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Controlling Sound in Non-Hermitian Acoustic Systems

Zhongming Gu,1,2,‡ He Gao,1,2,‡ Pei-Chao Cao,3,‡ Tuo Liu ,1,2 Xue-Feng Zhu,3,* and Jie Zhu1,2,†

1
Department of Mechanical Engineering, The Hong Kong Polytechnic University, Hung Hom, Kowloon, Hong

Kong SAR, China
2
The Hong Kong Polytechnic University Shenzhen Research Institute, Shenzhen 518057, China

3
School of Physics and Innovation Institute, Huazhong University of Science and Technology, Wuhan 430074,

China

 (Received 15 June 2021; revised 30 August 2021; accepted 3 September 2021; published 4 November 2021)

The concept of non-Hermitian physics has inspired numerous intriguing phenomena in classical wave
systems. By introducing judicious arrangements of gain and loss media, non-Hermitian modulation in
acoustic metamaterials can give rise to many extraordinary wave-matter interactions that cannot be
achieved naturally, which have been verified theoretically and experimentally by a series of previous
works. Here, we aim to review recent developments in this topic. First of all, we explain the basic concepts
and mathematical tools to deal with non-Hermitian acoustics by studying some pedagogical examples.
Then, we present some interesting works that demonstrate the superior abilities of non-Hermitian modula-
tion in wave manipulation. Also, we pay attention to the study of topological systems with non-Hermitian
modulation, with a special emphasis on nontrivial topological states induced by non-Hermiticity alone.
Finally, we present an outlook on the potential directions and applications for future works. We hope this
review can provide a better understanding to stimulate research on acoustics beyond the Hermitian regime.
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I. INTRODUCTION

The Hermitian Hamiltonian plays a key role in the
study of modern physics and is widely used to describe
a closed physical system with respect to the conservation
of energy. However, the practical system is more complex
and may contact the ambient environment to some degree
or have inevitable dissipation naturally, which, in turn,
renders the Hermitian description unsuitable in the pres-
ence of gain or loss modulation. Lately, the non-Hermitian
description, originating from the study of atomic nucleus
by Gamow [1], has attracted ongoing attention in research
of the nonconservation system within both classical and
quantum physics [2–7]. Particularly, a unique class of non-
Hermitian system with balanced gain and loss, also known
as the parity-time (PT) symmetric system, is proved to hold
an exceptional point (EP), where two or more eigenstates
emerge in the real part of frequency, while they start to
diverge in the imaginary part [8]. Around the EP, a plethora
of intriguing wave phenomena are observed, such as uni-
directional invisibility [9,10], enhanced sensing [11–13],
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coherent perfect absorption [14–16], and asymmetric mode
switching [17–20].

Acoustics can be regarded as a feasible and versa-
tile platform to verify non-Hermitian concepts [21–26],
which not only provides a better understanding but also
brings non-Hermitian physics closer to real applications.
First, analogous to quantum physics, the effective non-
Hermitian Hamiltonian can be employed to describe the
acoustic coupled system with well-designed sound leak-
age or additional loss [21,27]. Additionally, due to simple
fabrication with three-dimensional printing technology,
such engineered systems with non-Hermitian modulation
can be conveniently measured to exhibit the compli-
cated ideas of non-Hermitian physics [28,29]. On the
other hand, the intriguing wave behavior enabled by non-
Hermiticity can contribute to the development of acoustic
metamaterials beyond the Hermitian restriction and inspire
acoustic devices with more unexpected functionalities
[30–39]. Some interesting works were proposed to show
the extraordinary abilities of the acoustic metasurface with
non-Hermitian modulation in manipulating the wave front
asymmetrically [32,40–46]. Moreover, asymmetric acous-
tic absorption, for which waves incident from one side are
absorbed perfectly and waves incident from the opposite
side are reflected totally, can be obtained when the system
is tuned to work around the EP, which may have poten-
tial applications in many areas of acoustic engineering
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[47–52]. In addition, the non-Hermitian topological insu-
lator can also be studied on an acoustic platform [53–56].
With the careful arrangement of gain and loss, nontriv-
ial topological features can be probed in a macroscopic
structure with the advantages of facile fabrication and
measurement.

This paper aims to provide an insight into recent works
that use an acoustic platform to verify the concepts of
non-Hermitian physics and inspire acoustic wave manip-
ulations with non-Hermitian modulation. In Sec. II, we
introduce the basic concept of non-Hermitian physics by
using a closed-cavity system and an open scattering sys-
tem. Then, some experimental works related to more com-
plex models are studied with the help of multiple cavities
or active elements. In Sec. III, we review acoustic wave
manipulation enabled by non-Hermiticity, including asym-
metric transmission and reflections, asymmetric absorption
around the EPs, and some other interesting applications. In
Sec. IV, we present recent works on topological insula-
tors with non-Hermitian modulations in acoustic systems
of two types. The first one is that the sample works as
a topological insulator in the Hermitian regime, while
showing more topological features with the existence
of non-Hermiticity. The second one is the topological

properties of the system induced by non-Hermiticity alone.
In Sec. V, we provide an outlook on the further study of
non-Hermitian acoustics and give a conclusion.

II. THE CONCEPT OF NON-HERMITIAN
ACOUSTICS AND BEYOND

A. The non-Hermitian acoustics in a closed-cavity
system

First, we consider two resonators that are connected by
a narrow tube in the Hermitian case. Air, with a density ρ0
and speed of sound c0, is sealed in the closed system. For
a single resonator, there exists a fixed dipole mode with a
certain frequency. However, for two resonators linked by a
hollow tube, coupling will be introduced to split the dipole
mode into an even mode and an odd mode [29], as shown
in the upper panel of Fig. 1(a). Typically, the strength of
the coupling can be adjusted by changing the position and
size of the tube. Here, for simplicity, we fix the position of
the tube at the top end of both resonators, which can give
rise to strong coupling. Then, a variable, d, that describes
the dimension of the opening of the tube is employed to
change the coupling strength. The relationship, plotted in
the lower panel of Fig. 1(a), shows that a larger value of

(a) (b) (c)

FIG. 1. Non-Hermitian acoustics in the closed-cavity system. Two identical acoustic resonators with eigenfrequency ω0 are con-
nected by a narrow tube. Existence of the tube can introduce coupling to split the eigenmode, while the amplitude of coupling can
be adjusted by changing the size of the opening of the tube, d. (a) Upper panel shows, in the Hermitian case, two passive resonators
(depicted in blue) are connected by a narrow tube. Dipole mode with eigenfrequency ω0 will be split into odd mode and even mode
with frequencies of ω+ and ω−. Lower panel shows the change of splitting eigenmodes as a function of d. (b) Upper panel shows, in
the non-Hermitian case, a passive resonator (depicted in blue) and a lossy resonator (depicted in green) connected by a narrow tube.
Fields localized in one of the resonators in the PT-broken phase. Lower panel shows the real and imaginary parts of eigenfrequency
that change as a function of non-Hermitian modulation, γ . (c) Upper panel shows, in the non-Hermitian case, an amplified resonator
(depicted in yellow) and a lossy resonator (depicted in green) connected by a narrow tube. Lower panel shows real and imaginary parts
of the eigenfrequency that change as a function of non-Hermitian modulation, γ .
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d, associated with stronger coupling, can lead to a larger
splitting of the eigenmodes in the spectrum.

By adding gain or loss in the resonator, we can extend
the system to the non-Hermitian regime. At a given value
of d, the upper panel of Fig. 1(b) shows that a passive res-
onator and a lossy resonator are connected by a hollow
tube. The lossy part has parameters of ρL = ρ0 and cL =
c0(1 + iγ ), where variable γ denotes non-Hermiticity. In
a practical realization, loss can be introduced by adding
an absorptive material or sound leakage in the resonator.
Under non-Hermitian modulation, the system may pass
through the EP that links the PT-symmetric phase and
PT-broken phase. Different from the Hermitian case, the
acoustic field is localized in either of the resonators in the
PT-broken phase. The two split modes can refer to a more-
loss mode and a less-loss mode. It can also be reflected in
the evolution of the real and imaginary parts of the eigen-
frequency, as shown in the lower panel of Fig. 1(b). Non-
Hermitian degeneracy can be clearly observed, where the
real part of the eigenfrequency merges while the imaginary
part separates. Beyond the EP, one branch of the imagi-
nary part becomes larger and the other branch approaches
zero with a small imaginary part of the eigenfrequency. In
addition, the system can also have non-Hermitian modu-
lation with balanced gain and loss, as shown in the upper
panel of Fig. 1(c). In the simulations, the gain medium has
parameters of ρG = ρ0 and cG = c0(1 − iγ ), while, in the
realization, the active elements can be used to mimic the
gain effect [43,57,58]. Similar to the lossy case, the two
localized modes can refer to a gain mode and a loss mode.
The system also undergoes a transition from the exact PT
phase to a broken PT phase, as plotted in the lower panel of
Fig. 1(c). In this case, two branches of the imaginary part
of the eigenfrequency are symmetric with respect to the
coordinate zero point. The one on the positive part repre-
sents loss modulation, and the other branch on the negative
part represents gain modulation.

The progress discussed above can be described by the
coupled-mode theory [27,59]. Since the two resonators are
identical, the evolution of the eigenfrequency induced by
reciprocal coupling and non-Hermitian modulation can be
studied in the time domain by solving the coupled-mode
equations as follows:

da1

dt
= iω1a1 − γ1a1 + iκa2, (1)

da2

dt
= iω2a2 − γ2a2 + iκa1, (2)

where a1 and a2 indicate the amplitudes of the field in
the two resonators. κ indicates the strength of reciprocal
coupling. ω1 and ω2 indicate the resonant frequencies of
the two resonators and should be equal. γ1 and γ2 indi-
cate non-Hermitian modulation imposed on the resonators.
Assuming that the time dependence of the form is eiωt,

we can obtain an expression for the eigenfrequency of the
coupled cavities:

ω± = ω0 + i
γ1 + γ2

2
±
√

κ2 − (γ1 − γ2)
2

4
. (3)

In the Hermitian case with γ1 = γ2 = 0, Eq. (3) will
degenerate to ω± = ω0 ± κ , which implies that the cou-
pling has only a modulation on the real part of the eigen-
frequencies. The eigenfrequencies of the couped cavities
bifurcate as the strength of coupling increases, which is
in good agreement with the results shown in Fig. 1(a).
However, in the non-Hermitian case with solely loss mod-
ulation, for example, γ1 = 0 and γ2 > 0, Eq. (3) can
be reformulated as ω± = ω0 + i(γ2/2) ±

√
κ2 − (γ2

2/4).
Under this circumstance, increasing the value of γ2 will
have an impact on the eigenfrequencies in the real and
imaginary parts simultaneously. The real part merges grad-
ually, while the imaginary part increases before the EP. At
the critical point where κ2 − γ 2

2 /4 = 0, the two branches
of the real part coalesce and the imaginary part begins to
bifurcate into two branches with more absorption and less
absorption. Particularly, in the non-Hermitian case with
balanced gain and loss, like γ2 = −γ1 > 0, Eq. (3) can be

further simplified to ω± = ω0 ±
√

κ2 − γ 2
1 . Accordingly,

increasing the value of γ1 will change the eigenfrequency
in the complex realm. Similarly, the real part merges and
the imaginary part bifurcates at the EP. However, in the
exact PT phase, the imaginary part keeps zero rigorously
while in the PT-broken phase. The two branches of the
imaginary part bifurcate symmetrically, with one referring
to amplification and the other referring to absorption.

On the basis of Eqs. (1) and (2), we can also obtain the
effective Hamiltonian of the system in matrix form:

H =
(

ω0 − iγ1 −κ

−κ ω0 − iγ2

)
. (4)

By solving the eigenvalues of this matrix, the expression
of the eigenfrequencies of the coupled-cavity system can
also be deduced. In fact, analogous with the tight-binding
theory, which is widely used in condensed-matter physics,
the effective Hamiltonian has become a versatile tool that
plays a key role in studying topological acoustics and non-
Hermitian acoustics, which we discuss later in Sec. V.

B. The non-Hermitian acoustics in an open scattering
system

Now, we utilize a straight pipe with balanced gain and
loss modulations to study non-Hermitian acoustics in the
open scattering system [60]. In contrast to the closed-
cavity system with discrete resonant frequencies, the open
acoustic waveguide can support continuous propagation
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modes, which can be well studied by the transmission
and reflection properties. Figure 2(a) shows this one-
dimensional PT-symmetric structure with incident waves
from both sides. The background medium is air with acous-
tic parameters ρ0 and c0, and the parameters of the gain and

loss medium are ρg = ρ0 and cg = c0(1 − iγ ) and ρl = ρ0
and cl = c0(1 + iγ ), respectively. Both areas have length
L. By considering the continuous conditions of sound pres-
sure and flow, the transmission coefficient, t, and reflection
coefficient, r, can be deduced easily, as follows:

rL = (mg − 1)Ag + (mg + 1)Bg

(mg + 1)Ag + (mg − 1)Bg
, (5)

rR = (ml − 1)Al + (ml + 1)Bl

(ml + 1)Al + (ml − 1)Bl
, (6)

t = 2mg

(mg + 1)Ag + (mg − 1)Bg
, (7)

where

Ag(l) = [ml(g) + mg(l)][1 + ml(g)]eikl(g)L + [ml(g) − mg(l)][1 − ml(g)]e−ikl(g)L

4ml(g)

eikg(l)L

and

Bg(l) = [ml(g) − mg(l)][1 + ml(g)]eikl(g)L + [ml(g) + mg(l)][1 − ml(g)]e−ikl(g)L

4ml(g)

e−ikg(l)L

with mg = m∗
l =1 − iγ and kg(l) = k0/mg(l). The subscript

L (R) represents waves incident from the left (right) side.
Different from the passive system obeying the energy-
conservation principle T + R = 1, with T ≡ |t|2 and R ≡
|r|2, the essence of the PT-symmetric structure will lead to
a generalized conservation relationship:

√
RLRR = |T − 1|. (8)

One of the most interesting properties of this relation-
ship is allowing the existence of unidirectional reflection-
less behavior for the incidence from a certain direction,
while the transmission for both sides remains unitary.
These scattering properties can also be verified in simu-
lations by using the finite-element method, as shown in
Fig. 2(b). The reflection for the right incidence vanishes
several times, related to the reflectionless phenomenon, in
a wide frequency band. At these frequencies, the trans-
mission coefficients for both sides are equal to one, while
the reflection coefficient for the left incidence has nonzero
values. In fact, these special points are mathematically
meaningful and can be regarded as the EPs of the scattering
matrix constructed by the following relationships:

tI+ + rRI− = O+, (9)

rLI+ + tI− = O−, (10)

where I and O represent the input and output signals,
respectively. The superscript + (−) indicates that the wave
propagates from left (right) to right (left). Then, the scat-
tering matrix can be defined as

S1 =
(

t rR
rL t

)
. (11)

The eigenvalues of S1 can be expressed as λ1,2 = t ± rLrR.
According to the simulations, we plot the logarithm of the
modulus of the eigenvalues of S1 (black lines) in Fig. 2(c).
Phenomenally, the emergence of the EPs has good agree-
ment with the frequencies where T = 1. A simple criterion
can be derived that the change of the transmission is con-
sistent with the transition of the PT phase. When T < 1,
the system is in the PT-symmetric phase. When T > 1, the
system is in the PT-broken phase. This conclusion can also
be deduced by another format of eigenvalues. By substitut-
ing Eq. (8), we can have λ1,2 = t

[
1 ± i

√
(1 − T)/T

]
. It is

obvious that, when T < 1, the eigenvalues are unimodu-
lar and nondegenerate, associated with the PT-symmetric
phase. However, when T > 1, the eigenvalues are nonuni-
modular and degenerate, associated with the PT-broken
phase.
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(a)

(b) (c)
S1

S2

FIG. 2. Non-Hermitian acous-
tics in an open scattering sys-
tem. (a) Two areas with the same
length, L = 5 cm, are located in
the middle of a straight pipe
symmetrically. One (depicted in
yellow) has the gain modula-
tion [ρg = ρ0 and cg = c0(1 −
iγ )] and the other one (depicted
in green) has the loss modu-
lation [ρl = ρ0 and cl = c0(1 +
iγ )]. Acoustic waves can propa-
gate from both sides. (b) Trans-
mission and reflection coefficients
are retrieved from the scattering
properties. (c) Eigenvalues of the
scattering matrix in two different
formulas versus frequency.

Notably, there is an alternative definition of the scat-
tering matrix, S2, where the transmission coefficients are
on the off-diagonal terms [60]. Consequently, the eigen-
values of the scattering matrix need to be rewritten as
λ1,2 =

[
rL + rR ±

√
(rL − rR)2 + 4t2

]
/2. In contrast to S1

having a series of EPs with increasing frequency, S2 has
only one EP that links the PT-symmetric phase and PT-
broken phase, as shown in Fig. 2(c) by the red line. This EP
is stable and moves only when the non-Hermitian modu-
lation changes. Moreover, the unidirectional reflectionless
propagation will not be bound to appear at the EP. In fact, if
we add the hard-boundary condition to the PT-symmetric
structure shown in Fig. 2(a), we will have a closed non-
Hermitian system with discrete eigenfrequencies in the
complex frequency domain. Its complex energy spectrum
also shows a transition between real and complex conju-
gate pairs, which is consistent with the description of the
eigenvalues of S2. Thus, we can say that S2 is of physi-
cal significance that reflects the PT phase transition of the
system, in a similar way to the effective non-Hermitian
Hamiltonian of the closed-cavity system.

C. High-order EPs observed in a multiple-cavity
system

Beyond the two-state system that possesses a single EP
determined by a simple 2 × 2 non-Hermitian matrix, the
high-order EPs and more-complex non-Hermitian physics
can be found in the multiple-cavity system with non-
Hermitian modulation [61–64]. Ding et al. extended this
concept to the four coupled acoustic resonators with asym-
metric losses [28], as shown in Fig. 3(a). The four cavities
are placed in a square arrangement and connected to the
adjacent one with small tubes. As described in the inset
of Fig. 3(a), the top two cavities, D and C, have the same

eigenfrequency, ω1, while the bottom two cavities, A and
B, have the same eigenfrequency, ω2. Also, the strength
of the coupling linking A and D, as well as B and C, is
set as t. The strength of the coupling linking A and B, as
well as D and C, is set as κ . The intrinsic loss induced
by the thermoviscous effect of air in each cavity is �0,
while the additional loss utilized in the cavities on the off-
diagonal term is Δ�. In experiments, an absorptive sponge
is employed as the additional loss and a little putty is added
to eliminate the swing of the resonant frequency caused by
the sponge. Then, the effective non-Hermitian Hamiltonian
can be expressed by a 4 × 4 matrix as

H =

⎛
⎜⎝

ω2 − i�0 κ 0 t
κ ω2 − i� t 0
0 t ω1 − i�0 κ

t 0 κ ω1 − i�

⎞
⎟⎠ ,

(12)

where � = �0 + Δ�. The eigenvalues of this matrix can
be solved easily,

ω̃j = ω0 − i
� + �0

2
± 1

2

√
Δ1 ± 4

√
Δ2, j = 1, 2, 3, 4,

(13)

where ω0 = (ω1 + ω2)/2, Δ1 = −(Δ�)2 + 4κ2 + 4t2 +
(Δω)2, and Δ2 = 4κ2t2 + κ2(Δω)2 − (Δ�)2[(Δω)2/4]
with Δω = ω1 − ω2. Similar to Eq. (3), Eq. (13) shows
the evolution of the EPs and can plot a rich physical pic-
ture in the parameter spaces of (Δω)2/(4κ2) and t2/κ2, as
presented in Fig. 3(b). Obviously, the coalescence of the
eigenstates occurs under the following three conditions:
(1) Δ1 ± 4

√
Δ2 = 0, Δ1 �= 0, and Δ2 �= 0; (2) Δ1 �= 0

and Δ2 = 0; and (3) Δ1 = Δ2 = 0. According to the coa-
lescence of the EPs, the whole picture can be divided
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(a) (b)

(c) (d) (e)

2.0
Coal. of bi-EPs
Coal. of tri-EPs
State inversion

Class IP1

P8

Class II b

II-a

III-a

P3P2

P4

P5
P6

P7

P9

Class III b

1.5

1.0

(D
w

)2 /
(4

k
2 )

t2/k 2

0.0

0.5

0 1 2

FIG. 3. Non-Hermitian acoustics in multiple-cavity systems. (a) Four-state system that consists of four coupled acoustic resonators
with asymmetric loss modulation used to exhibit multiple EPs. (b) Formation pattern of multiple EPs is mapped in the parameter
space. (c) Three-state system that consists of three coupled acoustic resonators with non-Hermitian modulation used to realize the
hybrid topological invariant. (d),(e) Eigenvalue Riemann surfaces show the encircling of the exceptional nexus in different parameter
spaces. (a),(b) Reprinted with permission. © 2016 APS. (c),(d) Reprinted with permission. © 2020 AAAS.

into five regions. In the domain of class I (depicted in
gray), related to the large Δω, the four coupled cavities
can be divided into two subsystems that have independent
responses to variable coupling and show two separated tra-
jectories of EPs under non-Hermitian modulations. With
decreasing (Δω/2κ)2, the energy spectra of the two sub-
systems will overlap and generate much richer EP physics.
In the domain of class II (depicted in blue), the EPs of
the two subsystems can still be identified clearly, while
there are two additional EPs determined by the condition
Δ1 − 4

√
Δ2 = 0. In the domain of class III (depicted in

green), the EPs of the two subsystems have the same real
part of the eigenfrequency, while there are also two addi-
tional EPs determined by the conditions Δ1 + 4

√
Δ2 = 0

and Δ1 − 4
√

Δ2 = 0. In Fig. 3(b), the yellow solid line,
separating class II from class I, and the red solid line, sep-
arating class II from class III, show the coalescence of two
EPs and three EPs. The white dashed line shows the state
inversion at degeneracy determined by 4κ2 = 4t2 + (Δω)2

in the Hermitian region, which divides class II and class III
into two parts with different topological properties.

Additionally, Tang et al. proposed a ternary acous-
tic cavity system to verify the exceptional nexus with a

hybrid topological invariant [21]. Three identical acoustic
cavities are connected by small tubes, as shown in
Fig. 3(c). With flexible modulations to each cavity, the
effective non-Hermitian Hamiltonian of the system can be
expressed as

H = (ω0 − iγ0)I + κ

×
⎡
⎣

√
2i(1 + 	) −1 0

−1 i
 −1
0 −1 −√

2i(1 + 	)

⎤
⎦ , (14)

where ω0 and γ0 are the resonant frequency and intrin-
sic loss of each cavity, respectively. κ is the strength of
coupling between the cavities. I is the identity matrix.

 = δf + iσA and 	 = δg + iσB indicate additional tun-
ing imposed on the middle cavity and the other cavities,
respectively, where σA and σB represent onsite detuning
of the resonant frequencies; δf and δg represent non-
Hermitian modulation. Notably, extra absorptive materials
are added to the cavities to introduce a global loss bias for
the realization of a gain effect in the experiment.

For a three-state system expressed by this matrix, a
third-order EP (EP3) would exist at (
, 	) = (0, 0). By
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encircling the EP3 in the eigenvalue Riemann surfaces,
Berry phases accumulating on different cyclic paths will
indicate distinct winding numbers that are associated with
different topological notions. Figures 3(d) and 3(e) show
the encircling of the EP3 on the 
 plane (	 = 0) and 	

plane (
 = 0) respectively. Since the EP3 can be regarded
as the coalescence of two or more second-order EPs (EP2),
the system may provide several routes to encircle the EP3
under different non-Hermitian modulations. In the case of
the 
 plane, it will take three complete cycles to return to
the starting point, indicating a winding number of w
 =
−2/3. However, in the case of the 	 plane, there will be
two different paths to encircle the EP3. One starts from
the upper state, which will take two cycles to return to the
starting point. The other one starts from the middle state,
which will take just one cycle. Thus, the winding num-
ber can be confirmed as w	 = −1 for the case of the 	

plane. With experimental verification, this ternary acous-
tic cavity system can provide hybrid topological invariants

with distinctive winding numbers under non-Hermitian
modulations.

D. Active approaches to realizing PT acoustics

Since the PT acoustics shows the versatile ability of
wave manipulation in the one-dimensional (1D) waveg-
uide, many efforts are devoted to study the PT-symmetric
structure with balanced gain and loss. Zhu et al. studied
the extraordinary scattering characteristics of the acous-
tic PT medium [65], as shown in Fig. 4(a). Such a
periodic structure with balanced gain (red blocks) and
loss (green blocks) can lead to unidirectional reflection-
less transmission. Specifically, the waves incident from
the left side will pass through unimpeded, while waves
incident from the right side will have total transmission
and reflection simultaneously. Based on these intriguing
properties, they also predicted a non-Hermitian-enabled
acoustic cloak with unidirectional invisibilities. Soon after

(a)

(b)

(c) (d)

(g)

(f)

(e)

FIG. 4. PT acoustics with gain and loss modulation. (a) Schematic diagram of acoustic PT-symmetric structure. (b) Invisible acoustic
sensor realized by active elements with PT symmetry. (c) Acoustic cloak enabled by the PT-symmetric metasurface. Blue dashed line
represents the lossy part, while the red dashed line represents the amplified parts. (d) Acoustic pressure field of the rigid rod cloaked by
the PT-symmetric metasurface. (e) Experimental approach to accessing the EP via active acoustic elements. (f) Conceptual diagrams
of the incidences from the loss side and gain side. (g) Transmission and reflection coefficients for incidences from the loss side and
gain side versus varying spacing between them. (a) Reprinted with permission. © 2014 APS. (b) Reprinted with permission. © 2015
Springer Nature. (c),(d) Reprinted with permission. © 2019 AAAS. (e)–(g) Reprinted with permission. © 2016 Springer Nature.
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the theoretical work, several experiments were conducted
to verify these unexpectable wave phenomena [46,57,58].
Figure 4(b) shows the active approach to realizing a PT-
invisible acoustic senor by using two acoustic transducers
with well-designed non-Foster electrical circuits [57]. One
of the transducers is assigned to absorb the incident acous-
tic waves, which inevitably causes some reflections and
scatterings. The other transducer is designed to work as the
time-reversed counterpart of the first one, which can mimic
the gain medium that amplifies the acoustic waves. This
specific combination can let the waves propagate freely
in a prescribed direction while producing an additional
total reflection in the opposite direction. Another interest-
ing work with an ultrathin PT acoustic cloak [30] is shown
in Figs. 4(c) and 4(d). Figure 4(c) illustrates that the meta-
surface structure consists of lossy Helmholtz resonators
(left part) and the loudspeaker array with amplified cir-
cuits (right part). The pressure field for waves impinging
on the left part is plotted in Fig. 4(d). It clearly shows
that incident acoustic waves will be absorbed first, then
be reproduced perfectly after passing through the whole
metasurface structure. Since the model has symmetric
distributions of gain and loss modulation, the cloaking
performance retains extremely strong unidirectionality.

Figures 4(e)–4(g) show a flexible method to control the
EP in an active configuration with balanced gain and loss
[58]. As shown in Fig. 4(e), the loss part is sound leak-
age induced by some slits curved in the waveguide, and
the gain part is a pair of coherent loudspeaker arrays that
generate directed acoustic waves. Two calibrated unidi-
rectional microphones are mounted on both sides of the
sample to measure the transmission and reflection coeffi-
cients. First, the scattering field of the loss part alone is
tested to calculate the complex refractive index of the loss.
Then, the effective refractive index of the gain part can
be confirmed, and the loudspeaker arrays are modulated
to satisfy the condition of balanced gain and loss. A claim
of this work is that two EPs can be obtained by changing
the gap between the loss part and gain part. By varying
this spacing, the transmission and reflection coefficients
for the incidences from both sides are plotted in Fig. 4(g).
The dip of the reflection spectrum, related to the EP, can
be observed with wave illumination from the loss part and
gain part.

III. WAVE MANIPULATIONS WITH
NON-HERMITIAN MODULATION

A. Non-Hermitian metasurface

A metasurface, which is well known for the character-
istics of subwavelength thickness, is a type of artificial
structure that shows unexpected abilities in wave-front
engineering [66–69]. Most of the previous works on acous-
tic metasurfaces study the Hermitian domain where loss is
ignored [70–72]. However, loss is inevitable in nature for

acoustic waves and may harm the performance of acoustic
devices. Li et al. proposed a tunable metasurface struc-
ture with judiciously designed loss distribution to realize
asymmetric transmission [40], as shown in Fig. 5(a). For
a lossless metasurface, the transmission properties of the
propagation modes can be obtained with the generalized
Snell law:

(sin θt − sin θi)k0 = ξ + nG, (15)

where θt and θi are the refraction angle and incidence angle,
respectively. k0 is the wave number in the free space. ξ

denotes the phase gradient of the metasurface. n indicates
the diffraction order, and G represents the reciprocal lattice
corresponding to the period of units of the metasurface.
Due to destructive interference between adjacent units, the
diffraction orders associated with the period of the gradient
phase can take the values of n = 0 and n = −2 for the posi-
tive and negative directions, respectively. Thus, diffraction
induced by the periodic structure of the metasurface has
an influence on the transmission property in the negative
direction, since the term nG equals zero in the positive
direction. Acoustic waves traveling in the negative direc-
tion will encounter a strong absorption within the units due
to the multiple reflection process, while waves traveling in
the positive direction will have high-efficiency transmis-
sion, since the grating effect is negligible. Pressure fields
for the loss and lossless cases are calculated at an incident
angle of 25◦. For comparison, the lossless case, shown in
the top panel of Fig. 5(b), clearly demonstrates symmet-
ric transmissions from both incident directions. However,
in the loss case with an optimal value of 0.14, asymmetric
transmission, where waves propagating along the negative
direction are absorbed and waves incident from the posi-
tive direction have a high transmission, can be observed in
the middle panel of Fig. 5(b). For a better understanding,
the two dominant propagating modes of the asymmetric
transmitted fields are extracted and plotted in the bottom
panel of Fig. 5(b), since other higher-order modes have no
contribution to the far field. It is obvious that the propa-
gating mode along the negative direction will vanish and
leave an empty field. At the same time, the propagating
mode along the positive direction has little influence on
the transmission. This work opens a non-Hermitian avenue
to realize robust wave manipulation with the metasurface
structure.

Following this transmission-type acoustic metasurface,
Wang et al. extended this concept to realize asymmet-
ric reflection based on a metasurface with non-Hermitian
modulation [41], as shown in Fig. 5(c). By engineering
the metasurface with the predesigned phase gradient and
period, when the acoustic waves impinge at a specific
angle, the diffraction orders of reflection can be restricted
to the specular reflection mode and the retroreflection
mode. By adding absorptive materials to one unit of the
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FIG. 5. Non-Hermitian modulation enables asymmetric transmissions and reflections through the metasurface structure. (a) Illustra-
tion of tunable asymmetric transmission induced by loss modulations. (b) Calculated acoustic pressure fields of positive and negative
transmissions for three cases: gradient-index metasurface without loss modulation, gradient-index metasurface with a loss of 0.14, and
±1 orders of the diffraction mode with a loss of 0.14. (c) Schematic diagram of asymmetric reflection at the EP. (d) Scattering fields
for high-efficiency asymmetric reflection with which the wave can be retroreflected from one side while being absorbed perfectly from
the opposite side. (a),(b) Reprinted with permission. © 2017 APS. (c),(d) Reprinted with permission. © 2019 APS.

metasurface in a period, non-Hermitian modulation can be
introduced into the model. Thus, a two-port system can
be constructed to hold an EP analogous to the scattering
properties of the 1D waveguide with PT-symmetric poten-
tials that we discuss above. The scattering properties of this
two-dimensional (2D) metasurface can be described by(

pR
f

pL
b

)
= S

(
pL

f

pR
b

)
, (16)

where p indicates the complex acoustic pressure. The sub-
script f (b) represents the forward (backward) propagating
waves. The superscript L (R) denotes the left (right) side
of the normal direction of the metasurface. By solving the
eigenvalues of the scattering matrix, S, we can obtain an
EP, where the phenomenon of asymmetric reflection in 2D
space can be observed, as depicted in Fig. 5(d). The top
panel shows the simulated and measured acoustic fields of

the waves that travel from the left side. The acoustic energy
is retroreflected along the reverse incident direction, which
is similar to total reflection in the 1D waveguide. How-
ever, when the wave travels from the right side, as shown
in the bottom panel of Fig. 5(d), the incident energy is
mostly absorbed, which is similar to the reflectionless
property in the 1D waveguide. Notably only loss modu-
lation is considered in this model. Thus, dissipation cannot
be compensated for by gain modulation, which leaves low
efficiency for the specular reflection mode.

In addition to asymmetric transmission and reflection
discussed above, metamaterials with non-Hermitian mod-
ulation can achieve other interesting scattering phenom-
ena [73–75]. With the help of the periodic PT-symmetric
potentials, the structure can provide a unidirectional wave
vector, q, with amplitude |q| = 2π/T, where T is the
period of the modulation. For the forward incidence,
the wave-vector matching condition, kr = q + ki, can be
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approached when the system works at the EP. Here, ki
and kr denote the incident and reflection wave vectors,
respectively. However, complex modulation cannot pro-
vide any matched wave-vector condition for the backward
incidence. Based on this property, Fig. 6(a) shows unidi-
rectional acoustic focusing by extending the unidirectional
reflectionless transmission from the 1D waveguide to the
2D cylindrical system [44]. To access the EP in the passive
acoustic system, the complex refractive-index distribution
is imposed on the structure to meet the requirement that
PT-symmetric modulation is even in the real part and odd
in the imaginary part. For the incidence from the bot-
tom side, the specular reflection emerges at the interface
of the metamaterial structure, which is determined by the
matched wave-vector condition. The reflected waves at
the concave interface can generate a focused field. For
the incidence from the top side, the metamaterial struc-
ture cannot fulfill the wave-vector continuous condition
and leads to no reflection. Thus, the asymmetric acoustic
focusing enabled by the periodic PT-symmetric metamate-
rial can be observed, in both simulations and experiments,
as shown in Fig. 6(a). In the experimental measurement,
modulation of the real and imaginary parts of the complex
refractive index is achieved by using curved grooves and
sound-leakage meshes, respectively.

This unidirectional wave-vector manipulation can also
be applied to the oblique incidence situation that realizes
the single-sided acoustic beam splitting at the EP [76],
as shown in Fig. 6(b). The acoustic wave incident from
the left side will split into two parts. One is the specular
reflection that relates to unidirectional wave-vector match-
ing, and the other one is the direct transmission that passes
through the metamaterial crystal. On the contrary, for inci-
dence from the top side, only the direct transmission exists,
since the structure cannot support a real reflection wave
vector.

B. The absorption properties at the EP

Owing to asymmetric wave behavior at the EP, some
works related to the extraordinary absorption proper-
ties have been proposed theoretically and experimentally.
Figure 7(a) shows two Helmholtz resonators with intrin-
sic losses that are loaded to a waveguide [22]. When the
system works at the EP, the two adjacent coherent perfect
absorptions (CPA) can be obtained in the parameter space
of frequency and loss. In a more complex model with three
resonators loaded on the waveguide, a broadened and flat
CPA can also be theoretically verified. Moreover, Li et al.
presented a compact structure with deep subwavelength

(a) (b)

FIG. 6. Non-Hermitian modulation enables unidirectional wave-vector manipulation. (a) Unidirectional acoustic focusing by using
the passive PT-symmetric metamaterial structure. Left and right parts are simulated and measured fields, respectively. Acoustic wave
incident from the bottom is reflected and generates a focused field. Acoustic wave incident from the top side is absorbed due to
dissipation in the PT-symmetric potentials. (b) Single-sided acoustic beam splitter under balanced gain and loss modulation. Acoustic
wave incident from the left (black solid line) will be split into two beams (red and green solid lines). For the wave incident from the
top side, there will be total transmission without wave-front distortion. (a) Reprinted with permission. © 2018 APS. (b) Reprinted with
permission. © 2020 APS.
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thickness to realize asymmetric sound absorption at low
frequencies [77]. Two small necks with different lengths
are embedded in a cavity to construct a coupled system,
as shown in Fig. 7(b). Thus, non-Hermitian modulation
can be introduced by adjusting the structural parameters
of the neck to induce different intrinsic losses, without the
need for absorptive materials. The transmission and reflec-
tion coefficients from left and right incidences are plotted
in Figs. 7(c) and 7(d) respectively. At the EP, there is
an extremely asymmetric reflection. Meanwhile, transmis-
sions from both sides are nearly identical and retain a low
value. Underlying these scattering properties, asymmetric
absorption can be deduced, according to the conserva-
tion of energy. Compared with the single-port system
that absorbs acoustic waves from one direction, this two-
port scheme provides not only the asymmetric scattering
properties but also the functionality of ventilation.

Apart from the work discussed in Fig. 7(b), there is
another approach to realize asymmetric absorption by
obtaining the topological interface state and EP simulta-
neously [49], as shown in Fig. 7(e). Inspired by the Aubry-
Andre-Harper model, comblike acoustic resonators with
additional embedded loss are used to construct topolog-
ically protected unidirectional reflectionless propagation,
which is a signature of the EP. Notably, the nontriv-
ial topology of the model is established in a synthetic
dimension of the structural parameters. Since the trans-
mission can be restricted with a long chain, unidirectional

reflectionless propagation will lead to a nearly asymmetric
absorption. The measured absorption coefficients for both
incident directions are plotted in Fig. 7(f). Waves propagat-
ing from one side can have total absorption around the EP,
while waves traveling from the opposite side can hardly be
absorbed, indicating a strong reflection.

C. Other interesting applications

Conventionally, the disorder scatterer is always consid-
ered to be an obstacle to wave propagation, which leads to
huge reflection and wave-front distortion. However, Rivet
et al. proposed a non-Hermitian router to achieve a con-
stant pressure field in the disordered system, where the
amplitude of the pressure is fixed while the phase may vary
[78]. In Fig. 8(a), a comparison of the absolute pressure
in a disordered system with and without non-Hermitian
modulation is plotted. Here, disorder is introduced via vari-
ations of the mass density along the propagation direction,
as depicted in gray. When the acoustic wave travels from
the left side in the Hermitian case, most of the acoustic
energy is reflected and leaves a low transmission. Also,
the intensity is nonuniform in the domain with varied den-
sity. On the contrary, the intensity can remain constant in
the same system under non-Hermitian modulation. This
intriguing property can be investigated by assuming that
the pressure field in the system has a constant amplitude,
pj +1 = eikϕj pj , with j denoting a series of checkpoints

(a) (b)

(d)

(c)

(e) (f)

FIG. 7. Asymmetric absorption around the EP. (a) Two Helmholtz resonators are loaded on the waveguide. (b) Asymmetric absorp-
tion via two small tubes embedded in the square cavity. Transmission and reflection coefficients of the sample shown in (b) for left
incidence (c) and right incidence (d). (e) Experimental setup of coupled resonators. (f) Asymmetric absorption of the sample shown in
(e) versus frequency for both incidence directions. (a) Reprinted with permission. © 2017 APS. (b)–(d) Reprinted with permission. ©
2021 Springer. (e),(f) Reprinted with permission. © 2018 APS.
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(a) (b)

(c) (d) (e)

FIG. 8. (a) Continuous-pressure fields of the disordered system with and without non-Hermitian modulation. (b) Discretized model
of the disordered system with and without non-Hermitian modulation. (c) Picture of the passive PT-symmetric ring cavity. (d) Ampli-
tude of pressure in the cavity with and without non-Hermitian modulation. (e) Phase of pressure in the cavity with and without
non-Hermitian modulation. (a),(b) Reprinted with permission. © 2018 Springer Nature. (c)–(e) Reprinted with permission. © 2020
Springer Nature.

along the propagation direction. By introducing a trans-
fer matrix, Mj = [Aj , Bj ; Cj , Dj ], that connects adjacent
checkpoints, the requirement for acoustic impedance for
the constant pressure field can be expressed as

Zj = pj − Aj pj +1 − Bj qj +1

Cj pj +1 + Dj qj +1
, (17)

where q is the volume flow. For the description mentioned
in Ref. [71], the imaginary part of Zj represents spatially
varying scattering caused by disorder, and the real part of
Zj represents non-Hermitian modulation that can compen-
sate for the scattering part. The physical realization of this
model can be constructed via an acoustic waveguide that
contains several irregular inclusions, such as resonators,
hard spheres, and labyrinth channels. In the top panel of
Fig. 8(b), the simulated pressure field clearly shows that
a strong refection is generated in the waveguide that con-
tains various scattering obstacles in the Hermitian regime.
However, if the transfer matrix, Mj , is deduced by the
scattering properties of the obstacles, the required acous-
tic impedance can be determined according to Eq. (17).
Thus, non-Hermitian modification, which could further be
implemented by the active elements in the experiment, can

be applied to this waveguide with many defects to preserve
the constant-amplitude pressure profile, as shown in the
bottom panel of Fig. 8(b).

Another interesting application is an acoustic emitter
with a reversed eigenmode [79]. The constructed structure
is shown in Fig. 8(c). For a normal ring cavity, the pressure
field excited by a single source can be considered as the
superposition of two coupled eigenstates, associated with
the clockwise (CW) mode and counterclockwise (CCW)
mode. Under non-Hermitian modulation, the two eigen-
modes of the ring cavity will degenerate to the CW mode
or CCW mode purely because the effective non-Hermitian
Hamiltonian becomes a defective matrix with a coalesced
eigenstate [80]. The other eigenstate can be regarded as
a missing dimension. However, by introducing a single
source to interact with PT-symmetric potentials, the pres-
sure field coupled to the missing dimension can be excited
in the cavity. The explicit transfer relation of the CW mode
and CCW mode can be expressed as

aCCW

aCW
= 1 − χba(ϕ0)

iΔ − γtot
, (18)
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where aCCW and aCW denote the complex amplitudes of
the CCW mode and CW mode, respectively. Δ is the
detuning parameter that deviates from the cavity’s reso-
nant frequency. χba(ϕ0) is the position-dependent coupling
strength, with ϕ0 being the azimuthal angle of the ring cav-
ity. γtot is the total decay rate induced by non-Hermitian
modulation. At the resonant frequency where Δ = 0, this
relationship indicates that the transfer ratio may vanish
at χba(ϕ0) = −γtot, when the source is placed at a spe-
cific position and a pure CW mode can be obtained that
is related to the missing dimension. This chirality-reversal
phenomenon can be verified by the pressure field in the
ring cavity, as plotted in Figs. 8(d) and 8(e). Compared
with the standing-wave field excited in the normal cavity,
the amplitude of the field in the cavity with non-Hermitian
modulation can retain a quasi-constant profile. The evolu-
tion of the phase also indicates a propagating mode that
increases with the azimuthal angle.

IV. NON-HERMITIAN TOPOLOGICAL
INSULATOR

A. Topological insulator with non-Hermitian
modulation

Topological phases discovered in quantum systems have
triggered extensive explorations of various platforms, from
photonics, acoustics, and mechanics to electrics [81–86].
These systems are commonly assumed to be Hermitian,
despite non-Hermiticity naturally existing in a wide range
of systems. Recently, non-Hermitian Hamiltonians have
attracted growing attention and are incorporated into Her-
mitian systems, which enable rich and unique topological
features with notably different bulk-boundary correspon-
dence from the Hermitian cases [61,87–94].

The second-order topological insulator can be observed
in an acoustic platform with square sonic crystals that con-
tain four fluidic cylinders embedded in air [55], as shown
in Fig. 9(a). By expanding or shrinking these concen-
tric cylinders, the topological properties of the structure
can be adjusted from the trivial phase to the nontrivial
phase. In the Hermitian regime, the bulk-boundary corre-
spondence, known as topological corner states as well as
edge states, can be obtained in the nontrivial band gaps
of the real part of the eigenfrequency, while the imaginary
part of the eigenfrequency of these confined states remains
zero, since no gain or loss is considered in the system. By
adding complex values to the effective-density parameters
of cylinders, non-Hermitian modulation can be imposed
on the system in two specific arrangements, where gain
atoms and loss atoms are placed in parallel or diagonally.
Under non-Hermitian modulation, these real parts of the
frequency of excited confined eigenstates remain identi-
cal to those in the Hermitian case, whereas the imaginary
part may diverge into the gain branch and loss branch,
which refers to the sourcelike and sink states. Moreover,

Fig. 9(b) clearly shows that these localized eigenstates
preserve the horizontal and vertical profiles based on non-
Hermitian modulation with a parallel arrangement. For the
diagonal arrangement, the localized eigenstates preserve
the diagonal profiles accordingly.

Another straightforward example is the non-Hermitian
valley Hall topological insulator in acoustic crystals [95].
The acoustic realization of valley Hall transport is verified
theoretically and experimentally in Hermitian cases. The
basic unit, with a hexagonal lattice structure, as shown in
Fig. 9(c), can be employed to support the valley states K1
and K2, which are located at the extrema of the nontriv-
ial band gaps. The gray and white circles represent the
fluidic cylinders under non-Hermitian modulations with
the imaginary part of mass density, −γ i and nγ i, respec-
tively. n = 1.4 is used to compensate for the difference
between the radii of these two cylinders to obtain approx-
imately balanced gain and loss. By changing the sign of
γ , gain or loss modulation imposed on the cylinders can
be exchanged. Figure 9(d) shows the amplitude and phase
fields of K1 and K2 states that indicate the acoustic valley
vortex with the topological charges of +1 and −1, respec-
tively. In a bulk structure with a triangular shape, as shown
in Fig. 9(e), a point source with different chirality can be
used to excite the K1 and K2 states. Depending on gain or
loss modulation (the sign of γ ) in the system, the valley
states K1 and K2 can be tuned to present the attenuating
or amplifying states, compared with that in the Hermitian
case.

B. Topological insulator induced by non-Hermiticity
alone

Very recently, a few experimental works have been
conducted to fabricate acoustic non-Hermitian topological
insulators. More significantly, the topological phase transi-
tions are induced only by non-Hermiticity [29], instead of
conventional structural parameters. Figure 10(a) is a pho-
tograph of a 1D non-Hermitian topological system, which
is composed of 12 coupled resonators. The basic unit cell
contains four rectangular resonators connected with thin
waveguides. Additional loss is introduced by drilling some
air holes in the resonator and then inserting some sound-
absorbing materials. The topological phase of the chain
system is defined by the biorthogonal polarization, p, based
on the non-Abelian Berry connection. If no additional loss
is considered, the system is trivial (p = 0). When addi-
tional loss is applied to the middle two sites of each unit
cell, a topological band gap will be opened and a topo-
logical phase transition can be obtained (p = 0.5). The
nontrivial topology can be confirmed from the measured
dispersions. In the bulk dispersions, as shown in Fig. 10(b),
two peaks can be observed, revealing the existence of the
band gap. But in the edge response, as shown in Fig. 10(c),
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(a) (b)

(c) (d) (e)

FIG. 9. Acoustic topological insulator with non-Hermitian modulation. (a) Acoustic second-order topological insulator composed
of the cylinders embedded in the background medium. Each unit contains four cylinders, and by expanding or shrinking these four
cylinders, the topological property of the sample can be adjusted. Green and yellow denote the cylinders with gain and loss modula-
tion respectively. (b) Simulated eigenmodes of edge states (the upper panel) and corner states (the lower panel). (c) Acoustic valley
topological insulator composed of a hexagonal lattice. Gray and white circles represent the cylinders with gain or loss modulations
respectively. (d) Amplitude and phase fields for the valley states. (e) Intensity fields of valley states excited by a chiral source under
the non-Hermitian modulation. (a),(b) Reprinted with permission. © 2019 APS. (c)–(e) Reprinted with permission. © 2018 APS.

a peak appears in the band gap, which corresponds to the
topological edge state.

Moreover, non-Hermiticity can play a significant role in
higher-order topological insulators [56]. Similarly to the
1D non-Hermitian topological system, by carefully design-
ing the loss configuration, a 2D non-Hermitian topological
insulator is fabricated, as depicted in Fig. 10(d). This lat-
tice contains 3 × 3 unit cells, the basic unit cell of which is
composed of 16 resonators coupled with identical waveg-
uides. With the introduced loss distribution in Fig. 10(d)
(the sites with sound-absorbing materials can introduce
additional loss), the lattice transitions from a trivial gapless
phase to a nontrivial gapped phase, which is a topological
quadrupole. Owing to the nontrivial quadrupole moment,
the in-gap corner states are observed in the sample, as
shown in Fig. 10(e), in which the acoustic energy in the
four corners is much higher than other positions. Also, in
the topological edge states plotted in Fig. 10(f), the inten-
sity along the edge of the sample is relatively higher than
the bulk. This non-Hermiticity-induced topological phase
can be extended to design other types of topological insu-
lators in various platforms, such as photonics, electronics,
and mechanics.

C. Non-Hermitian skin effect in acoustics

The bulk-boundary correspondence induced by non-
Hermiticity has attracted increasing research interest in
many fields of physics [87]. Recent theoretical works have
predicted that there exists a unique feature, where the
intensities of all eigenstates are localized at the boundaries,
also known as the non-Hermitian skin effect [96–100]. This
intriguing wave behavior can be realized by a typical tight-
binding model, i.e., one-dimensional Su-Schrieffer-Heeger
model with non-Hermitian modulation in the coupling
[101]. The basic unit with nonreciprocal coupling is shown
in Fig. 11(a), which has two identical acoustic cavities
with resonant frequency ω0. The effective non-Hermitian
Hamiltonian of this model can be described as

H(k) =
(

0 κ1 + γ + κ2e−ik

κ1 − γ + κ2eik 0

)
, (19)

where κ1 and κ2 are the intracell and intercell couplings,
respectively. γ is the non-Hermitian component that deter-
mines gain or loss modulation based on its sign. Con-
sider a finite-chain containing 10 units. By solving the
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(a) (b) (c)

(d) (e) (f)

FIG. 10. Non-Hermiticity-induced topological insulators. (a) 1D non-Hermitian topological insulator coupled with acoustic res-
onators. Simulated and measured spectra in one of the (b) bulk and (c) edge resonators. (d) 2D non-Hermitian topological insulator
coupled with acoustic resonators. Measured intensity profile for (e) corner mode and (f) edge mode. (a) –(c) Reprinted with permission.
© 2020 APS. (d)–(f) Reprinted with permission. © 2021 Springer Nature.

eigenenergy of the system under open-boundary condi-
tions, Fig. 11(b) clearly shows that all the bulk eigenstates
are localized at one edge boundary. When γ > 0, the
eigenenergies of all modes will be confined at the right side
[red line in Fig. 11(b)]. On the contrary, the eigenenergies
will be localized at the left side [blue line in Fig. 11(b)].

Recently, some experimental works have been con-
ducted to demonstrate the non-Hermitian skin effect in
the acoustic platform [102,103]. Zhang et al. proposed a
scheme based on coupled acoustic resonators [103]. By uti-
lizing the active elements to mimic the gain effect, bipolar
localization can be observed, which indicates a topolog-
ical notion of twisted winding with oppositely oriented
loops. Another approach to realize the two-dimensional
non-Hermitian skin effect is based on coupled ring cavities

in a passive way [102]. With a judicious modification to
decouple the spin-up and spin-down states of the system,
additional loss can be imposed to achieve spin-dependent
wave propagation in the structure.

V. OUTLOOK AND CONCLUSION

Recent advances in non-Hermitian acoustics already
show the flexibility of wave manipulations in many
aspects, as we discuss above. Ongoing research into non-
Hermitian physics can provide continuous intellectual sup-
port for the study of non-Hermitian acoustics. In particular,
parallel to the development of non-Hermitian optics, we
envision that hot topics inspired by this research may
emerge in the following directions.

FIG. 11. Non-Hermitian skin
effect in acoustics. (a) Sketch of
the basic unit with nonreciprocal
coupling. (b) Intensity distri-
bution of the eigenstates of the
lattice structure with 20 sites.
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A. Nonlinear non-Hermitian acoustics

The interplay between nonlinearity and non-Hermiticity
may overcome many unconventional wave phenomena
[104]. Typically, the transmissions for both incidence
directions of one-dimensional scattering systems are iden-
tical, which is guaranteed by the reciprocal principle,
despite the system being located in the PT-symmetric
phase or broken phase. By increasing the input to bring
the system into the nonlinear regime, strong nonreciproc-
ity enabled by enhanced nonlinearity can be observed
at the PT-broken phase [105]. Additionally, with unique
properties at the saturation point, tunable asymmetric or
nonreciprocal transmission can be realized within the PT-
symmetric system with nonlinear parameters [106]. Lately,
a local nonlinear medium has been employed to pro-
vide a feasible tool to manipulate the global topological
and non-Hermitian properties of the whole sample [107].
Indeed, the acoustic nonlinear effect is small among natu-
ral materials. However, by using active nonlinear elements
[108], nonlinear non-Hermitian acoustics can be a ver-
satile platform for a variety of wave-matter interactions
[57,109–111].

B. Anti-PT symmetric acoustics

Recently, anti-PT symmetric physics has attracted con-
siderable attention, from quantum systems to wave sys-
tems [112–116] and diffusion systems [117,118]. Dif-
ferent from the PT-symmetric configuration that holds
the complex potential V(−x) = V∗(x), the counterpart
of the anti-PT-symmetric configuration satisfies V(−x) =
−V∗(x) and has imaginary couplings between connected
resonators. Accordingly, the EPs mediated in the anti-
PT symmetric system can exhibit different features of the
eigenfrequency gradually splitting in the real part and
merging in the imaginary part upon changing the detun-
ing parameters. Such a system is of great significance
in acoustics and could be applied to realize a flat total
transmission band [119], ultrasensitive sensing [13], and
constant refraction [115].

To conclude, we discuss the fundamental principles of
non-Hermitian acoustics and review recent advances in
its applications for many aspects of acoustic manipula-
tions. Benefitting from the development of non-Hermitian
physics, acoustic metamaterials with non-Hermitian mod-
ulation can excite various extraordinary wave phenomena,
such as high-order EPs, asymmetric scattering, and acous-
tic vortexes. In particular, with the help of active elements,
an exact PT-symmetric system with suitable gain effect can
be implemented, which could lead to robust non-Hermitian
properties. Moreover, we discuss studies on non-Hermitian
topological insulators within the acoustic platform. Finally,
we expect that non-Hermitian acoustics may show its
vigor and vitality with the combination of nonlinearity and
anti-PT symmetry.
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