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We show that a self-organized quantum dot (QD) embedded in a quantum well (QW) can provide
better carrier localization compared to the bare QD due to a complex action of three processes, namely,
an increase in the QD volume, a change of the QD aspect ratio, and strain redistribution provided by
the QW. For an InAs QD and an (In,Ga)As QW, we calculate the possible energy benefits of these
three contributions and examine the optimal dot-in-well configuration sustaining the interface coherency.
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A capability to localize charge carriers in all three
dimensions is the key property of semiconductor
quantum dots (QDs). When the QDs are produced via
self-organization in the process of the commercial semi-
conductor growth technologies, which are molecular-beam
epitaxy and metalorganic chemical vapor deposition, they
can be utilized in a variety of semiconductor devices, such
as lasers, light-emitting diodes, solar cells, memories, and
others [1,2]. In the research and development of quantum
computing, the QDs are excellent candidates for ultrafast
coherent manipulation of qubits [3,4].

Most popular self-organized QDs are based on the
GaAs-InAs material system. The InAs QDs are attrac-
tive for many applications listed above due to the well-
developed growth technology and the ability to localize
both electrons and holes. In fact, the band gaps of GaAs
and InAs at room temperature are 1.42 and 0.35 eV, respec-
tively [5], with the band offset �Ec/�Eg = 0.83 [6]. The
InAs QDs are apparently tunable over a very wide opti-
cal range, including common telecommunication bands.
Unfortunately, the very wide tunability of the QDs is
delusive.

While a blueshift of the optical emission from the
QD can be achieved by making them smaller at the
self-organization stage or by intermixing via postgrowth
annealing [7], the redshift is much more problematic. The
depth of carrier localization is substantially limited by
the mechanical stress-strain field originated from the lat-
tice mismatch, which is required for the self-organization
process [8]. In addition, it sets the upper limit on the vol-
ume of QD with coherent (dislocation-free) interfaces [9].
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In the case of InAs QDs in GaAs the described limita-
tion sets the longest emission wavelength near 1.1 μm.
Deep carrier localization is critical for most applica-
tions to prevent thermal evaporation of the localized
carriers from the QDs to the barriers. Within the
bounds of the interface coherency, the carrier localiza-
tion in the QD of a given volume can be somewhat
improved by an optimization of the shape and aspect
ratio [10].

The carrier localization can be enhanced with a substan-
tial redshift of the optical emission, if the QD is embedded
into a quantum well (QW). Such a structure is referred to
as DWELL. It was experimentally shown by Ustinov and
co-workers [11] and by Nishi and co-workers [12] that the
optical emission from the InAs QDs can be redshifted to
1.3 μm, if the QD is embedded into an (In,Ga)As QW.

These initial observations were followed by a large num-
ber of papers, see, for instance, Refs. [13–19], in which
the phenomenon of DWELL was examined experimentally
and by simulations. It was shown that the redshift of the
excitonic optical emission from the InAs depends on the
geometry of the QD, as well as the thickness and chemical
composition of the QW. It is interesting to point out that
experimental optimization of the DWELL parameters has
led to similar results by numerous independent research
groups. Namely, the largest experimentally achieved red-
shifts for the optical emission from the InAs DWELL
compared to the InAs QD in bulk GaAs are 160 [11],
140 [12], 130 [20], 160 [21], 120 meV [22].

There are two different explanations for the phe-
nomenon. Ustinov et al. [11] observed a certain
increase of the base of the pyramidal InAs QDs as
a result of capping by the (In,Ga)As QW. Then,
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deeper localization was attributed to weaker quan-
tum confinement in the enlarged localization vol-
ume. Nishi et al. [12] proposed a completely dif-
ferent reason. The effect of DWELL was attributed
to a reduction of the mismatch strain, since the
(In,Ga)As QW is tetragonally distorted being grown
on a thick GaAs substrate. Consequently, the weaker
built-in strain provides deeper localizing potential in
the QD.

In this paper we show that DWELL provides deeper
localization of charge carriers due to a complex action of
three processes, namely, an increase of the QD volume,
change in the QD aspect ratio, and strain redistribution
provided by the QW. We decompose the total possible
energy benefit of these three contributions and exam-
ine the optimal DWELL configuration sustaining coherent
interfaces.

We consider the problem of DWELL in the frame of the
complex model [10], which takes into account an interplay
between the solid mechanics of the built-in strain-stress
fields and quantum mechanics of the localized electrons
and holes. In this paper we focus on the InAs QDs in GaAs
since this system is widely used and a large amount of reli-
able experimental data is available to verify our calculation
results. Indeed, similar results can be obtained for other
material systems.

The model geometry utilized here is similar to the one
described in Ref. [10]. We consider a pyramidal InAs
QD with height H in the growth direction of [001]. The
QD is either embedded into bulk GaAs (QDB) or built-
in an (In,Ga)As QW of thickness h (DWELL), as shown
in Figs. 1(a) and 1(b). The base of the QD in both cases
is situated 60 nm below the top surface, which is traction
free. The base edges are aligned along the [100] and [010]
crystallographic directions. The whole supercell is as large
as 100 nm in the x and y directions and 120 nm in the
z direction. This geometry of InAs QD is supported by
transmission electron microscopy [11,23,24]. The parame-
ters varied in the modeling are the QD base length L, the
aspect ratio H/L, the thickness of the (In,Ga)As QW h, and
its chemical composition CIn.

First, by using the finite-element method (FEM) we
solve the problem of continuum mechanics and obtain the
strain ε and stress σ fields. Then, we solve the eigenvalue
problem of quantum mechanics on the same mash in a
single-band approximation. In this paper we do not analyze
the wave functions and solely focus on the eigenvalues of
energy for the ground states of the electron and hole in
the QD. We do not study any phenomena related to the
interband mixing, since it is not inherent for the single-
band model. We take into account that the ground state of
holes in a pyramidal InAs QD is predominately composed
of the heavy-hole band [25]. The model is validated by
comparison with the results of the eight-band k · p-model
calculations discussed in Ref. [26]. We use a common set
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FIG. 1. Comparison of an InAs QD in the bulk GaAs (left col-
umn) and InAs DWELL (right column): (a) and (b) sketch of the
systems; (c) and (d) density of the hydrostatic energy; (e) and (f)
density of the deviatoric energy; (g) and (h) density of the shear
energy. The y and z axes are parallel to the crystallographic [010]
and [001] directions, correspondingly.

of material parameters [27]. The details of the calculations
can be found elsewhere [10].

We decompose the elastic strain ε tensor field into
hydrostatic (h), deviatoric (d), and shear (s) components
as follows:

εh
ij = tr(ε)δij /3,

εd
ij = εij δij − εh

ij ,

εs
ij = εij − εij δij , (1)

where δij is the Kronecker δ function. The correspond-
ing elastic energy densities can be calculated for each
component of the elastic strain-stress field as

w = wh + wd + ws = tr(ε)tr(σ )/6

+ [εiiσii/2 − tr(ε)tr(σ )/6] + εijσij/2, i �= j . (2)
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The impact of the decomposed components of the strain-
stress field on the localizing potential is different [28].
The hydrostatic compression increases the band gap of
(In,Ga)As, so that �Ec = actr(ε), �Ev = avtr(ε), where
the deformation potentials for electrons and holes ac <

0, av > 0 and |ac| � av . The deviatoric and shear strains
split the hole band �Ev = ±b

√
−3inv2(εd) and �Ev =

±d
√−inv2(εs), where inv2(ε

d,s) denotes the second
invariant of the corresponding strain component tensor.

Figure 1 shows the maps of the elastic energy densi-
ties related to the hydrostatic (c) and (d), deviatoric (e)
and (f), and shear (g) and (h) strains for the cases of QDB
(c), (e), and (g) and DWELL (d), (f), and (h). The cross-
section plane is (100) at x = 0. Only the middle portion
of the supercell is plotted. For both cases the QD height
H = 9 nm and its base L = 28 nm, which corresponds to
the experimental observations of InAs QDs self-organized
by the Stranski-Krastanow technique and overgrown by
a thick GaAs cap [23]. The thickness of the (In,Ga)As
QW h = 3.85 nm and the indium concentration CIn = 0.3
molar fraction. The QWs with these parameters were uti-
lized in Refs. [11,12] to achieve the deepest localization of
carriers in DWELLs.

The elastic energy of the QW corresponds to the biax-
ial strain with two components, hydrostatic and devi-
atoric, seen as yellow stripes in Figs. 1(d) and 1(f).
These energy densities can be, of course, calculated ana-
lytically for a prescribed CIn, which defines an eigen-
strain due to the lattice mismatch between (In,Ga)As and
GaAs εm = (a(In,Ga)As − aGaAs)/a(In,Ga)As. The correspond-
ing elastic coefficients can be defined for (In,Ga)As in lin-
ear approximations. Then, for the (In,Ga)As QW parallel
to the (001) plane we have the bulk modulus K = (c11 +
2c12)/3, biaxial modulus M = c11 + c12 − 2c2

12/c11, and
Poisson’s ratio ν = c12/(c11 + c12). Both analytical and
model calculations give the hydrostatic energy density
wh

QW ≈ 0.015 GJ/m3 in the considered QW with CIn = 0.3
and the deviatoric energy density wd

QW ≈ 0.03 GJ/m3. The
shear energy for a bare QW is 0.

The distribution of the elastic strain and corresponding
energy within the QD is not uniform. It is qualitatively
similar for the QDB and DWELL. The highest hydro-
static energy density corresponds to the QD top, where
it reaches 0.45 GJ/m3. This quantity is the same for the
QDB and DWELL in the configuration depicted in Fig. 1,
when the QW does not cover the QD top. The hydrostatic
energy density gradually reduces from the top to the base,
where wh

QDB ≈ 0.2 GJ/m3 and wh
DWELL ≈ 0.18 GJ/m3. The

integration over the pyramid volume shows that the hydro-
static energy reduces in total from 0.51 fJ (QDB) to 0.45 fJ
(DWELL).

The densities of the deviatoric energy plotted in
Figs. 1(e) and 1(f) are mostly concentrated near the pyra-
mid base for both cases. wd

QDB ≈ 0.08 GJ/m3 in the center

and wd
QDB ≈ 0.23 GJ/m3 in the corners. The deviatoric

energy rapidly reduces to the pyramid’s top, where the QD
has mostly hydrostatic strain, but induces a spot of devi-
atoric strain in the surrounding GaAs matrix. Although
the QDB and DWELL show similar distribution of the
deviatoric energy inside the QD, there are quantitative dif-
ferences: wd

DWELL ≈ 0.1 GJ/m3 in the center of the pyramid
base and wd

DWELL ≈ 0.25 GJ/m3 in the corner. The devia-
toric energy integrated over the QD volume differs by 25%
being 0.24 fJ in the QDB and 0.32 fJ in the DWELL.

The densities of the shear energy plotted in Figs. 1(g)
and 1(h) are mostly concentrated near the QD edges. The
total shear energy integrated over the QD in both QDB
and DWELL cases appeared to be small compared to the
hydrostatic and deviatoric energies. Note, the scale for ws

in (g) and (h) is smaller by an order of magnitude compared
to the panels for wh and wd. The shear component mostly
presents within a very close vicinity of the QD sides, while
it is sufficiently weaker around the bottom. For the QDB
the highest energy density is around 0.04 GJ/m3. In the
DWELL case, the shear-strain distribution is similar, but
its energy density is 2.5 times smaller.

For the geometries considered above, a numerical solu-
tion to the quantum-mechanical problem with the deter-
mined strain-stress fields shows that the localization of
both electrons and holes is deeper in DWELL than in
QDB. The corresponding redshift of the optical excitonic
emission is 52 meV. This quantity is substantially less
than the experimentally observed value of 140–160 meV
[11,12]. The discrepancy indicates that we should consider
changes in the QD shape and volume in addition to the
QW-induced modification in the strain-stress field in order
to quantitatively describe the effect of DWELL.

Before consideration of these additional effects, let us
analyze what values of the QW parameters, i.e., h and
CIn, provide the deepest localization of carriers in a given
QD. Obviously, higher CIn may provide stronger modifica-
tion of the strain-stress field in the QD. Thicker QW may
expand this modification over the whole volume of the QD
including the top portion of it.

An increase of the QW thickness h and indium con-
centration CIn results in the increase of the elastic energy
due to either larger lattice mismatch or bigger stressed
volume. When elastic energy overcomes a certain thresh-
old, it causes the formation of misfit dislocations. The
critical parameters can be determined from the Matthews-
Blakeslee formula [29]

b2
x + b2

y + (1 − ν)b2
z

8π(1 + ν)bxhcr
ln

αhcr

b
= εm, (3)

where bx, by , bz are the components of the Burgers vec-
tor, b/α is the core cutoff radius of the dislocation. In
the calculations, we consider dislocations with the Burg-
ers vector 1

2 〈110〉 inclined at 600 to the dislocation line
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FIG. 2. (a) Dependence of the critical height hcr of the QW and
radius rcr of a spherical nanoinclusion on the In concentration;
(b) critical volume of an (In,Ga)As QD as a function of the In
concentration.

and at 450 to (001). Such dislocations are responsible for
the relaxation process in GaAs or (In,Ga)As films [29,30].
A blue field in Fig. 2(a) shows the region of h and CIn
where a dislocation-free (In,Ga)As QW is thermodynami-
cally stable on the GaAs substrate with (001) orientation.
The parameters marked by the gray dashed lines were used
in Refs. [11,12] and in our calculations described above to
show the concept.

Plotted in Fig. 3 are the results of the quantum-
mechanical calculations of the ground-state energies of
an electron, hole, and exciton localized in the DWELL.
The parameters are as follows. The InAs QD height is 9
nm, its base is 18 (red circles), 28 (green diamonds), or
38 nm (blue triangles). The indium concentration in the
QW varies along the horizontal axis from 0 (QDB case) to
0.7. The QW thickness h for each CIn is taken equal to the
critical value prescribed by Eq. (3). For the sake of greater
clarity, we also make calculations for an InAs QD with
28 nm base and 9 nm height, which is fully covered by the
QW so that the thermodynamic limitation of the interface
coherency is ignored. The results of these calculations are
plotted by black open circles and dashed lines.

It follows from Fig. 3 that the localization of both elec-
trons and holes in the QD becomes deeper with growing
CIn in the QW due to strengthening the modification of
the stress-strain field. However, the requirement of the
QW interface coherency prescribes smaller thickness of
the QW with higher CIn, so that the QD is mostly out-
side the layer where the strain field is modified by the
QW. As a trade-off between the strength of the effect and
the volume affected, the optimal QW parameters are CIn =
0.3, h = 3.85 nm for all the base lengths. It is worthwhile
to note that this set of the QW parameters was experimen-
tally found as the most efficient DWELL configuration in
Refs. [11,12,20–22].
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FIG. 3. Energies of (a) exciton, (b) electron, and (c) heavy
hole localized in the InAs QDs versus In concentration in the
(In,Ga)As QWs. The QD height is 9 nm. Green, red, and blue
curves and dots correspond to the QD base of 18, 28, and 38 nm.
Solid lines and symbols are calculated for the QW thickness
defined by Eq. (3). Open circles and dashed lines are calculated
for the QW thickness equal to the QD height.

The three curves in each panel of Fig. 3 have the fol-
lowing rationale. First, the well-developed InAs QDs on
the GaAs surface usually have {101} facets [31], which
corresponds to the pyramid aspect ratio H/L = 0.5 and
the base length L = 18 nm if H = 9 nm. Second, the QD
volume and shape are changed during the overgrowth by
the barrier material [31–34]. For InAs QDs overgrown by
GaAs a precise transmission electron microscopy revealed
{203} facets [23], which corresponds to the pyramid aspect
ratio H/L = 0.32 and the base length L = 28 nm if H =
9 nm. Third, the analysis carried out in Ref. [10] showed
that the optimal aspect ratio of approximately 0.2 pro-
vides the deepest carrier localization in an InAs QD of
any given volume buried in GaAs. We take L = 38 nm
for calculations, which corresponds to H/L = 0.24 if
H = 9 nm.

It should be noted that although a low aspect ratio
is thermodynamically favorable for buried QDs [10], the
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actual aspect ratio depends on the growth kinetics, i.e.,
on the technological procedure. In the case of bare QDs,
the reduction of the aspect ratio occurs with a constant
QD volume, since there is no external source of indium
atoms when the GaAs top barrier is deposited. In the case
of DWELL there is a lot of indium available for the QD
base extension during the deposition of the (In,Ga)As QW.
In this case, the change of the base length should happen
with almost constant QD height H . This statement is sup-
ported by the TEM study when InAs QDB and DWELL
are compared [11,24].

The total elastic energy of a QD is proportional to its
volume, which grows with the increasing base length and
constant height of the pyramid. When certain critical vol-
ume is reached, the elastic energy should relax by the
formation of misfit dislocation loops. An analytical con-
sideration of a spherical QD leads [9,35] to a formula for
rcr similar to Eq. (3) for hcr

3b
4π(1 + ν)rcr

ln
αrcr

b
≈ εm. (4)

The dependence of rcr(CIn) is shown in Fig. 2(a) by the red
curve where the colored region corresponds to dislocation-
free interfaces. The corresponding critical volume of the
QD is plotted as a function of CIn in Fig. 2(b). It follows
from the calculations that for InAs QD (i.e., CIn = 1) the
critical volume is close to the volume of a pyramid with
a height H = 9 nm and base L = 28 nm (V = 2352 nm3).
The QDs with larger bases are thermodynamically unstable
against the formation of misfit dislocations. For instance,
the QD with a height of 9 nm and a base length of 38 nm
has the volume 2 times larger than the critical one.

So, the requirements of the interface coherency impose
a strong limitation on the QD and QW composition and
geometry. It sets the limit of an improvement of the carrier
localization in the DWELL compared to the bare QD. The
largest redshift of the excitonic emission from a pyramidal
InAs QD with the height H = 9 nm is shown in Fig. 3
by the dashed arrow. It corresponds to the 3.85-nm-thick
QW with CIn = 0.3. The same configuration of DWELL
was experimentally found to be the most efficient [11,12].
The calculated shift of the excitonic emission by 165 meV
is well consistent with the experimental achievement by
Ustinov et al. (160 meV) [11].

For deeper insight into the phenomenon, let us decom-
pose the total value of the redshift into the contribu-
tions related to the modification of the strain-stress field
due to QW, increase of the QD volume and change in
the QD aspect ratio. The former can be evaluated from
Fig. 3 as a difference EX (CIn = 0) − EX (CIn = 0.3) =
(51 ÷ 63) meV.

In order to resolve the volume and aspect ratio contri-
butions, we vary the latter while the QD volume remains
constant. The results of calculations of the energies of
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DWELL and QDB cases, respectively.

localized electrons (Ee), holes (Eh), and excitons (EX ) are
shown in Fig. 4. The volume of the reference InAs QDs
is 2352 nm3. In Fig. 3 it corresponds to the green lines
for the QD with H = 9 nm and L = 28 nm. The blue
full circles in Fig. 4 represent the case of DWELL with
the (In,Ga)As QW of thickness h = 3.85 nm and with
CIn = 0.3. The open circles represent the case of a bare
InAs QD in the bulk GaAs. For both cases, the dependen-
cies of the carrier energies on the aspect ratio are similar
with the shift by 51 meV discussed above. An interplay of
quantum mechanics and solid mechanics provides a pro-
nounced minimum of the exciton energy when the aspect
ratio is near 0.2 for both QDB and DWELL. The aspect
ratio experimentally observed by Ustinov et al. in the case
of DWELL was 0.32. The decrease of the exciton energy in
DWELL is 34 meV when the aspect ratio is reduced from
0.5 to 0.32. The total redshift of the excitonic state equals
85 meV when the QD volume remains unchanged. Farther
reshaping to the optimal aspect ratio could give an addi-
tional redshift of the exciton energy by 11 meV to total 96
meV.

Thus, we separate the contributions of the vol-
ume and aspect ratio (approximately 78 and 36 meV,
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correspondingly) in the redshift of 114 meV accompany-
ing an increase of the base L from 18 to 28 nm during
the (In,Ga)As QW deposition. With the additional 51
meV due to the redistribution of the strain-stress field,
the total improvement of the exciton localization is as
large as 165 meV. This value is in a very good quantita-
tive agreement with the best experimental achievements
[11,12].

Our calculations predict the limit of improvement of
the exciton localization for the InAs-GaAs DWELL sys-
tem when compared to the InAs QDB, it is as large as
176 meV. When the QD volume is strictly limited by the
requirements of the interface coherency, the strongest pos-
sible localization of carriers can be achieved if the optimal
QD aspect ratio of approximately 0.2 is obtained during the
overgrowth procedure. We note that flattering of the QD
during overgrowth is thermodynamically favorable [10]
and, therefore, possible.

There are several phenomena such as In-Ga intermix-
ing and alloy fluctuations, which can change the layout of
the model. In accord to the TEM observations [11] these
phenomena make a minor impact under common growth
procedure, however, they should become relevant in cases
of a high-temperature treatment or strongly nonequilib-
rium growth. Such cases deserve special consideration,
which is out of the scope of this paper.

In conclusion, we study charge-carrier localization by
a pyramidal QD, which can be enhanced when the QD
is embedded in a QW. We reveal that three processes
contribute to the effect, namely, modification of the strain-
stress field, an increase of the QD volume, and decrease
of the QD aspect ratio. The total effect is limited by the
requirements of the interface coherency for both QD and
QW. We analyze the strain-stress field and the coherency
conditions for the most popular DWELL composed of
InAs QD and (In,Ga)As QW. For this system, a very good
quantitative agreement is achieved between our calcula-
tion results and the available experimental data. In optimal
DWELL configuration, the total effect of (In,Ga)As QW
on the carrier localization in the InAs QD can be as large
as 176 meV in terms of the redshift of the localized exciton
energy. We decompose this redshift of the exciton energy
into three components, corresponding to the increase of the
QD volume (78 meV), reduction of the QD aspect ratio
(47 meV), and QW driven strain-stress field redistribu-
tion (51 meV). Evidently, all the three contributions are
valuable for the phenomenon.

Our results are qualitatively valid and can readily be
adopted to any similar DWELL systems, such as InAs-InP,
GaSb-AlAs, etc.
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