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We present a study of full-wave tailoring with an elastic metasurface between two different media.
Unlike previous research on elastic metasurface, the current study has a crucial difference that the meta-
surface is placed between two different media. Interestingly, we find that previous studies have a theoretical
limitation that negates the simultaneous achievement of various phase shifts and full transmission between
inhomogeneous media. To overcome this, we propose a double-unit elastic metasurface composed of two
units, phase modulator and impedance matcher, to avoid the constraint restricting various phase shifts with
full transmission. Numerical and experimental investigations are performed to validate the operation of the
double-unit elastic metasurface. The proposed metasurface is expected to be applied in various ultrasonic
applications.
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I. INTRODUCTION

Metasurfaces are artificial subwavelength layers that
tailor wave fronts to achieve a simple manipulation of
wave directions [1–14], holography [15–17], or cloak-
ing [18–21]. As a frontier research area in electromag-
netics [1–9], metasurfaces have been actively studied
in acoustics [10,11,16,17,20,21] and elastics [12–14,22–
26]. In general, metasurfaces can be categorized into
two types: reflection- [6–11] and refraction-type meta-
surfaces [1–5]. Reflection-type metasurfaces are designed
for reflected wave tailoring and commonly attached at
the edge of the medium. Conversely, refraction-type
metasurfaces are designed for transmitted wave tailoring
and commonly located inside a homogeneous medium.
Refraction-type metasurfaces have received considerable
attention because the relevant physics and related appli-
cations cover a much broader spectrum than that of
reflection-type metasurfaces. To specify, whereas the
reflection-type needs only the common condition to ful-
fill various phase shifts from 0 to 2π rad, the refrac-
tion types require additional full-transmission condition.

*Co-corresponding Author. shm@kriss.re.kr
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Despite the active studies conducted on refraction-
type elastic metasurfaces [12–14], previous research on
refraction-type elastic metasurfaces have focused on the
homogeneous case where wave media before and after
metasurface are the same. Here, we consider the inhomo-
geneous case—what will happen if the wave media before
and after metasurface are different? Here, we find that
the previous methods used for homogeneous case cannot
be applied for wave-front tailoring in the inhomogeneous
case. To be specific, we find that with the previous meth-
ods, the two conditions of refraction type, various phase
shifts from 0 to 2π rad and full transmission, cannot
be satisfied simultaneously. If the full-transmission con-
dition is satisfied, only the fixed phase shift of 90° and
270° can be achieved; hence, the condition of variable
phase shift cannot be satisfied. Thus, in the inhomogeneous
case, the previous methods can only provide limited wave-
front tailoring—the wave-front tailoring with significant
reflection or full transmission without wave-front tailor-
ing [27,28], as shown in Figs. 1(a) and 1(b). Particularly,
this issue becomes more critical in elastics where vari-
ous wave media are involved in almost all applications
[29,30], unlike in acoustics or electromagnetics where
almost all applications are the homogeneous case in air
or water, etc. Nevertheless, there have been no research
on the elastic metasurface realizing wave-front tailoring in
inhomogeneous cases.

2331-7019/21/16(6)/064013(12) 064013-1 © 2021 American Physical Society

https://orcid.org/0000-0003-4339-6976
https://orcid.org/0000-0001-8580-0362
https://orcid.org/0000-0001-7887-4224
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.16.064013&domain=pdf&date_stamp=2021-12-06
http://dx.doi.org/10.1103/PhysRevApplied.16.064013


SUNG WON LEE et al. PHYS. REV. APPLIED 16, 064013 (2021)

(a)

(c)

(b)

FIG. 1. Schematics of various anomalous refractions by (a)
phase modulator only, (b) impedance matcher only, and (c)
double-unit metasurface consisting of both phase modulator and
impedance matcher.

In addition, we propose a solution that achieves full-
wave control between the elastic inhomogeneous media
case. The key idea is a double-unit metasurface consist-
ing of two different units, the phase modulator and the
impedance matcher as can be seen in Fig. 1(c). Here, the
phase modulator is installed inside the incident medium so
that the wave medium before and after the unit is the same.
If the wave is incident to the metasurface, the phase modu-
lator provides proper phase shift. Subsequently, the trans-
mitted waves encounter the impedance matcher where the
wave medium changes. Because it is impossible to achieve
both phase shift and full transmission, the impedance
matcher provides only full transmission between two dif-
ferent media. As a result, wave-front tailoring with full
transmission is feasible with the double-unit metasurface.
Numerical simulations and experiments are conducted to
support our proposal.

II. BACKGROUND THEORY: THE CONSTANT
PHASE-SHIFT LIMITATION UNDER FULL

TRANSMISSION OF THE PREVIOUS METHODS

First, we briefly show why full-transmission wave-
front tailoring between inhomogeneous media cannot be
achieved with the previous refraction-type metasurface
methods. Previously, the refraction-type full-transmission
elastic metasurface has been modeled as a thin layer real-
izing material property [13] or a single mass-spring system
[14,26]. Here, we install these methods between inhomo-
geneous media as in Figs. 2(a) and 2(b), respectively, to
examine phase shift with full transmission. The variable A
is the amplitudes of the forward-propagating waves, while
B is for the backward-propagating waves. Also, the sub-
scripts 1 and 2 are used for the waves at the left media and
right media, respectively.

For the first method shown in Fig. 2(a), it is well known
that the transmission T = A2/A1 through the metasurface
layer can be calculated as

T = 4Z1Zm

e−ikmL(Z2 − Zm)(Zm − Z1)+ eikmL(Z2 + Zm)(Zm + Z1)
,

(1)

(a)

(b)

(c)

FIG. 2. Schematics of (a) the previous layer metasurface
method and single mass-spring metasurface units for (b)
impedance matcher and (c) phase modulator.
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where Z1, Z2, and Zm are the characteristic impedance of
medium 1, medium 2, and the metasurface, respectively. It
is well known that the full-transmission conditions are L =
(2n − 1)λ/4 (n = 1, 2, · · ·) and Zm = √

Z1Z2 [29]. With
these conditions, the transmission is defined as a purely
imaginary value of T = i

√
Z1/Z2. This indicates that the

phase shift should be 90° under the full-transmission con-
ditions. In other words, using the previous layer method, if
the full transmission is achieved, various phase shifts from
0 to 2π rad cannot be achieved.

In Fig. 2(b), which is the schematic figure of the second
previous method, uo, ud refer to the displacements and fo, fd
refer to the traction forces at the left and right boundaries,
respectively. The dynamic equation of the mass-spring unit
can be derived as

mi
eff

∂2u
∂t2

= αi
eff(uo + ud − 2u), (2)

fo = αi
eff(u − uo), (3)

fd = αi
eff(ud − u). (4)

Assuming simple harmonic motion with an angular fre-
quency ω, Eqs. (2)–(4) can be rearranged into a linear
equation with effective parameters as

u = αi
eff

2αi
eff − ω2mi

eff
(uo + ud), (5)

ud = αi
eff − ω2mi

eff

αi
eff

uo + 2αi
eff − ω2mi

eff

αi
eff

fo, (6)

fd = −ω2mi
effuo + αi

eff − ω2mi
eff

αi
eff

fo. (7)

Therefore, the relationship between the displacements and
traction forces can be described in the matrix form, which
is well known as the transfer matrix [13,14,26], as

(
ud
fd

)
= T

(
uo
fo

)
, (8)

where

T =
(

T11 T12
T21 T22

)
=

⎛
⎜⎝

αi
eff−ω2mi

eff
αi

eff

2αi
eff−ω2mi

eff

αi
eff

2

−ω2mi
eff

αi
eff−ω2mi

eff
αi

eff

⎞
⎟⎠ . (9)

By using the transfer matrix, the wave transmission can be
derived. The harmonic displacements at the left and right

media can be derived as at x ≤ 0 (at the left medium):

ui = (A1e−ik1x + B1eik1x)eiωt, (10)

at x ≥ d (at the right medium):

ut = A2e−ik2(x−d)eiωt, (11)

where A1, B1, and A2 are the amplitudes seen in Fig. 2(b).
Here, the force can be calculated easily by using the
mechanical impedance Z = ρcA as f = C11(∂u/∂x) (C11
refers the x-directional component of the stiffness tensor in
Voigt notation). Using these relations, the displacements
and forces at the left and right media can be derived as the
functions of the wave amplitudes as at x ≤ 0 (at the left
medium):

(
ui
fi

)
=
(

e−ik1x eik1x

−iωZ1e−ik1x iωZ1eik1x

)(
A1
B1

)
eiωt, (12)

at x ≥ d (at the right medium):
(

ut
ft

)
=
(

e−ik2(x−d) eik2(x−d)

−iωZ2e−ik2(x−d) iωZ2eik2(x−d)

)(
A2
0

)
eiωt.

(13)

Here, one can obtain the boundary conditions by inputting
x = 0 and x = d into Eqs. (12) and (13), respectively, as

(
uo
fo

)
= M1

(
A1
B1

)
eiωt, (14)

(
ud
fd

)
= M2

(
A2
0

)
eiωt, (15)

where

Mi =
(

1 1
−iωZi iωZi

)
. (16)

Substituting Eqs. (14) and (15) into Eq. (8), one can
derive the matrix equation between left and right media
amplitudes as

(
A2
0

)
= M2

−1TM1

(
A1
B1

)
= S

(
A1
B1

)
, (17)

where

S11 = iωZ2T11 − T21 − i2ω2Z1Z2T12 + iωZ1T22

2iωZ2
, (18a)

S12 = iωZ2T11 − T21 + i2ω2Z1Z2T12 − iωZ1T22

2iωZ2
, (18b)
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S21 = iωZ2T11 + T21 − i2ω2Z1Z2T12 − iωZ1T22

2iωZ2
, (18c)

S22 = iωZ2T11 + T21 + i2ω2Z1Z2T12 + iωZ1T22

2iωZ2
. (18d)

Since determinants of the matrix T, M1, M2 are not zero,
Eq. (17) can be inversed as

(
A1
B1

)
= 1

det(S)

(
S22 −S12

−S21 S11

)(
A2
0

)
. (19)

Therefore, the transmission coefficient can be easily
derived as

T = A2

A1
= det(S)

S22

= 2iωZ1

iωZ2T11 + T21 + i2ω2Z1Z2T12 + iωZ1T22
. (20)

Also, the reflection coefficient can be calculated as

− S21

det(S)
A2 = B1, R = B1

A1
= −S21

S22
. (21)

Here, we focus on the reflection coefficient because at the
full transmission the reflected energy should be zero. The
reflection coefficient can be rearranged as

−S21

S22
= − iωZ2T11 + T21 − i2ω2Z1Z2T12 − iωZ1T22

iωZ2T11 + T21 + i2ω2Z1Z2T12 + iωZ1T22

= −T21 + ω2Z1Z2T12 + iω(Z2 − Z1)T11

T21 − ω2Z1Z2T12 + iω(Z2 + Z1)T11
. (22)

Note that in this mass-spring unit, the transfer-matrix ele-
ments T11 and T22 are identical. Therefore, the norm of the
reflection coefficient can be calculated as

√
(T21 + ω2Z1Z2T12)

2 + ω2(Z2 − Z1)
2T11

2

(T21 − ω2Z1Z2T12)
2 + ω2(Z2 + Z1)

2T11
2

. (23)

To achieve zero reflection, T21 + ω2Z1Z2T12 and T11
should be zero since Z2 �= Z1. With Eq. (9), the transfer-
matrix coefficient can be substituted into the zero reflection

condition. First, the T11 = 0 condition can be simplified as

T11 = αi
eff − ω2mi

eff

αi
eff

= 0, αi
eff = ω2mi

eff. (24)

Also, T21 + ω2Z1Z2T12 condition can be simplified with
Eqs. (9) and (24) as

T21 + ω2Z1Z2T12 = −ω2mi
eff + ω2Z1Z2

2αi
eff − ω2mi

eff

αi
eff

2

= −αi
eff + ω2Z1Z2

1
αi

eff
= 0. (25)

Therefore, the full-transmission condition can be described
as the condition of effective mass, stiffness as

αi
eff = ±ω

√
Z1Z2, mi

eff = ±
√

Z1Z2/ω. (26)

Here, substituting the full-transmission condition into the
transmission coefficient, Eq. (20), the full transmission can
be calculated as

2iωZ1

iωZ2T11 + T21 + i2ω2Z1Z2T12 + iωZ1T22
= iωZ1

T21

= ∓i

√
Z1

Z2
. (27)

Similar to the first method, in this case, the transmission
is also pure imaginary, which infers that only a con-
stant phase shift of 90° and 270° can be achieved with
full transmission. In other words, phase gradient based
on the various phase shifts cannot be achieved with full
transmission simultaneously by the previous methods.

III. A DOUBLE-UNIT METASURFACE FOR
FULL-WAVE TAILORING IN THE

INHOMOGENEOUS CASE

A. Design process of the double-unit metasurface
components

To solve this issue, we propose a double-unit meta-
surface composed of two different units as in Fig. 1(c).
Because two different units are required, the resulting
double-unit metasurface can be thicker than desired. Thus,
we utilize the previously developed single-unit metasur-
face, which has a single unit along the incident wave-
propagating direction [14,26]. The unit, shown in Fig. 1(c),
consists of vertical and horizontal resonators, which mod-
ulate the effective stiffness and mass, respectively [14,26].
As a result, the unit can be easily expressed by the sim-
ple mass-spring system shown in Figs. 2(b) and 2(c),
whose effective spring coefficient αeff and effective mass
meff can be tailored by the heights of each resonator, hver
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and hhor, respectively. The detailed description of how each
resonator affects the corresponding effective parameters
are provided in Sec. III B. Based on the unit, the phase
modulator and the impedance matcher are designed.

First, we design the phase modulator shown in Fig. 2(c).
Because the phase modulator is located inside medium 1,
the previous method for the homogeneous system [14,26]
can be applied to achieve full transmission and vari-
ous phase shifts simultaneously. For the current single
mass-spring unit, it is shown that the effective mass and
the corresponding phase shift under full transmission are
[14,26]

mp
eff = 2α

p
effZ1

2

α
p
eff

2 + ω2Z1
2

,

φ = Arg

(
α

p
eff

2 − ω2Z1
2

α
p
eff

2 + ω2Z1
2

− 2α
p
effωZ1

α
p
eff

2 + ω2Z1
2

i

)
. (28)

Based on Eq. (28), the effective stiffness α
p
eff is defined

for the desired phase shift values, and the corresponding
effective mass mp

eff is calculated. Subsequently, the phase-
modulator unit is designed by adjusting hver and hhor to
achieve the desired effective parameters α

p
eff and mp

eff. As
a result, the phase modulator providing full transmission
and the desired phase shifts can be designed.

Second, the impedance matcher in Fig. 2(b) is designed.
Unlike the phase modulator, the impedance matcher is
placed between two different media and designed to pro-
vide the full transmission only. As previously demon-
strated, the effective parameters should follow Eq. (26)
to achieve full transmission between different media.
Because only one unit is required as an impedance
matcher, we exploit the negative parameter case. In other
words, the effective parameters for the full transmission
are αi

eff = −ω
√

Z1Z2, mi
eff = −√

Z1Z2/ω. Note that in
this full-transmission condition, the transmission becomes
i
√

Z1/Z2, which infers that the phase shift is fixed as 90° so
that the impedance matching layer does not affect the phase
gradient. As in the phase-modulator design, an impedance
matcher can be easily designed by adjusting hver and hhor
to achieve the desired αi

eff and mi
eff.

B. Resonator system for achieving the effective
parameters

In the previous section, the required effective mass and
spring coefficients to achieve full-wave tailoring between
two different media are proposed. To realize these parame-
ters with the actual continuum metasurface unit, we adopt
a single metasurface unit with vertical and horizontal res-
onator systems [14,26]. In the metasurface unit, the effec-
tive mass and spring coefficients can be tuned from any
negative to positive values by properly adjusting the hori-
zontal and vertical resonator’s configurations, respectively.

Here, let us review how the metasurface unit can achieve
the desired effective mass and spring coefficients.

Figure 3 shows the actual resonator structure used in
this work and the schematic mass-spring system to anal-
ysis the system theoretically. First, let us examine the
diagonal spring, which couples the vertical and horizontal
motions as can be seen in Fig. 3 [14,26,31]. The vertical
and horizontal force and displacements are described as

(
Fx
Fy

)
=
(

a c
c b

)(
ux
uy

)
or
(

Fx
Fy

)
=
(

a −c
−c b

)(
ux
uy

)
,

(29)

where Fx, Fy and ux, uy refer to the x, y-directional forces
and displacements applied on the diagonal spring, respec-
tively.

Again, assuming simple harmonic motion with an angu-
lar frequency ω, the dynamic equation of each mass can be
derived as

−ω2m1u1 = α1(uo + ud − 2u1), (30a)

−ω2m2u2 = a(uo + ud − 2u2), (30b)

−ω2m2u3 = a(uo + ud − 2u3), (30c)

−ω2m2v2 = −2bv2 + c(uo − ud), (30d)

−ω2m2v3 = −2bv3 + c(ud − uo). (30e)

By rearranging Eqs. (30a)–(30e), the displacements of
each mass can be simplified as

u1 = α1

2α1 − ω2m1
(uo + ud), (31a)

u2 = u3 = a
2a − ω2m2

(uo + ud), (31b)

v2 = −v3 = c
2b − ω2m2

(uo − ud). (31c)

As can be seen in Eqs. (31b) and (31c), the system behaves
symmetrically along the y direction, which infers that only
longitudinal directional displacement and force is gener-
ated at the unit. Also, in this work, the horizontal stiffness
a is set to be high enough that 2a >> ω2m2 [14,26,31],
which infers that the horizontal displacements of vertical
resonators in Eq. (31b) can be simplified as u2 = u3 =
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(1/2)(uo + ud). Here, the boundary forces at the left and
right boundaries can be calculated as

fo = α1(u1 − uo) + a(u2 + u3 − 2uo) + c(v2 − v3),
(32a)

fd = α1(ud − u1) + a(2ud − u2 − u3) + c(v2 − v3).
(32b)

By inserting Eqs. (31a)–(31c) into Eqs. (32a) and (32b),
one can express the boundary forces as a function of the
boundary displacements as

fo = α1

[(
α1

2α1 − ω2m1
− 1

)
uo + α1

2α1 − ω2m1
ud

]

+
(

a − 2c2

2b − ω2m2

)
(ud − uo), (33a)

fd = α1

[(
1 − α1

2α1 − ω2m1

)
ud − α1

2α1 − ω2m1
uo

]

+
(

a − 2c2

2b − ω2m2

)
(ud − uo). (33b)

According to Eqs. (8) and (9), the transfer matrix is defined
as the relationship between the left and right boundary
conditions. Therefore, Eqs. (33a) and (33b) should be rear-
ranged in terms of ud, fd to achieve the transfer matrix as

ud =
α1

(
1 − α1

2α1−ω2m1

)
+ a − 2c2

2b−ω2m2

α12

2α1−ω2m1
+ a − 2c2

2b−ω2m2

uo

+ 1
α12

2α1−ω2m1
+ a − 2c2

2b−ω2m2

fo, (34a)

fd =
(
α1 + 2a − 4c2

2b−ω2m2

) (
−ω2m1

2α1−ω2m1

)
α1

α12

2α1−ω2m1
+ a − 2c2

2b−ω2m2

uo

+
α1

(
1 − α1

2α1−ω2m1

)
+ a − 2c2

2b−ω2m2

α12

2α1−ω2m1
+ a − 2c2

2b−ω2m2

fo. (34b)

Therefore, the transfer matrix can be derived as

T =

⎛
⎜⎜⎜⎜⎜⎜⎝

α1

(
1− α1

2α1−ω2m1

)
+a− 2c2

2b−ω2m2
α12

2α1−ω2m1
+a− 2c2

2b−ω2m2

1
α12

2α1−ω2m1
+a− 2c2

2b−ω2m2(
α1+2a− 4c2

2b−ω2m2

)(
−ω2m1

2α1−ω2m1

)
α1

α12

2α1−ω2m1
+a− 2c2

2b−ω2m2

α1

(
1− α1

2α1−ω2m1

)
+a− 2c2

2b−ω2m2
α12

2α1−ω2m1
+a− 2c2

2b−ω2m2

⎞
⎟⎟⎟⎟⎟⎟⎠

. (35)

Here, recalling the transfer matrix in Eq. (9), one can
notice that the effective parameters can be defined as

T21

−ω2 = meff,
T21

T11 − 1
= αeff. (36)

Therefore, according to Eq. (36), the effective mass and
stiffness can be calculated as

αeff = α1 + 2a − 4c2

2b − ω2m2
, (37a)

meff =
(
α1 + 2a − 4c2

2b−ω2m2

) (
m1

2α1−ω2m1

)
α1

α12

2α1−ω2m1
+ a − 2c2

2b−ω2m2

. (37b)

As can be seen in Eq. (37a), the effective stiffness can be
tuned from negative to positive value by the vertical res-
onance of the vertical resonator. On the other hand, the

effective mass is affected by both horizontal resonance of
the horizontal resonator and vertical resonance of the ver-
tical resonator. By adjusting each resonance mode, one
can obtain the desired effective parameters for impedance
matcher or phase modulators.

C. The actual metasurface design method

In the actual continuum metasurface unit, each param-
eters, such as α1, a, b, c, m1, and m2, are hard to be
clearly defined. Thus, to clearly design the desired meta-
surface unit, we adopt a simple efficient size optimization
algorithm called particle swarm optimization (PSO) to
tailor the submass of each resonator, m1 and m2, and cor-
responding submass heights, hhor and hver, that provides
desired effective mass and spring coefficients. The PSO
algorithm was first introduced by Kennedy and Eberhart
in 1995 [32]. The PSO algorithm, inspired from the social
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FIG. 3. Resonator structure and the schematic of the system.

behavior model of bioswarm such as bees or birds, is one
of the representative optimization algorithms for complex
optimization problems. In the PSO algorithm, each parti-
cle moves in multiple dimensional space to find the optimal
function, using their information or interaction with nearby
particles.

The optimization process in the PSO algorithm is basi-
cally carried out by movements of the particles. The
individual particles update their locations and velocities
at every loop of the algorithm. The velocities and loca-
tions are updated by information from the interaction
between the particles. For n particles in the m-dimensional
space, the locations of the particles are described as Xl

i =

[xl
i1, · · · , xl

im] and the velocities are described as Vl
i =

[vl
i1, · · · vl

im]. The superscript l refers to the loop number
in the algorithm process. The velocity and the location are
updated as

Vl+1
i = WVl

i + c1ε1(Pi − Xl
i) + c2ε2(Gi − Xl

i), (38)

Xl+1
i = Xl

i + Vl
i. (39)

Here, the parameters c1 and c2, controlling the velocity of
the particles are empirically defined as 2.05. ε1 and ε2 take
random values from 0 to 1. The variable W named as the
inertial weight (usually 0 to 1 [33]), is updated as

W = Wmax − (Wmax − Wmin)l/lmax, (40)

where Wmax and Wmin are defined as 1.1 and 0.1, respec-
tively. As Eq. (38) shows, W controls the influence of
the previous velocity on the current velocity; the larger
W improves the global navigation while the smaller W
improves the local navigation. As shown in Eq. (40), W
is linearly decreased from the largest value at the earlier
stage to the smallest value at the last stage.

In Eq. (38), the velocity is updated toward certain posi-
tions Pi = [Pi1, · · · Pim] and G = [G1, · · · Gm]. These two
positions, Pi and G, which are called personal best and
global best, respectively, are the most characteristic part
of the PSO. The personal best is the position where the
highest fitness is shown for the individual particle, while
the global best is the position where the highest fitness is
shown of the entire swarm. In other words, the global best
can be updated as the best value among the values of the
personal bests at every loop. At every iteration, the parti-
cles derive the global best by communicating each other,
updating their velocities using the global best and the per-
sonal best. Finally, the global best is returned at the optimal
position when the loop number l reaches lmax.

For the phase modulator, the objective function is cho-
sen to optimize both the transmission and phase shifts
as

f (X) = |T(X) − 1| + |φ(X) − φk|. (41)

Also, for the impedance matcher, the objective function is
set to minimize the reflection as

f (X) = R(X) =
√

1 − T2(X) × Z2/Z1. (42)

It is worthwhile to note that PSO optimization has a
random process so that its result can be varied if the
optimization setting changes. Furthermore, the PSO opti-
mization may provide unsatisfactory results. Thus, in the
PSO optimization process, we establish the design criteria
for the transmission as T(X) > 0.9 and for the phase differ-
ence |φ(X) − φk| < 0.1. Based on this criterion, we exe-
cute PSO optimization multiple times until the optimized
design satisfies the design criteria.
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Size units, mm Thickness, 1 mm

FIG. 4. The specific geometric condition of the real structure.

As an example, we design the double-unit metasurface
for wave-front tailoring between 1- and 3-mm-thick alu-
minum plates for the 50-kHz longitudinal wave. Note that
for the longitudinal wave, the mechanical impedance is
defined as Z = ρcA. Thus, although both plates have the
same material, two plates having different thicknesses have
different impedances [34].

Setting the target phase gradient as 12.5π rad/m, the
eight phase modulators with the phase shift of φ = 0,
0.25π , 0.5π , 0.75π , π , 1.25π , 1.5π , and 1.75π rad are
considered. The geometry of each unit earned by the PSO
algorithm is described in Fig. 4 and Table I. The tar-
get and realized values of phase shifts and transmission
ratio are compared in Table I. As shown, every phase-
modulator unit has the transmission ratio over 0.9. Also,
the impedance matcher shows the transmission ratio of
0.572, which infers full transmission is achieved compared
to the theoretical full-transmission ratio, 0.577.

TABLE I. The specific geometry of each unit and compar-
ison between the ideal and realized transmission ratio, phase
shift. The white cells show each phase modulators’ specifications
and the shadowed cell shows the specification of the impedance
matcher.

Ideal φ Realized φ Realized |T| hver (mm) hhor (mm)

0 0.059π 0.993 4.0 4.4
0.25π 0.238π 0.935 3.8 4.0
0.5π 0.458π 0.998 3.7 3.6
0.75π 0.764π 0.975 3.2 3.5
π 1.025π 0.992 2.1 3.4
1.25π 1.211π 0.902 5.8 3.4
1.5π 1.600π 0.947 4.8 3.0
1.75π 1.841π 0.999 4.2 2.2
0.5π 0.677π 0.572 5.3 3.5

IV. NUMERICAL VALIDATIONS OF THE
MASS-SPRING UNIT CELLS AND THE

METASURFACE

To check whether the phase modulators and impedance
matcher are well designed, the one-dimensional wave sim-
ulations for each case are carried out. In simulations, a
50-kHz longitudinal wave is considered as the incident
wave. (Strictly, the whole system is three dimensional so
the wave is the lowest-order symmetric Lamb-wave mode,
S0-wave mode [34]. However, at 50 kHz, the S0 waves in
1- and 3-mm-thick aluminum plates are almost nondisper-
sive and can be described by the longitudinal wave under
the plane stress [34,35]. In our paper, the term “longitu-
dinal wave” is used instead of the S0-wave mode for the
simplification.)

Figure 5(a) shows the detailed numerical simulation set-
tings for the phase modulators or impedance matcher. To
perfectly simulate the one-dimensional plane-wave case,
the continuity condition is imposed at both upper and lower

(a)

(b)

(c)

50-kHz longitudinal-wave incidence (for all cases)

FIG. 5. (a) Simulation setting for the phase modulator or
impedance matcher and numerical result showing the transmis-
sion and phase shift for (b) phase modulators in a single medium,
(c) impedance matcher connecting different media.
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(a) (b)

(c) (d)

FIG. 6. (a) Numerical simulation setting, and the results with 50-kHz longitudinal waves with various separation of (b) 0.001 m, (c)
0.05 m, and (d) 0.004 m, respectively.

boundaries so that the unit is considered to be infinitely
arranged along the vertical direction. Also, the perfectly
matched layer (PML) is placed at the left and right end to
prevent any undesired reflections. At the interface between
incident field and the left PML, the 50-kHz longitudinal
wave is excited. In the simulation, the time-harmonic sim-
ulation is carried out with the commercial software, COM-
SOL Multiphysics. After the simulation, the well-known
two-point method [36] is used to calculate the amount of
transmission and phase shift achieved by the unit cell.

The simulation results for the phase modulators tuned
to render variable phase shifts from 0 to 1.75π rad
are depicted in Fig. 5(b). Here, the amplitudes at the
right side of the phase modulators are almost the same
with the amplitude at the left side, which implies that
almost full transmission is indeed achieved for all phase-
modulator designs. Figure 5(c) shows the simulation result
for the impedance matcher. Interestingly, the amplitude at
the right side has decreased compared to the amplitude on

the left side. This is because the wave media are different;
the left side of the unit is a 1-mm-thick aluminum plate,
whereas the right side is a 3-mm-thick aluminum plate.
Thus, although the full transmission is achieved, the ampli-
tude at the right side is decreased. As aforementioned, the
amplitude ratio of the transmitted and incident waves is
0.572, which is almost the same as the theoretical value
under the full transmission, 0.577, suggesting that almost
full transmission is achieved between two different media
by implementing the impedance matching layer.

Following the successful design of the phase modula-
tor and the impedance matcher, a double-unit metasurface
is designed by combining two units. In the combination,
the separation between two units is a useful factor. If
the separation is too narrow, the resonators in each unit
may get coupled to each other and the double-unit device
will not work. Conversely, if the separation is too wide,
the transmitted waves from the phase modulator will be
fully developed, and form refracted longitudinal and shear
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waves. Because the impedance matcher is designed for the
normally incident longitudinal wave, these fully developed
waves will deteriorate the performance of the impedance
matcher.

To find the proper size of the separation, numerical
simulations with various separation sizes are carried out.
Figure 6 shows the wave-simulation setting and results
with various separations. In Fig. 6(a), the numerical sim-
ulation settings are shown. At every edge, the PML is
attached to prevent unwanted reflected waves. The meta-
surface, consisting of the phase modulators and impedance
matcher, is placed between 1- and 3-mm aluminum plate
whose sizes are 0.5 m × 1 m, large enough to see the wave
propagation inside. At the center of the whole field, the
metasurface with various separation size is installed. At
the 1-mm aluminum plate, the wave source having 0.5 m
width is located 0.25 from the metasurface, and actuated
with 50-kHz longitudinal wave. Again, the time-harmonic
simulation is carried out with COMSOL Multiphysics.

As stated earlier, if the separation is too narrow [as in
Fig. 6(b) where the separation is 1 mm] or too broad [as
in Fig. 6(c) where the separation is 50 mm], the designed
double-unit metasurface does not work well. We simulate
with various separation distances and settle on a double-
unit metasurface with a separation of 4 mm for satisfactory
performance. Figure 6(d) plots the wave-simulation result
of the designed double-unit metasurface between 1- and 3-
mm-thick aluminum plate. Wave-front tailoring is clearly
achieved between two different media with almost full
transmission, which is impossible with the previous meth-
ods. Of course, the refraction angle agrees well with the
theoretically predicted angle by the generalized Snell’s law
(GSL), 42.4°.

V. EXPERIMENTS

Finally, the experimental realization of the proposed
metasurface is conducted. A schematic diagram of the
experimental setup is shown in Fig. 7(a). The proposed
metasurface is fabricated at the edge of a 1-mm-thick
aluminum plate by laser-beam machining (Bysprint Fiber
3015, Bystronic) and directly bonded to a 3-mm-thick alu-
minum plate with shear gel couplant (H-2, OLYMPUS).
Both plates have the same horizontal and vertical size,
1 m × 1 m. As the longitudinal motion requires symme-
try along the direction corresponding to the thickness of
the plates, we ensure that the symmetry is maintained after
bonding the two plates. As can be seen in Fig. 7(a), the
measurement points (white circles) are located on the 3-
mm plate for every 15° and 0.4 m away from the center
of the fabricated metasurface. The electromagnetic acous-
tic transducer (EMAT) and piezoelectric transducer patch
are adopted as the wave sensor and source to measure
and generate the 50-kHz longitudinal wave, respectively.
The EMAT sensor is direction-selective in-plane mode

(a)

(b)

FIG. 7. (a) Schematic of experimental setups. (b) Normalized
amplitudes of the experimentally measured longitudinal waves.

transducer, which can neglect the unwanted shear or flex-
ural wave modes. Since the undesired flexural wave is
not measured, piezoelectric transducers can be used as
the longitudinal-wave source in the current experiments.
By Poission’s effect, the piezoelectric transducers generate
the longitudinal wave, although the piezoelectric transduc-
ers simultaneously generate flexural waves, which can be
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filtered by the EMAT sensor. In other words, the piezo-
electric transducer also generates flexural waves; however,
they are automatically filtered out since EMAT cannot
measure the flexural wave. The detailed experimental pro-
cedure is as follows. First, we generate and amplify a
ten-cycle sinusoidal input signal by the function genera-
tor (33 250B, Keysight) and the signal is amplified by the
power amplifier (7224 power amplifier, AE techron). Then
the signal is sent to the piezoelectric actuator, which gen-
erates the desired longitudinal wave in a plate. After the
actuation, the transmitted longitudinal waves are measured
by the EMAT receiver. The measured data is amplified by
the preamplifier (RPR-4000, Ritec), and recorded by the
oscilloscope (WaveRunner 104MXi-A, Lecroy). Finally,
the measured data are postprocessed by fast Fourier trans-
formation to evaluate the amplitudes of the 50-kHz com-
ponent only at every measurement point.

To check the degree of transmission, the measured trans-
mitted wave is normalized by the amount of the incident
wave. However, it requires special treatment as the ampli-
tude of the incident wave is difficult to measure. To check
the wave transmission experimentally, we perform addi-
tional experiment with the same experimental setting and
the same bonding condition, but without the metasurface.
This corresponds to the well-known case of longitudinal
wave at two different media; hence, the transmission can
be predicted theoretically. As a result, we can predict the
amount of the ideal signal amplitude of the fully trans-
mitted wave with a simple calculation. Figure 7(b) shows
the experimentally and numerically measured normalized
amplitude of the transmitted longitudinal wave. The exper-
imentally measured signal near the predicted angle, 42.4°,
is approximately 118% of the predicted transmission sig-
nal because the wave energy is focused as the beam
width becomes more compact. This implies that almost full
transmission is realized with the wave-front tailoring.

VI. CONCLUSION

In this paper, we propose a method to achieve wave-
front tailoring between two different media. First, we show
that the previous methods in elastic metasurfaces cannot
be applied for the inhomogeneous cases. To overcome this
limitation, we propose the double-unit metasurface con-
sisting of phase modulator and impedance matcher. In
this configuration, the phase modulator provides proper
phase shifts to tailor wave front, whereas the impedance
matcher provides full transmission between two different
media. Based on the equivalent mass-spring system, the
phase modulator and the impedance matcher are designed
with proper separation. Numerical and experimental val-
idations show that the designed double-unit metasurface
can effectively tailor wave front with almost full transmis-
sion between two different media. Our proposed metasur-
face will potentially allow advances in various ultrasonic

applications such as nondestructive evaluation, vibration
tailoring, ultrasonic imaging, and transducers.
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