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Impact of Incorporation Kinetics on Device Fabrication with Atomic Precision
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Scanning tunneling microscope lithography can be used to create nanoelectronic devices in which
dopant atoms are precisely positioned in a Si lattice within approximately 1 nm of a target position.
This exquisite precision is promising for realizing various quantum technologies. However, a potentially
impactful form of disorder is due to incorporation kinetics, in which the number of P atoms that incorpo-
rate into a single lithographic window is manifestly uncertain. We present experimental results indicating
that the likelihood of incorporating into an ideally written three-dimer single-donor window is 63 £ 10%
for room-temperature dosing, and corroborate these results with a model for the incorporation kinetics.
Nevertheless, further analysis of this model suggests conditions that might raise the incorporation rate to
near-deterministic levels. We simulate bias spectroscopy on a chain of comparable dimensions to the array
in our yield study, indicating that such an experiment may help confirm the inferred incorporation rate.
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I. INTRODUCTION

Atomic precision (AP) placement of individual dopant
atoms in Si nanoelectronic devices is a promising avenue
for realizing a variety of technologies ranging from analog
quantum simulators [1-6], to qubits [7—13], to digital elec-
tronics [14,15]. This paper considers a particular limitation
of AP donor placement with STM lithography [16—18]
(see Fig. 1). STM lithography allows for the fabrication
of devices in which single-donor atoms are positioned to
within approximately 1 nm of a target lattice site [19]. This
weak placement disorder has previously been predicted
not to be of concern when it comes to the prospects for
fabricating analog quantum simulators [5] or nuclear spin
qubits [20] with this approach. However, these models do
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not account for the failure of a precisely placed donor to
incorporate. While STM lithography achieves AP place-
ment of individual donor atoms, we show that a single
precisely placed donor will incorporate with probability
less than one for room-temperature dosing. While this is
an indirect observation and quantitatively similar to previ-
ously reported results [21], our inference is corroborated
by a kinetic model. That same model suggests conditions
that might lead to deterministic incorporation.

Stochastic incorporation kinetics might have severe
impacts for the fabrication of any device that relies on
AP placement of a large number of single dopants. For
certain applications, even perfect placement may be insuf-
ficient if a fixed fraction of the dopants simply are not
there. Finding conditions that lead to deterministic incor-
poration is thus desirable. Analog quantum simulation of
the Fermi-Hubbard model using donor arrays provides a
useful example that both introduces the physics of inter-
est and the potential impacts of stochastic incorporation.
The physics that is most relevant to analog quantum sim-
ulation is the hydrogenic nature of shallow donors [22].
In its neutral ground state, a single bulklike P donor will
have one weakly bound electron 45.59 meV from the bulk
conduction band edge [23-25]. The affiliated orbital will
have an anisotropic effective Bohr radius that exceeds that
of a hydrogen atom in vacuum [26]. This renormalization

Published by the American Physical Society
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Example STM lithography array. (a) STM image of 25 patterned windows, where the two marked windows correspond to

(c),(e), respectively. (b) STM image of the same windows after PH3 dosing and incorporation. Each window is colored to indicate the
number of P incorporation features in each window, with red corresponding to 0, green corresponding to 1, and blue corresponding
to 2. The corresponding windows after incorporation for (c),(e) are shown in (d) and (f), respectively. (c) Example w = 3 window
after hydrogen depassivation lithography corresponding to the middle window in (a). (d) Illustration of the window from (c) after
incorporation where a Si:P heterodimer remains. It is likely that the corresponding Si adatom has diffused away. (e) Another example
w = 3 window after lithography, corresponding to the window in the lower left in (a). (f) Illustration of the window from (e) after
incorporation where an ejected Si adatom is observed. This adatom feature is artificially broadened by a scan artifact and is likely

masking any corresponding Si:P heterodimer feature.

is due to the bulk dielectric constant of the host crystal
(esi = 11.7) and the anisotropic conduction-band effec-
tive mass (m = 0.19m, and m = 0.92m,). This artificial
hydrogen atom can also be positively charged when it is
stripped of its single weakly bound electron, or negatively
charge when it is doubly occupied.

The low-energy effective theory that governs the behav-
ior of the weakly bound electrons on a chain or array
of such artificial hydrogen atoms is an extended Fermi-
Hubbard model [4,5]. The tunnel coupling between sites
is determined by the physical distance between donor
atoms and it is feasible to realize spacings that are within
an order of magnitude of the effective Bohr radius. This
can then realize instances of the extended Fermi-Hubbard
model that are “hard” in the sense that there is competition
between itinerance and localization of the weakly bound
electrons.

Atomically precise arrays of more than approximately
50 donors are needed to realize a system that is large
enough to represent an instance of the extended Fermi-
Hubbard model that exceeds the scale for which exact
simulation on a classical computer is feasible [27]. Prior
theoretical analyses [4,5] have shown that the placement
disorder realized in STM lithography is sufficiently weak
to realize large arrays that exhibit the desired physics,
assuming that each lithographic window yields exactly one
P donor placed to within approximately 1 nm. While cur-
rent fabrication processes are evidently capable of reaching
this precision in placement, the ultimate limits to their
yield remains an open question.

To model the yield of STM lithography, we consider the
probability of successfully fabricating an array of N sites

in which each site consists of # = 1 donor,

N
P(N) = (me)mn = 1|w)) : (1

Here P, (w) is the probability of patterning a lithographic
window consisting of w dimers within a single row and
P;(n|w) is the probability of incorporating » donors into
such a window. Implicit in this formula is the inde-
pendence of success probabilities from site to site and
the neglect of failure modes outside of lithography and
incorporation chemistry [28]. Both assumptions make our
formula an optimistic estimate. P, (w) is ultimately a func-
tion of the STM hardware and control software whereas
P;(n|w) is a function of the surface chemistry of window
w. To reliably fabricate arrays with N >> 1 sites, i.e.,
P(N) =~ 1, it is evident that a window must be identified
such that P;(n = 1|w)Y ~ 1. The data in Fig. 2 suggest
that even for the best choice of w, a window consisting
of three dimers, P;(n = 1|lw = 3) = 63 4+ 10%. Even with
perfect lithography and processing the probability of suc-
cessfully fabricating an approximately 50-donor array for
analog quantum simulation is approximately 10717,

In what follows, we substantiate this dismal observation
with a model of the incorporation chemistry. However, we
also suggest a path forward. While it may at first seem as
if only Pr(w) can be driven arbitrarily close to 1 through
improvements to the STM hardware and control software,
our incorporation model indicates that dosing at lower
pressures for longer times and/or slightly higher temper-
atures can lead to P;(n|w) — 1. Intuitively, the w =3

054037-2



IMPACT OF INCORPORATION KINETICS. ..

PHYS. REV. APPLIED 16, 054037 (2021)

windows need sufficient time and space for a single PHj
molecule to land in the window without interference and
then follow the correct pathway to a configuration in which
incorporation occurs. Our model suggests that the stochas-
tic incorporation that we observe is potentially a feature
of room-temperature dosing. Because our incorporation
statistics are based on inference, we briefly consider more
direct measurable signatures of missing donors. We pro-
pose that bias spectroscopy measurements on a chain of
dimensions comparable to the array fabricated in this work
can yield insights into whether stochastic incorporation is
occurring in a given process.

II. RESULTS
A. STM experiments

To generate a statistical sample sufficient to estimate
P;(n|w) for different values of n and w, 50 windows are
patterned using standard STM lithography techniques (see
Fig. 1 and Appendix A). Our aim is to pattern an array con-
sisting entirely of w = 3 dimer windows into which the
incorporation of the n» = 1 P atom should be maximized.
While feedback lithography would result in near-perfect
patterning of any target window size [29-31], we do not
make use of it. This would have slowed down patterning,
potentially increasing susceptibility to atomic scale creep
in the STM and limiting our ability to successfully pattern
an array of the dimensions that are achieved. We also deem
it useful to have estimates for P;(w) in an open-loop set-
ting. Thus Py (w = 3) is less than one but this is irrelevant
for our analysis as subsequent scans of the depassivated
windows are taken to establish w for each window. After
dosing and incorporation, STM scans of the areas contain-
ing the depassivated windows are taken again to determine
n. Estimates for P;(n|w) are the relative frequencies of
each observed » for the measured w.
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FIG. 2.

We note that STM scans of the predose and
postincorporation surfaces are adjusted to bring the two
images into registration. The postincorporation scan is
aligned to the predose scan using intrinsic defects in
the reconstructed Si(100)-2 x 1 surface as markers (see
Appendix B). After alignment, each window in both the
predose and postincorporation STM scans are extracted
and gridded with respect to each Si lattice site (lattice con-
stant 5.4 A) for analysis. We expect that this alignment pro-
cedure results in a near-perfect overlap between the scans,
where, in principle, only features present within a given
window would be considered for evidence of incorpora-
tion. We allow for a single exception to this rule, where a
Si:P heterodimer, as defined below, is allowed to be a sin-
gle 2 x 1 dimer away from the window (Appendix B), as
Si:P heterodimers represent direct evidence of P incorpo-
ration. It should be noted that windows that demonstrated
no change between STM scans of the postdosing and
postincorporation surfaces are removed from the sample
as incorporation cannot be established for such windows
(total of 3).

The value of w is determined for a given lithographic
window by counting the number of contiguous depassi-
vated Si atoms within a given dimer row. Depassivated
atoms found in adjacent dimer rows or located noncontigu-
ously to the primary pattern are excluded. If no more than
one depassivated Si atom satisfied the criteria set above,
then the pattern is considered disordered and removed from
our sample. The variability in the number of depassivated
Si atoms for the 47 windows is depicted in Fig. 2(a). Here
and elsewhere we specify w, the number of depassivated
dimers rather than atoms, resulting in half-integer values
for dimers that are partially depassivated.

For our target w = 3 pattern, only 20 windows are
determined to meet the above criteria, i.e., P,(w = 3) =
40%. However, based on chemical considerations [32,33]
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Statistics for our 50-window sample. (a) The occurrence of different depassivation feature widths in the predose images for

a target width of w = 3. These data are used to assign w for a particular window. (b) The occurrence of distinct feature categories
according to their height. These data are used to assign # for a particular window. (c) The relative frequencies, P;(n|w) forn =0, 1,2
and w = 2, 3. The number of windows realizing w = 2, 3 are indicated parenthetically.

054037-3



IVIE, CAMPBELL, KOEPKE et al.

PHYS. REV. APPLIED 16, 054037 (2021)

the w = 3.5 pattern should exhibit similar incorporation
chemistry, and including these windows in our sample
increases the number of windows that realize the target
pattern to 27, i.e., Pr(w = 3) = 54%. Thus the estimates
of P;(n|w) for w = 2,3 in Fig. 2 include the correspond-
ing half dimer results (i.e., w — |[w], see Appendix C for
results separating the half-integer values of w).

To determine the number of donors in a given window
from the postincorporation scans, it is necessary to cat-
egorize features according to their height relative to the
surrounding H resist. The distribution of feature heights
in the w = 2,3 windows are shown in Fig. 2. For a sin-
gle donor to have incorporated successfully, two features
should be present [33,34]—an incorporated P atom in the
form of a Si:P heterodimer and an ejected Si adatom.
Based on methodology used previously in the literature
[21], we assign the first feature height grouping to Si:P het-
erodimers, with a relative height of 0.3—0.6 A [34-36] and
the second to Si adatoms, with a relative height of 1.2—1.8
A [21].

However, we also observe two feature categories that
are not associated with successful incorporation. The first
is a set of features with a relative height of 1 A that was
previously assigned to depassivated Si atoms [37], consis-
tent with height measurements of the predose surface. The
second set of features have relative heights greater than
1.8 A, which we ascribe to either background contamina-
tion in the UHV chamber or ejected Si adatoms adsorbed
on H [38,39]. We presume that these possible Si adatoms
are purely adventitious as they never correspond to win-
dows with zero features, and therefore we neglect them in
further analysis.

Having assigned values of w to each window and cat-
egorized the features in the postincorporation scans, we
evaluate P;(n|w) from the relative frequencies of partic-
ular values of n. This requires us to assign values of n to
a particular window based upon the presence of particular
features, specifically the Si:P heterodimer and Si adatom
features. We note that both features are counted individu-
ally in Fig. 2(b). Due to the different diffusion barriers for
the Si:P heterodimer [35,40] and the Si adatom [41,42],
we do not expect that both features are necessarily present
within a particular lithographic window. Thus, if either
feature is found within a particular window it is counted
toward an incorporation event. This brings us to one of
our key results, that P;(n = 1|w = 3) = 63% £ 10%, con-
sistent with previously reported statistics of P;(n = 1|lw =
3) = 70% = 8% for similarly sized windows [21]. Here we
assign an uncertainty according to the standard error for a
binomial distributed random variable with a success proba-
bility determined by the empirical frequency and a number
of Bernoulli trials equal to the number of successfully
patterned 3 and 3.5 dimer windows.

We note that we expect P;(n > 1|lw = 3) = 0% duetoa
paucity of dangling bonds on which two PH3; molecules

might shed four H atoms to arrive at a bridging P-H
configuration in which the P can incorporate. Two-donor
incorporation requires at least w = 4 depassivated dimers.
However, we observe a small but nonzero probability for
P;(n =2|w = 3). We hypothesize that this is a conse-
quence of features diffusing into the window, rather than
two donors incorporating within the same w = 3 window.
We suggest that a similar mechanism might also be bias-
ing our estimate of P;(n = 1|w = 2) upwards. We note that
this bias is not accounted for in our quoted uncertainties.

Returning to Eq. (1), our results indicate that P(N) =
(40% =+ 22%)" for our particular process [43]. However,
if Pr(w =3) — 100% using, e.g., feedback lithography,
we see that P(N) — (63% % 10%)". In both cases, the
prospects for incorporating a large array for analog quan-
tum simulation are dismal. To better understand these
statistics we corroborate our results with an atomistic
model that accounts for stochastic single-donor incorpo-
ration.

B. Incorporation model

We develop a kinetic Monte Carlo (KMC) model to
estimate P;(n|w) and implement it in the KMCLib pack-
age [44]. Each KMC calculation is repeated 200 times
with different seeds for the random number generator.
The sample mean is reported for each result and error
bars are calculated by assuming a binomial distribution
of measured counts and using the standard error based on
sample size. In all calculations, unless otherwise stated,
we use the experimental dose and anneal temperatures,
pressures, and times. Our model includes reaction barri-
ers from Warschkow et al. [32] and Wilson et al. [33] with
additional features described in Appendix D. Focusing par-
ticularly on the windows for which we expect single-donor
incorporation, we compute P;(n|w) for w = 2,3, and 4.
The predictions of our model are compared to our exper-
imental results in Fig. 3(a). We match the ratio of half
dimers included in each width bin to the measured ratio
from this work.

For n =1 and w = 2,3 our KMC model matches the
experimental incorporation rate within error bars. In the
three-dimer-wide window, single-donor case, in particu-
lar, we predict P;(n = 1|lw = 3) = 59% =+ 2% compared
to the measured value of 63% =+ 10%. For each reaction
within our model chemistry, the rate is governed by an
attempt frequency and a reaction barrier according to the
Arrhenius equation. As the rates are exponentially sensi-
tive to the reaction barriers and errors approximately 0.1
eV are typical of the semilocal density functional the-
ory (DFT) calculations that predicted them, we examine
whether we can better reproduce experiment by com-
parably sized adjustments to our barrier heights. Rather
than assessing the sensitivity of incorporation rates to
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Comparison of our incorporation model with our experimental results. (a) P;(n|w) calculated using KMC versus exper-

imentally measured data. (b) P likely incorporates via two different pathways: a one-step process, or a two-step process with a
thermodynamically unfavorable middle step. We indicate the lower end of the dimer row by underlining the Si label in red. Labels here
refer to the notation used by Warschkow et al. [32]. (c) Incorporated P calculated using an instance of our KMC model in which the
barrier of the B3 to C1 reaction is lowered by 0.1 eV. While there are minor changes in incorporation rates, our KMC model is largely

robust to typical DFT errors in reaction barriers.

every barrier independently, we first identify particularly
sensitive steps in the reaction pathway.

The two reaction pathways that dominate the
incorporation of a P atom are depicted in Fig. 3(b). In the
first pathway, outlined in Appendix D, a PH, molecule in
a lower dimer end position (B2, using the naming con-
ventions of Warschkow et al. [32]) moves into a bridging
position between the two dimer atoms while simultane-
ously losing a hydrogen to the nearby dimer (C1). Alterna-
tively, the PH, molecule can first move to a nearby dimer,
but on the raised end of the dimer (B3), before finally
moving to a bridging PH position (C1). This latter path-
way involves a two-step process to incorporation, where
the middle step is not thermodynamically favorable. Since
the barrier for moving from B2 to C1 and the barrier for
moving from B2 to B3 are within 0.05 eV of each other,
a system that starts in a B2 configuration has a roughly
equal chance of moving directly to C1 and incorporating
or moving to B3. From B3, the system again has a roughly
equal chance of incorporating to C1 or transitioning back
to B2.

This balance of options in the two-step pathway makes
it critical to examine the impact of typical DFT error in
calculating reaction barriers that increase the likelihood of
moving from B3 to C1 instead of from B3 back to B2. In
Fig. 3(c), we examine the impact of lowering the B3 to C1
barrier by 0.1 eV while keeping all other reaction barriers
constant. We find that lowering the barrier for the B3 to
C1 reaction leads to P;(n = 1|lw = 3) = 67% =+ 2%. Fur-
ther decreases to this reaction barrier eventually saturate
before deterministic incorporation is achieved: lowering
the B3 to C1 barrier by 0.2 eV, for instance, only results in
Pi(n=1|w =3) = 70% =+ 2%. Our model is thus shown
to be largely robust to typical errors in critical reaction

barriers. For the remainder of this work, we revert to the
original calculated reaction barriers in our model.

Accordingly, it is worth examining our model to see
whether we can increase P;(n = 1|w = 3) to 100%. We
also consider whether we can corroborate the number of
donors in an incorporated device through measurements
other than the number of ejected Si adatoms and Si:P
heterodimers.

I11. DISCUSSION

A. Potential for deterministic incorporation

Dose time and pressure can also strongly affect incorpo-
ration and we present predictions using the kinetic model
developed in the previous section for the incorporation rate
as a function of both in Fig. 4. Notably the incorpora-
tion varies even at constant exposure, indicated as diagonal
lines. A system at room temperature exposed to a 0.18-
L dose of PHj at a pressure of 3 x 10~8 Torr for 6 s has
Pi(n=1lw = 3) = 52% + 2%, while the same exposure
at a pressure of 3 x 10~!! Torr for 6000 s has P;(n =
Ilw = 3) = 64% =+ 2%. In general, moving toward con-
ditions of lower pressure and longer dose time leads to
increased incorporation.

In fact, for extreme conditions of low pressure and long
time, we predict near-deterministic incorporation. At 3 x
10~!2 Torr for 6 x 103 s (approximately 6.9 days), P;(n =
Ilw = 3) = 99% = 1%. Currently these conditions may be
prohibitively difficult to achieve, thanks to the need for
extreme ultrahigh vacuum and exceptionally pure PH; dos-
ing over several days, but it is instructive to understand the
factors that lead our model to predict this.

Given enough space and time for a single PH; molecule
in a window to dissociate before another PH; molecule
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FIG. 4. The simulated probability of incorporation as a function of both dose time and pressure generated using the kinetic model
outlined in Sec. B. Diagonal lines represent lines of constant exposure, indicated in langmuirs (L). Even within constant exposure,
moving to low-pressure and long-time regimes can dramatically increase incorporation. Near-deterministic incorporation is predicted
in the extreme low-pressure, long-time limit at room temperature. Incorporation can also be improved by raising the temperature during
dosing as demonstrated by the heatmaps at (a) 25 °C, (b) 75 °C, and (c) 150 °C.

adsorbs in the same space, incorporation wil/ occur. The
thermodynamic pathway for PHj3 dissociation is entirely
downhill. There are no dead ends in the path that would
prevent it from eventually incorporating, only wrong turns
that can be reversed given sufficient attempts. As pres-
sure decreases, the likelihood of a single PH3; molecule
adsorbing into a w = 3 window fully dissociating before
additional PH; adsorption increases. At 3 x 10~!2 Torr,
the average time for an incorporation event is 3.4 x 10 s.
If only one PH3; molecule adsorbs onto the w = 3 window
during the 6 x 10° s dose, that molecule will be able to
shed its hydrogen and incorporate without any competi-
tion from neighboring molecules. In contrast, for a dose
pressure of 3 x 1078 Torr, increasing the dose time can
decrease the likelihood of incorporation due to additional
phosphine molecules adsorbing into the window before
the molecule has fully dissociated. Once PH; evolves into
a bridging PH configuration, however, the barriers for
returning to a PH, state are so high that any recombina-
tion is unlikely, even in the extreme time scales considered
here. Moving from a C1 configuration to a B3 configura-
tion requires overcoming a barrier of 1.86 eV, giving an
average reaction time of 1.8 x 10 s at room temperature
and 6.4 x 10 s at the anneal temperature of 320 °C.
Incorporation rates can therefore be increased by ensur-
ing that the first PH3 molecule adsorbed on the surface dis-
sociates before another PH; molecule is adsorbed, block-
ing its pathway to incorporation. By increasing the sample
temperature during dosing, the typical time for the disso-
ciation reaction can be decreased significantly, as demon-
strated in Figs. 4(b) and 4(c). At temperatures as low as
75 °C, near-deterministic incorporation is possible within

a more typical range of pressures and temperatures, with
conditions of 3 x 107! Torr for 6000 s (approximately
1.6h), Py(n = 1|lw = 3) = 98.8% =+ 1%. This trend con-
tinues to expand at higher temperatures with all exposures
> 1 L producing deterministic incorporation at 150°C.
Given the likelihood of hydrogen migration ruining the
fidelity of the lithography window at higher temperatures,
we expect that finding a feasible combination of pressure,
time, and moderate temperature will produce the highest
chance of success.

Our simulations predict that stochastic incorporation of
a P donor in a w = 3 window is not due to any inherent
limitations of the PH3 chemistry. It is instead due to the
limitations of current room-temperature dosing techniques.
This suggests that heating the sample during dosing and/or
the development of ultrapure chemical precursors and the
ability to dose at pressures at or below 3 x 10~'? Torr may
make deterministic donor incorporation with atomic preci-
sion feasible using a PH3 chemistry. Our results also sug-
gest that with current technology and dose temperatures,
incorporation can still be increased by moving to lower
pressures and longer dose times. We additionally consider
the benefits of low-temperature (approximately 100 K)
dosing for deterministic incorporation in Appendix E.

B. Corroborating incorporation statistics through
transport measurements

In assessing whether stochastic incorporation occurs in
a given fabrication process, it is critical to consider other
data that could support or refute incorporation statistics
derived from observed Si adatoms and Si:P heterodimers.
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We already note that our inferred value of P;(n > 1|
w = 3) > 0% is suspect and it is desirable to have a direct
measurement of the electrically active substituted donors,
more so because these are the technologically relevant ele-
ments. Bias spectroscopy is thus a natural choice and a
powerful characterization technique that can be used to
directly measure the spectrum of current-carrying many-
body states in a donor array. By “bias spectroscopy” we
mean the measurement of electron transport across the
entire donor chain through the manipulation of conducting
leads patterned in or out of plane of the chain, in contrast
to local measurements of the donor chain using a scan-
ning probe microscope. This measurement would have to
be performed on a complete device, and could not be per-
formed during fabrication. We consider the properties of a
small donor array that might be probed with this technique
to corroborate our incorporation statistics.

A Dbias spectroscopy measurement would require fabri-
cating such a donor array between two §-doped nanowire
source and drain leads with either another in-plane lead or
top gate [45] to adjust the on-site potential across the array.
To reduce the likelihood of confounding the measurement
with sites consisting of n > 1 donors, we propose making
an array comprised exclusively of w = 3 windows. Then
it is likely the case that each site will consist of # = 0 or
n = 1 donor. A one-dimensional chain with a short spacing
between sites will be ideal. This spacing should be short
enough that we can still expect conduction through the
chain in case of missing sites. The number of sites in the
chain should be both short enough to maintain good stabil-
ity in the patterning and long enough to have a reasonable
expectation of missing donors. A five-site chain strikes a
balance between being long enough to have two missing
sites (in expectation) and short enough to expect good tip
stability in patterning. Indeed, a single row of the array in
Fig. 1 would suffice. For such a chain, the spacing between
sites would correspond to a nearest-neighbor tunnel cou-
pling of approximately equal to 10 meV, diminishing to
approximately equal to 1 meV in the event of one missing
site or approximately equal to 0.1 meV for two consecu-
tive missing sites [46]. Going to half this spacing is still
viable and further increases the minimum tunnel coupling
realized in the event of two missing sites by over an order
of magnitude. AP patterning of the source and drain leads
will allow us to precisely control the tunnel coupling onto
or out of the chain. This distance should be determined
to realize a tunnel coupling onto or out of the chain that
is comparable to or weaker than the nearest-neighbor tun-
nel coupling on the chain. This limit is critical to the bias
spectra being representative of the many-body states of the
chain and will be robust to asymmetry or weak placement
errors in the edge of either lead. We consider simulations
of such a chain in Fig. 5.

Our simulated bias spectra are intended to be
qualitatively illustrative of the impacts of missing sites.
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FIG. 5. Plots of the differential conductance (DC), dI /du, as

a function of the source-drain bias across the chain, u, and a
uniform shift in the orbital energies, €, caused by a nearby gate
voltage. The geometry of exemplary devices are illustrated on the
right side of each plot, with the source (top) and drain (bottom)
biased as to pass a current across a chain of single incorporated
donors (dark) including patterned sites in which incorporation
failed (light). (a) DC across an ideal chain of five sites with five
donors. (b) DC across a chain of five sites in which every other
donor is missing. (¢) DC across a chain of five sites in which
two consecutive donors are missing. In all cases, the faint tran-
sitions at higher occupancies (i.e., on the left of the plots) are
diminished due to the increased impact of the intersite Coulomb
interaction. We note that our calculations do not include cur-
rent through scattering states to clearly demarcate the transport
through the eigenstates of the chain and thus our Coulomb dia-
monds do not have signatures of transport “above” or “below”
them, as would be expected in a real experiment.

We present an exhaustive enumeration of all possible miss-
ing donors, as well as other spacings and orientations that
may be of experimental interest in Appendix F. Here we
simply compare the spectrum of the ideal chain to the
most likely configurations consistent with P;(n = 1|lw =
3) = 63 £ 10% (i.e., two missing donors). We expect the
spectrum for the chain in which every other donor is miss-
ing (one of the ten possible configurations for a five-donor
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chain) to be qualitatively similar to that of the unbroken
chain in this regime, with four prominent diamonds. But
the majority of configurations’ bias spectra (nine of ten)
will more closely resemble the case in which there are
two consecutive donors and two missing sites, with three
prominent diamonds, as demonstrated in Appendix F. We
thus expect that even in conditions favorable to tunnel
coupling through missing donor sites, missing donors con-
sistent with an incorporation rate of approximately 60%
can be clearly detected with bias spectroscopy in 90% of
possible configurations for a five-donor chain. A larger
spacing will yield even greater sensitivity to the precise
locations of the missing donors.

A quantitatively accurate prediction of the current
through a few-donor chain would require some improve-
ments to our model that are discussed in Appendix F. How-
ever, we expect the basic principle illustrated in Fig. 5 to
hold—for a sufficiently short chain there will still be mea-
surable Coulomb diamonds even in the presence of miss-
ing donors and deviations from the transport signatures
expected in the ideal chain might herald a particular pattern
of missing donors. We note that the transport signatures of
missing donors are stronger for calculations using the tra-
ditional Fermi-Hubbard model (i.e., without the intersite
Coulomb interaction). In that limit, the incipient Hub-
bard bands above and below half filling give indications
that clearly reflect the longest unbroken chain. Because
the intersite Coulomb interaction in the extended Fermi-
Hubbard model suppresses the formation of these incipient
bands in small chains and breaks the symmetry between
the bands above and below half filling, we expect these
signatures to be a bit messier. Accordingly, we also expect
that transport measurements of a chain of this dimension
would provide experimental confirmation that the intersite
term is a critical feature to include in effective models of
Si:P arrays. We ultimately aim to use simulated bias spec-
tra to infer plausible geometries for incorporated donor
chains, though we leave the development of such a high-
fidelity simulation capability as a topic for future work.

IV. CONCLUSION

We demonstrate that even for perfectly patterned litho-
graphic windows, single-donor incorporation is stochas-
tic with a 63 +10% likelihood of success at room-
temperature dosing conditions, which we corroborate with
a kinetic model. We thus conclude that building classi-
cally intractable single-donor arrays is overwhelmingly
unlikely under these conditions. Our model nevertheless
suggests that near-deterministic incorporation may be pos-
sible above room temperature or at low-pressure, long-time
dosing conditions. We also consider bias spectroscopy as
a method to directly measure the number of incorporated
donors in an array, demonstrating that irregularities in the

pattern of Coulomb diamonds can give clear indications of
missing donors.

It is also worth remarking on the prospects of using AP
technologies to realize analog quantum simulators with
single acceptors [47,48], in addition to their prospective
use in qubit technologies [49,50]. The Fermi-Hubbard
model parameters for a pair of substitutional B dopants
have been measured in a sample prepared without AP
placement [51]. With the recent demonstration of B,Hg as
a precursor for delta doping [52], it is clear that AP place-
ment of individual B atoms might also be possible. An
incorporation model for B,Hg, similar to the one in this
paper, suggests that the tendency for dimerized B to incor-
porate as electrically inactive might limit the prospects
for achieving deterministic single B-atom placement for
analog quantum simulation [53]. This is qualitatively dif-
ferent from the case presented here for PHs, in which we
predict that changing the pressure and temperature of the
PH; dosing conditions can ultimately lead to deterministic
AP placement. Nevertheless, modeling predicts that other
precursors [54] and halogen resists might provide a path
forward [53] and recent work is beginning to explore the
vast space of options for AP fabrication [55—58].

Finally, it is worth emphasizing that stochastic incor-
poration is not necessarily a no go for the application
of STM lithography to realizing analog quantum simula-
tors, qubits, or digital electronics. A simple workaround
is to target the fabrication of multidonor clusters [7,59]
to realize quantum dots with precise dimensions. While
our results suggest that there will be uncertainty in the
number of donors in such a cluster, it may be that there
is a “sweet spot” in target cluster dimensions for which
the resulting variance in the resulting application-relevant
properties (e.g., tunnel couplings, charging energies, etc.)
is sufficiently low. In this context, the single-donor limit
is somewhat pathological as there is a significant probabil-
ity of not fabricating a cluster at all. The demonstration of
a process that reliably realizes deterministic incorporation
of a single donor into a three-dimer window, such as sug-
gested by our modeling, would obviate some of the need
for these considerations.
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APPENDIX A: DETAILS OF STM EXPERIMENTS

Experiments are performed in an Omicron ultrahigh
vacuum (UHV) variable-temperature STM (VT-STM)
system with a XA microscope stage (base pressure <
5 x 107'% Torr), plumbed directly with phosphine (PH3,
99.9%) and hydrogen (H;, 99.999%) gas lines. Si(100)
samples (miscut < 0.1°), etched with appropriate align-
ment markers for pattern realignment, are prepared ex situ
by a wet chemical clean involving chemical oxidation (3:1
H;S04:H,0,90°C, 5 min), and reduction (10:1 H,O:HF,
10 s), with rinsing with deionized H,O after each step, fol-
lowed by successive sonications in methanol, acetone, and
isopropyl alcohol for 10 min. After wet chemical clean-
ing, samples are dried with dry N, and immediately loaded
into the UHV chamber. Samples are degassed at 625°C
for 24 h, then annealed for 10 s at 1100 °C to achieve a
clean Si(100) 2 x 1 reconstructed surface. Temperatures
are recorded with an IR pyrometer (Metis MP-25), with
50°C accuracy for temperatures > 600 °C.

Samples are terminated with a monohydride resist for
STM lithography by heating the sample to 350 °C while
exposing to atomic H supplied by cracking H, (2 x 107°
Torr, 10 min) with a W filament positioned 1 cm away
from the sample. All STM operations utilized Ptlr STM
tips from NaugaNeedles (NN-USPtIr-W250, radius of cur-
vature 25-50 nm), degassed at approximately 175°C for
30 min and further heated by electron bombardment using
a commercial Omicron tip-preparation tool. All AP pat-
terns are generated using +3.5-V bias, 6.0 nA tunneling
current, 6.0 mC/cm dose, and 10 nm/sec tip speed using
a 20-bit ZyVector Control System (Zyvex Labs). Before
lithography, the underlying atomic lattice is identified and
registered in the SCANZ control software, enabling AP
patterning of individual dimer sites. Further details of

comparable lithographic procedures can be found in Refs.
[16,17,60].

After lithography, dosing is performed with the sam-
ple in the STM UHV chamber. PHj is introduced into
the STM UHV chamber via a precision leak valve, with
PHj; coverage calculated using the partial pressure of the
PHj; introduced during dosing measured by a residual gas
analyzer (RGA), specifically the 34 amu fragment). In
a typical process, a PHj partial pressure of 3.0 x 10710
Torr is introduced for 10 min at room temperature, result-
ing in a coverage of 0.15 L, which has been previously
demonstrated to provide sufficient coverage for atomically
precise donor structures [61,62]. While the partial pres-
sure reported through the PH; RGA value may represent a
lower bound on the actual partial pressure introduced, the
reported dosing conditions have also been demonstrated to
provide the expected 0.25 ML coverage on a clean Si(100)
surface for P incorporated at 310 °C [63], further demon-
strating that the dosing conditions utilized will result in
sufficient coverage in the depassivated windows. A sub-
sequent 310°C anneal is used to incorporate P into Si
lattice sites, demonstrated to be sufficient for full donor
incorporation [64].

All STM scans shown are taken under —2.75V, 300 pA
imaging conditions.

APPENDIX B: ANALYSIS OF STM IMAGES

In order to determine P; (n|w), the predosing and postin-
corporation datasets had to be “atomically registered” to
each other such that each lattice site corresponds to the
same pixel(s) in both datasets. This is accomplished by
analyzing and transforming data sets with OpenCV fol-
lowed by labeling with a custom labeling graphical user
interface as detailed in the following.

The first step is to ensure that the predosing to postincor-
poration data sets had the same pixel-to-atomic site scal-
ing. This is accomplished by finding the lattice periodicity
via Fourier transform and scaling the postincorporation
data to match the scaling of the predosing data sets. We
then use the lattice defects as alignment markers between
the two data sets by thresholding both data sets and nulling
out all data above the approximate height of the defects.
A correlation function is applied to the datasets to find
the best overlap. Occasionally this produced an insufficient
matching and an affine transform is produced by match-
ing three specific defects across the images. Both methods
produced a transform function that effectively “atomically
registered” the predosing and postincorporation datasets to
one another.

After the images had been “atomically registered,” the
datasets are segmented into small regions around the
depassivation window and corresponding postincorpora-
tion area. These subimages are loaded into a custom
labeling graphical user interface where the authors shifted
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FIG. 6. Common lithographic outcomes.

each subimage to adjust the image so that each lattice
site corresponded to an 8 x 8 set of pixels. Each lat-
tice site is labeled as XXX, YYY through analysis of
the contrast relatively to the neighboring lattice sites in
the STM topographical image. In order to account for
uncertainty in both the registration and feature height
assignment procedures, both Si ad atom and Si:P het-
erodimer features within a lithographic window are labeled
as well as Si:P heterodimer features found within a sin-
gle 2 x 1 dimer away from a given window. Such a
Si:P heterodimer is included in the analysis only if nei-
ther a Si ad atom or Si:P heterodimer is found within
the lithographic window, and is considered conclusive
evidence of P incorporation as Si:P heterodimers can

result only from P incorporation. Several features, which
would correspond to Si ad atoms, are rarely found to
be located close to a patterned windows (within several
2 x 1 dimers) where no features are assigned, however,
as no Si:P heterodimers are found within those respec-
tive windows or surrounding them, we do not conclude
that these ad atoms indicate the presence of P incorpo-
ration. After labeling, each labeled site is located within
the overall postincorporation scan, with the correspond-
ing feature height measured relative to the surrounding
interdimer H resist. In both the predosing and postincor-
poration scans, care is taken to avoid incorrect height
assignments resulting from “halo” that surrounds dan-
gling bonds and other absorbates on the H-terminated

(a) 1x3 dimers (b) 1x4 dimers (C) 1x2.5 dimers
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FIG. 7. [lllustrative PH; dosing outcomes for lithographic templates.
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Si(100)-2 x 1 surface while using empty-state imaging
conditions [65].

APPENDIX C: CONSIDERATIONS FOR HALF
DIMERS

While using STM lithography to create three silicon
dimer-wide windows (w = 3), we often create alternative
outcomes such as windows of two (w = 2) or four dimer
(w = 4) width, the inclusion of half dimers, and disordered
arrays. We display a selection of common lithographic
outcomes in Fig. 6.
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After dosing the lithographic patterns with PH; gas, we
examine the adsorption configurations of PH; fragments
in the sites. We observe three general outcomes, as illus-
trated in Fig. 7: (a) saturation of the lithographic template
with PH3 gas fragments, (b) less than saturation cover-
age of the lithographic template with PH; gas fragments,
and infrequently (c) complete repassivation of the litho site
with hydrogen. These observations of sites saturated with
PH; fragments and sites with less than saturation coverage
with PH; fragments occur in spite of dosing conditions,
which lead to approximately 0.25 ML P-dopant density for
large-area patterns.

In the main text, we compress results for two (w = 2)
and two and a half dimers (w = 2.5) into two dimers, and
three (w = 3) and three and a half dimer (w = 3.5) into
three dimers. In Fig. 8, we separate these contributions
out. We find that adding a half dimer to the lithographic
window tends to decrease the overall rate of incorpora-
tion, although the total sample size, particularly for two-
dimer-wide windows, remains too low to draw significant
conclusions.

APPENDIX D: DETAILS OF THE
INCORPORATION MODEL

Our kinetic Monte Carlo model uses reactions and rates
that are aggregated from results in the extensive literature
on PHj dissociation on this particular surface [32,33,40,
66—68]. In addition to the phosphine configurations and
reactions, we add an initial adsorption condition and a
concerted reaction.

Our initial condition (which is implicit in Ref.
[32], but we are explicitly stating here), relates to
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Incorporation rates for a low-temperature dosing scheme, where the dimer windows are initial dosed at 100 K, and then

annealed at 500 °C. (a) The incorporation rate for dimer windows of width w = 2 as a function of both dosing pressure and temperature.
(b) The incorporation rate for dimer windows of width w = 3 as a function of both dosing pressure and temperature. (c) The relative
frequencies of differing numbers of incorporations as a function of dimer width with a dose pressure of 3 x 1078 Torr and a dose time
of 600 s. Notably, a significant portion of three-dimer window exposures result in two incorporation events.
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FIG. 10. Exhaustive set of bias spectra for a five-donor chain in which n < 4 sites are missing. Here the spacing between donors
is chosen to be 2.72 nm along [100]. The x axes are all identical corresponding to varying €; , from —0.5 to 0.1 eV. The y axes are
all identical corresponding to varying the source-drain bias from —0.07 to 0.07 eV. The source-chain and drain-chain tunnel rates are
fixed at 9.9 meV, comparable to the tunnel coupling between two sites, ten lattice spacings apart.

the up-down tilt of silicon dimers a bare Si(100)-
2 x 1. We predict phosphine to have an adsorption
energy of —0.91 eV at the lower side of the sil-
icon dimer as opposed to an adsorption energy of
—0.56 eV on the higher side. In our model, we
therefore assume that a phosphine molecule will preferen-
tially adsorb on the lower end of the silicon.

We also discover an additional concerted reaction
[labeled as B2 to C1 in Fig. 3(b) within the main text]. In
this reaction, a PH, in the favorable lowered dimer posi-
tion loses a hydrogen atom to a nearby dimer and moves
to a bridging PH position at the same time. This reac-
tion is exothermic with a thermodynamic gain of —1.03
eV and a barrier of 0.96 eV. This contrasts with the simi-
lar reaction pathway (B3 to C1) from Warschkow et al. as
the PH, molecule starts in the thermodynamically favored
lower end of the silicon dimer (B2) instead of the higher
end (B3), which requires an endothermic reaction to move
the PH2 from the favored lowered end (B2) to the higher

end (B3) with a thermodynamic cost of 0.24 eV and a
barrier of 0.92 eV. (While B3 to Cl1 is technically a two-
step reaction within the Warschkow et al. framework,
since the second step is thermodynamically downhill and
barrierless, we consolidate it as one reaction within this
work.)

Electronic structure theory calculations for these addi-
tions are performed with the Gaussian-basis, local-orbital
pseudopotential code SEQQUEST.[69] We use a norm-
conserving Perdew-Burke-Ernzerhof (PBE) functional.[70]
A seven-layer-thick 4 x 4 supercell slab of the Si(100)-
2 x 1 is constructed and the dangling bonds at the unre-
constructed bottom surface are terminated with selenium
atoms, as these are found to minimize strain on the slab.
We use a 20 A vacuum region to ensure the surfaces at
either end of the slab are sufficiently isolated from each
other. We sample the Brillioun zone witha 2 x 2 x 1 grid.
To achieve total energies relaxed within approximately
0.01 eV of the structural minimum, atomic positions are
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FIG. 11. Exhaustive set of bias spectra for a five-donor chain in which n < 4 sites are missing. Here the spacing between donors
is chosen to be 5.43 nm along [100]. The x axes are all identical corresponding to varying €; , from —0.5 to 0.1 eV. The y axes are
all identical corresponding to varying the source-drain bias from —0.07 to 0.07 eV. The source-chain and drain-chain tunnel rates are
fixed at 9.9 meV, comparable to the tunnel coupling between two sites, ten lattice spacings apart.

relaxed until the forces are reduced to less than 0.0003
Ry/Bohr.

The barriers described above are then used as inputs
in an Arrhenius model [71] for the transition rate I" =
Aexp A/kgT, where A4 is the attempt frequency, A is the
reaction barrier from DFT, kg is Boltzmann’s constant, and
T is the temperature. We consider 4 = 1 x 10'2 s~! for all
reactions, which is the order of magnitude calculated for
these reactions by Warschkow ef al. [32].

We calculate the effusive flow rate of molecules
landing on any particular silicon dimer as Pegysion =
PA/\/2nmkgT, where P is the pressure of the incoming
precursor gas, A is the area of impingement, taken here as
a single silicon dimer, m is the mass of the precursor gas,
kg is the Boltzmann constant, and T is the temperature.

We repeat each KMC calculation 200 times to obtain
a meaningful statistical sampling of likely outcomes
and report the average outcomes, along with standard
deviations as applicable. For ease of reproducibility, we

place our kinetic Monte Carlo code on GitHub [72]. We
calculate the standard error by assuming a binomial dis-
tribution of measured counts and using the standard error
based on sample size.

APPENDIX E: LOW-TEMPERATURE DOSING
RESULTS

We also use our kinetic Monte Carlo model to examine
low-temperature (< 100 K) dosing techniques to achieve
saturation before annealing such as in a recent patent [73].
We simulate a process where the initial dosing step is done
at a temperature of 100 K, and subsequent annealing at
a temperature of 500°C for 15 s. As shown in Fig. 9 in
saturated dosing conditions (i.e., > 1 L coverage), near-
deterministic doping can be achieved.

Dosing at low temperatures allows saturation coverage
of the exposed window to occur. At 100 K, enough energy
is provided for an initially adsorbed phosphine to shed one
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FIG. 12. Exhaustive set of bias spectra for a five-donor chain in which n < 4 sites are missing. Here the spacing between donors is
chosen to be 2.69 nm along [110]. The x axes are all identical corresponding to varying €; , from —0.5 to 0.1 eV. The y axes are all
identical corresponding to varying the source-drain bias from —0.07 to 0.07 eV.

hydrogen, but not for further reactions. The subsequent
anneal at 500 °C provides enough energy for the phos-
phine fragments to desorb in a reasonable time frame. This
provides enough room for the remaining phosphine frag-
ments to fully dissociate into bridging PH fragments. For a
two-dimer-wide window, this process is nearly determin-
istic with a predicted incorporation rate of P;(n = 1|lw =
2) = 96% for a dose pressure of 3 x 10~® Torr and a dose
time of 600 s, as shown in Fig. 9(c). However, for the
three-dimer window, this process leads to two incorpo-
rations with a non-negligible probability; P;(n = 2|w =
3) = 13% for a dose pressure of 3 x 10~% Torr and a dose
time of 600 s.

While this process can lead to near-deterministic incor-
poration, it is also highly likely to lead to hydrogen des-
orption in the surrounding resist. This is due to the barriers
for H, desorption and PH, + H desorption being essen-
tially the same. After a low-temperature dose, the entire
window will be saturated with PH, + H fragments and
not full PH; molecules, making the PH, desorption bar-
rier the relevant rate limiting step for full dissociation.

Desorption of PH, + H has a barrier of approximately
2.0 eV, while H, desorption has a barrier of 2.1 eV.[33]
Any anneal sufficiently hot to desorb PH; in a reasonable
time frame would therefore almost certainly also desorb
hydrogen from the surrounding silicon and destroy the
integrity of the surrounding resist. While the small dif-
ference in barriers between PH,; + H and H, desorption
can theoretically be exploited to find an anneal schedule
that maximizes PH, + H dissociation while leaving H,
we find that this would lead to nondeterministic incorpora-
tion. Using a 100-K dose with a 10 min 400 °C anneal had
the best effect for maximally encouraging PH, + H disso-
ciation with minimal hydrogen-resist degradation, but the
maximum incorporation rate is only P;(n = l|jw =3) =
79%.

This analysis predicts that saturation dosing at low tem-
perature and then high-temperature annealing techniques
are a viable route to deterministic incorporation, albeit with
the potentially significant drawback of losing hydrogen-
resist integrity and thus introducing more uncertainty into
the precise location of incorporation. We are careful to note
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FIG. 13. Exhaustive set of bias spectra for a five-donor chain in which n < 4 sites are missing. Here the spacing between donors is
chosen to be 5.38 nm along [110]. The x axes are all identical corresponding to varying €; , from —0.5 to 0.1 eV. The y axes are all
identical corresponding to varying the source-drain bias from —0.07 to 0.07 eV.

the obvious fact that experiment is the ultimate arbiter of
whether the resist integrity is degraded in practice. Com-
bined with the findings in the main text, this indicates
that the experimentally stochastic incorporation rates may,
in fact, be an artifact of room-temperature dosing. Other
regimes of both low- and moderate-temperature dosing
with the correct combination of dose pressure and time
are predicted to be more feasible routes toward atomic
precision deterministic single-donor doping.

APPENDIX F: EXTENDED FERMI-HUBBARD
HAMILTONIAN AND TRANSPORT MODELING

Similar to other authors [4,5], we describe our donor
chains with the extended Fermi-Hubbard Hamiltonian,
which takes the form

2 A At A At A
0= ¢ohjo+ ) bu (C‘j,gck,o T CroCio
Js0

<j k>0

+ U Hiahy g+ Y Vi b (F1)
j ok

The four sums comprising this Hamiltonian describe the
following physics:

1. The energy (¢; ) of a single-particle orbital local-
ized on site j with spin o. This includes the effects of exter-
nally applied electric fields. The particle-number operator
for site j and spin o is 71; , = ?:;’Ué;,g, where ?:;’g (¢ o) is
the associated creation (annihilation) operator associated
with that fermionic spin orbital.

2. The spin-independent tunnel coupling (#; 1) between
sites j and k. The brackets in the summation indicate that
it is restricted to nearest neighbors, though we note that
a more detailed examination of this assumption for arrays
with short pitches will be the topic of future work.

3. The Coulomb repulsion (U) associated with double
occupation of site j by electrons with opposite spins.

4. The Coulomb repulsion (V) between electrons
occupying sites j and k. The density operator associated
with site j, p; = ;4 +7; ;. We note that the conven-
tional version of this model is limited to nearest-neighbor
intersite repulsion.

054037-15



IVIE, CAMPBELL, KOEPKE et al.

PHYS. REV. APPLIED 16, 054037 (2021)

We rely on an implementation of multivalley effective
mass theory (MV EMT) [20] developed at Sandia National
Laboratories for the parameters of this model. This particu-
lar approach to MV EMT due to Shindo and Nara [74] goes
beyond the more common Kohn-Luttinger theory [26] and
includes a nonperturbative and consistent treatment of both
the central-cell correction and valley-orbit coupling that
captures the fine structure of the valley-orbit split 1s-like
states for a single donor. Recent extensions of this imple-
mentation of MV EMT that account for electron-electron
interactions in the modeling of exchange-coupled donors
indicate that this theory can be adjusted to capture the
charging energy of a single doubly occupied donor, as
well [75]. The ¢ ; parameters are taken from an exhaus-
tive set of tunnel couplings between individual pairs of
donors in bulk silicon that were made available in the arXiv
version of Ref. [20,76]. The onsite repulsion is U = 43.8
meV to reproduce the charging energy of a single bulklike
D~ state. V' is simply the static screened Coulomb interac-
tion between charge centers localized on donor sites with
€gi = 11.7.

We expect the accuracy of this particular parameteriza-
tion will be lacking relative to an experiment for a number
of reasons. The tunnel couplings are computed between
pairs of bulklike donors, the U term does not account for
the fact that the doubly occupied orbitals will have a differ-
ent character in a chain with a short pitch (i.e., we expect
U to be lower), and overall we expect that the single-
particle orbitals will look quite different from our base MV
EMT. All of these issues are compounded by the fact that
we are studying nonuniform chains in which some sites
have failed to incorporate. For the purposes of the qualita-
tive analysis in this paper, we argue that these limitations
are acceptable and that experimental design and interpreta-
tion will require a more careful parameterization. We note
that ongoing work is aimed at developing such a param-
eterization using a mesh-based MV-EMT capability that
makes use of a discontinuous Galerkin discretization of the
Shindo-Nara equations and device-specific self-consistent
electrostatics. While donor chains are particularly chal-
lenging to model with this level of detail, results from this
solver (adapted to the Luttinger-Kohn Hamiltonian) have
been presented for the analysis of relatively simple Ge-hole
quantum dots in Ref. [77].

To simulate bias spectroscopy, we use the Meir-
Wingreen formula [78] to compute the current through
a donor chain modeled as an instance of the extended
Fermi-Hubbard Hamiltonian in Eq. (F1). We use exact
diagonalization to compute the necessary Green’s func-
tions, which is computationally tractable for this simplistic
model in which each site is comprised of two spin orbitals.
A two-point finite-difference formula is used to compute
the differential conductance from the current, computed at
501 points for each instance.

We present simulated bias spectra for the exhaustive set
of one-dimensional chains with two pitches, corresponding
to approximately equal to 2.5-nm and approximately equal
to 5-nm spacings along [100] in Figs. 10 and 11 (respec-
tively) and [110] in Figs. 12 and 13. The spacing and length
total length of the chain are chosen to be sufficiently short
that it is reasonable to expect that the tunneling current can
be measured even in the absence of missing sites. We note
that our calculations do not include current through scat-
tering states to clearly demarcate the transport through the
eigenstates of the chain and thus our Coulomb diamonds
do not have signatures of transport “above” or “below”
them, as would be expected in a real experiment.

In each of the following figures, the individual rows
correspond to a particular number of single-donor sites
missing. For a five-donor chain, there are thus 20 distinct
nontrivial instances (i.e., five instances with one donor
missing, ten with two, ten with three, and five with four).
These are indicated on top of each bias spectrum with “x”
indicating a missing site and “o” indicating a donor. The
scale of the color bars is allowed to vary to capture the rel-
evant details in each plot and only the maximum value of
the differential conductance is specified in each panel.
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