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The key for realizing fault-tolerant quantum computation lies in maintaining the coherence of all qubits
so that high-fidelity and robust quantum manipulations on them can be achieved. One of the promising
approaches is to use geometric phases in the construction of universal quantum gates, due to their intrinsic
robustness against certain types of local noise. However, due to limitations in previous implementations,
the noise-resilience feature of nonadiabatic holonomic quantum computation (NHQC) still needs to be
improved. Here, in combination with the dynamical-correction technique, we propose a general protocol
of universal NHQC with simplified control, which can greatly suppress the effect of the accompanied X
errors, retaining the main merit of geometric quantum operations. Numerical simulation shows that the
performance of our gate can be much better than that of previous protocols. Remarkably, when incorpo-
rating a decoherence-free subspace encoding for the collective dephasing noise, our scheme can also be
robust against the involved Z errors. In addition, we also outline the physical implementation of the pro-
tocol, which is insensitive to both X and Z errors. Therefore, our protocol provides a promising strategy
for scalable fault-tolerant quantum computation.
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I. INTRODUCTION

Quantum computation and its physical implementation
have attracted much attention following the discovery of
Shor’s algorithm [1], which is an efficient algorithm for
factorizing prime numbers, a hard problem for classical
computers. However, up to now, the physical realization
of large-scale and fault-tolerant quantum computation [2]
has remained challenging due to the inevitable noise and
operational errors when manipulating a qubit. Therefore,
considering the fact that the coherence time of quan-
tum systems is limited, the attainment of fast and robust
quantum gates with high fidelity is the key for realizing
large-scale fault-tolerant quantum computation.

Geometric phases [3–5] are induced on a quantum sys-
tem by moving a set of its Hamiltonian parameters to form
a cyclic evolution in the parametric space and are deter-
mined by the trajectory that the quantum system travels.
This global property leads to the intrinsic noise-resilient
feature of geometric phases, which finds promising appli-
cation in quantum computation, where quantum gates are
implemented using geometric phases, i.e., geometric quan-
tum computation [6–9]. Recently, based on fast nonadia-
batic non-Abelian geometric phases, quantum computation
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protocols have been proposed [10,11] and expanded exten-
sively [12–21], with elementary experimental demonstra-
tions [22–29] on various quantum systems. However, due
to the implementation limitations, the preferred merit of
being resilient against operational control error, i.e., the X
error, of the geometric phases is compromised [30,31].

Meanwhile, to deal with general errors in nonadia-
batic holonomic quantum computation (NHQC), various
protocols have also been proposed, with preliminary exper-
imental demonstrations. Specifically, besides the conven-
tional wisdom of using an error-avoiding encoding tech-
nique [32–42], which is resource inefficient, incorporation
with other control techniques in NHQC has also been
introduced, such as the relatively experimentally friendly
composite scheme [43,44] or the dynamical decoupling
strategy [45,46], the deliberately optimal pulse-control
technique [47–52], shortening the gate-time method with
prescribed complex pulses [53–57], etc. However, in these
previous explorations, the enhancement of the gate robust-
ness has been obtained at the cost of the deliberate pulse-
shape control technique and/or has greatly extended the
gate time. Thus, the NHQC protocol with simplified con-
trol, while retaining the strong gate robustness, is highly
desired.

Here, in combination with the dynamical-correction
technique [58–60], we propose a general protocol for
universal NHQC without deliberate pulse control and with
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experimentally accessible techniques, termed as DCN-
HQC, which can improve gate robustness against the X
error from the second order in the conventional NHQC
case to the fourth order, thus retaining the main merit of
geometric quantum gates. Our gate time is the same as
that of the two-loop composite NHQC (CNHQC) scheme
[44], which is much shorter than the NHQC with optimal
control (NHQCOC) scheme [49,50]. However, numerical
simulation shows that the gate robustness in our scheme
can be much better than that of both the conventional
single-loop NHQC [15] and the CNHQC. Due to the
longer gate time, the gate infidelity of NHQCOC is much
higher than the current scheme, although they share similar
gate-robustness performance. Meanwhile, our scheme can
be incorporated with a decoherence-free subspace (DFS)
encoding for the collective dephasing noise [61–63], which
is robust against the collective Z error. In this way, the
present protocol can be immune to both X and Z errors.
Note that the origin of the gate-robustness enhancement
here is different from Ref. [64]. The enhancement there
is due to the much shorter gate time and thus the deco-
herence and errors can only affect the quantum dynamics
in a shorter time span. Here, the robustness of the cur-
rent scheme is stronger than in Ref. [64] but the gate
fidelity here is lower, due to the longer gate time. Finally,
we outline the physical implementation of the protocol,
which is insensitive to both X and Z errors, with conven-
tional exchange interactions among physical qubits, where
the unwanted leakage errors can be effectively eliminated.
Therefore, our protocol provides a promising strategy
toward large-scale fault-tolerant quantum computation.

II. CONVENTIONAL HOLONOMIC GATES

First, we summarize the realization of the conventional
single-loop NHQC [13–15], which is an efficient exten-
sion of the original NHQC proposal [10,11]. We consider
a three-level quantum system that is resonantly driven
by two different external pulses with amplitude envelopes
�0(t) and �1(t) and initial phases φ0 and φ1, respec-
tively. In the interaction picture, setting � = 1 hereafter,
the interaction Hamiltonian of the driving quantum system
is

H(t) = [
�0(t)e−iφ0 |0〉 +�1(t)e−iφ1 |1〉] 〈a| + H.c.

= �(t)e−iφ0 |b〉〈a| + H.c., (1)

where {|0〉, |1〉} is our chosen computational basis, i.e.,
the two qubit states, and |a〉 is an auxiliary state; �(t) =√
�2

0(t)+�2
1(t), |b〉 = sin(θ/2)|0〉 − cos(θ/2)eiφ|1〉 with

φ = φ0 − φ1 + π , and tan(θ/2) = �0(t)/�1(t), where θ
is a constant angle; and (θ ,φ) determine the rotation axis of
the implemented gates, as illustrated later. This interacting
Hamiltonian has a dark state of |d〉 = − cos(θ/2)e−iφ|0〉 −

sin(θ/2)|1〉, which is decoupled from the other eigenstates
during the quantum dynamics.

With the above Hamiltonian, conventional NHQC can
be realized in a single-loop way and in the dressed basis
{|b〉, |d〉}, the cyclic evolution path is shown in Fig. 1(a)
and with γg = π/2. Specifically, for the first half of the
evolution, i.e., t ∈ [0, T/2] where T is the whole gate time,
under the Hamiltonian in Eq. (1) with

∫ T/2
0 �(t)dt = π/2,

the bright state |b〉 starts from the northern pole and trav-
els down to the southern pole along the line of longitude
determined by φ0, where it is clockwise rotated through an
angle γg . Then, it goes back to the northern pole, also along
a line of longitude, determined by φ0 + π − γg under the
Hamiltonian in Eq. (1), with

∫ T
T/2�(t)dt = π/2. After this

cyclic evolution, with a total π pulse, the |b〉 state acquires
a pure geometric phase γg , while |d〉 is not changed, and
thus the corresponding holonomic quantum gate operation
is

U = |d〉〈d| + eiγg |b〉〈b|. (2)

Notably, the |a〉 state is not our computational state and its
population stays unchanged before and after the gate oper-
ation; thus we do not include this component in the above
equation. Correspondingly, in the computational basis of
{|0〉, |1〉}, the holonomic gate in Eq. (2) is

U = ei
γg
2 e−i

γg
2 n·σ , (3)

where n = (sin θ cosφ, − sin θ sinφ, cos θ) and σ = (σx,
σy , σz), with σx,y,z, are Pauli matrices in the computational
basis. This operation denotes a rotation along the n axis
through an angle of γg . As n and γg can be arbitrary,
universal single-qubit quantum gates are constructed.

However, as shown in Fig. 1(b), this type of implemen-
tation is not robust against the X error. In the presence
of the X error, i.e., Hε(t) = (1 + ε)H(t), where ε is the
deviation fraction of the amplitude of the driving fields,
the evolution can be solved by Uε(t) = e−iHε (t)t. Then, the
implemented holonomic gate in the dressed basis {|b〉, |d〉}
changes to

Uε = |d〉〈d| +
(

cos2 μπ

2
+ sin2 μπ

2
eiγg

)
|b〉〈b|, (4)

where μ = 1 + ε. Thus, when the X error is small, i.e.,
ε � 1, the gate fidelity in the dressed basis {|b〉, |d〉}
decreases from perfect unity to

F = |Tr(U†Uε)|
|Tr(U†U)| = 1

2

∣
∣∣1 + cos2 μπ

2
e−iγg + sin2 μπ

2

∣
∣∣

≈ 1 − ε2π2(1 − cos γg)/8, (5)

which shows that the holonomic quantum gates in the con-
ventional single-loop NHQC scheme can only suppress the
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FIG. 1. A schematic illustration of the evolution paths for
holonomic quantum gates in Eq. (3) with γg = π/2. The evo-
lution paths of the bright state |b〉 for the conventional NHQC
scheme (a) without and (b) with the systematic X error, which
obviously leads to the gate error. The evolution paths of the
bright state |b〉 in the DCNHQC scheme (c) without and (d)
with the X error. As shown in (d), the X error can be efficiently
eliminated by the dynamical-correction process.

X error up to the second order, similar to the performance
of dynamical quantum gates [30,31]. In this way, when the
quantum system suffers from systematic X errors, the |b〉
state cannot exactly go back to the original starting point
after the designed cyclic evolution, as shown in Fig. 1(b),
and thus leads to infidelity of the implemented quantum
gate.

III. DYNAMICALLY CORRECTED HOLONOMIC
GATES

We now turn to the implementation of the dynamically
corrected holonomic gates. To reduce the influence of the
X error in conventional NHQC, under the guidance of
the dynamical-correction technique [58–60], we insert two
dynamical processes to enhance the robustness against the
X error in conventional NHQC. Notably, this dynamical
correction also works when the two inserted dynamical
processes also have X errors. First, as shown in Fig. 1(c),
we consider the ideal case to explain the evolution pro-
cess, where the two dynamical processes are, respectively,
inserted at the midpoint in each half of the evolution path.
In this way, although there are dynamical phases that accu-
mulate during each dynamical processes, their summation
is zero, leaving a pure geometric phase γg on the dressed
state |b〉, and thus the whole process can still lead to
universal single-qubit holonomic gates in Eq. (3).

Specifically, at the midpoint of the first half of the
evolution path, i.e., at the time T/4, a Hamiltonian

HI
1(t) = �I

1(t)e
−i(φ0+π/2)|b〉〈a| + H.c. (6)

with
∫ 3T/4

T/4 �I
1(t)dt = π/2 is inserted. Due to this inserted

pulse, the starting time of the second half of the evolution
path changes to T and a second inserted Hamiltonian

HI
2(t) = �I

2(t)e
−i(φ0−γg−π/2)|b〉〈a| + H.c., (7)

with
∫ 7T/4

5T/4 �
I
2(t)dt = π/2, is turned on at the time 5T/4.

Therefore, in this case, the total gate time is 2T and the
total pulse area is 2π . Nevertheless, there is still no specific
restriction on the shapes of �(t), �I

1(t), and �I
2(t), except

for their integration. In this way, even in the presence of
the X error during the whole evolution process, includ-
ing in both the conventional NHQC process and the two
inserted dynamical processes, the dressed state |b〉 can still
go back to the original starting point after the cyclic evolu-
tion with high accuracy, as shown in Fig. 1(d), leading to
robust holonomic quantum gates.

We next proceed to analytically prove the above result.
In the presence of the X error, including in both the con-
ventional NHQC process and the two inserted dynamical
processes, the error Hamiltonian is Hε(t) as defined before
and the holonomic gates in the dressed basis {|b〉, |d〉}
change to

Uε
c =

[
cos4 μπ

2
+

(
sin2 μπ

2
+ 1

4
sin2 μπ

)
eiγg

]
|b〉〈b|

+ |d〉〈d|. (8)

Then, when the X error is small, i.e., ε � 1, the gate
fidelity in the dressed basis {|b〉, |d〉} of the three-level
quantum system is

Fc = |Tr(U†Uε
c)|

|Tr(U†U)|

= 1
2

∣∣∣
∣1 + sin2 μπ

2
+ 1

4
sin2 μπ + cos4 μπ

2
e−iγg

∣∣∣∣

≈ 1 − ε4π4(1 − cos γg)/32, (9)

which shows that dynamically corrected holonomic gates
can improve the gate robustness against the X error from
the second order in the conventional NHQC case (see
Eq. (5)) to the fourth order. As shown in Fig. 1(d), in this
case—the geometric trajectory starting from the dressed
state |b〉—the evolution process is driven by Hε(t) with
X errors; however, by inserting two dynamically corrected
Hamiltonians, which also be with the X error, the compro-
mised evolution process is now corrected. That is to say,
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the dressed state |b〉 arrives at the dressed basis |a〉 accu-
rately after the first half of the evolution path, and then goes
back to the dressed basis |b〉 accurately during the second
half, and finally acquires a pure geometric phase.

Furthermore, to faithfully confirm our results, we con-
sider a V-type three-level quantum system as shown in
Fig. 2(a) to simulate the gate performance of the proposed
single-qubit gates using the Lindblad master equation

ρ̇1 = i[ρ1,H] + 1
2

4∑

n=1


nL(σn), (10)

where ρ1 is the density matrix of the system under consid-
eration and L(σn) = 2σnρ1σ

†
n − σ

†
n σnρ1 − ρ1σ

†
n σn is the

Lindbladian of the operator σn, with σ1 = |a〉〈0|, σ2 =
|a〉〈1|, σ3 = (|0〉〈0| − |a〉〈a|)/2, σ4 = (|1〉〈1| − |a〉〈a|)/2,
and 
n as their corresponding decoherence rates. For typi-
cal systems that are suitable for physical implementation
of quantum computation, the 
n/�m ratio with �m =
max{�(t)} can be well below the 10−4 value within

current state-of-art technologies, even for the solid-state
quantum systems, which typically have shorter coher-
ence times. For example, for superconducting transmon
qubits [2,65], the qubit coherence time can approach
0.1 ms, corresponding to a kilohertz-level decoherence
rate, while the Rabi frequency can be tens of mega-
hertz. In our simulation, we set�(t) = �m = 1, φ0(0) = 0
and the decoherence rates 
n = 
 = 5 × 10−4. Specifi-
cally, we numerically demonstrate the state population and
fidelity dynamics of the dynamically corrected Hadamard
(H ) gate with θ = π/4, γg = π ,φ = 0 and S gate with
θ = 0, γg = π/2,φ = 0. The corresponding initial states
are set to be |ψi〉H = |0〉 and |ψi〉S = (|0〉 + |1〉)/√2,
respectively. Furthermore, we use the state fidelities,
defined by FH/S =H/S 〈ψf |ρ1|ψf 〉H/S, where |ψf 〉H =
(|0〉 + |1〉)/√2 and |ψf 〉S = (|0〉 + i|1〉)/√2 are the cor-
responding ideal target states, to evaluate these two gates.
As shown in Figs. 3(a) and 3(b), we obtain the state
fidelities for the H and S gates as FH = 99.69% and
FS = 99.73%, respectively. The amplitude envelopes of
�(t) and the phase envelopes of φ0 of the Hamilto-
nian H(t) for S gate are plotted in Fig. 3(c). Besides,
to fully evaluate the gate performance, using six ini-
tial states |0〉, |1〉, (|0〉 + |1〉)/√2, (|0〉 − |1〉)/√2, (|0〉 +
i|1〉)/√2, and (|0〉 − i|1〉)/√2, we define the gate fidelity
as [66]

FG
1 = 1

6

6∑

j =1
j 〈ψi|U†ρ1U|ψi〉j . (11)

The gate fidelities of the H and S gates are FG
H =

99.74% and FG
S = 99.74%, respectively, and the infidelity

is mainly due to the decoherence effect. Furthermore, we

|0〉
|1〉(a) (b)

Ω0(t) Ω1(t)

1 2

3 4

A1

A2

J1(t) J2(t)

g1(t) g2(t)

|a〉

FIG. 2. The setup of our proposal. (a) A V-type three-level
system with resonantly driving |0〉 ↔ |a〉 and |1〉 ↔ |a〉 transi-
tions. (b) The coupling configuration for a nontrivial two-qubit
holonomic quantum gate. The circles with different colors denote
the physical qubits with different frequencies, the squares denote
auxiliary physical qubits, and the black solid and orange dashed
bonds indicate that the interactions are for single- and two-qubit
gates, respectively.

numerically confirm that when 
 ≤ 2 × 10−4, both gate
fidelities can exceed 99.9%.

Finally, to demonstrate the robustness of the dynami-
cally corrected holonomic gates, we consider the X error
within the range of −0.1 ≤ ε ≤ 0.1, and select the S
gate for demonstration purposes. First, in the case with-
out decoherence, we numerically compare the robustness
of the present DCNHQC, the conventional single-loop
NHQC [15], the two-loop CNHQC [44], and the NHQ-
COC [49,50] cases. As shown in Fig. 3(d), both DCNHQC
and NHQCOC can improve the gate robustness against
the X error from the second order in the conventional
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FIG. 3. The state population and fidelity dynamics for the
dynamically corrected holonomic (a) H and (b) S gates. (c) The
shapes of the � and phases φ0 in H(t) for the S gate. (d) The
gate robustness with the logarithm to base ten of the gate infi-
delity for the S gate under the X error without decoherence,
obtained from DCNHQC, NHQCOC, conventional single-loop
NHQC, and two-loop CNHQC, where the first two techniques
show better performance.
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FIG. 4. The robustness of the S gate in the (a) DCNHQC, (b)
conventional single-loop NHQC, (c) two-loop CNHQC, and (d)
NHQCOC cases, considering both the X error and the deco-
herence effect with a uniform decoherence rate 
/�m. In this
realistic case, the proposed DCNHQC strategy performs best.

NHQC case to the fourth order, which demonstrates the
stronger robustness of dynamically corrected holonomic
gates against the X error. Second, we repeat the above
comparison under decoherence, with a uniform rate of

n = 
 ∈ [0, 5] × 10−4. As shown in Fig. 4, after consid-
ering the influence of both the X error and the decoherence
effect, the current DCNHQC protocol performs best. In
this case, the gate fidelity in the NHQCOC case decreases
rapidly, as it suffers severely from the decoherence effect,
due to the longer gate time required by deliberately engi-
neered pulse shapes. In addition, from Fig. 4(a), when

 ≤ 0.9 × 10−4, the fidelity for all gates can be higher than
99.9% for the X error within the range of −0.1 ≤ ε ≤ 0.1.
Thus, our proposal is apparently more robust than previous
ones.

IV. PHYSICAL IMPLEMENTATION

In this last section, we show that, based on the dynami-
cally corrected technique, the X error can be suppressed
well for dynamically corrected holonomic gates. Mean-
while, when incorporating a DFS encoding for the collec-
tive dephasing noise, our scheme can also be robust against
the collective Z error. We now turn to consider the physical
implementation of the scheme combining the dynamically
correction technique and the DFS encoding. We consider
three resonantly coupled two-level qubits with conven-
tional two-body exchange interaction as shown in Fig.
2(b), the Hamiltonian of which is

H1(t) = J1(t)e−iϕ1S+
1 S−

A1
+ J2(t)e−iϕ2S+

2 S−
A1

+ H.c., (12)

where Jk(t) (k = 1, 2) are coupling strengths between
qubits Qk and QA1 , and S+ = |1〉〈0| is the creation
operator. This exchange-interaction Hamiltonian is very
general and can be implemented in trapped ions [34],

cavity-coupled N-V centers [35], different superconduct-
ing quantum circuit setups [36–39,41,55], etc. Then,
we combine three physical qubits and encode them
into a logical qubit that belongs to a three-dimensional
DFS S1 = Span{|100〉, |010〉, |001〉}, with |100〉 ≡ |1〉1 ⊗
|0〉2 ⊗ |0〉A1 . In this single-excitation subspace, the logi-
cal qubit states are defined as {|0〉L = |100〉 and |1〉L =
|010〉}, with |A1〉L = |001〉 serving as an ancillary state.
To prepare arbitrary states in logical qubit subspace, we
can encode an arbitrary state on physical qubit 1, e.g.,
|ψ〉1 = a|1〉1 + b|0〉1, into the logical qubit subspace, i.e.,
|ψ〉L = a|100〉 + b|010〉 = a|0〉L + b|1〉L. When the other
two qubits are both in their ground states, this can be
achieved as following. First, a NOT gate is applied on
qubit 2 and then a controlled-NOT (CNOT) gate is applied
on qubits 1 and 2, with qubit 1 being the control qubit.
Meanwhile, the decoding circuit can be obtained by invert-
ing these two steps. In the logical basis, Eq. (12) can be
rewritten as

H1
L(t) = J1(t)e−iϕ1 |0〉L〈A1| + J2(t)e−iϕ2 |1〉L〈A1| + H.c.,

(13)

which has the same form as the Hamiltonian H(t) in
Eq. (1) and thus can naturally be used to apply the DCN-
HQC strategy to suppress the X error. When 
 = 2 ×
10−4, the fidelity of the H gate is 99.85%, where the
infidelity is mainly due to the decoherence effect of the
physical qubits.

Here, we also compare the gate robustness of our DCN-
HQC without and with the DFS encoding in Fig. 5, consid-
ering both the X and Z errors for HE(t) = (1 + ε)H(t)−
δ�m|a〉〈a| and HE

L (t) = (1 + ε)H1
L(t)− δ�m(|0〉L〈0| +

|1〉L〈1| + |A1〉L〈A1|), respectively. We consider the S gate
for a typical example. As shown in Fig. 5(a), the gate from
DCNHQC can only suppress the X error, while combining
it with the DFS encoding, the gate with encoding can sup-
press both the X and Z errors and the gate infidelities are
well within 0.1% in the error range under consideration,
as shown in Fig. 5(b). Here, for the numerical simulation
of the DFS encoding case, we consider a simple case in
which the dephasing is collective, i.e., the Z error is the
same for each physical qubit. When the Z errors δj are
different in physical qubits, the DFS encoding can still
eliminate the overlapping part of the δj drifts, which are
of low-frequency nature for solid-state qubits and thus can
be regarded as constants during a certain quantum gate
operation.

In addition, to realize universal quantum computation,
a nontrivial two-qubit gate is also necessary. Next, we
consider six two-level physical qubit systems with effec-
tive and resonant coupling [see Fig. 2(b)], to implement
nontrivial two-qubit gates. The considered interaction
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FIG. 5. The gate robustness of the S gate in DCNHQC (a)
without and (b) with the DFS encoding, considering both the X
error and the collective Z error, where the encoded case performs
much better.

Hamiltonian is

H2(t) = g1(t)e−iϕ3S+
2 S−

3 + g2(t)e−iϕ4S+
2 S−

4 + H.c., (14)

where gk(t) (k = 1, 2) are coupling strengths between
qubit pairs Q2, Q3 and Q2, Q4, respectively. Adher-
ing to the single-qubit DFS encoding, there exists a
six-dimensional DFS S2 = Span{|100100〉, |100010〉,
|010100〉, |010010〉, |110000〉, |000110〉} with |100100〉 ≡
|1〉1 ⊗ |0〉2 ⊗ |0〉A1 ⊗ |1〉3 ⊗ |0〉4 ⊗ |0〉A2 , and the logi-
cal qubits are defined as {|00〉L = |100100〉, |01〉L =
|100010〉, |10〉L = |010100〉, |11〉L = |010010〉}, where
|A1〉L = |110000〉 and |A2〉L = |000110〉 are two auxiliary
states. In this two-qubit DFS subspace, the Hamiltonian of
the coupled system in Eq. (14) changes to

H2
L(t) = g1(t)e−iϕ3 |A1〉L〈00| + g2(t)e−iϕ4 |A1〉L〈01|

+ g1(t)e−iϕ3 |11〉L〈A2| + g2(t)e−iϕ4 |10〉L〈A2|
+ H.c., (15)

which has two three-level structures, in subspaces
Span{|00〉L, |01〉L, |A1〉L} and Span{|10〉L, |11〉L, |A2〉L} [10],
each of which has the same form with the Hamiltonian
H(t) in Eq. (1). Then, we can also implement dynamically
corrected nonadiabatic holonomic two-qubit gates, which
suppresses both the X and Z errors.

Specifically, besides the two inserted Hamiltoni-
ans, when

∫ τ
0

√
g1(t)2 + g2(t)2dt = π and the geomet-

ric phase is π , the evolution operator in subspaces
Span{|00〉L, |01〉L, |A1〉L, |10〉L, |11〉L, |A2〉L} for the Hamil-
tonian in Eq. (15) can be written as

UT(η,ϕ)

=

⎛

⎜⎜⎜
⎜⎜
⎝

cos η sin ηe−iϕ 0 0 0 0
sin ηeiϕ − cos η 0 0 0 0

0 0 −i 0 0 0
0 0 0 − cos η sin ηe−iϕ 0
0 0 0 sin ηeiϕ cos η 0
0 0 0 0 0 −i

⎞

⎟⎟⎟⎟⎟
⎠

,

(16)

where tan(η/2) = g1(t)/g2(t), with η being a con-
stant angle and ϕ = ϕ3 − ϕ4 + π . Notably, there are
no transitions between the two-logical-qubit subspace
Span{|00〉L, |01〉L, |10〉L, |11〉L} and the auxiliary subspace
Span{|A1〉L, |A2〉L}; thus, the evolution operator in the two-
logical-qubit subspace reduces to [10]

U2(η,ϕ) =

⎛

⎜
⎝

cos η sin ηe−iϕ 0 0
sin ηeiϕ − cos η 0 0

0 0 − cos η sin ηe−iϕ

0 0 sin ηeiϕ cos η

⎞

⎟
⎠.

(17)

Notably, the operations in two subspaces of {|00〉L, |01〉L}
and {|10〉L, |11〉L} are different; thus the operator in Eq. (17)
denotes a nontrivial two-qubit gate in general. For exam-
ple, U2(π/4, 0) ≡ C is an entangling gate [38], and

C × (I1 ⊗ H2) =

⎛

⎜
⎝

1 0 0 0
0 1 0 0
0 0 0 −1
0 0 1 0

⎞

⎟
⎠

= CNOT × CP, (18)

where CP is the controlled-phase gate. Furthermore, when

 = 2 × 10−4, as shown in Fig. 6, we simulate the state
dynamics of gate C governed by Eq. (14), with an initial
product state of (|0〉L + |1〉L)|0〉L/

√
2 and a state fidelity

of FC = 99.82%. In this case, the corresponding final state
is

(|00〉L + |01〉L − |10〉L + |11〉L)/2

= (| − 0〉L + | + 1〉L)/
√

2,

where |±〉 = (|0〉L ± |1〉L)/
√

2, which is an entangled
state. As our manipulation of the logical-qubit subspace
only involves the single-excitation subspace of the gov-
erned Hamiltonian in Eqs. (12) and (14), the physical-qubit
leakage and other high-order oscillating terms can be effec-
tively suppressed, which leads to negligible gate infidelity.
Meanwhile, due to the DFS encoding, the dephasing-
induced gate infidelity is also negligible, less than 0.01%.
Thus, the gate infidelity here, about 0.18%, is mainly
due to the qubit-decay effect, which can be further sup-
pressed by improving the lifetime of the physical qubit or
shortening the gate time.

V. CONCLUSION

In conclusion, we propose a general scheme for uni-
versal NHQC with the dynamical-correction technique,
which can improve gate robustness against the X error
from the second order of the conventional NHQC case to
the fourth order, thus retaining the main merit of geomet-
ric quantum gates. Numerical simulation shows that our

044005-6
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FIG. 6. The state dynamics of gate C for an initial state of
(|0〉L + |1〉L)|0〉L/

√
2.

current protocol can be better than previous implementa-
tions. Remarkably, when incorporating a DFS encoding,
our scheme can also be robust against the Z errors. Finally,
we present the physical implementation of the dynamically
corrected protocol with DFS encoding using exchange
interactions, which is a thoroughly conventional approach
in solid-state quantum systems. Therefore, our scheme pro-
vides a promising strategy for future scalable fault-tolerant
quantum computation.
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