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Achieving strong repulsive Casimir forces through engineered coatings can pave the way for micro-
and nanoelectromechanical applications where adhesive forces currently cause reliability issues. Here, we
exploit Lifshitz theory to identify the requirements for repulsive Casimir forces in gyrotropic media for
two limiting cases (ultrastrong gyroelectric and nongyroelectric). We show that the origin of repulsive
force in media with strong gyrotropy such as Weyl semimetals arises from the giant interconversion of

polarization of vacuum fluctuations.
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I. INTRODUCTION

The Casimir force [1-5] exists between charge-neutral
bodies separated by submicrometer gaps because of the
quantum fluctuations of electromagnetic fields. It competes
with other forces in the micro-to-nanometer region. For
the majority of geometric and material configurations, the
Casimir force is known to be attractive. Realizing repulsive
Casimir force is not only fundamentally useful but also
technologically relevant for micro- and nanoelectrome-
chanical systems (MEMS and NEMS). From an engineer-
ing perspective, attractive Casimir force dominates in the
submicrometer regime where closely spaced system parts
tend to attract each other. Our findings of the repulsive
Casimir force could be applied in the design of MEMS
and NEMS, to avoid attraction-induced friction. Our find-
ings of the mixed attractive-repulsive Casimir force could
be applied to extract energy from vacuum fluctuations.

The most-studied geometry in the context of Casimir
force [6-8] is that of two parallel plates of real, dis-
persive materials separated by a vacuum gap, where the
force is accurately described by Lifshitz theory based
on the fluctuation-dissipation theorem [2,4]. One well-
known approach to obtain repulsive Casimir force [9] is
to use two plates of dielectric constants €, €, separated
by a liquid medium of permittivity ¢; instead of vac-
uum such that €; < ¢; < €;. Recent works have revealed
other approaches such as the use of Teflon-coated metallic
plates [10]. Another intriguing approach relies on exploit-
ing topological materials to achieve repulsive Casimir
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forces using topological materials. These include three-
dimensional topological insulators and Weyl semimet-
als [11-14], two-dimensional Chern insulators, and the
graphene family [15—17]. However, the underlying mecha-
nism, which gives rise to repulsive Casimir forces in these
topological materials, has remained unexplored.

In this paper, we elucidate the origin of Casimir repul-
sion between two ultrastrong gyrotropic plates [Eq. (3)].
Weyl semimetals are strong (not ultrastrong) gyrotropic
medium, as illustrated in Fig. 1, the Casimir force has to be
determined numerically. For the repulsive Casimir force,
we choose the typical parameters of the dielectric tensor
of a Weyl semimetal, which could be realized in machine-
learning-assisted material growth. Strong gyrotropic media
have recently opened up promising fundamental and tech-
nological avenues for thermal radiation-based devices [18—
20] as well.

II. FORMALISM

We start from the Lifshitz theory of the Casimir free
energy for two parallel plates separated by a vacuum gap,
which is

E.(d) &k s
= kpT x § /(Zn)an[det(l — RyRye2h19)],
(1)

where R, and R, are the reflection matrix for plate 1 and
plate 2, E.(d) is the free energy, 4 is the area, k| is the
absolute value of the imaginary part of the wave vector
k., T is the temperature, and kg is the Boltzmann constant.
The sum over 7 is defined as 1/2(n =0)+ ) _,_, with n
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(a) Parallel gyrotropy axes (b) Antiparallel gyrotropy axes
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FIG. 1. Weyl semimetals are strong gyrotropic media whose
gyrotropy axis is along the direction of the associated
momentum-separation vector b of two Weyl nodes. (a) We show
that for two plates with parallel gyrotropy axes, the Casimir
force between the plates can become repulsive. (b) For plates
with antiparallel gyrotropy axes, the Casimir force is always
attractive.

the index of the Matsubara frequencies &, = 2w nkgT/h.
A reflection matrix for an electromagnetic wave injecting
from one medium (e.g., the vacuum) to another medium
(e.g., a silicon plate or gyrotropic plate) is defined as

where ry = Rrg/Ate, ¥y = Rtm/ATE, Tpp = RTM/ATM™,
and r,; = Rrg/Arm. Here Apv(Rrv) are the amplitudes
of injecting (reflected) TM mode, and Atg(Rtg) are the
amplitudes of injecting (reflected) TE mode. While the TE
mode and the TM mode are orthogonal electromagnetic
wave functions traveling in a vacuum, in other media, the
electromagnetic eigenstates may be a mixture of TE and
TM modes. Thus at the boundary of a vacuum and another
medium, the TE mode to TM mode transfer ratio (r,, and
7sp) could be nonzero. The Casimir force is the derivative
of the Casimir energy, F' = —[0E.(d)/dd]. If F > 0, the
force is repulsive, if F < 0, the force is attractive. The
Casimir pressure is defined as

d*k [ dLn(L
P =F/4=ksT x Z/(zny [— ;; )], )

where L = det[l1 — RjRye~?19]. While in general the
repulsive Casimir force should be verified numerically, in
two limit cases (ultrastrong gyrotropic and nongyrotropic),
we provide here the requirement for a repulsive Casimir
force in its basic form, with details given in the Appendix.
For a ultrastrong gyrotropic material, the reflection coeffi-
cients |ry,| and |r,| are much larger than |r| and |r,,|, the
requirement for a repulsive force is

d*k
Z QT)Z(rSperSZ + rpsirgp2) < 0. 3)

For a nongyrotropic isotropic medium, 7,1 = 7,1 = 0 and
Tsp2 = Fpso = 0, the requirement for a repulsive force is

d*k
Z W(rsslrsﬂ + rpplrppZ) <0. (4)

This requirement also holds for the weak gyrotropic mate-
rial where |ry,| and |r,| are much smaller than |r| and
[7pp -

Based on the Dirac-Maxwell correspondence, we define
a Maxwell Hamiltonian and obtain the reflection coeffi-
cients (7ss,7pp,Fsp,tps) Dy connecting the wave functions
(eigenstates) at the interface. The Maxwell equations for
a specific medium (omitting the magnetoelectric media) is

given by
[e 01|8|:E:|=|:VXH:|’ )
0 u |or| H -V x E

where E and H are the electric and magnetic fields. Note
that (S- V)H =iV x H where S is the spin-1 matrices
with S,, S, and S, defined as,

0 0 0 0 0 i
S=100 —i |, SS=| 0 0 0 [,
0 i 0 —i 0 0
0 —i 0]
S=|i 0 0
0 0 0

Maxwell equations transform into a Dirac-like equation
[21-23]. Assuming a plane wave e*T~ of the elec-
tromagnetic field, we obtain the Maxwell Hamiltonian

(w = iSn)
-1,
HMaX:[—M(I)S-k ¢ 3 ki| (6)

For the Casimir force, the permittivity matrix at imaginary
Matsubara frequencies w = i§, is relevant. With gyrotropy
axis along the z direction, the permittivity matrix and its
inverse are given below:

€1 g 0 d] g/ 0
e=| —g ¢ 0 |, el = —g d 0
0 0 e 0 0 d

()

Both are real valued at imaginary Matsubara frequencies.
Here d) = €/(e} +g%), dy = 1/e; and g’ = —g/(e} +
g?). For a plane wave traveling in the k, — k. plane, with
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the wave vector k = (%, 0, ¢), the eigenvalue is given by
g ==+ +2FVP| 20 ®)

here P = k(d, — d»)* — 4(k? + ¢*)¢*g"* and we set ¢ =
1, so &,/c is written as &,. We obtain an inverse solution of
q from &, and k,,which is

g = 1/[2(d} + g7)]

x| —dil + k2 + 2671 - g2 £ V/A], ©)
where
A = [di(d) — d) + g7 TPki — 4g”E1 (5 + dok?).  (10)

This gives four solutions (eigenstates) of electromag-
netic waves inside a gyroelectric medium. However,
along one specific direction, only two solutions are
allowed. The two momenta ¢; and ¢, are chosen by
the following rules: along the direction +z, the plane
waves should decay at infinity. This requires the imag-
inary part Im(g) > 0, but the real part is not restricted,
Re(g) > 0 or Re(g) <0 ; along the direction —z, it
requires the imaginary part Im(g) < 0, with no restric-
tion on the real part. In both cases we have q; = —¢5.
The eigenstate is a function of the momenta ¢g; and
92, Y1 = [ex1, ep1, €1, bty hy1, by 1T = [Er, Hi] and ¢, =
[ex2, €2, €22, hya, By, ho]T = [Ep, Ho]', given by Ey, =
E(q12) and Hy» = H(q1,), with

E(q) = [Ex, —g'¢&,, —dake(dik; + dig” + £D)], (1)
where E, = q[(df + g’2)(k§ +4°) + dlénz] and

H(q) = i, [-g'q*,dik; + dvq® + &}, 8'kq] . (12)

The details of obtaining the reflection coefficients are given
in the Appendix. For a nongyroeletric medium, g’ = 0 and
d| = d,, we obtain g = iq; from Eq. (9) where q% = kf +
Er/dy = e(i&,)6} /¢ + k.

III. GYROELECTRIC MEDIUM AND THE
MAGNETO-PLASMA MODEL

Now we consider a gyroelectric medium, which has
nonzero off-diagonal elements in a permittivity matrix,

typically given by the following magnetoplasma model:

2

“p
€ =€) (a)—i-iF)z—a)f
_ r y -
| 4im i 0
w w
e I
X i— 14i— 0 (13)
W w
0 o (et -e — <%
| w(w+il)

Here w, is the plasma frequency, w. is the cyclotron
frequency. I' is the inverse lifetime of the charge car-
riers inside the medium, microscopically determined by
the scattering process from impurities, phonons, or other
sources. The background dielectric constant €, = €5 +
€inter T €lattice, Where €, 1s the high-frequency limit,
€inter aNd €pce are contributions from interband tran-
sitions and lattice vibrations, respectively [18]. In the
Matsubara frequency domain w = i§,, the permittiv-
ity matrix [Eq. (7)] is described by diagonal coeffi-
cients €; =€, + (@3 (1 +T/8)/[(&+T)* + 2]}, & =
€p + [a); /€,(&, + )] and the off-diagonal coefficient g =

{_a); (e /&) /[(En + F)z + wf]}

IV. STRONG GYROELECTRIC MEDIUM AND
THE WEYL SEMIMETAL

The constitutive relations for an ideal Weyl semimetal is
given by [24,25]

e2

[
D=eE+ —<(2b x E — 2byB),
€ +47r2hw( X oB)

(14)
where €,, (¢ in Figs. 3 and 4) is the diagonal part of the
dielectric constant of the Weyl semimetal. The first term
in the bracket comes from the anomalous Hall effect, and
contributes to the off-diagonal part of the dielectric con-
stant. The second term in the bracket comes from the
chiral magnetic effect, for simplicity we set by = 0. Here
b is the momentum separation of the two Weyl nodes,
and we choose b = bk, to be along the z direction. The
typical frequency w;, = (e?*bh/2m?he) is defined from the
anamolous Hall effect, where €, is the vacuum permittivity.

For b=0.5 A", we have w, = 6949 THz. The micro-
scopic theory of obtaining these parameters is provided
in Refs. [26-33]. For the longitudinal optical conductivity,
one finds that the optical conductivity increases linearly as
a function of the frequency w [30]. Similarly it increases
sublinearly in topological insulators [29]. After dividing by
w, the dielectric constant €,, should not change too much
as a function of w, therefore, in the Matsubara frequency
domain, we choose €; = ¢, >~ 1 (see discussions below Eq.
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TABLE 1. Off-diagonal permittivity (g) in comparison with
diagonal permittivity €; for magnetoplasma model and Weyl
semimetal.

gn=1) g(n=2)
Magnetoplasma model 0.076 < €; 0.0096 < €;
Weyl semimetal 6.0778 2 ¢ 3.039 2 ¢

(11) in Ref. [14]), and the off-diagonal part of the permit-
tivity matrix to be g = (wp/&,). For n = 0, we add a tiny
positive number to &, to avoid the divergence.

In Table I we show the absolute values of the gyrotropic
coupling (off-diagonal permittivity) for the Matsubara fre-
quencies corresponding to n = 1,2 with the diagonal per-
mittivity €; & 1 for both models. For the magnetoplasma
model we use w, = 120 THz and . = 24 THz and for the
Weyl semimetal we use w, = 1000 THz. The temperature
is assumed to be 7 = 200 K.

V. NUMERICAL RESULTS

In Fig. 2, we show that gyrotropy, i.e., nonreciproc-
ity is not a sufficient condition for repulsive Casimir
force. We present numerical results of the Casimir force
(pressure), between a silicon plate and a gyrotropic
(magnetoplasma) plate, which is clearly attractive. The
frequency-dependent dielectric constant of silicon is

i by €x = €rc: e 2 /(g2 2
given by €si = €(siyoo + (€si)0 — €siyoo) W5/ (& + w§)] +

{oF /650 + D]}, where wy = 6.6 x 10'° Hz,
0.00 —=
/
l
-0.01¢} I-
= .
= l
(0] |
‘g -0.02 | ' €,=1.1, w, =120 THz, w, = 24 THz
3 , w,=11,w,=12THz, w =24 THz - - -
= . ! w,=1,w,=12THz, w =2.4THz — - —
‘g —0.03| , 1
g | :
o . )
-0.04 | || T=200K, Magnetoplasma and silicon
l .'
. l | 1' | | | | |
0.05 01 02 03 04 05 06 07
d (107° m)
FIG. 2. Casimir pressure as a function of the distance, d,

between a gyrotropic plate and a silicon plate. The dielectric
constant of the gyrotropic plate is determined from the magne-
toplasma model. Note that the Casimir force is always negative
(attractive). When €; decreases from 1.1 to 1, the Casimir force
is greatly suppressed.

w, =3.6151 x 101 Hz, I' = 7.868 x 10"* Hz, €00 =
1.035, and €(sj)0 = 11.87. As €, moves toward 1, the attrac-
tive Casimir force is greatly suppressed. In comparison, the
Casimir pressure between two perfect conducting plates is
Pc = —(hem?/240d*%) as we derive in the Appendix. At
d=0.2um, Pc = —0.8 Pa.

In Fig. 3 we present numerical results of the Casimir
force (pressure), between two Weyl-semimetal plates.
Because of strong gyrotropy as evident from Table I, vac-
uum fluctuations in the gap between the plates experience
strong polarization conversion. The associated reflection
coefficients satisfy the condition given by Eq. (3) for a
suitable range of in-plane wave vectors leading to repul-
sive Casimir force between the plates. For the case of
parallel gyrotropy axes, we plot the Casimir force with
three different parameter sets represented by black, red, and
gray curves, respectively. As the distance d is changed,
the Casimir force is tuned from repulsive to attractive,
or always repulsive, or tuned from attractive to repul-
sive, respectively. For the case of antiparallel gyrotropy
axes, the Casimir force is always attractive, as represented
by the blue curve. For the black curve (¢ =1 and w;, =
3000 THz), the Casimir force is tuned to be zero at dy =
0.41 pm (stable equilibrium); for the gray curve (e = 1.1
and w, = 1000 THz), the zero-Casimir-force point dy =
0.052 pm is an unstable equilibrium.

0.09 ‘I Y Y Y €= 11 wy, = 30b0 THz Y
‘| £=1,w,=1000THz - - -
\ €=11,w,=1000THz, r ; ==r,, -~
006 £=11,w,=1000 THz,r_ =1, —-—
= \
é 003} T =200 K, Weyl semimetal
S 000}
2
B=
g
‘2 -0.03 | ,
© co 0.0008f . ]
-006 : | 0.0000 .
D —0.0008L . T |
009} : I 0.3 04 0.5 0.6 0.7
01 02 03 04 05 06 0.7
d(10°m)
FIG. 3. Casimir pressure as a function of the distance, d,

between two Weyl-semimetal plates. Note that for the blue dash-
dotted curve, the two gyroaxis are antiparallel, we have ry,| =
Tps2, and the Casimir force is always attractive. For the other
three curves, the two gyroaxes are parallel, we have rg,| = =70,
the Casimir force is tuned from attractive to repulsive. The gray
dotted curve crosses zero at around d = 0.052 pum (unstable
equilibrium) and the black solid curve crosses zero at around
d = 0.41 pum (stable equilibrium). For the red dashed curve, the
Casimir force is always repulsive.

044047-4



ORIGIN OF THE REPULSIVE CASIMIR FORCE IN GIANT...

PHYS. REV. APPLIED 16, 044047 (2021)

_—
(=)
~—

FIG. 4. The integrand

_—
[Y)
N
N

(ke x {—=[dLn(L)/dd]}) in
Eq. (2) [shown in (a),(b)]

(X

n=1,T=200K

d =0.052 um (grey in fig. 3)

Inltegrand in Eq. (2)

Integrand in Eq. (2)

d=

and the associated reflec-
tion coefficients [shown in
(c),(d)] as a function of k,.
We set the Matsubara fre-
quency at n = 1 and choose
parameters the same as
those of the black and gray
curves in Fig. 3. We use the
red (blue) color to denote

0.41 um (black in fig. 3)
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In Fig. 4 we investigate the origin of the stable and
unstable equilibria, as shown in Fig. 3 by the black and
gray curves, respectively. As Casimir forces depend on
vacuum fluctuations at all momenta and frequencies, their
interpretation is significantly more challenging than con-
ventional narrowband (e.g., laser-driven) coherent optical
forces. Therefore, we separately identify the contribu-
tion of specific plane waves to explain the origin of the
repulsive Casimir force. We present the integrand of Eq.
(2) in Fig. 4(b), as a function of &, and fix the Matsubara
frequency at n = 1. The black curve is negative (contribute
to an attractive Casimir force) for small &, and positive
(contribute to a repulsive Casimir force) for large k,. The
gray curve shows an opposite trend. In Figs. 4(c) and 4(d)
we plot the amplitude of the reflection coefficients for the
gray curve and black curve, respectively. For Fig. 4(c), |7y, |
is larger than |r,,| and || in a narrow range of k., while
for Fig. 4(d) |rg| is larger than |r,,| (or |rg|) in a broad
range of k.

VI. CONCLUSION

In this paper we develop a theory of Casimir force based
on the Lifshitz formula and the Dirac-Maxwell correspon-
dence. We choose a magnetoplasma model and a Weyl
semimetal model to apply the theory. We find repulsive
Casimir force in the latter, which is a strong gyrotropic
medium. We also find the repulsive Casimir force is tuned

50
K, (um)

100

from repulsive to zero at specific distance (equilibrium).
This could be applied in the design of MEMS (NEMS) to
reduce the friction between tiny parts of devices.
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APPENDIX A: DETAILS OF THE CONDITION
FOR A REPULSIVE CASIMIR FORCE FROM THE
REFLECTION MATRIX

Start from the Lifthiz formula, the Casimir pressure is
defined as

dLn(L)
ad

dk
P=F/A=hkgT x Z/ e [— } (A1)

where

L = det(1 — RyRye 2h19), (A2)
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the product of the reflection matrices at interface 1 and 2 is
given by

RR, = Vsl Vspl Tss2  Tsp2 _ Dl D2
=1 r r r | D3y D4 |’
psl ppl ps2 pp2 3 4
where

Dy = rgrgn + Vsp1¥ps2,
D, = Vss1Vsp2 + Vsp1Tpp2,
D3 = I'psiFss2 + Tpp1Tps2,

Dy = Vps1Fsp2 + Ypp1Fpp2s
with these definitions of Dy, D,, D5, and Dy,

L=1—(D; + Dy)e 19+ (D,Ds — D,D3)e*1,
(A3)

The derivative of Ln(L), —(dLn(L)/dd), is given by

—2k

i — 2(D\Dy — D, D3)e*14].

(A4)

[(D) + Dy)e 14

For a nongyrotropic case 7,1 = 151 = 0 and 70 =10 =

O, so we have D] = Vg1V ss2, D4 = Tpp1Tpp2, Dz = D3 =0
and L is
—2k1d —4kyd
1 _(rsslr552+rpplrpp2)e ! +Vssll"sszl"pp1?‘pp2€ 1
(A5)

The derivative of Ln(L) becomes

aLn(L 2k
B ;1; = —1 [(Dy + Dy)e 21 —

2(D1Dy)e~ 4],
(A6)

Then a repulsive force F' > 0 requires the following:

d’k 2k
> / A e 9Dy + Dy) — 2D Dse 1) < 0.
(A7)
Knowing that &, > 0, L > 0, and e~%%1¢ > 0, we use an
approximation that (2k;/L)e >1? does not change too

much in the sum of #n and integral over k. The qualitative
condition for a repulsive force is

d’k
Z/(2 01+ D)

If the absolute value of the reflection coefficient sat-
isfy the condition |rg| <1 and |r,,| < 1, known that
—2kyd —2kd
e 14 < 17 we have |rsslrss2| > |rsslrs32rpp1rpp2|e ! )

—2DDse R4 < 0. (A8)

and |rpp1rp52| > |rYY1r882rpp1rpp2|e kd >, SO |D1| + |D4| >
2|D\D4le=%14, the dominant term is D; + Dy, the repul-
sive force condltlon simplifies as

Z/ (2 )2 (rxslr‘\x\‘Z + rpplrpp2) <0. (A9)

For an ultrastrong gyrotropic material with giant polar-
ization interconversion, we need to start from Eq. (A4).
In this case, the reflection coefficients |7y, | and |r,| could
be much larger than |rg| and |r,,l, D1 > o170, Ds >
Tpsi¥sp2, and Dy >~ 0, D3 >~ 0, follow the same logic we
have

d*k
Z m(”splrpﬁ + rpslrspZ) <0. (AIO)

APPENDIX B: CASIMIR FORCE BETWEEN A
PERFECTLY CONDUCTING PLATE AND AN
INFINITELY PERMEABLE PLATE

For a perfectly conducting plate € = oo and u = 1, and
for an infinitely permeable plate © = oo and € = 1. The
reflection coefficients at the interface of a perfectly con-
ducting plate and a vacuum is 74, = —1 and 7, = 1. The
reflection coefficients at the interface of an infinitely per-
meable plate and a vacuum is 7, = 1 and r,, = —1. For
both cases 7y, = r,; = 0, so no polarization interconver-
sion happens. At zero temperature, the sum of Matsubara
frequencies becomes an integral 2w kgT/h x Y, = [ d§,
assume the system is isotropic, so the integral over the
angle 6 gives 2m, the Casimir pressure is

2mkdk [ 9Ln(L)
p=men [a [ S5 -50)

We consider two cases below:

(B1)

(1) Casimir force between two perfectly conducting
plates,

L=1—2¢2d 4 g=%d (B2)
The derivative of Ln(L) becomes,
JLn(L —2k
— an; ) _ — LR 2hd —e*hd] (B3)
The attractive Casimir pressure is
—2k|d
=—— / dg / klkdk “ohd (B4)

Knowing that k7 = k* + (§/c)?, we can introduce polar
coordinates according to k = k) sin(¢) and & /c = k| cos(¢),
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so [ d(E/e) [ dk = [ kidky [? d, then the Casimir
pressure is
he 00 3 /2 ) e—2k1d
PC = —;L kldklA Sln((ﬁ)d(bm (BS)
Note that the integral
o] 3 ,—2x 4
/ w2l T (B6)
o 1—e2 240
we have
pe = _tem (B7)
€7 T 240a%

(i) Casimir force between a perfectly conducting plate
and an infinitely permeable plate,

L=1+2¢%d 4 g=dhd (B8)
The derivative of Ln(L) becomes
dLn(L —2k
- an; ) _ — L[—2e 21 _ gpthid] (B9)
The repulsive Casimir pressure is
o—2kid
= —/dé/klkdk hd (B10)

Follow the same logic in case (i) and note that the integral

o) 3 ,—2x 7 4
f e - (B11)
o CTye> 1920
we have
Then?
= = _ Pe. B12
s = coai s = —(7/8)Pc (B12)

For a typical distance d = 0.2 um, P = —0.8 Pa.

APPENDIX C: REFLECTION MATRIX BETWEEN
A VACUUM AND A GYROTROPIC PLATE

For more general cases with polarization interconver-
sion, we solve the reflection coefficients in the way below.
Assume the amplitudes of TM mode and TE mode are Ay
and Atg, respectively, the injecting electromagnetic wave
in the vacuum is

Eo = (keAm/w, Atp, —keAra/w)e™>Tkz=i0t for 7 > 0,
Hy = (—k.Arg/w, A, keAre Jw)e™ k=it for 7z > 0.
The reflected wave is

E, = (—k.Rtm/®, Rrg, —kRyy/w)e™ =710 for 7 > 0,

H, = (k,Rtg/w, Ry, kaTE/w)eikxx—ikzz—iwt forz > 0.

The transmitted wave inside a specific material is given by

ikyx+igz—iwt

E; = (ey,e),e:)e forz <0,

H, = (hy, by, h)e™ T4l for 7 < 0,
To obtain the Fresnel coefficients for a gyrotropic slab, we
first consider the injecting TE mode to be zero (Atg = 0)
and write down the boundary conditions
(k;/w)(Atm — Rrm) = Arex1 + Azex,
Rrg = A1ey1 + Aze)s,

(C1)
(kz/w)(RtE) = A1hy + Azhya,
(Atm + Rrm) = A1hy1 + Aahyo,
from which we obtain the ratio of 4, and 45,
[(kz/w)eyl - hxl]Al = AZ[hXZ - (kz/w)eyZ]a (Cz)
where Y = [ey1, ey1, €:1, vty byt bl = [E, Hi]T and

Yy = [ex2, €y2,€:2, ho, hyz, hzz]T = [Ez,Hz]T are the trans-
mitted electromagnetic wave function inside a specific
medium (gyrotropic or magnetoelectric), usually obtained
numerically. We also obtain the following equations:

(kz/w) (ATM + Rrm) = 4, (kz/a))hyl + 4> (kz/a))hyZ;

2(k;/w)(Atm) = A1[(k:/w)hy1 + ex1]
+ AZ[(kz/w)hyZ + exZ]a
2(k; /@) (Rrm) = A1[(k:/w)hy1 — ex]
+ AZ[(kz/a))hy2 - ex2]s (C3)
the Fresnel coefficients r,, and r,, are obtained,
Top = Rrm/At™m
_ Al[(kz/a))hyl - exl] + AZ[(kz/a))hyZ - ex2] (C4)

A[(kz/0)hy1 + €] + Ax[(k /@) hys + ex]

ps = Rre/ATM
2(A1hy + Azhy2)

T AUk /)hyt + exa] + o[ (ke /)by + €]
(C5)

Then we consider the injecting TM mode to be zero
(Atm = 0), the boundary conditions are given by

(k;/@)(—=Rrm) = Crey1 + Cren,
(Atg + R1p) = Ciey1 + Coeya,

(k. /@)(Rte — AtE) = Ciha + Cohya,
(Rtm) = Cihy1 + Cahya,

(Co)

044047-7



ZHOU LI and CHINMAY KHANDEKAR

PHYS. REV. APPLIED 16, 044047 (2021)

from which we obtain the ratio of C; and G5,

[(kz/w)hyl + exl]cl = _CZ[(kz/w)hyZ + exZ]a (C7)

and the following equations:

(k/w)(Atg + RrE) = Ci(kz/w)ey1 + Cok:/w)eyn,
2(k./w)(A1E) = Ci[(k./w)ey1 — hyi]
+ G[(k;/w)eyr — hya],
2(k:/@)(Rrp) = Ci[(kz/w)ey1 + ha]

+ C2[(kz/w)ey2 + hx2]: (C8)
the Fresnel coefficients 7 and rg, are obtained,
rss = Rrp/ATEC
_ Cl[(kz/a))eyl + hxl] + C2[(kz/a))ey2 + th] (C9)
Cl[(kz/a))eyl - hxl] + CZ[(kz/w)ey2 - th] ’
rsp = Rym/ATE
_ —2(Crex1 + Cren)
Cl[(kz/w)eyl - hxl] + CZ[(kz/a))eyZ - hx2].
(C10)
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