, we perform a broadband spec-
tral characterization in the visible range of the linear and
third-order nonlinear optical properties of gold-alumina
multilayer metamaterials at different angles of incidence
for TE and TM polarization, across their ENZ wavelength.
A continuous modulation of the nonlinear optical coeffi-
cients (nonlinear refractive index and nonlinear absorption
coefficient) is obtained by changing the incident angle
demonstrating that, for this class of metamaterials, tilting
the samples is a simple and effective method to get a fine
tuning of their nonlinear response. Moreover, we propose
a model to simulate the nonlinear optical parameters of the
metamaterials in the different investigated configurations,
which represents a useful predictive tool to design mul-
tilayer metamaterials with tailored and tunable nonlinear
optical response.

II. RESULTS AND DISCUSSION

A. Linear optical properties

The investigated multilayer metamaterials are composed
of alternating layers of Au and Al2O3 arranged in a four-
period structure on soda-lime glass substrates, in order to
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FIG. 1. (a) Cross-section SEM image of the MM33 Au/Al2O3
multilayer metamaterial (metal filling fraction fm = 33%). (b)
Sketch of the multilayers used for the numerical simulations. (c)
Effective permittivity of samples MM16 (red) and MM33 (blue).
For both samples, the real (solid, dash-dot) and imaginary (dash,
dot) parts of the in-plane ε‖ and out-of-plane ε⊥ components are,
respectively, depicted. The vertical solid lines indicate the λENZ
of each MM.

obtain a different metal filling fraction: fm = 33% (sample
MM33) and fm = 16% (sample MM16). As an example,
Fig. 1(a) shows the cross-section SEM image of sample
MM33. A sketch of the sample structure used for the
numerical simulations is reported in Fig. 1(b). The SEM
image of sample MM16 and the results of topographical
characterizations performed by AFM on both MMs are
reported in Fig. S1 of the Supplemental Material [21].

The in-plane (ε‖ = εx = εy) and out-of-plane (ε⊥ =
εz) complex effective permittivities of the multilayer
MMs are calculated within the effective medium the-
ory (EMT) [22,23] using Eqs. (10) and (11) (see
Sec. IV). The results for both samples, MM33 and
MM16, are reported in Fig. 1(c). The vertical solid
lines indicate the ε-near-zero wavelength, i.e., the zero-
crossing point of the real part of ε‖, corresponding
to the transition condition of the metamaterial optical
response from the elliptic regime [Re(ε‖) > 0, Re(ε⊥) >

0] to the hyperbolic one [Re(ε‖) < 0, Re(ε⊥) > 0]

[15,22,24,25]. A significant redshift of the ENZ spectral
position is obtained by increasing the thickness of the
dielectric layers, that is by decreasing the metal filling
fraction [13]. In the case of the studied gold-alumina mul-
tilayers, it results λENZ = 666 nm for MM16 and λENZ =
543 nm for MM33, i.e., by keeping a metal thickness of
15 nm a shift of λENZ by more than 120 nm is obtained
with a variation of 50 nm in the dielectric thickness.
Moreover, the increase of dielectric thickness gives rise
to a reduction of the MM losses owing to smaller imag-
inary components [see Fig. 1(c)]. More generally, in Fig.
S2 of the Supplemental Material [21] we report the real
and imaginary components of the in-plane and out-of-
plane effective permittivities, and the ENZ wavelength,
of Au/Al2O3 multilayers, calculated within the effective
medium approximation (EMA) as a function of the metal
filling fraction, which demonstrate the possibility to finely
tune the dielectric properties of the multilayer metamateri-
als in the visible range by simply controlling the dielectric
thickness.

The capability to engineer the dielectric properties
of metamaterials by changing the fabrication parameters
allows us to control their linear optical response. Besides,
further degrees of freedom can be used, such as the angle
of incidence and the polarization (TE or TM) of the light
beam impinging on them. In Fig. 2 we report the spec-
tra of reflectance (R), transmittance (T), and absorptance
(A) of MM16 (left panels) and MM33 (right panels) as a
function of the incidence angle and the light polarization.
The experimental data (open symbols) are measured with
a spectroscopic ellipsometer and are compared with the
numerical simulations (solid curves) performed by EMUs-
tack (see Sec. IV) [26]. The experimental absorptance data
are calculated as A = 1 − R − T starting from the exper-
imental data of R and T. At normal incidence (black),
the experimental reflectance could not be measured, so
we report the experimental transmittance values only. On
the whole, the simulated curves fit very well the experi-
mental data for all the analyzed conditions and the small
discrepancies are very likely generated by little differ-
ences of thickness or morphological imperfections in the
produced samples with respect to the implemented mod-
els, which conversely are ideal defectless metal-dielectric
stacks. For the MM16 sample, at normal incidence (black)
the reflectance spectrum shows an abrupt change around
λENZ. For λ > λENZ the reflectance quickly increases tend-
ing to unity due to a growing metallic character of the
metamaterial [22]. Conversely, at λ < λENZ lower values
of R are observed. Moreover, oscillations appear in the R,
T, and A spectra due to bulk plasmon polaritons (BPPs),
which are generated by the constructive interference (spa-
tial mode matching) between the surface plasmon polari-
tons (SPPs) sustained by the metal-dielectric interfaces
of the MM, and they are extremely confined in the alu-
mina layers sandwiched between two gold ones [10,18,27].
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FIG. 2. Reflectance (R), transmittance (T) and absorptance (A = 1 − R − T) spectra of the samples MM16 (left panels, left-hand
scales) and MM33 (right panels, right-hand scales) at different angles of incidence (0◦, 30◦, and 60◦) for TE and TM polarization.
The experimental data (open symbols) are compared to the simulated curves (solid lines). The vertical dashed lines indicate the λENZ
of each sample: λENZ = 666 nm for MM16 and λENZ = 543 nm for MM33. At normal incidence (black), reflectance could not be
measured and only the experimental transmittance data are reported.

This plasmonic subwavelength confinement makes each
metal-insulator-metal sandwich in the MM act as resonant
cavities where the electric field is enhanced, thus generat-
ing an absorptance peak and a corresponding reflectance
dip near the ENZ wavelength (666 nm), accompanied by
a high transmittance window [18]. This ENZ resonance
effect [28,29] is strictly related to the wavelength of per-
mittivity zeroing where the field is largely enhanced and it
is highlighted in Figs. 3(a) and 3(b), where we report the
profile of the squared modulus of the electric field (|E|2)
propagating inside the sample, obtained by EMUstack sim-
ulations at λENZ for different angles of incidence (0◦, 30◦,
60◦) for TE and TM polarization. A significant variation
of all the features is observed by changing the incidence
angle and the polarization of the incoming light. With TE-
polarized light R increases and blueshifts by increasing the
incidence angle; with TM polarization the sample exhibits
a similar blueshift of the reflectance spectra with increasing
angle but R conversely decreases [24]. On the other hand,
with TE-polarized light, the transmittance of the sample
significantly decreases with increasing angle of incidence
and its spectral shape is progressively modified. In partic-
ular, at an angle of 60◦ the double-peak feature is damped
and becomes more similar to a wide band with a maximum

at 570 nm. Conversely, with TM-polarized light only slight
differences of the transmittance curve are observed at 30◦
and 60◦ with a small increase of the values at the peaks.
The spectral modifications of the features observed in the
reflectance and transmittance spectra as a function of the
incidence angle and light polarization reflect on the absorp-
tance spectra of the sample. This is rather evident with
TE-polarized light, indeed the absorptance peak appear-
ing near λENZ blueshifts by increasing the incidence angle,
up to a shift of 70 nm at 60◦; moreover, a decrease of
absorptance occurs at 60◦ with respect to normal incidence.

By contrast, with TM-polarized light only a slight
blueshift of the A peak (20 nm at 60◦) and an increase
in the interband region 350–550 nm are observed. The
MM33 sample (right panels in Fig. 2) exhibits a different
behavior with respect to the MM16 one, even though some
similarities can be found when we consider its response
as a function of the incidence angle and light polariza-
tion. First of all, at λENZ (vertical dashed line) the linear
optical properties of the metamaterial utterly change as a
consequence of its transition from the elliptic to the hyper-
bolic regime. Independently of the incidence angle and
light polarization, at λENZ there is a steep increase of the
sample reflectance, which saturates very close to unity at
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(a)
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(b) (d)

(c)

FIG. 3. Depth profiles of |E|2 inside the MM16 (a) and (b) and MM33 (c) and (d) samples, simulated by EMUstack at the corre-
sponding λENZ wavelength (666 nm for MM16 and 543 nm for MM33) for the different incidence angles indicated and for TE (a) and
(c) and TM (b) and (d) polarization. A sketch of the multilayer structure used for the simulations is also superimposed to the curves.
The beam is impinging normally to the samples from the air side, with an amplitude of 1 V/m. The incidence half-space (air) contains
both the input beam and the reflected one.

λ > λENZ [22]. In the same way, its transmittance and its
absorptance rapidly drop to a value very close to zero in
the hyperbolic regime. Differently from MM16, no oscil-
lations in the spectra are observed due to a much weaker
plasmonic coupling inside the thinner dielectric layers of
this sample, as shown also in Figs. 3(c) and 3(d). The
reflectance spectra show only one dip at λ=500 nm. At
the same wavelength, due to the onset of the Au inter-
band transitions, the absorptance reaches its maximum and
remains more or less constant for λ ≤ 500 nm. Concerning
the transmittance properties, the metamaterial is character-
ized by a spectrum peaked at about 520 nm, i.e., where
Re(ε‖)� 1, indicating a matching of the refractive index
between air and the metamaterial [13].

Moreover, the transmittance results approximately one
third of that of MM16 in the whole spectrum due to the
larger metal filling fraction. By varying the angle of inci-
dence and the light polarization, the following effects are
observed (similar to MM16): (i) the reflectance grows
with the angle in TE configuration, whereas it dimin-
ishes by increasing the angle with TM-polarized light;
(ii) the transmittance significantly reduces by increasing
the angle in TE configuration (a blueshift of the peak
of 10 nm is registered at TE 60◦), whereas it remains
approximately the same by varying the angle in TM con-
figuration; (iii) the absorptance decreases with increasing
angle for TE polarization while it increases with the angle
for TM polarization. Finally, it is worthwhile to note that,
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differently from the MM16 sample, the linear optical prop-
erties of MM33 are very similar to those of an Au thin
film of thickness 60 nm (corresponding to the total thick-
ness of the metallic layers in the sample, see Fig. S3 of
the Supplemental Material [21]). In this case, the spectral
response is strongly dominated by the losses triggered by
the imaginary component of the Au dielectric permittivity
[28,30].

B. Nonlinear optical properties

The nonlinear optical response of the produced metama-
terials is spectrally investigated in a broad region around
their λENZ by the z-scan technique [31]. The measurements
are performed as a function of the incidence angle with TE-
and TM-polarized light.

As an example, in Figs. 4(a) and 4(b) we report the open-
aperture (OA) and closed-aperture (CA) z-scan curves
measured at normal incidence for MM16 (red) and MM33
(blue) at the corresponding ENZ wavelength (λENZ =
666 nm and λENZ = 543 nm). At the considered wave-
lengths both samples exhibit reverse saturable absorption
(RSA, β > 0) and self-focusing (SF, n2 > 0). In fact, the
OA curves [Fig. 4(a)] show a valley in the transmittance
trend at the focal point (z = 0), which is the portrayal of
a RSA character. Instead, in the CA curve [Fig. 4(b)] SF
is indicated by the typical valley-peak feature, i.e., the
transmittance decreases in the prefocal region and shows
a peak after the focus. In this case, the curves result
asymmetric compared to the case of pure nonlinear refrac-
tion [31] because of the simultaneous existence of strong
RSA and SF. The nonlinear parameters extracted from
the analysis of the z scans for the sample MM16 result
β = 3.9 × 10−5 cm/W and n2 = 2.7 × 10−10 cm2/W. For
the MM33 sample, the valley in the OA curve results about
10% deeper than that of MM16, indicating a stronger non-
linear absorption, and a slight broadening can be noticed.
Moreover, it is worth noting that in this case, in order
to properly fit the OA scans, it is no longer possible to
consider the nonlinear absorption coefficient as a con-
stant, intensity-independent value (keeping at the same
time the beam parameters, as the Rayleigh range, fixed in
the fit) as in the standard z-scan analysis [31]. Instead, an
intensity-dependent expression βS(I) as in Eq. (1) has to
be considered, as explained in Ref. [32]:

βS(I) = β

1 + I/IS
, (1)

where β has to be interpreted as the unsaturated nonlin-
ear absorption coefficient of the metamaterial and IS is
the corresponding saturation intensity. From the scans in
Fig. 4 (blue solid lines) for MM33 at λ = 543 nm we
get β = 3.7 × 10−4 cm/W with IS = 435 MW/cm2, and
n2 = 1.1 × 10−9 cm2/W; the light-blue dashed curves rep-
resent the best fits of the scans of MM33 that can be

(a)

(b)

FIG. 4. Normalized OA (a) and CA (b) transmittance of
MM16 (red) at λENZ = 666 nm and MM33 (blue) at λENZ =
543 nm. Both scans are performed at normal incidence. The open
circles are the experimental data, whereas the solid lines are the
best-fitting curves. The light-blue dashed lines are the best fits of
the scans of sample MM33, obtained without considering the sat-
uration effect of the nonlinear absorption coefficient. For sample
MM16, no saturation has to be included to fit the scans.

obtained without considering the saturation effect. These
results show that when comparing the nonlinear response
at the ENZ wavelength of each sample, both β and n2 of
MM33 are larger than those of MM16 by approximately
one order of magnitude. This is very likely due to the
fact that in MM33, λENZ falls closer to the region of the
interband transitions of Au (around 500 nm), which give
the dominant contribution to the nonlinear response, very
likely as a consequence of the generation of hot electrons
(Fermi smearing) [33–35].

The spectral nonlinear optical response as a function of
the incidence angle and light polarization (TE and TM)
for MM16 is displayed in Fig. 5. Panels (a)–(c) show
the trends of β and n2 in the entire explored spectral
region (400–800 nm), while on the right of each panel an
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FIG. 5. (a),(b) Nonlinear absorption coefficient β and (c),(d) nonlinear refractive index n2 of sample MM16 as a function of the
wavelength. The measurements are performed at different incidence angles (0◦, 30◦, 60◦) for TE (a),(c) and TM (b),(d) polarization.
On the right of each panel an enlarged view of the trend around the λENZ (vertical dashed line) of the sample is plotted. The error bars
are of the order of 15% for each experimental point and are not depicted to improve data visualization. The solid lines are the results
of simulations performed with the model described in the text.

enlarged view in the spectral region around the λENZ (ver-
tical dashed line) of the sample is reported. In Fig. S4 of
the Supplemental Material [21] we report, as an example,
a set of scans (OA and CA) taken at different wavelengths,
angles of incidence and light polarization, with the corre-
sponding fits from which the values in Fig. 5 are calculated.
Across the explored range MM16 exhibits a RSA behav-
ior (β > 0) with every configuration, with a peak of β at
500 nm. A negative value of β, characteristic of saturable
absorbtion (SA) is measured at λ = 480 nm only. More-
over, at wavelengths shorter than 560 nm, namely in the
spectral region corresponding to the onset of the interband
transitions of gold, the nonlinear absorption response of the
sample is characterized by a clear saturation effect and the
intensity-dependent expression reported in Eq. (1) has to
be used to fit the data (a saturation intensity of about IS ∼=
0.2 GW/cm2) is determined in this wavelength range). In
Figs. 5(a) and 5(b) we report the values of the unsaturated
nonlinear absorption coefficient β. Instead, at wavelengths
longer than 580 nm no saturation effect is observed. By
comparing the results obtained with the different configura-
tions (angle of incidence and light polarization), it emerges
that the nonlinear absorption coefficient of the sample
follows a similar trend as its linear absorptance A (Fig.
2, bottom row, left panels). This is particularly evident
in the wavelength range across the λENZ of the sample
[enlarged views in Figs. 5(a) and 5(b)]. At normal inci-
dence, β shows a peak at 650 nm, located at the same λ

of the absorptance peak, only 16 nm far from λENZ; such
peak damps and blueshifts by increasing the angle of inci-
dence, with much larger variations in TE configuration.
Regarding the nonlinear refraction properties, in all the

configurations a negative nonlinear refractive index, char-
acteristic of self-defocusing (SD, n2 < 0), is measured at
wavelengths shorter than about 540 nm [Figs. 5(c) and
5(d)], while for longer wavelengths we observe the tran-
sition to SF (n2 > 0). More interestingly, by looking closer
at the ENZ region [enlarged views in Figs. 5(c) and 5(d)], a
peak emerges at λENZ, whose amplitude can be modulated
by varying the incidence angle and the polarization of the
light. Besides, it is worthwhile to notice that the peak in the
nonlinear refractive index is slightly redshifted compared
to the linear and nonlinear absorption peaks. As a conse-
quence to this, in its hyperbolic regime (i.e., at λ > λENZ)
the metamaterial keeps non-null values of nonlinear refrac-
tion while both β and A rapidly drop, completely vanishing
at λ ≥ 700 nm. This last property may be highly relevant
for the implementation of these metamateriels in all-optical
switching devices, in which high nonlinear refraction coef-
ficients with minimum linear and nonlinear absorption are
required [36].

The spectral trend of β and n2 measured for sample
MM33 is reported in Fig. 6. OA and CA scans taken at
different wavelengths, angles of incidence, and light polar-
ization, with the corresponding fits, are shown in Fig. S5
of the Supplemental Material [21]. Similarly to MM16,
for all the configurations the sample behaves as a reverse
saturable absorber (β > 0) in the whole explored spec-
tral range, with a peak of β at 500 nm, and a saturation
effect is observed in the range 440–560 nm. Here Eq.
(1) is employed to fit the measured OA scans; the result-
ing saturation intensity values are of the order of IS ∼=
0.4 GW/cm2. However, in this case a much stronger non-
linear absorption (about a factor 2.5 larger than MM16)
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is measured between 440 and 560 nm, whereas at longer
wavelengths β tends to vanish. In both TE and TM con-
figurations the trend of β is not considerably modified by
increasing the angle of incidence, but we observe a pro-
gressive decrease of its value. Regarding the nonlinear
refractive index [Figs. 6(c) and 6(d)], as for MM16, the
sample exhibits a sign inversion at about 520 nm, changing
its response from self-defocusing (n2 < 0) to self-focusing
(n2 > 0), and the maximum n2 is measured at wavelengths
around λENZ = 543 nm, with a monotonic decrease to zero
for longer wavelengths. Moreover, the spectral trend of
n2 remains the same at all the considered angles of inci-
dence. The obtained results show that the nonlinear optical
response of MM33 is dominated by the metallic com-
ponent, as observed for the linear optical properties. To
highlight this, in Fig. S6 of the Supplemental Material
[21] we report the spectral characterization of the nonlinear
absorption coefficient and the nonlinear refractive index
of a gold thin film deposited on a soda-lime glass sub-
strate. The measurements are taken both for a film of 15 nm
thickness (corresponding to that of a single Au layer in the
multilayers) and for a film of 60 nm (i.e., the total thickness
of the metallic layers): no differences are observed and the
data can be fitted as a single set, thus proving that the mea-
sured response represents the intrinsic nonlinear response
of the metallic component. Consistently, no difference by
varying the angle of incidence or the light polarization is
observed in the Au thin films. The trends of the nonlin-
ear optical parameters are in agreement with the results
reported in the literature for Au thin films [9,33]. Nonethe-
less, it is worthwhile to stress that the nonlinear optical
response of metals strongly depends on the experimental
conditions used for the measurements (beam pulse dura-
tion, repetition rate, beam peak intensity etc...) [33,37],
so possible quantitative differences can be due to different
measurement parameters. By comparing the results for the
sample MM33 (in Fig. 6) with the data of the Au thin films
(Fig. S6 of the Supplemental Material [21]), it is evident
that at normal incidence the MM33 sample behaves as the
Au thin film, both in terms of the spectral trend and from
the quantitative point of view. However, the modulation
of the nonlinear optical properties can be obtained in the
multilayer by tilting the sample or changing the light polar-
ization. On the other hand, looking back at the results for
MM16 (Fig. 5), its nonlinear parameters emerge to have
the same trend as the metallic component at wavelengths
shorter than 560 nm, i.e., in the spectral region corre-
sponding to the Au interband transitions, even though the
response is damped likely as a consequence of the smaller
metallic filling fraction in this sample. Nonetheless, dif-
ferently from MM33 and the Au thin films, in MM16 at
wavelengths longer than 560 nm we observe a nonlin-
ear response, which is peaked around its ENZ wavelength
(λENZ = 666 nm) and is strongly tunable by selecting the
angle of incidence or the light polarization. In order to

simulate the nonlinear optical response of the samples in
the different configurations (angle of incidence and light
polarization), we apply the model described in Sec. IV
to calculate the complex nonlinear refractive index of the
metameterials. In summary, the complex nonlinear refrac-
tive index of the metamaterials is calculated from Eq. (14),
with the angle-dependent effective third-order susceptibili-
ties given by expressions (19) and (24), respectively, for
TE and TM polarization. Moreover an angle-dependent
effective metal filling fraction [φm(λ, θ), see Eq. (25)] is
introduced in the expression for χ

(3)
TE (θ) and χ

(3)
TM (θ). Such

an effective metal filling fraction allows us to account
for the local intensity enhancement in the metamaterials
and its angular dependence, as shown in Fig. 3, which is
the dominant contribution to the angle-dependent nonlin-
ear optical response observed in the metamaterials. In this
way, for TE polarization we get

ñ2,TE (θ) = 3
4cε0ñ0n0

χ
(3)
TE (θ) = ñmnm

ñ0n0
ñ2,mφTE

m (θ) , (2)

while for TM polarization it results

ñ2,TM (θ) = 3
4cε0ñ0 (θ) n0 (θ)

χ
(3)
TM (θ)

= ñ0 (θ) ñmnm

n0 (θ)
ñ2,mφTM

m (θ)

×
[

1
ε‖

+ 1
ε⊥

∣∣∣∣ε⊥
εm

∣∣∣∣
2 (

ε⊥
εm

)2
]

, (3)

where we make explicit the angular dependence of the
different parameters. In Eqs. (2) and (3), ñ0 is the com-
plex refractive index (n0 its real part) of the metamaterials,
which is calculated at each incidence angle and polar-
ization from the corresponding angle-dependent complex
effective permittivities given in Eqs. (12) and (13). Anal-
ogously, ñm (nm) is the complex (real) refractive index of
the metal component, experimentally determined by spec-
troscopic ellipsometry measurements performed on the
reference Au thin films. The term ñ2,m is the complex non-
linear refractive index of the gold layers, determined from
the z-scan measurements of the reference samples (see
Fig. S6 of the Supplemental Material [21]) by inverting
Eqs. (15) and (16). Then, the nonlinear coefficients (n2
and β) of the metamaterials for the different configura-
tions are derived from Eqs. (2) and (3) applying relations
(15) and (16). The solid curves in Figs. 5 and 6 are the
results of the simulations performed with this model. A
good agreement between measured and simulated data is
obtained in the broad spectral range explored and for all
the configurations. In particular, by comparing the results
for sample MM16 (Fig. 5) we can see that the model
predicts pretty well the enhancement of the nonlinear coef-
ficients at the ENZ wavelength (λENZ = 666 nm) as well
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FIG. 6. (a),(b) Nonlinear absorption coefficient β and (c),(d) nonlinear refractive index n2 of sample MM33 as a function of the
wavelength. The measurements are performed at different incidence angles (0◦, 30◦, 60◦) for TE (a),(c) and TM (b),(d) polarization.
The error bars are of the order of 15% for each experimental point and are not depicted to improve data visualization. The solid lines
are the results of simulations performed with the model described in the text.

as the observed spectral shift and damping when the sam-
ple is tilted with both TE and TM polarization. Such an
enhancement of the nonlinear response at λENZ is pre-
dicted by the model as a consequence of two concomitant
effects occurring in the ENZ range: the linear permittiv-
ity becomes very small [Re(ε‖) → 0], and the effective
metal filling fraction, φm(λ, θ), has a peak. This last point is
clearly highlighted in Fig. S7 of the Supplemental Material
[21], where we report the maps, for TE and TM polariza-
tion, of the effective filling fraction calculated as a function
of the wavelength and incidence angle; in Fig. S8 we plot
the spectra of φm calculated for the two polarizations at the
incidence angles considered in the experimental investiga-
tion. It is useful to point out that the angular dependence
of the effective metal filling fraction φm introduced in Eqs.
(2) and (3) is the dominant contribution with both polar-
ization states and also explains the angular trend observed
for TE polarization, where instead all the other parame-
ters are angle independent. To better highlight this, as a
comparison we report in Figs. S11 and S12 of the Sup-
plemental Material [21] the results of the fits performed
for the two metamaterials considering, instead of φm(λ, θ),
the geometrical filling fraction fm, as done in Ref. [20]:
the plots clearly show that this approach does not allow

us to reproduce well the measured spectral trend of the
nonlinear parameters and it cannot describe the observed
angular dependence, particularly for TE polarization. This
further evidences that the local intensity enhancement,
accounted for in the proposed model by the effective fill-
ing fraction φm(λ, θ), is the driving force for the nonlinear
optical response of this class of metamaterials. Moreover,
for all the different configurations, the effective filling frac-
tion exhibits an analogous trend as the linear absorptance
of the samples (see Fig. 2), thus highlighting that in the
considered metamaterials the intensity enhancement in the
metallic layers plays a dominant role in controlling the
linear absorption response of the samples, too.

Regarding sample MM33 (Fig. 6), the comparison
between experimental and simulated data further confirms
that the nonlinear response of this sample is dominated
by that of the gold layers and therefore no enhance-
ment is obtained at its ENZ wavelength (λENZ = 543 nm).
However, it is worth stressing that on the whole the pro-
posed model reproduces the observed spectral features
rather well. The discrepancies in terms of absolute values
can be attributed to possible deviations of the experi-
mental samples from their nominal design as well as
imperfections or defects in the constituent layers, which
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(a) (b)

(c) (d)

FIG. 7. (a),(b) Nonlinear refractive index n2 and (c),(d) nonlinear absorption coefficient β of MM16 calculated in the ENZ region
as a function of the incidence angle for TE (a),(c) and TM (b),(d) polarizations according to the proposed model. The vertical dashed
lines indicate the ENZ wavelength while the horizontal dashed lines represent the angles considered for the experimental investigation.

can weigh especially in the region of the Au interband
transitions. However, the overall agreement between the
experimental results and the simulated ones is particularly
significant considering the broad explored spectral range
and the fact that no fitting parameters are introduced in the
model.

To further corroborate the proposed model as a tool
for the design of MM nonlinear optical properties, we
calculate the nonlinear refractive index and the nonlin-
ear absorption coefficient as a function of the incidence
angle in the whole considered spectral range (see contour
plots in Figs. S9 and S10 of the Supplemental Mate-
rial [21]). In Fig. 7 we display the maps of n2 and β,
calculated as a function of the incidence angle in the
ENZ spectral region for sample MM16. The contour plots
clearly point out the formation of a peak of n2 (a),(b)
and β (c),(d) near λENZ and its continuous variation with

the angle of incidence for TE (a),(c) and TM (c),(d)
polarization. In particular, MM16 undergoes a gradual
decrease of the nonlinear refractive index with increas-
ing angle when impinged by TE-polarized light, whereas
n2 remains more stable even at higher angles of inci-
dence for TM polarization. On the other hand, for TE
polarization, the peak of β near λENZ undergoes a remark-
able shift towards shorter wavelengths with growing angle,
thus gradually passing from being well separated from
the peak generated by the metal-interband contribution
to a condition for which they are totally joined above
60◦. Differently, this blueshift is less pronounced with
TM polarization, for which a wider band of positive β

is formed between 560 and 670 nm, and a sign inver-
sion can be also noticed at λENZ over 30◦. These features
are well observed when λENZ is well decoupled from the
region of the metal-interband transitions, where instead
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the nonlinear parameters assume higher absolute values
and are quite invariable at different angles (see the full
range contour plot in Fig. S9 of the Supplemental Material
[21]). Beside this condition, the enhancement of the elec-
tric field at λENZ in MM16, and thus its nonlinear response,
is probably more favored than in MM33 also because of
a lower (approximately half) imaginary part of the effec-
tive permittivity, thus making the field amplification in
the ENZ region more significant. For the same reasons,
the angular dependence of n2 and β is almost unnotice-
able in the contour plots of MM33, whose λENZ is very
close to the metal interband transitions region, where the
metal absorption contribution drowns out that given by
the ENZ field amplification (Fig. S10 of the Supplemental
Material [21]).

III. CONCLUSION

The linear and third-order nonlinear optical properties
of Au/Al2O3 multilayer metamaterials fabricated by mag-
netron sputtering depositions are spectrally investigated in
a broad range in the visible spectrum at different incidence
angles with TE- and TM-polarized light. Metamaterials
with a different metallic filling fraction are produced by
changing the thickness of the dielectric layers. In this
way, the spectral position of the ENZ wavelength of the
metamaterials is controlled, and thus the MM transition
from elliptic to hyperbolic regime is spectrally tuned. The
reported results demonstrate that the linear optical proper-
ties (reflectance, transmittance, and absorptance) and the
nonlinear coefficients (nonlinear refractive index and non-
linear absorption coefficient) of the multilayer MMs can be
varied by changing the metamaterial structure and a con-
tinuous modulation of the parameters can be obtained in
a broad spectral range by tilting the samples, thus vary-
ing the incidence angle for both TE and TM polarization
states. Moreover, a peak in the nonlinear response occurs
at λENZ, which is clearly highlighted when the ENZ wave-
length of the metamaterials is well decoupled from the
interband transitions region of the metallic component.
The obtained results also suggest that the enhancement of
the nonlinear optical properties is more favored when λENZ
falls in a wavelength region where the imaginary part of
the effective permittivity approaches a null or very small
value since the low loss allows a better exploitation of
the field amplification due to the Re{ε‖} zeroing. Finally, a
model is proposed to simulate the nonlinear optical coeffi-
cients of the metamaterials taking into account their optical
anisotropy: a good agreement between experimental and
simulated results is obtained in the whole spectral range
and for all the explored configurations without the intro-
duction of any fitting parameter. In particular, the proposed
model allows us to describe the experimentally observed
angular dependence of the nonlinear parameters, which
is demonstrated to be due to the angular dependence of

the electric field propagating inside the metamaterials, and
it is accounted for in the model by an angle-dependent
effective filling fraction. For this reason, this model repre-
sents a very useful tool to predict the third-order nonlinear
optical response of multilayer metamaterials and its possi-
ble modulation by changing the experimental parameters
(incidence angle and light polarization), and thus to design
metamaterials with tailored nonlinear optical properties to
be used for applications in different configurations.

IV. EXPERIMENTAL SECTION

A. Sample synthesis

Multilayer metamaterials are produced by magnetron
sputtering depositions of Au and Al2O3 thin films on
soda-lime glass substrates previously cleaned in an acidic
piranha solution

(H2O2:H2SO4 1:3) at 80 ◦C for 1 h and rinsed with ultra-
pure Milli-Q water. The depositions are performed in argon
inert atmosphere (working pressure p = 5 × 10−3 mbar)
by means of a dc source for the gold target and a rf source
for the alumina target. During the process, the sample
holder is kept in rotation to ensure the homogeneity of
the deposition. Two types of multilayer metal-dielectric
MMs are synthesized by arranging Au and Al2O3 in a
four-period structure with different metal filling fraction
fm. This is achieved by changing the thickness of the alu-
mina layers (nominal thickness of 30 nm in one case and
80 nm in the other one), while the thickness of the gold
layers is maintained equal to 15 nm (nominal value) for
having the same metal absorption in each sample. In this
way, the obtained MMs have fm = 33% and fm = 16%,
respectively. They are, respectively, named as MM33 and
MM16, where the number represents the metal filling frac-
tion. The same deposition conditions are used to obtain
single thin films of gold (15 nm and 60 nm thickness)
and alumina (30 nm and 85 nm thickness) as reference
samples.

B. Morphological and linear optical characterization

The layered structure of the MMs is observed in cross-
section by employing a Zeiss Sigma HD FE-SEM. Atomic
force microscopy (AFM) measurements are made with
a NT-MDT Solver Pro AFM to determine the surface
roughness of the multilayer samples and the film thickness
of the reference samples. The thickness of the layers in
the MMs is accurately evaluated by fitting the results of
variable-angle spectroscopic ellipsometry measurements
of the MM samples with a multilayer input model. The
measurements are performed by a J. A. Wollam V-VASE
and the data analyzed by the WVASE software, obtaining
tAu = 15.6 nm and tAl2O3 = 85.0 nm for MM16, whereas
tAu = 14.9 nm and tAl2O3 = 29.6 nm for MM33, that are
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compatible with the nominal thickness within their experi-
mental margin of error (5%). Ellipsometric measurements
are also made for the Au and Al2O3 reference samples to
determine the dielectric permittivities of the constituent
materials to be used for the numerical simulations. The
results are reported in Fig. S13 of the Supplemental Mate-
rial [21] and compared to tabulated functions [38,39]. The
same ellipsometer is employed to obtain the reflectance
and transmittance spectra of the produced MMs as a func-
tion of the incident angle and light polarization. The optical
transmittance of the samples at normal incidence is mea-
sured by a UV-vis spectrophotometer (JASCO V670). All
the ellipsometric measurements and the spectra are taken
in the wavelength range 300–800 nm.

C. Numerical simulations

The electromagnetic linear response of the samples is
simulated by EMUstack [26] on the basis of the scattering
matrix method. The reflectance, transmittance, and absorp-
tance spectra of the studied metamaterials are obtained as
a function of the incidence angle by using the experimen-
tal optical functions of the constituent materials, extracted
from the ellipsometric measurements performed on the
reference films, as input parameters for the stack model
taking into account the nominal geometrical features of the
structure (i.e., the layer thickness).

D. z-scan measurements

The third-order nonlinear optical properties of the sam-
ples are spectrally studied by the z-scan technique [31].
A mode-locked Nd:YAG laser (Leopard, by Continuum)
emitting pulses of 18 ps with a repetition rate of 10 Hz
is used as the light source. The low repetition rate allows
for heat dissipation between the pulses, preventing ther-
mal accumulation effects [34]. The third harmonic (λ =
355 nm) of the laser is employed to pump an opti-
cal parametric amplifier (TOPAS, by Light Conversion)
that allows the spectral tuning of the laser beam in the
420–2400 nm wavelength range. The electric field of the
laser beam at the exit of the optical parametric amplifier is
vertically polarized. The output beam is spatially filtered
to obtain a TEM00 Gaussian profile. Optical density (OD)
filters are used to control the beam intensity. In the “z-
scan line” the beam is focused by a 200-mm converging
lens onto the sample, which is mounted on a motorized
stage moving it along the lens focal axis (z direction).
The sample is mounted vertically and the sample holder
is rotatable around two axes, vertical and horizontal, so
that TE and TM configurations are, respectively, obtained.
The incident beam has a beam waist of w0 = 37.4 μm
at λ = 600 nm, measured by the knife-edge method [40].
OA and CA measurements are performed simultaneously
thanks to a beam splitter that divides the light transmit-
ted by the sample into two branches, collected by two Si

photodetectors. Along the CA branch an iris diaphragm
with linear transmittance S � 0.3 is positioned before the
detector thus allowing sensitivity to phase distortions. A
reference signal is also recorded by a third Si photode-
tector and it is used to compensate possible fluctuations
of the incident laser-beam intensity. The signals of the
three detectors are transduced by a digital oscilloscope
(Tektronix TDS7104) and acquired by a computer using
a home-made acquisition software. All the z scans are per-
formed in the forward and backward direction to guarantee
the absence of artifacts in the z-scan curves due to possi-
ble sample damage. Each point of the scans is acquired as
the average of 150 laser shots. The measurements are per-
formed with an average intensity of I = 300 MW/cm2. In
order to consider the real intensity penetrating the sample
and activating the nonlinear response, taking into account
the fraction lost by reflection, for each considered wave-
length the beam intensity is calculated as I = (1 − R)I0,
where I0 is the intensity of the input beam at the lens focus
and R is the spectral reflectance of the sample (taken from
the experimental data in Fig. 2). The nonlinear absorp-
tion coefficient β and nonlinear refractive index n2 are,
respectively, obtained from the open-aperture and closed-
aperture normalized transmittance (TOA and TCA) curves
for each considered wavelength [32,41,42]. For the CA
scans, the normalized transmittance can be described by
the following expression:

TCA = 1 + (1 − S)μ sin ξ

S(1 + x2)
	
0 − 1 − (1 − S)μ cos ξ

S(1 + x2)
	�0,

(4)

where

μ = 2(x2 + 3)

x2 + 9
, (5)

ξ = −4x ln(1 − S)

x2 + 9
. (6)

S is the linear transmittance of the aperture and x = z/z0 is
the dimensionless relative position of the sample along the
beam propagation path, with z0 = πw2

0/λ being the beam
Rayleigh range. For the case of OA scans, S = 1 and Eq. 4
becomes [31]

TOA = 1 − 	�0

1 + x2 . (7)

The OA and CA scans are independently analyzed by
fixing the parameters obtained from the OA fit into the CA
fit function in order to minimize the number of degrees
of freedom and thus making the quantitative determina-
tion of the nonlinear parameters more reliable. From the
fitting functions the nonlinear transmittance loss 	�0 and
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the phase distortion 	
0 are extracted, to which β and n2
are related according to [32]

β = 2
√

2
ILe

	�0, (8)

n2 = λ

2π ILe
	
0, (9)

where Le = [1 − exp(−α0L)]/α0 is the sample effective
length. The linear absorption coefficient is calculated as
α0 = (4π/λ)n0κ [43], where n0 and κ are the linear refrac-
tive index and extinction coefficient of the sample, whereas
L is the sample thickness. In this way, Eqs. (8) and (9)
take into account the real interaction length when the sam-
ple is tilted. n0 and κ are calculated from the complex
effective permittivity of the multilayer MMs [ε = (n0 +
iκ)2], taking into account the incidence angle and light
polarization.

E. Linear effective permittivity of the multilayer
metamaterials

In the limit of deep subwavelength thickness of the
constituent layers, the in-plane (ε‖ = εx = εy) and out-
of-plane (ε⊥ = εz) complex effective permittivities of the
multilayer MMs can be calculated according to the effec-
tive medium theory [22,23] using the following equation:

ε‖ = fmεm + (1 − fm)εd, (10)

ε⊥ = εmεd

fmεd + (1 − fm)εm
, (11)

where fm is the metal filling fraction, while εm and εd are
the dielectric functions of the metallic and dielectric lay-
ers, respectively. εm and εd are experimentally measured by
spectroscopic ellipsometry on the corresponding reference
thin films.

For an input wave propagating within the metamaterial
at an angle θ with respect to the normal to the layers’
surface and linearly polarized in the plane of the surface
(TE polarization), the complex effective permittivity of the
metamaterial has no angular dependence and it is

εTE(θ) = ε‖ (12)

Conversely for TM polarization it results

εTM(θ) = ε‖ε⊥
ε‖sin2(θ) + ε⊥cos2(θ)

, (13)

where θ is the angle of propagation inside the metamaterial
and it is related to the angle of incidence θi by Snell’s law:
sin(θi) = ε(θ)sin(θ) [43].

F. Complex nonlinear refractive index (ñ2) of the
multilayer metamaterials

For a composite material, the complex nonlinear refrac-
tive index can be written in SI as [20,44]

ñ2 = 3
4cε0ñ0n0

χ
(3)

eff , (14)

where c is the speed of light in vacuum, ε0 is the vacuum
permittivity, ñ0 the complex linear refractive index of the
material (whose real part is n0), and χ

(3)

eff is its third-order
effective susceptibility. The nonlinear refractive index n2
and the nonlinear absorption coefficient β are then related
to Eq. (14) by the expressions:

n2 = Re(ñ2), (15)

β = 4π

λ
Im(ñ2). (16)

For multilayer metamaterials such as those investigated
in the present work, within a nonlinear effective medium
theory, χ

(3)

eff can be written as a weighted average on the
filling fractions of the third-order susceptibilities of the
constituent materials, but different expressions are derived
according to the polarization of the input electric field [45].
In particular, assuming that the third-order susceptibility
of the dielectric component is much smaller than that of
the metal (χ(3)

d << χ(3)
m ) and can be neglected, the follow-

ing expressions can be derived for the in-plane and out-of
plane effective third-order susceptibility of the metama-
terials, corresponding to the condition in which the input
electric field is parallel to the surface of the layers or
perpendicular to it [45]

χ
(3)
‖ = fmχ(3)

m , (17)

χ
(3)
⊥ = fmχ(3)

m

∣∣∣∣ε⊥
εm

∣∣∣∣
2 (

ε⊥
εm

)2

, (18)

where ε⊥ is the out-of-plane complex effective dielectric
permittivity of the metamaterials, given by Eq. (11), and
εm is that of the metal. The ratio (ε⊥/εm) represents the
local-field enhancement factor for the metallic component
[45].

For TE polarization, at all the angles of incidence it
results

χ
(3)
TE (θ) = χ

(3)
‖ . (19)

In order to determine the angular dependence of the effec-
tive third-order susceptibility of the metamaterials for TM
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polarization [χ(3)
TM (θ)], we consider the complex nonlinear

effective permittivity for TM-polarized light given by the
expression (in analogy with the angular-dependent linear
permittivity given in Eq. 13) [9]:

εNL
TM(θ) = εNL

‖ εNL
⊥

εNL
‖ sin2(θ) + εNL

⊥ cos2(θ)
, (20)

where the in-plane (εNL
‖ ) and out-of-plane (εNL

⊥ ) nonlinear
complex effective permittivities are [44]

εNL
‖ = ε‖ + 3

4
χ

(3)
‖ |E|2 , (21)

εNL
⊥ = ε⊥ + 3

4
χ

(3)
⊥ |E|2 . (22)

Replacing Eqs. (21) and (22) in Eq. (20), and assuming
that the nonlinear terms in the denominator of Eq. (20) are
negligible with respect to the linear terms, we get

εNL
TM(θ) ≈ εTM(θ) + 3

4
εTM(θ)

(
χ

(3)
‖
ε‖

+ χ
(3)
⊥
ε⊥

)
|E|2 , (23)

where we neglect the terms in order of |E|4. Then, we get

χ
(3)
TM(θ) = εTM(θ)

(
χ

(3)
‖
ε‖

+ χ
(3)
⊥
ε⊥

)
. (24)

From Eqs. (17) and (18), it emerges that both χ
(3)
‖ and

χ
(3)
⊥ depend on the product fmχ(3)

m . In the broad wave-
length range explored, the third-order susceptibility of the
metal (gold) has a strong dispersive character [33]. For
this reason, considering also that nonlinear processes in
metals can be differently activated according to the exci-
tation conditions [33] and thus the nonlinear response may
depend on the experimental conditions, in order to deter-
mine the third-order susceptibility of the gold layers we
perform z-scan measurements on the reference samples
(Au thin films of thickness 60 nm and 15 nm deposited
on soda-lime glass substrates in the same conditions as
for the metamaterials). The results are reported in Fig. S6
of the Supplemental Material [21]. The complex nonlin-
ear refractive index of gold is then determined from Eqs.
(15) and (16), from which, by inverting Eqs. (14), the
spectral Au third-order susceptibility χ

(3)

Au (λ) can be calcu-
lated. z-scan measurements in the whole explored spectral
range are also performed on alumina reference samples
(with thicknesses 30 and 85 nm). No nonlinear response is
measured from these samples, thus confirming the hypoth-
esis that the contribution due to the nonlinearity of the
dielectric component can be neglected in the calculations.

On the other hand, the resonant behavior of the elec-
tric field distribution in the multilayers (see Fig. 3) has
to be considered to provide a complete description of the
nonlinear response of the MMs. This effect accounts for a
local intensity enhancement in the metallic layers, which
is demonstrated to be responsible for an enhanced nonlin-
ear response in one-dimensional metal-dielectric photonic
crystals [46,47]. Owing to this, a wavelength-dependent
effective metal filling fraction can be defined as

φm(λ, θ) = fm
ζMM(λ, θ)

ζfilm(λ, θ)
, (25)

where ζMM represents the spatial average of the square of
the electric field over the metallic layers of the metama-
terials while ζfilm is calculated for a gold thin film of 15
nm. The choice for considering a bulk Au film of 15 nm
instead of 60 nm—i.e., the total thickness of the metallic
layers in the metamaterials—is motivated by the exponen-
tial decrease of the electric field inside the Au film, so that
the local intensity becomes too low to induce a nonlin-
ear response in the film (for the 60-nm Au thin film, the
local intensity decreases down to 50% in the first 15 nm).
The calculations are done starting from the electric fields
simulated by EMUstack. For the metamaterials, ζMM is cal-
culated at all the incidence angles for the different incident
polarizations (TE and TM). Figures S7 and S8 of the Sup-
plemental Material [21] show the effective metal filling
fraction of MM16 and MM33 calculated at the different
incidence angles for TE and TM polarization. For MM16
the effective metal filling fraction φm is peaked close to the
ENZ wavelength of the sample (λENZ = 666 nm, vertical
dashed line), where it results almost double with respect
to the volume fraction (fm = 0.16, horizontal dashed line).
This peak blueshifts and gets damped by increasing the
incidence angle for both TE and TM polarization. Con-
versely, for MM33 the calculated effective metal filling
fraction results smaller than the volume value (fm = 0.33,
horizontal dashed line) in the whole spectral range, but
still peaked close to the ENZ wavelength of the sample
(λENZ = 543 nm, vertical dashed line).
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