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We present a mode of operation for Duffing-type nonlinear microelectromechanical system devices
whereby a self-sustained multifrequency output is generated. This self-sustained librator regime creates
a limit cycle around a dynamical fixed point, i.e., around fixed points within the rotating frame, whereas
a traditional oscillator generates a limit cycle around a static fixed point. The librator limit cycles thus
created do not change the global topology of the rotating frame phase space, but are constrained by it.
Because of the Duffing nonlinearity, different types of limit cycles could be generated within the same
phase space, with each type possessing distinct dynamical features. Transitioning between these limit
cycles requires crossing homoclinic bifurcations, which is done without generating chaos as the phase
space dynamics are constrained in two dimensions. This work provides an alternative experimental tool for
the study of microelectromechanical and nanoelectromechanical system dynamics and their application.
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I. INTRODUCTION

Self-oscillating systems (or simply oscillators), defined
as systems that produce a periodic output without being
periodically driven [1], are omnipresent in the physical [2],
biological [3,4], and engineering fields [5]. Indeed, oscil-
lators are at the center of modern electronic instruments
as they provide frequency and timing references [6].
Microelectromechanical system (MEMS) and nanoelec-
tromechanical system (NEMS) devices in particular rep-
resent an interesting medium for the realization of self-
oscillating systems as they provide high quality factors,
low-power operation, and on-chip integration capabilities
[7]. In dynamical terms, a self-sustained periodic motion
is described as a limit cycle, defined as a closed attracting
orbit in the corresponding phase space [8].

Beyond their time keeping role, oscillators are also cru-
cial for the study of complex phenomena that arise due to
their coupling, such as synchronization [9], chimeras [10],
and phase patterns [11]. Furthermore, large networks of
coupled oscillators form the building blocks for new com-
putational techniques such as neuromorphic computing
[12] and reservoir computation [13].

However, in physical and engineering systems limit
cycles are equally encountered as an incidental instability
(i.e.„ a Hopf bifurcation) that is generated by the dynam-
ical interactions within the system. Such emerging limit
cycles have been widely detected in MEMS and NEMS
systems, examples of which include cases of synchronized
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nanomechanical oscillators [14,15], cases of internal res-
onance in MEMS and NEMS devices [16–21], or even
strongly driven MEMS resonators [22].

The MEMS and NEMS examples stated above share
the common denominator of having these incidental limit
cycles taking place on top of an already existing period-
ically forced motion, thus changing the system dynamics
from periodic to quasiperiodic. More specifically, these
Hopf bifurcations take place in the slow dynamics, i.e.,
rotating frame, whereby the stability of the fixed point
within the rotating frame, i.e., the steady-state solution, is
changed and a limit cycle is created in its stead [9,14–23].

Furthermore, since these limit cycles are taking place
within the slow dynamics of a MEMS or NEMS device,
their frequencies are on long time scales compared to the
fast forced oscillations of the system. Thus, the driven sys-
tem dynamics change into a fast forced periodic motion
modulated via a slow superimposed limit cycle.

Regardless of whether such unanticipated limit cycles
are considered beneficial or detrimental to the function-
ing of MEMS and NEMS devices or their performance,
they have not been satisfactorily explored, nor pursued
for their own sake. In addition, since the instabilities that
lead to these rotating frame limit cycles usually depend
on a multitude of device and modal parameters, the limit
cycle properties (e.g., amplitude and frequency) cannot
be controlled, and their existence is constrained to a lim-
ited region in parameter space; see, for instance, Ref.
[23]. Thus, such rotating frame limit cycles may only be
generated in special devices, under particular operating
conditions, and their properties are not readily controllable.
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This work aims to explore these rotating frame limit
cycles, and provide a definite means to generate them elec-
tronically in a generic single degree of freedom MEMS
or NEMS resonator, and to do so in a controllable man-
ner such that they cover larger frequency and amplitude
ranges. Hence, this work provides the means for the gen-
eration of exotic and interesting dynamics as well as offers
an alternative experimental tool previously unavailable to
the MEMS-NEMS community.

MEMS and NEMS resonators constitute an ideal plat-
form to further investigate such dynamics, as they offer
easy experimental control, good quality factors, interest-
ing time scales making the slow-fast time scales easy
to resolve experimentally, and the presence of Duffing-
type nonlinearity [24–26]. Furthermore, the dynamics of
MEMS and NEMS devices can be treated using perturba-
tion techniques such as the rotating frame approximation
(RFA). The RFA permits the averaging out of fast oscilla-
tions, leaving a small envelope around a resonance mode
in which the dynamics take place.

Since the RFA phase space can be manipulated by sim-
ply modifying the parameters of the externally applied
driving force, fixed points can be created and manipulated
without requiring device or setup redesign. This experi-
mental flexibility explains the recent interest in the RFA
dynamics of MEMS and NEMS nonlinear devices, where
rotating frame dynamics have been used to demonstrate
noise squeezing [27], chaos [28], as well as solitons [29]
and pseudoangular momenta systems [30].

As stated, this work introduces an experimental
approach for the creation and manipulation of rotating
frame limit cycles; in addition, we aim to leverage the con-
trollable RFA phase space to demonstrate a richer dynami-
cal behavior when compared to the limit cycles in the case
of conventional oscillators, i.e., limit cycles in the labora-
tory frame [5,31–33]. We label these rotating frame limit
cycles “librators,” and model and experimentally explore
their behavior.

Libration is a term used in the context of Hamiltonian
celestial mechanics to indicate periodic motion around
a dynamical fixed point, for example when a spacecraft
orbits one of the Lagrangian points in the Earth-Moon or
Sun-Earth rotating frame [34–36]. And although the term
libration is sometimes used to designate a different dynam-
ical aspect [8,37–41], we employ the term in this work
to only indicate periodic orbits around dynamical fixed
points.

Furthermore, we extend the concept of libration orbits
and use the term librator to indicate a limit cycle created
around a dynamical fixed point (i.e., in the rotating frame)
of a microelectromechanical system, in analogy with the
use of the terms oscillation and oscillator. The distinction
between librator and oscillator being that whereas the for-
mer’s limit cycle is created around a dynamical fixed point,
the latter’s is created around a static fixed point, usually the

rest position. Therefore, the output of a librator as seen in
the laboratory frame is (nearly) quasiperiodic, whereas that
of an oscillator is periodic.

As will be shown below, the librator affords access to
highly unusual and interesting dynamics; for instance, the
creation, in a controllable manner, of a rotating frame
phase space that supports distinct types of structurally sta-
ble limit cycles that are separated by homoclinic bifurca-
tions. More importantly, since the dynamics of the librator
are fully contained in a two-dimensional phase space, the
crossing of the homoclinic does not result in the onset of
chaos, thus enabling new exotic and chaosless dynamics.
This is an experimental demonstration of a controllable
homoclinic bifurcation in a microelectromechanical sys-
tem, despite previous interesting indications of transient
critical slowing down in ring-down measurements [42].

In the scientific literature, quasiperiodic motion in
MEMS and NEMS devices has been proposed as a poten-
tial means to generate phononic frequency combs, or as
a MEMS or NEMS sensor’s readout mechanism [43–45].
Thus, in addition to providing an alternative experimen-
tal tool for MEMS and NEMS devices, the quasiperiodic
nature of the librator dynamics can be used for similar
applications to those mentioned while offering better con-
trol over the amplitude and frequency of the quasiperiodic
components.

II. THEORY AND MODELING

To properly introduce the concept of librator, we start
by considering a driven weakly nonlinear Duffing-type
MEMS resonator, and to simplify matters further, we con-
sider the resonator to be driven outside the hysteretic
region, i.e., outside the bistable region, as shown in
Fig. 1(a). Such a system will have a steady-state response,
i.e., a vibration amplitude, dictated by its parameters and
those of the external forcing. If the system is perturbed
from its steady state, it will undergo a transient oscillation
on top of the drive oscillation as it returns to its original
amplitude [46,47]. Seen in the rotating-frame phase space,
this transient corresponds to the system tracing a spiral
as it approaches the steady-state fixed point, as shown in
the inset of Fig. 1(a). The situation becomes more inter-
esting if the libration motion is undamped; in such a case
the small perturbation will persist and will continuously
orbit the fixed point in the rotating frame, resulting in an
undamped libration oscillation; see Fig. 1(a). This concept
may be further extended by the deliberate creation of a
limit cycle around the rotating-frame fixed point; in such
a situation the originally attracting fixed point becomes a
repeller and a stable limit cycle is created around the, now
unstable, fixed point. Thus, libration oscillations are now
self-sustained and the system is a librator; see Fig. 1(a).

Driving a nonlinear resonator with sinusoidal forcing
results in a steady-state solution that is represented by a
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FIG. 1. (a) Schematic representation of a librator. A nonlinear
resonator driven outside the bistable regime has a single steady-
state solution, i.e., fixed point, in the rotating frame phase space
(red dots). A perturbation around the steady-state results in a tran-
sient response in which the system slowly spirals back towards
the fixed point (bottom inset). If the libration damping (γL) is
zero, i.e., γL = 0, then the perturbation will persist as a peri-
odic motion in the rotating frame phase space orbiting the fixed
point (middle inset). if the libration damping is negative, i.e.,
γL < 0, the fixed point becomes unstable and leads to a limit
cycle being created in the rotating frame phase space (top inset).
(b) Feedback loop for the creation of a librator. The structure’s
motion is measured using a laser Doppler vibrometer (LDV), its
output [ẋ(t)] is then down-converted, band-pass filtered (BPF),
amplified (G), and phase shifted (θ ), before adding a dc volt-
age component that corresponds to the steady-state forcing (Fd),
and then up-converted to the drive frequency (ωd) and injected
to drive the MEMS device.

fixed point within the rotating frame, or two stable fixed
points and one saddle point in case the system is driven
into the bistable regime. Since the dynamics we seek,
i.e., the limit cycle, is equally supposed to take place
within the rotating frame, it is clear that simply forcing the
device with a sinusoidal drive is not enough; hence, addi-
tional terms are needed to create the interesting dynamics.
Therefore, the standard equation of a driven nonlinear res-
onator [24] is modified to include an additional term in the
rotating frame, indicated by f (t); the equation now reads

ẍ + (γ + βx2)ẋ + ω2
0x + αx3 = [Fd + f (t)] cos(ωdt),

(1)

where x is the displacement; γ , β, ω0, α are respectively
the linear damping, nonlinear damping, natural frequency,

and Duffing nonlinearity of the resonator; Fd and ωd are
the amplitude and frequency of the applied external forc-
ing; and f (t) is the additional term necessary to create a
limit cycle within the rotating frame. Both Fd and f (t) will
be given in units of volts throughout this text; however, in
order to balance the equation, a transduction coefficient η is
implicitly included in those terms. In addition, a detuning
parameter δ is introduced such that ωd = ω0(1 + δ). We
also introduce the scaled constants as t̄ = t ω0, γ̄ = γ /ω0,
ᾱ = α/ω2

0, β̄ = β/ω0, F̄d = Fd/ω
2
0, and f (t) = f (t)/ω2

0.
Hereon, all equations are written using this form, but the
bars are dropped for convenience. Note that the terms γ ,
β, α, Fd, δ, and f (t) are all perturbation order terms, i.e.,
approximately O(ε), thus indicating a weakly nonlinear,
weakly forced system.

The usual approach to creating a limit cycle in a MEMS
oscillator consists of inserting a resonator in a feedback
loop; as the gain of the feedback loop is increased, the
effective damping of the resonator (γeff) is decreased until
it becomes negative and a limit cycle is thus created
[48–52]. This approach is not suitable for librators that
impose two conditions. First, since the limit cycle is to
be created in the rotating frame, the feedback needs to
be applied only in the rotating frame; hence, the feedback
term [f (t)] in Eq. (1) is multiplied by the driving frequency
that acts as a carrier frequency. Second, since the aim is
to create a limit cycle around the driven fixed point(s),
the response corresponding to the driven term needs to
be excluded from the feedback loop so it would not be
amplified.

It is possible to think of the feedback term f (t) in anal-
ogy with the feedback in a classical oscillator system [48–
52]. Wherein for a classical oscillator the feedback reduces
the damping (linewidth) of the device until reaching zero
at the onset of self-oscillation, the term f (t) reduces the
damping (linewidth) of the libration motion (and only the
libration motion) within the rotating frame of the driving
term Fd, until the libration damping (linewidth) reaches
zero at the onset of self-sustained libration.

An implementation of a feedback loop that fulfills these
conditions is shown in Fig. 1(b). Wherein, the output of a
driven MEMS resonator is measured using a laser Doppler
vibrometer (LDV), which measures the velocity. The LDV
signal is down-converted using a lock-in amplifier, thus
capturing the rotating frame dynamics, and passed through
a band-pass filter so as to remove the dc component, which
corresponds to the carrier frequency component. The upper
cutoff frequency of the filter acts to limit the bandwidth
of the feedback loop to within a desired range around the
carrier. This output is then amplified, phase shifted, and
used to modulate the carrier frequency, thus implementing
a gain loop within the rotating frame of the driving force,
which at the same time does not change the driven response
due to that force (see Appendix A for more details on the
experimental setup).
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The dynamics of the librator are obtained by analyz-
ing the system, including the feedback loop, using the
RFA [24], where the displacement x is supposed to take
the form x(t) = R(t) cos[ωdt + φ(t)] with R(t) and φ(t)
the slowly varying amplitude and phase envelopes (slow
flow variables). We introduce the complex phase space
envelop A(t) = Reiφ and its complex conjugate A∗. In addi-
tion, since the motion within the rotating frame consists of
a steady-state amplitude component and a superimposed
libration component, the slow-flow variables are further
decomposed into A(t) = A0 + AL(t), where A0 = R0eiφ0

is the static component, whereas AL(t) = RLeiφL is the
time-dependent libration component.

For low amplitude librations, the libration motion is con-
sidered to be centered around the steady-state component
(A0) that is obtained by solving the standard forced non-
linear resonator equation [24]. The dynamics are obtained
by developing an expression for the feedback such that
f (t) = f [A(t), A(t)∗], which upon substitution into Eq. (1)
and expansion we obtain the governing equations (see
Appendix B for the detailed derivation)

ȦL = −(
iδL + 1

2γL
)
AL + 1

8 (i3α − β)h(AL) + CLA∗
L,

Ȧ∗
L = (

iδL − 1
2γL

)
A∗

L − 1
8 (i3α + β)h(AL)

∗ + C∗
LAL,

(2)

with

γL = γ + 1
2βR2

0 − 1
4 g cos θ , (3a)

δL = δ − 3
4αR2

0 + 1
8 g sin θ , (3b)

h(AL) = 2A0R2
L + A∗

0A2
L + R2

LAL, (3c)

CL = 1
8 [(i3α − β)A2

0 − geiθ ], (3d)

where g is the loop gain, θ is the feedback phase, and δL
and γL are respectively the effective detuning and effective
linear damping of the libration motion AL. The quadratic
and cubic terms in AL and AL

∗ are collected in the functions
h(AL) and h(AL)

∗, respectively.
Equations (2) form a two-dimensional autonomous sys-

tem, which indicates that as long as the RFA is valid
and higher-order terms can be safely neglected, the sys-
tem cannot exhibit chaotic dynamics. Note that Eqs. (2)
always have AL = A∗

L = 0 as a fixed point, although not
necessarily a stable one.

As the feedback gain term g is increased, the effec-
tive libration linewidth γL decreases until reaching zero
for g cos θ = 4γ + 2βR2

0, at which point a libration limit
cycle is generated via a Hopf bifurcation. Near the Hopf
bifurcation a libration frequency (ωL) can be obtained by
linearizing Eqs. (2), i.e., dropping the h(AL) and h(AL)

∗
terms, and calculating the eigenvalues of the system, which

gives

ωL = ±Re
[√

δ2
L − |CL|2

]
. (4)

Equation (4) gives the libration frequency ωL for low
amplitude librator limit cycles, i.e., RL ≈ 0. If we set
γ = β = g = 0 then Eq. (4) reduces to the libration fre-
quency of a Hamiltonian system, as given in Refs. [28,53].

III. EXPERIMENT AND DISCUSSION

Experimental investigation of librator dynamics are
conducted using a piezoelectrically actuated GaAs het-
erostructure MEMS clamped-clamped beam device that is
100 μm in length, 20 μm wide, and 600 nm in thickness;
see Refs. [17,54] for more information on the device fab-
rication. The device is placed in a vacuum chamber with a
pressure of approximately 1 mPa, excited electrically, and
its vibrations measured optically using a LDV. The actua-
tion voltage, which is applied to both electrodes, generates
piezoelectric stress in the mechanical resonator that leads
to the bending of the resonator due to the built-in layered
structure.

We measure and quantify the main device properties
(see Appendix A and Refs. [17,47,55,56] for procedures
of various parameter fittings) as follows: ω0 = 2π × 960
kHz, a quality factor of 1042, and a scaled Duffing
nonlinearity of α = 48. We place the device in a feed-
back loop that is functionally equivalent to that shown
in Fig. 1(b), and measure its response while the drive
terms (Fd and ωd) and the feedback gain (g) are swept
(see Appendix A for details regarding the experimental
setups). The experiments reported here are performed for
θ = 0.

A. Small amplitude libration

A first demonstration of a librator is performed for zero
detuning, i.e., δ = 0, and a drive voltage of 400 mV, plac-
ing the device well within the nonlinear regime, as shown
in Fig. 2(a). The libration amplitude RL is observed as
the gain of the feedback loop is increased; see Fig. 2(b).
When the loop gain crosses a critical threshold, γL becomes
negative and the system exhibits a libration limit cycle gen-
erated via a Hopf bifurcation. The system is now a librator;
see Figs. 2(c) to 2(e).

The sharp emergence of limit cycles near the threshold
of self-oscillation is due to the facts that the intrinsic non-
linear damping is very small (approximately 5 × 10−3) and
that the limit cycle is stabilized by the saturation of the
amplifier rather than the intrinsic nonlinear damping of the
device. This is commonly the case in MEMS-based self-
sustained oscillators [6,51]. However, as the limit cycle
amplitude increases beyond the onset threshold, the scal-
ing more closely resembles the well-known square root
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FIG. 2. (a) Measured spectral responses of the MEMS device for the linear (Fd = 20 mV) and nonlinear bistable (Fd = 400 mV)
regimes, given in gray and black, respectively, and θ = 0 for both. Here H denotes the relative amplitude response, expressed in
millivolts measured per V drive. The blue arrows show the sweep direction for the lower and upper branches, and the vertical line at
δ = 0 indicates the parameters around which the librator is created. (b) Onset and amplitude of libration limit cycles as the feedback
loop gain is increased. Different background colors indicate different operating regimes: before the Hopf bifurcation (yellow), after the
Hopf bifurcation and before the totoro transition (green), and post totoro transition (blue). Experimental data points are shown as black
circles, and a square root dependence is plotted to show the onset of the supercritical Hopf bifurcation around a gain of 33 (solid red
line). The totoro transition is highlighted. The inset shows an enlarged view of the blue rectangle, where the experimental data (black
dots) and Eq. (2)-based simulations (red dots) both show the onset of the limit cycle. The red trace in the inset is the same square root
relation shown in the main plot. Details of subthreshold (c), librator (d), and rotator (e) operations. Panels show the rotating frame
trajectories (left) as the gain is increased: first a limit cycle is created around the initial fixed point [(d), the system is a librator] then
the orbit encompasses the phase space origin [(e), the system is a rotator)]. The spectral response (middle panels) demonstrates the
asymmetric nature of the librator; also clearly visible is the sideband overtaking the center frequency component as the system crosses
the totoro transition. The libration frequency ωL is indicated in red in the spectral responses. The phase (right panels), as extracted
from the phase space trajectories, shows the steady-state phase φ0 for subthreshold operation (c), the oscillating phase component with
an average phase of φ0 for the librator (d), and the unbounded phase for the rotator case (e). In all three cases the steady-state average
phase is indicated (red).

relation; the libration amplitude versus gain data can be
fitted to give a scaled effective nonlinear damping term of
β = 2.62, as shown along with the numerical simulations
in Fig. 2(b) [57].

Furthermore, Figs. 2(d) and 2(e) show an interesting
transition as the limit cycle grows to encompass the ori-
gin of the rotating frame phase space. The rotations around
the origin of the phase space plane determine the phase
in the laboratory frame, i.e., the mean device frequency.
If the librator limit cycle does not encompass the ori-
gin then the average phase of the system as seen in the
laboratory frame is unchanged, i.e., 〈φ〉 = φ0 [Fig. 2(d)].
However, when the limit cycle does encompass the ori-
gin, the phase of the system starts to rotate, i.e., 〈φ〉 �= φ0,
and this free running phase changes the mean frequency
of the system, i.e., the mean frequency is no longer that of
the drive (ωd), as shown in Fig. 2(e). This effect is further
confirmed by observing that the magnitude of the libration

spectral peak(s) becomes larger than the magnitude of the
driven central peak, as shown in the spectral responses in
Figs. 2(c)–2(e).

Strictly speaking, this transition is simply a change in
the mean frequency of the system and is not a bifurcation,
since in two-dimensional phase space bifurcations require
a creation or annihilation of fixed points or change of sta-
bility [8], which is not the case for this transition. Similar
transitions have been identified, although not labeled, in
the context of strongly forced oscillators [9,23,58,59], and
more recently in the Kuramoto model [60]. In other con-
texts the case of zero average phase (〈φ〉 = φ0) is referred
to as libration, while the case of a free running phase
(〈φ〉 �= φ0) is referred to as rotation [8,37]. Note that this
nomenclature is not prevalent [38–41,61], but will be used
here to distinguish the two regimes. Furthermore, through-
out the text we identify this librator-to-rotator transition by
the acronym “totoro.”
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The measured values are shown with black circles, and the solid
lines correspond to the analytically calculated libration frequen-
cies, as given by Eq. (4), for the upper (blue) and lower (red)
branches. Note that, for large detunings, the libration frequency
practically follows the linear relation ωLibration = −δ, shown as
the black dashed line. The areas with no experimental data cor-
respond to parameters where the system is not stable enough to
perform the measurements.

Subsequently, we sweep the drive frequency ωd while
maintaining a constant driving force of Fd = 400 mV, and
determine the librator’s frequency around the onset of the
Hopf bifurcation for each of the drive frequencies. This
collection of ωL is plotted as a function of the detun-
ing parameter δ, as shown in Fig. 3 along with values
calculated from Eq. (4).

Particularly interesting is the bistable interval. Since two
possible steady-state solutions exist, then there equally
exist the possibility to induce two libration limit cycles
around each one of those solutions, although not simul-
taneously. As can be seen in Fig. 3, the libration frequency
drops to zero around the saddle-node bifurcations, where
one of the stable fixed points and the saddle point col-
lide. Whether within or outside the bistable region, the
small amplitude librator frequency agrees relatively well
with the analytical calculations, further confirming the lin-
earization in Eq. (4), whereas the discrepancy between data
and model in Fig. 3 is due to frequency drift over long
duration measurements.

B. Large amplitude behavior

The possibility to generate two types of limit cycles
centered around each of the steady-state solution branches

merits an in-depth look at the large amplitude response
of the librator. For one, libration limit cycles around the
low-amplitude branch (LB) and the high-amplitude branch
(HB) orbit their respective fixed points in opposite direc-
tions, clockwise and counterclockwise, respectively, as can
be seen from the experimental data in Fig. 4(a). This
indicates that the LB librator has a dominant negative fre-
quency component within the rotating frame, while the
HB librator has a dominant positive frequency component
within the rotating frame. Indeed, previous work has found
that driven or even stochastic librations tend to show a
strong asymmetry depending on detuning [27,28,53].

At larger amplitudes, both the HB and LB limit cycles
are bounded by homoclinic bifurcations, i.e., limit cycles
with infinitely long periods that pass through the sad-
dle point. As the gain of the feedback loop is increased,
the limit cycles approach the homoclinics and, as a
consequence, their frequency reduces as their amplitude
increases. Thus, librators exhibit a very strong nonlinearity
whereby their frequency starts with ωL as given by Eq. (4)
for AL ≈ 0, and ends with ωL = 0 for AL = AHomoclinic.
Experimental and numerical demonstrations of this slow-
ing down near the homoclinics are shown in Fig. 4(b),
where the libration (or rotation) frequency is plotted as
a function of the distance between a limit cycle trajec-
tory and the respective homoclinic trajectory [AHomoclinic −
max(RL)].

As the gain is increased beyond the homoclinic bifurca-
tions, the limit cycles, whether originally orbiting the HB
or LB, transition to a new regime, one whose orbit now
encompasses all three fixed points and rotates in a coun-
terclockwise fashion; see Fig. 4(a). This additional limit
cycle is made possible by the fact that the three fixed points
have a cumulative index number of 1, and would not have
been possible in a two-dimensional phase space exhibiting
only two fixed points [62]. These wide limit cycles are in
fact always rotators, whereas prior to the homoclinic bifur-
cation the limit cycles can be either librators or rotators.
Furthermore, they demonstrate the same scaling behavior
as their progenitor limit cycles, i.e., slowing down as they
approach the homoclinic, as shown in Fig. 4(b). Here too
some discrepancy is visible between the experimental and
analytical data; as before, this is due to frequency drift but
is further compounded by the coarse fitting of the nonlinear
damping term.

The transition between the different limit cycle regimes
underlines limitations in the librator model. For one, it
is important to keep in mind that the librator dynamics,
whether small or large amplitude, are defined around a
dc component. Therefore, if the system is in some con-
dition that destabilizes the steady state, i.e., a transition
from the high branch to the low branch, then the transient
is not accounted for by the current model. Furthermore,
the librator, as implemented by the feedback loop shown
in Fig. 1(b), revolves around a dc component that we have
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FIG. 4. (a) Libration and rotation orbits obtained for Fd =
0.6 V. Orbiting counterclockwise for the high amplitude branch
(blue) and the large rotator regime (black), and clockwise around
the low amplitude branch (red). The black double-sided arrows
indicate the maximum libration distance with respect to the fixed
points (in the case of the large amplitude rotation it is with
respect to the origin). The black and blues traces are obtained
for δ = 2.6 × 10−3 (but for different amplifier settings), while
the red trajectory is obtained for δ = 3.6 × 10−3. (b) Scaling
of libration or rotation frequency as a function of the distance
between the homoclinic and the maximum libration distance
[AHomoclinic − max(RL)]. The left panel represents the libration or
rotation frequency prior to the crossing of the homoclinic bifurca-
tion, with the high-branch and low-branch data shown in blue and
red, respectively (circles represent experimental data and solid
lines represent simulation data). The right panel shows the scal-
ing post the homoclinic bifurcation. The mismatch between the
simulation and measurements indicates experimental frequency
drift and amplitude calibration drift.

approximated by the steady-state solution(s) to the driven
Duffing equation. When the librator transitions to the large
rotation orbits, such an approximation is no longer valid as
the difference between the dc component (the mean value
of AL over an orbit) and the steady-state solution is sig-
nificant. Indeed, for the large rotation orbits, we rewrite

the dynamics equation as one that is independent of the
steady-state solutions, which reads (see Appendix B for a
detailed derivation)

iȦL − δAL + iγ
2

AL + 3α

8
|AL|2AL + iβ

8
|AL|2AL

= 1
2

(
Fd + ig

4
(ALe−iθ − A∗

Leiθ )

)
. (5)

The piecewise model is a consequence of this limitation,
where Eqs. (2) are used for libration around the fixed points
(with the respective parameters accounted for) and Eq. (5)
is used for the large amplitude orbits.

On a side note, the combined presence of a harmonic
drive and a limit cycle may be confused with the case
of a forced oscillator; however, the two represent largely
distinct dynamics and bifurcation diagrams. The funda-
mental difference between the two being that in the case
of the librator the driving force creates a certain phase
space topology that is largely unchanged by the limit cycle,
whereas in the case of a forced oscillator, the limit cycle
and the driving force interact to create the topology. As
a consequence, the two systems exhibit widely differing
behavior. For one, a forced oscillator locks its frequency
and phase in response to weak external forcing, whereas
the librator, virtually by definition, does not. If the external
forcing is highly detuned, a forced oscillator can experi-
ence desynchronization, leading to phase slips via a SNIC
(saddle node on an invariant circle) bifurcation, whereas
the librator only changes its frequency as the detuning is
changed. Furthermore, under the effect of strong external
forcing, nonisochronous oscillators exhibit highly compli-
cated bifurcation diagrams [9,58,59,63] with the potential
to generate chaos [64–66], whereas the librator, as stated,
does not produce a steady-state chaotic output. Inciden-
tally, one feature that is common to both forced oscillators
and librators is the possibility to observe totoro transitions,
since it can be argued that such transitions are common to
multifrequency dynamical systems [23,60].
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100
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FIG. 5. Fits of the nonlinear resonance response. A few exam-
ples of the experimental nonlinear responses (black circles) and
their fits (red lines) for drive amplitudes of 20, 50, 100, and 150
mV for the curves with increasing amplitudes, respectively.
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IV. CONCLUSIONS

Several exciting prospects for further investigation of
librators are possible. For one, the use of nonlinear res-
onators with higher-order nonlinearity, say quintic non-
linearity [67–69], implies the possibility of even more
distinct limit cycles and homoclinic bifurcations within the
same phase space, which is an outlook of practical and
fundamental interest [70–72]. Indeed, even in the system
presented in this work rigorous accounts of the existence
and number of limit cycles (both stable and unstable) were
not fully given, and these issues remain to be addressed on
a theoretical and numerical level.

Furthermore, that a librator may be synchronized by the
application of weak external forcing, in a manner similar
to the way oscillators can be synchronized, is worth inves-
tigating. Furthermore, the formation of a librator network,
potentially within a single multimode device [18], could be
of great practical importance.

On an experimental note, it may be possible to produce
a feedback loop-free librator, in which thermomechanical
back action can theoretically trigger a Hopf bifurcation
in a driven high quality factor nanomechanical resonator
[73], although this remains to be proven experimentally.
On the other hand, if one accepts that Fd � f (below the
totoro transition) then the lock-in amplifier can be replaced
with an envelope detector, thus greatly simplifying the
experimental setup.

In summary, this work introduced the “librator” as an
alternative dynamical mode of operating nonlinear MEMS
devices, in which a quasiperiodic output is generated
through the creation of limit cycles within the rotating
frame of a driven nonlinear MEMS resonator. These limit
cycles do not change the global topology of the rotat-
ing frame that is created by the driving force, but are
rather constrained by it. Different types of limit cycles are
observed, along with homoclinic bifurcations. These bifur-
cations do not induce chaos as the system is contained
within a two-dimensional phase space. Interestingly, the
dynamics presented here can be applied to other physical
implementations of weakly nonlinear and weakly damped
resonators, such as optical and superconducting ones.
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APPENDIX A: EXPERIMENTAL SETUPS AND
PROCEDURES

The Duffing parameter is characterized using a series of
nonlinear frequency response curves, which are obtained
using a Zurich Instruments lock-in amplifier (HF2LI)
under a −0.5 Vdc bias. The negative bias is applied to
avoid electrical nonlinearities in the metal-semiconductor

BPF

Lock -In
SR844

Ref.

Neoark LDV

Modulator

X(t)

BPF(X(t ))

WF1974

NF3627 + HSA4011
HP84910A

FIG. 6. Schematic representation of the implementation of the
librator feedback loop.

contact [54]. The fits, some of which are shown in Fig. 5,
follow the procedure detailed in Refs. [17,55].

Throughout the measurement period, a very slow (day
time scale) frequency drift is observed in the device; this
is accounted for by performing a spectral response sweep
before each measurement run. This slow frequency drift
only affects ω0 and δ, but has no impact on the quality fac-
tor and the nonlinear terms. We implement the feedback
loop as shown in Fig. 6 using the following instruments:
a Neoark LDV (Neoark Corporation) with a 100 MHz
bandwidth and a 10 (m/s)/v sensitivity is used to measure
the device; a lock-in amplifier (SR844, SRS) to down-
convert the output from the LDV, and subsequently a filter-
amplifier (NF37627, NF corporation) to filter and amplify
the X quadrature from the output of the lock-in; a vec-
tor signal analyzer (VSA, HP89410A, Keysight) equally
samples the output of the LDV. We use the output from
the filter-amplifier to perform a double-sideband transmit-
ted carrier amplitude modulation (DSB TC AM) using a
waveform generator (WF1974, NF corporation). Because
the modulation depth is limited to 100%, this imposes a
limit on the feedback amplitude such that |f | = Fd.

To obtain Fig. 4, a double-sideband suppressed carrier
(DSB SC) is used, with an additional drive tone gener-
ated using an independent channel on the signal generator,
which we do to overcome the modulation depth limita-
tion of the DSB-TC configuration. Furthermore, the nature
of the used electronic filter is such that a high feedback
loop gain can potentially ring the filter itself, i.e., turn
the filter into an oscillator. The output from the system
is closely monitored during measurements, to ensure that
such behavior does not occur.

APPENDIX B: DERIVATION OF LIBRATOR
DYNAMICS

We start by deriving a closed form for the term f in
Eq. (1). Using the RFA, i.e., x(t) = 1

2 (Aeiωt + A∗e−iωt), the
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output of the LDV is then given as

ẋ(t) = iω
2

(Aeiωt − A∗e−iωt) + 1
2
(Ȧeiωt + Ȧ∗e−iωt). (B1)

After multiplying the LDV output with the reference tone,
i.e., cos(ωt), we obtain

S(t) = ẋ(t) cos(ωt + θ)

= iω
4

(Aei(2ωt+θ) + Ae−iθ − A∗eiθ − A∗e−i(2ωt+θ))

+ 1
4
(Ȧei(2ωt+θ) + Ȧe−iθ + Ȧ∗eiθ + Ȧ∗e−i(2ωt+θ)),

(B2)

where θ is an arbitrary phase difference. After removing
the high-frequency components, as a result of the band-
pass filter (BPF), Eq. (B2) reduces to

S(t) = iω
4

(Ae−iθ − A∗eiθ ) + 1
4
(Ȧe−iθ + Ȧ∗eiθ ). (B3)

We consider that ωA � Ȧ, and thus drop the second term
from the above equation, giving

S(t) ≈ iω
4

(Ae−iθ − A∗eiθ ). (B4)

Since we decomposed the complex amplitude into a
steady-state dc component and a libration ac compo-
nent, i.e., A(t) = Adc + Aac(t) = A0 + AL(t), the BPF also
removes the dc component from the signal, thus reducing
S(t) to

ωSac(t) = iω
4

(ALe−iθ − A∗
Leiθ ). (B5)

The signal is then amplified by a factor g and possibly
phase shifted to give f = gSac. We consider that any addi-
tional phase shift can still be contained within the θ term,
to give

f = gωSac(t) = igω

4
(ALe−iθ − A∗

Leiθ ). (B6)

We rewrite Eq. (1) as

ẍ + (γ + βx2)ẋ + ω2
0x + αx3

= [Fd + gωSac(t)] cos(ωdt). (B7)

We apply the standard RFA approximations to Eq. (B7),
where we introduce x(t) = 1

2 (Aeiωt + A∗e−iωt) into Eq.

(B7) and keep only the ωdt terms of first order to give

ẍ ≈ −ω2
d

2
Aeiωdt + iω

2
Ȧeiωdt,

γ ẋ ≈ iωdγ

2
Aeiωdt,

αx3 ≈ 3α

8
AA∗Aeiωdt,

βx2ẋ ≈ iβ
8

AA∗Aeiωdt,

ω2
0x ≈ ω2

0

2
Aeiωdt,

ω2
d ≈ ω2

0(1 + 2δ).

Thus, Eq. (B7) becomes (in nondimensional form)

iȦ − δA + iγ
2

A + 3α

8
AA∗A + iβ

8
AA∗A

= 1
2 [Fd + gSac(t)]. (B8)

If the libration motion is centered around one of the two
branches then we approximate the dc component to the
steady-state solution of a forced Duffing, we split the
complex amplitude into the two equations

(
− δ + 3α

8
|A0|2

)
A0 + i

(
γ

2
+ β

8
|A0|2

)
A0 = Fd

2
(B9)

and

iȦL − δAL + iγ
2

AL

+ 3α

8
(2|A0|2AL + A2

0A∗
L + 2|AL|2A0 + A∗

0A2
L + |AL|2AL)

+ iβ
8

(2|A0|2AL + A2
0A∗

L + 2|AL|2A0 + A∗
0A2

L + |AL|2AL)

= ig
8

(ALe−iθ − A∗
Leiθ ). (B10)

Equation (B9) is the standard RFA of a driven Duffing,
while by rearranging Eq. (B10) we obtain Eqs. (2) from
the main text.

If, on the other hand, the libration is in the regime of
the large amplitude limit cycle where the orbit encircles
all three fixed points then, due to the almost circular shape
of the orbit and the fact that it is nearly centered around
the origin of the phase space, we approximate the dc

064015-9



HOURI, ASANO, OKAMOTO, and YAMAGUCHI PHYS. REV. APPLIED 16, 064015 (2021)

component to zero, i.e., Adc ≈ 0; thus, Eq. (B8) becomes

iȦL − δAL + iγ
2

AL + 3α

8
|AL|2AL + iβ

8
|AL|2AL

= 1
2

(
Fd + ig

4
(ALe−iθ − A∗

Leiθ )

)
. (B11)
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