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Self-Organized Vortex and Antivortex Patterns in Laser Arrays
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Recently, it was shown that dissipatively coupled laser arrays simulate the classical XY model. We show
that phase locking of laser arrays can give rise to the spontaneous formation of vortex and antivortex phase
patterns that are analogous to topological defects of the XY model. These patterns are stable although their
formation is less likely in comparison to the ground-state lasing mode. In addition, we show that small
ratios of photon to gain lifetime destabilize vortex and antivortex phase patterns. These findings are useful
for studying topological effects in optics as well as for designing laser array devices.
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I. INTRODUCTION

The two-dimensional XY model consists of a lattice of
interacting fixed-length spins that are constrained to rotate
in a plane [1]. The classical XY model in two spatial dimen-
sions is governed by the Hamiltonian H(φ1,φ2, . . . ,φn):

H =
∑

〈i,j 〉
κij cos(φi − φj ), (1)

where, φ1, . . . ,φn represent the orientation of the n spins,
and κij is the interaction for the pair i,j . This model sup-
ports nontrivial equilibrium spin configurations—a class of
topological defects—known as vortices, which are charac-
terized by the phase of the spins going through a multiple
of 2π as one traces a loop enclosing the vortex, e.g.,

∫
dφ = ±2π , (2)

for a single vortex and antivortex. In the two-dimensional
(2D) XY model, vortices have found applications in various
areas of condensed-matter physics, including superfluid
helium-4 [2], superconductivity in thin films [3,4], liquid
crystals [5], and the melting of 2D crystals [6,7].

Recently, it has been realized that the classical XY model
can be optically simulated with an array of coupled optical
oscillators [8–11]. What makes this possible is the random
phase of a laser above oscillation threshold, which emu-
lates a classical spin confined to a two-dimensional plane.
In addition, dissipative interaction facilitates synchroniza-
tion of an array of lasers to a globally phase-locked state
[12]. In this case, one can show that the laser array reaches
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an equilibrium phase pattern that locally minimizes a cost
function that is asymptotically equivalent to the classi-
cal XY Hamiltonian [11]. Accordingly, laser arrays have
been utilized for simulating interesting phenomena related
to spin systems such as geometric frustration [8] and
formation of dissipative topological defects in a ring of
lasers [13].

In this work, we investigate the formation of vortex
and antivortex singularities as self-organized phase pat-
terns in laser arrays. As shown schematically in Fig. 1,
these patterns are equilibrium states of laser arrays when
they reach a globally phase-locked state. From a non-
linear dynamics point of view, these topological defects
are fixed-point solutions of nonlinear dynamical equa-
tions governing laser arrays. However, in general, they
can be considered as metastable states with finite basins
of attraction that restricts their formation to proper initial
conditions. In addition, we find that the stability of these
states depends critically on the gain level and lifetime. In
the following, after introducing a dynamical model gov-
erning laser arrays, we first numerically investigate the
formation of vortices. Next, we draw a connection between
the governing dynamical model and a class of Ginzburg-
Landau systems that are known to support vortex patterns.
Finally, we investigate the stability of the vortex patterns
with respect to the competing time scales of optical cavity
and gain decay rates of the lasers.

II. MODEL

To build a dynamical model governing laser arrays, we
first consider an array of passive and single-mode optical
resonators that interact dissipatively. Dissipative coupling
can be realized by introducing a decay channel between
the two resonators [12,14]. For the sake of simplicity, we
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(a) (b)

FIG. 1. Schematic of the equilibrium phase patterns of a dis-
sipatively coupled laser array. (a) The ground state. (b) A vortex
state. Here, the arrows represent the phase of each element.

assume that all resonators have an identical resonance fre-
quency ω0 and linewidth 1/τp . Thus, in the framework
of the temporal coupled mode theory [15], the complex
modal amplitude of the electric field in the ith resonator
is governed by

ȧi(t) = −ai − γiai −
∑

j �=i

κij aj , (3)

where, the equations are written within the gauge ai →
aie−iω0t and time is normalized to the photon lifetime τp . In
this relation, κij represents the rate of dissipative coupling
between the ith and j th resonators, γi = ∑

j |κij | is the
external loss of the ith resonator due to its coupling with
other resonators as demanded by conservation relations
[16]. Here, all coupling coefficients κij are normalized to
the photon decay rate 1/τp , while the choice of normal-
ization for the complex amplitudes depends on the gain as
discussed next.

By incorporating a saturable gain mechanism, Eqs. (3)
can be modified to support self-sustained finite stationary
solutions of the field amplitudes. Here, we consider the
gain being a dynamical variable as in the so-called class-B
laser model [17]. In this model, the gain of a laser oscilla-
tor is driven at a finite pump rate, while it decays linearly
for small field intensities and nonlinearly when the field
intensity grows. The normalized rate equations for the ith
oscillator can then be written as

ȧi(t) = [gi(t)− 1]ai − γiai −
∑

j �=i

κij aj , (4a)

ġi(t) = (τp/τg)[g0 − (1 + |ai|2)gi], (4b)

where gi represents the gain of the ith oscillator, g0 is the
pump parameter, and 1/τg is the gain decay rate. In these
relations both the field amplitude and gain are dimension-
less and the time is normalized to the photon lifetime τp .
This model has been applied to solid-state lasers [18]. In
addition, it can be generalized to model semiconductor
lasers by incorporating the linewidth enhancement factor,
which plays a role in the dynamics [19].

Equations (4) can be greatly simplified when the gain
decay rate is much larger than the photon decay rate, i.e.,
1/τg � 1/τp . In this case, the gain almost instantaneously
follows the dynamics of the field. Thus, one can adiabati-
cally eliminate the dynamics of the gain, i.e., ġi(t) ≈ 0, to
reach at an instantaneous nonlinear gain gi(|ai|) = g0/(1 +
|ai|2). In this manner, one reaches at a reduced model that
is suitable for a so-called class-A laser [17,20]. Here, we
use a polynomial gain term gi(ai) = g0(1 − |ai|2), which is
enough to guarantee the bounded oscillations of the laser.
Thus, we reach the following reduced model:

ȧi(t) = [g0(1 − |ai|2)− 1]ai − γiai −
∑

j �=i

κij aj . (5)

This model is accurate when the photon decay rate is
smaller than the decay rates of the atomic degrees of free-
dom. In this work, we first focus on simulating Eqs. (5).
Next, we return to Eqs. (4) and discuss the effect of the
gain dynamics.

The dynamical model of Eq. (5) admits a Lyapunov
function F such that ȧi = −∂F/∂a∗

i , where [11]

F =
∑

i

[−(g0 − 1 − γi)|ai|2 + g0

2
|ai|4] + 1

2

∑

i,j

a∗
i κij aj .

(6)

One can show that F is a Lyapunov function given that it
is locally positive semidefinite and its derivative on all tra-
jectories defined by Eq. (5) is negative semidefinite. The
existence of a Lyapunov function guarantees asymptotic
stability of the dynamical system described by Eq. (5).
The equilibrium states of the dynamical system are the
local minima of the associated Lyapunov function. In a
recent work, we showed that the diagonal term in this cost
function behaves like a penalty term that tends to force
all oscillators to a constant amplitude in the large gain
limit, g0 � 1 [11]. Thus, considering the stationary-state
solution of the oscillators as ai = √

Iieiφi by enforcing the
condition of Ii = I0, the cost function of Eq. (6) reduces to
the XY Hamiltonian of Eq. (1).

III. FORMATION OF TOPOLOGICAL DEFECTS

In the following, we investigate self-organization of
topological defects by numerically simulating the dynam-
ical model of Eqs. (5). We first consider an array of lasers
arranged on a square lattice with uniform nearest-neighbor
coupling of strength κ . Here, the gain is assumed to be
large (g0 � 1), so that steady-state amplitudes become
nearly uniform and the phase pattern obeys the XY Hamil-
tonian. Figure 2 depicts the equilibrium phase patterns
obtained by simulating a square lattice arrangement of
16 × 16 oscillators for both scenarios of attractive (κ >
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(a) (b) (c) (d)

FIG. 2. Equilibrium phase patterns of an array of dissipatively coupled lasers arranged on a 16 × 16 square lattice. (a)–(d) The
ground state, vortex, antivortex, and bound vortex-antivortex states for the case of attractive coupling (κ > 0), associated with a
ferromagnetic spin system [first row], and repulsive coupling (κ < 0), associated with an antiferromagnetic spin system [second row].
The XY energy levels [given by Eq. (1)] associated with these phase patterns are shown on top of the panels. Here, g0 = 30, κ = −1
for the top row and κ = 1 for the bottom row.

0) and repulsive (κ < 0) coupling, which are, respec-
tively, associated with ferromagnetic and antiferromag-
netic cases. In both cases, different stable patterns are
observed, including the ground state, isolated vortex, and
antivortex states, and paired vortex-antivortex states. The
XY energy levels associated with these equilibrium phase
patterns are listed in Fig. 2, which shows higher energy lev-
els for the topological defects. The difference between the

XY energy of the vortex [Fig. 2(b)] and the ground state
[Fig. 2(a)] is comparable with the approximate formula
	E = πκ ln L, where L is the lattice length.

The stability of these fixed-point solutions is directly
evaluated through the Jacobian matrix of the dynamical
system of Eqs. (5):

J =
(

g0 diag(1 − 2ā 
 ā∗)− I − Q −g0 diag(ā 
 ā)
−g0 diag(ā∗ 
 ā∗) g0 diag(1 − 2ā 
 ā∗)− I − Q

)
. (7)

In this relation, ā = (ā1, . . . , ān)
t is the stationary

state, I represents the identity matrix, Q is the cou-
pling matrix, where qij = κij and qii = ∑

j |κij |, 
 repre-
sents the entry-wise product, and diag creates a diagonal
matrix of a given vector. The Jacobian matrix turns out
to be a negative semidefinite matrix for all cases shown
in Fig. 2.

Given the finite attraction basins of the phase patterns
shown in Fig. 2, formation of these patterns depends on the
initial conditions. In a realistic scenario, one can assume
that the initial conditions are uniformly sampled from the
high-dimensional phase space of the laser array. Thus,
as local minima of the Lyapunov function, topological

defects are expected to have lower chances of formation.
To explore this aspect, we simulate the dynamical system
for a large ensemble of random initial conditions. In these
simulations, the initial phases are drawn from a uniform
random distribution within the range [0, 2π ], while the ini-
tial amplitudes are taken to be small values. The resulting
equilibrium energy distribution is shown in Fig. 3 for both
cases of ferromagnetic and antiferromagnetic systems. As
this figure clearly indicates, topological defects form at
much lower probabilities compared to the ground state.

The vortex and antivortex phase patterns can also
form in the triangular lattice geometry as shown in the
simulations of Fig. 4. In this lattice geometry, the
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FIG. 3. The XY energy distribution associated with the equi-
librium phase patterns of a 16 × 16 rectangular lattice laser array
for (a) ferromagnetic, and (b) antiferromagnetic coupling. The
histograms are produced based on 1000 simulations with initial
phases drawn randomly with uniform distribution from the range
[0, 2π ]. All parameters are the same as in Fig. 2. The dashed line
indicates the tight-binding energy of a single vortex (πκ ln L).

antiferromagnetic case is more complex due to the geo-
metric frustration. In such a situation, the lattice geometry
imposes competing interactions between spin pairs that
prevents the existence of a ground state that simultane-
ously minimizes the interaction energy of all coupled spin
pairs. The XY energy distributions associated with the
equilibrium phase patterns of the ferromagnetic and anti-
ferromagnetic cases are depicted in Fig. 5. This figure
indicates the complexity of the antiferromagnetic system
due to its large number of higher energy states.

It is worth noting that the transient dynamics of the
laser array reveals unstable topological defects that disap-
pear by reaching the lattice boundaries or by collapsing
of vortex-antivortex pairs. An exemplary dynamics of a
laser network is shown in Fig. 6. To visualize the transient
dynamics, the phase pattern is depicted at intermediate
time scales. It is worth noting that similar behavior was
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FIG. 5. The XY energy distribution associated with the equilib-
rium phase patterns of a triangular lattice arrangement of lasers
with (a) ferromagnetic (κ < 0), (b) antiferromagnetic (κ > 0)
coupling. The lattice size and array parameters are the same as in
Fig. 4. The histograms are produced based on 1000 simulations
with initial phases drawn randomly with uniform distribution
from the range [0, 2π ].

reported in a reduced model based on Kuramoto phase
oscillators, which showed rapid decay of a large number
of transient topological defects [21].

IV. DISCRETE GINZBURG-LANDAU EQUATION

In order to provide insight to the formation vortices in
laser arrays, we draw a connection between the lattice
model of Eq. (5) with its continuum counterpart, which
turns out to be the well-known Ginzburg-Landau equation
(GLE). To understand this analogy, we focus our attention
to the case of a 2D square-lattice arrangement of lasers
with uniform nearest-neighbor coupling κ , and consider
the ferromagnetic case (κ < 0). By considering a pair of
integer indices (m, n) for describing the horizontal and
vertical coordinates of a square lattice, one can rewrite

(a) (b) (c)

FIG. 4. The steady-state phase pattern of a laser array arranged on a triangular lattice. Here, κ = −1 and g0 = 30. We have the
ground state in (a), a single vortex in (b), and a single antivortex in (c).
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FIG. 6. The transient dynamics of a 16 × 16 laser array. (a) Snapshots of the phase pattern at intermediate times. (b) Amplitudes
and phases of the array elements. In (b), the dashed lines show the time instants associated with the snapshots in (a). All parameters
are the same as in Fig. 2.

Eqs. (5) as

ȧm,n(t) = [g0(1 − |am,n|2)− 1]am,n − κLam,n, (8)

where L is the discrete Laplacian operator on a square lat-
tice graph that acts as Lam,n = am−1,n + am+1,n + am,n−1 +
am,n+1 − 4am,n. This relation is clearly in a finite-difference
form. To construct the continuum counterpart of this
relation, we use (m, n) → (x, y), am,n(t) → ψ(x, y, t), and
L → ∇2, which results in the Ginzburg-Landau equation:

ψ̇(x, y, t) = [g0(1 − |ψ |2)− 1]ψ − κ∇2ψ . (9)

Given that all coefficients are real valued, despite the fact
that ψ is complex, this equation is often referred to as the
real Ginzburg-Landau equation [22].

The dynamical equation, Eq. (9), can be written in terms
of a variation of a functional F [ψ], as ψ̇ = −δF/δψ∗.

The functional F is found to be

F =
∫

dxdy
[
−(g0 − 1)|ψ |2 + g0

2
|ψ |4 + |∇ψ |2

]
, (10)

which can be considered as a counterpart of the Lyapunov
function of Eq. (6). In an amplitude and phase representa-
tion ψ(r,φ, t) = R(r,φ, t) exp{i�[φ(r,φ, t)]}, Eq. (9) can
be rewritten as

Ṙ(r,φ, t) = [g0(1 − R2)− 1]R − κ(∇2 − |∇�|2)R,
(11a)

R�̇(r,φ, t) = −κ(2∇R · ∇�+ R∇2�). (11b)

These equations are a special class of a reaction-diffusion
system, named λ− ω systems [22]. It is shown that these
equations support stable single-arm spiral wave solutions
of the form R(r,φ, t) = R(r) and �(r,φ, t) = φ, while
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FIG. 7. The dynamics of a 6 × 6 array for (a) τp/τg = 10 (b) 1, and (c) 0.1. In all cases, κ = −1 and g0 = 30.
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FIG. 8. The XY energy distribution associated with the equi-
librium phase pattern of laser arrays governed by the dynamical
equations, Eqs. (4), for different photon to gain lifetime ratios.
Top: the square lattice for (a) τp/τg = 10, (b) 1.0, and (c) 0.01.
Bottom: the triangular lattice for (a) τp/τg = 10, (b) 1.0, and
(c) 0.01. Here, κ = −1 and g0 = 30, while the lattice size is the
same as in Figs. 2 and 4 for the top and bottom rows, respectively.

multiarm spiral waves are unstable [23]. Driven from this
intuition, one would expect discrete counterparts of the
spiral patterns in lattices of coupled lasers. An obvious
deviation of the lattice model from the continuum case is
the finite amplitude of the field at the center of the vor-
tex. In the continuum scenario, the vanishing amplitude at
the phase singularity guarantees a well-defined field. In the
case of the lattice model, however, there is no such require-
ment. This is clearly irrelevant in the case of the lattice
model, although the amplitudes still tend to be lower at the
lattice sites that are located near the vortex center. Nev-
ertheless, the amplitudes become uniform in the large gain
limit (g0 → ∞), where the laser system approaches the XY
model.

V. VORTICES IN THE DYNAMIC GAIN REGIME

The results presented in Figs. 2–6 are based on the
complex amplitude model with an instantaneous nonlin-
ear saturable gain described by Eqs. (5). Here, we consider
the more realistic scenario involving gain as a dynamical
variable as described through Eqs. (4). The gain lifetime
τg , which in reality is dictated by the laser gain mate-
rial, is found to play a critical role in the dynamics and in
formation of stationary topological defects. As mentioned
earlier, when the ratio of the photon lifetime over the gain
lifetime is large (τp/τg � 1), the gain dynamics can be
effectively disregarded. Thus, in this regime, stable vortex
and antivortex patterns are expected. It remains to inves-
tigate the stability of these topological defects when the

FIG. 9. The real part of the Jacobian matrix eigenvalues ver-
sus the photon to gain lifetime ratio τp/τg . These eigenvalues
represent the linear stability test for a vortex pattern (shown as
inset) in a 6 × 6 rectangular lattice array. The largest eigenvalue
is highlighted in red.

photon to gain lifetime ratio becomes small (τp/τg ∼ 1 or
τp/τg � 1).

To explore this aspect, we first simulate the dynam-
ics of a small array of lasers for different values of
τp/τg while using identical initial conditions. The results
are depicted in Fig. 7. As these exemplary simulations
indicate, by decreasing the ratio of τp/τg , the transient
dynamics becomes more complicated, involving effects
like self-pulsations that are known processes in class-B
lasers. On the other hand, for smaller ratios of τp/τg a
stable vortex state does not form [Figs. 7(b) and 7(c)].

This can be explained through the dynamics of the gain.
According to Figs. 7(b) and 7(c), by increasing τg , the
gain increases slowly and during this process, the laser
array finds the time to escape from patterns associated with
higher XY energy levels and to stabilize into the ground-
state phase pattern. This is in agreement with our recent
study based on the reduced model, while the gain was adi-
abatically increased to avoid trapping into local minima
[11]. Here, the dynamics allows the gain to automatically
increase over a time scale governed by τg . To system-
atically explore this aspect, the laser array is simulated
with an ensemble of random initial conditions and for
three different time-scale ratios. In addition, both cases of
rectangular and triangular lattices are considered. The XY
energy distributions of the associated steady-state phase
patterns are shown in Fig. 8. As expected, for τp/τg �
1, the equilibrium energy distribution is similar to the
case of instantaneous gain [Figs. 3(b) and 5(b)]. As this
ratio decreases, however, the occurrence of higher energy
patterns drops significantly.

These results clearly suggest that smaller ratios of τp/τg
destabilize the vortex and antivortex patterns. However, it
is quite interesting to note that these patterns pass the lin-
ear stability test for both small and large time-scale ratios.
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To show this, first we consider the fixed-point solutions
of Eq. (4), i.e., [ai(t), gi(t)] = (āi, ḡi). The fixed points are
governed by a set of nonlinear algebraic equations:

[ḡi − 1]āi − γiāi −
∑

j �=i

κij āj = 0, (12a)

[g0 − (1 + |āi|2)ḡi] = 0, (12b)

which are independent of the time-scale ratio τp/τg . Thus,
as an example, the vortex state found in Fig. 7(a) for
τp/τg = 10 is also a valid solution of the system explored
in Fig. 7(c) for τp/τg = 0.1. However, while numerical
simulations indicate that the vortex state is stable in the for-
mer case, it remains to investigate its stability in the latter
scenario. In this case again, it is straightforward to perform
a linear stability analysis through the Jacobian matrix [24]:

J =
⎛

⎝
diag(ḡ)− I − Q diag(ā) 0
−τ diag(ā 
 ḡ)∗ −τ [I + diag(ā 
 ā∗)] −τ diag(ā 
 ḡ)

0 diag(ā)∗ diag(ḡ)− I − Q

⎞

⎠ , (13)

where ā = (ā1, . . . , ān)
t, ḡ = (ḡ1, . . . , ḡn)

t, and τ = τp/τg .
By considering the vortex pattern of Fig. 7(a) as the fixed-
point solution, the eigenvalues of the Jacobian matrix are
numerically calculated for a range of values of τp/τg .
Figure 9 depicts the real part of all eigenvalues versus
τp/τg , while the lead eigenvalue, i.e., the one with the
largest real part, is highlighted in red. Clearly, all eigen-
values exhibit negative real parts in the entire range of the
time-scale ratio, which shows linear stability of the vortex
state in all regimes. However, according to this figure, the
eigenvalues undergo a square-root transition and increase
toward zero for small values of τp/τg . In general, the eigen-
values of the Jacobian matrix show the decay rate of small
perturbations from the stationary states along directions
specified by the eigenvectors [25]. Therefore, the increase
of the eigenvalues toward zero can be associated with a
crossover of the vortex state from a deeper to a shallower
local minimum such that small perturbations can prevent
the stabilization of the network in such states.

VI. CONCLUSION AND DISCUSSION

In summary, we investigate the formation of vortex and
antivortex phase patterns in laser arrays. We show that for
large gains these patterns exist in direct analogy with topo-
logical defects of the XY model. However, their stability
depends critically on the ratio of photon to gain lifetime
τp/τg . A helpful finding is that large gain lifetimes (τg)
destabilize topological defects and force the system into
the ground state.

It is worth noting that both solid-state and semiconduc-
tor lasers are considered class-B lasers given that in these
systems the fluorescence lifetime is by several orders of
magnitude larger than the photon lifetime (τp/τg � 1). A
potential route for enforcing such laser arrays to create
vortex phase patterns is to fix the phase of the boundary
elements, which could be done by seeding through a mas-
ter laser. In this manner, vortex patterns can be enforced by

fixing the topological charge of the array through boundary
elements. To explore this aspect, we simulate the dynamics
of an array of dissipatively coupled solid-state lasers with
realistic parameters mentioned in Ref. [18]. As expected,
given that τp/τg � 1, the system tends to evolve toward
the ground state. However, by forcing the phase of the
boundary elements to fixed values that warrant a topolog-
ical charge of +1, the system evolves to an equilibrium
vortex state as illustrated in Fig. 10. This example suggests
an interesting possibility for controlling the equilibrium
bulk state of the laser array through the phase of the bound-
ary elements. This property could be utilized for switching
the radiation pattern of the laser array by only control-
ling the boundary elements. It remains to investigate this
aspect in greater detail given that pinning the topological
charge in the nonlinear dynamical systems discussed here
can result in wandering of a vortex and potentially other
instabilities. This situation can become further complicated
in the case of semiconductor lasers, where the interplay of
the linewidth enhancement factor and the dissipative cou-
pling seems to play a critical role in the formation of vortex
and antivortex states.

The presence of self-organized vortex and antivortex
phase patterns in laser arrays could have practical appli-
cations given that these patterns can emit optical vortex
beams [26]. This is exemplified in Fig. 11, which shows
the far-field radiation patterns associated with the equi-
librium states depicted in Fig. 2. These figures show the
so-called array factor f (θ ,φ) calculated from the steady-
state complex modal amplitudes of the laser array [27],
when assuming a lattice constant of a = λ0. The insets
depict the associated radiation intensity and phase pat-
terns at a plane parallel to the surface of the laser array
located at z0 = 7λ0. It is worth mentioning that vortex
beams have been previously generated with vertical-cavity
surface-emitting lasers by fabricating spiral phase plates
on the surface of the vertical cavity [28,29]. However, the
vortex and antivortex states discussed here are
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t = 0 t = 16 t = 64 t = 192 t = 208 t = 384
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(e)

FIG. 10. The formation of a vortex state in an array of solid-state lasers with forced boundary conditions. Here, the lasers located on
the lattice boundary are driven by a master laser such that their phase is forced to undergo a gradual full-circle clockwise rotation. The
dashed line shows the time instant that the seeding of the boundary elements is turned on. For the bulk elements, Eqs. (4) are simulated
with the following parameters: τp = 4 ps , τg = 2 ns, κ = 0.12, g0 = 30, while for the boundary elements a drive term d exp(iθi) is
added to Eq. (4a), where d = 0.8 and θi is taken such that its integration around the boundary becomes 2π .

self-organized patterns, which are in essence nonlinear
excitations and can emit vortex beams without a need for
external spatial phase modulation elements.

Finally, it is worth mentioning that the formation
of bound vortex-antivortex states suggests an anal-
ogy with the Berezinskii-Kosterlitz-Thouless (BKT)
phase transition. In two spatial dimensions (2D), the
theorem by Mermin and Wagner precludes conventional

long-range order at any finite temperature in systems with
continuous symmetry and short-range interactions [30].
Nevertheless, certain 2D systems can exhibit signs of a
BKT transition from a high-temperature disordered state,
with short-range correlations, to a quasiordered state,
with algebraic correlations, below a critical temperature
[31,32]. When viewed in terms of the vortices, the
BKT transition is a vortex-unbinding transition. These
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FIG. 11. The far-field radiation array factor f (θ ,φ) associated with the steady-state patterns of Fig. 2. The insets depict the radiation
intensity and phase patterns at a plane parallel to the surface of the laser array at z0 = 7λ0. For calculating the array factor the
center-to-center separation of neighbor lasers is assumed to be λ0.
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topological objects, while tightly bound in pairs in the low-
temperature state, unbind and freely proliferate above the
critical temperature, causing the system to melt its qua-
siorder. The present work suggest a similar phase transition
in the formation of vortex-antivortex pairs for different
noise levels. However, a rigorous investigation of this
aspect requires a nonequilibrium thermodynamic treatment
of the laser array, which could be the subject of future
studies.
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