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50-370 Wroclaw, Poland

 (Received 24 June 2021; revised 10 September 2021; accepted 13 September 2021; published 24 September 2021)

We perform a computational study, based on the molecular-dynamics method, of the shape of Miram
curves obtained from microscale planar diodes. We discuss the smooth transition from the source-limited
regime to the space-charge-limited regime due to the finite size of the emitter (i.e., the “knee” in the Miram
curve). In our model we find that the smoothing occurs mostly due to the increased emission at the external
edges of the emitting area, and that the knee becomes softer when the size of the emitting area decreases.
We relate this to recent work that has described how a heterogeneous work function similarly affects the
Miram curve.
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I. INTRODUCTION

The Miram curve is a characteristic of thermionic diodes
showing the current dependence on the cathode tempera-
ture [1] (i.e., the I -T characteristic). In the low-temperature
range the current density is source limited or tempera-
ture limited and is given by the Richardson-Laue-Dushman
(RLD) law [2–5] and depends on the emitter work func-
tion and temperature. The number of particles in the diode
gap increases with temperature, and thus also on the space-
charge effects, which reduce the electric field at the cathode
surface. At high temperatures the diode operates in the
space-charge-limited regime, in which a fraction of the
released electrons is repelled back toward the cathode and
the emission of other electrons is prevented. In this regime
the current density depends on the applied voltage and gap
spacing and is described by the Child-Langmuir law [6,7].

The transition region from the source-limited regime to
the space-charge-limited regime is referred to as the “knee”
in the Miram curve. This knee is particularly important
because most thermionic diodes operate in the transition
range [8] so as to generate large current density with
minimal thermal degradation of the cathode. At the same
time, this part of the Miram curve is the most difficult
to understand. For the ideal model of an infinite, pla-
nar, and uniform cathode, the transition is very sharp and
is followed by a stable (temperature-independent) current
in the space-charge-limited regime [1,9–11]. In contrast,
experimental Miram curves show smooth knees associated
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with cathode imperfections or disorder that translate into a
nonuniform work function [1,12–14].

Despite considerable effort to explain the shape of
Miram curves and related temperature effects [1,8–19], the
physical processes governing the thermal emission are not
fully understood yet. Recently, significant advancement
has been made in understanding the processes responsi-
ble for the softening of the knee due to the studies of
Chernin et al. [10] and Jassem et al. [18]. They investi-
gated the impact of a nonuniform work function on the
Miram curves obtained from infinite cathodes, and in par-
ticular they studied systems where the areas of different
work functions formed parallel stripes, formed a checker-
board pattern, or were randomly arranged. Their findings
showed that the inhomogeneity of the work function leads
to a considerable softening of the knee, which increases
with the size of the work-function grid. Chernin et al. [10]
and Jassem et al. [18] associated the softening effect with
the increased emission at the boundaries between regions
of higher and lower work function.

Recently we investigated field-assisted thermionic emis-
sion from cathodes with finite-size emitting areas [20]. We
observed the characteristic softening of the knee of the
Miram curve and internal current distribution as Chernin et
al. [10] and Jassem et al. [18] for cathodes with a hetero-
geneous work function, but we also observed that the knee
of the Miram curve was softened even if the work function
was homogeneous. We speculated that this was due to the
finite size of the cathode and related to enhanced emission
from the edges of the emitter.

In this work we apply the method used in Ref. [20]
to further investigate the mechanisms responsible for
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softening of the knee region of the Miram curve. We look
at the effect of the size of a finite emitter area of a uniform
work function on the Miram curve, and compare it with the
effect of work-function heterogeneity.

This paper is organized as follows. In the next section
we describe the systems under study and the computational
method. In Sec. III we present our results. Finally, Sec. IV
contains a summary and final remarks.

II. MODEL

We study vacuum diodes consisting of infinite planar
electrodes. The emitting area on the cathode surface is
restricted to a square of variable side length (L) and is
characterized by a uniform work function. Since the active
region is surrounded by nonemitting cathode surface, there
is no field enhancement at the corners of the emitting area.
The infinite lateral extent of the anode allows the absorp-
tion of every electron reaching its surface irrespective of
the emitter size and the lateral expansion of the electron
beam.

The systems under study operate in the field-assisted-
thermal-emission regime (i.e., the electrons are released
thermally from the cathode surface over the top of a barrier
reduced by the Schottky effect but their movement within
the gap is governed by the voltage applied between the
anode and the cathode). In particular, for time t < 0, no
electron is released, due to a negative voltage bias that sup-
presses any current in the diode. At t = 0 this voltage is
reversed and set to a finite value that allows the electrons
to travel toward the anode. In this regime the voltage is
too weak to release electrons from the cathode itself (i.e.,
it does not induce field emission). Nonetheless, it reduces
the surface barrier via the Schottky effect and the space
charge by sweeping the carriers away from the cathode.
Both these effects result in an increase of the current with
the applied voltage [20].

To describe the current density injected into the system,
we use the formula derived in Refs. [21,22]:

J (E, T) = ARLDT2n
∫ ∞

−∞

ln
[
1 + en(x−s)

]
1 + ex dx, (1)

where E is the electrostatic field at a point of the cathode
surface (it is the result of the interplay between the applied
voltage and space charge due to electrons filling the gap),
T represents temperature,

ARLD = qmk2
B

2π2�3

is the Richardson constant, where q and m are the electron
charge and mass, respectively, and kB and � stand for the
Boltzmann constant and the Planck constant, respectively,

and

n = βT

βE

is the ratio between the temperature and field-energy slope
factors βT = 1/kBT and βE , respectively. Equation (1) may
be used to describe field and thermal emissions, as well
as the transition range between these two processes. How-
ever, each regime requires particular forms of βE and
the function s. According to Jensen [21], for the case of
field-assisted thermal emission

βE = π

q�E

√
m�

√
l,

where � represents the work function and

l = q3

4πε0

E
�2

is a dimensionless positive parameter, while

s = βEφ,

with φ = (1 − √
l)� the image-charge-reduced barrier.

After specifying the current density injected into the sys-
tem [Eq. (1)], we apply the Metropolis-Hastings algorithm
to determine the electric field at the cathode surface, and
thus find favorable locations for the electrons to be emitted.
Finally, we perform high-resolution molecular-dynamics
simulations that include full Coulomb interactions of elec-
trons. The method allows us to specify not only the spread
and density of the whole beam in the gap but also the
spread and density of beams originating from particular
areas of the cathode, and thus determine currents (includ-
ing partial currents) and beam quality factors [20,23].

We use the Ramo-Shockley theorem [24] to calculate
the currents:

I = q
d

∑
i

(vz)i ,

where d denotes the gap separating the anode from the
cathode, vz stands for the z component (normal to the
cathode) of the electron’s instantaneous velocity, and the
summation is performed over all electrons in the gap. The
Miram curves we present show the dependence of an aver-
aged steady-state current on temperature. For each value of
temperature, we perform the full evolution of the system.

W present the results of simulations performed for vac-
uum diodes with square emitting areas of side length L
ranging from 0.5 to 6 μm and constant gap spacing d =
1 μm. We show Miram curves of uniform cathodes with
work function � set to 2 eV that are subjected to an applied
voltage of V0 = 5 V.

For such small cathodes the space-charge limit is
reached at temperatures as high as 3000 K, and thus to take
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(a) (b) (c)T = 1900 K T = 2000 K T = 2200 K

FIG. 1. Normalized local density of electrons at the cathode
with a uniform square emitting area of side length L = 3 μm for
the transition (knee) region. The color maps in each panel are
normalized with respect to the largest value.

into account the space-charge-limited regime we need to
consider temperatures beyond the realistic operating range
of actual cathodes. We believe this is a scaling of param-
eters that does not change the physical phenomena that
occur in realistic cathodes. A similar extrapolation was
used in Ref. [20].

III. RESULTS

Below we present our results on the Miram curves
obtained from square emitters of finite size. Because of the
different current density between the central part of a cath-
ode and the edge area, we treat these regions separately and
show how each of them contributes to the total current.
We then compare the Miram curves obtained from emit-
ting areas of different size. Finally, we comment on how a
nonuniform work function affects the Miram curves.

A uniform thermionic cathode subjected to sufficiently
high temperature and a bias voltage that allows the elec-
trons to move toward the anode begins to emit electrons.
Initially (at T = 1500 K), only a few particles, which are
released from random spots on the emitting surface, enter
the gap. The number of emitted electrons increases with
temperature, and at T = 1900 K the local density of elec-
trons at the cathode still has spatial randomness, as shown
in Fig. 1(a). Nevertheless, all particles that enter the gap
reach the anode. In this source-limited or temperature-
limited regime, the emission, and thus the current, is gov-
erned by the properties of the cathode (e.g., work function)
and temperature.

Further increase of temperature results in the accumu-
lation of space charge in the gap, so electrostatic forces
start to strongly affect the electron beam. At the cathode
the current density is high at the edge of the emitter [25],
while in the interior region it is lower and, in the case
of a homogeneous work function, uniform. This distribu-
tion is characteristic of space-charge-limited emission. As
the beam propagates, space-charge forces cause the trans-
verse beam envelope to grow and become rounded, and
the current density to have a maximum at the center of the

FIG. 2. Miram curve (blue) for a square emitting area of side
length L = 3 μm and its contributions from the “frame” region
(brown) around the edges and from the remaining internal part
(yellow) of the emitting area. The inset shows the emitting area
divided into the frame region (brown) of width t = 0.167 μm
and the internal area (yellow) for which the partial currents are
calculated.

beam [20]. As the current increases with temperature, and
the beam is pushed into the space-charge-limited regime,
edge emission becomes more enhanced, as can be seen in
Figs. 1(b) and 1(c). Moreover, the area of enhanced emis-
sion for temperatures above the knee is very narrow [Fig.
1(c)]. Recent work has shown increased emission within a
very thin area around the boundary from circular emitters
operating in the space-charge-limited regime, which is the
source of the bulk of the current from microscopic finite
emitters [26].

The current from the uniform cathode increases with
temperature throughout the range studied (Fig. 2, blue
curve), but the rate of increase depends on the emission
regime, and thus on temperature. At low temperatures (i.e.,
when the diode operates in the source-limited regime),
the slope of the I -T curve increases rapidly. During tran-
sition into the space-charge-limited regime, the gradient
decreases, leading to the “knee” of the Miram curve.
The total current never fully stabilizes, but increases with
temperature even in the space-charge-limited regime.

The Miram curve for the finite diode with a homoge-
neous work function is thus qualitatively different from
that of an infinite planar diode with a homogeneous
work function. The latter has an abrupt transition between
the source-limited regime and the space-charge-limited
regime, as demonstrated in simulations based on solving
the Vlasov and Poisson equations for a continuous charge
distribution [10,18]. It is of interest to note that the Miram
curve for the finite-area emitter, the blue curve in Fig. 2,
not only shows the soft transition between source-limited
and space-charge-limited emission, but also a continuing
increase in emission with temperature in the space-charge-
limited regime. Chernin et al. [10] observed this type of
steady increase of current with temperature in particle-in-
cell simulations for an infinite cathode of uniform work
function, which they correctly attributed to the effects of
finite emission velocity. In our model the electrons have
vanishing emission velocity, so the increasing current in
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the space-charge regime is likely due to the finite area of
emission, as demonstrated henceforth.

To better understand the shape of the Miram curve in
Fig. 2, we separate the contribution to the current from the
emitter edge from that of the emitter interior by dividing
the emitting area into the frame region (f ) at the perimeter
of the emitting area of the cathode and the remaining inter-
nal part, as shown in the inset in Fig. 2. Next we calculate
separately the currents originating from both regions. We
see that the current coming from the interior of the cath-
ode, represented by the yellow curve in Fig. 2, resembles
the Miram curves achieved with models of infinite emitting
area and uniform work function [1,9–11] (i.e., the current
rapidly increases with temperature, and then it stabilizes at
a nearly constant value). This constant current is our point
of reference in defining the width of the frame area because
it confirms that the whole internal area is subjected to space
charge. Thus, we continue to decrease the thickness of the
outer region as long as we can obtain nearly stable current
from the central part. The knee for current coming from the
interior is softer than predicted by one-dimensional beam
models [1,9,11]. In contrast to infinite systems, where the
space-charge effects are spatially homogeneous, in finite
systems the area of space-charge-limited emission first
appears in the central part and extends with increasing tem-
perature toward the edges. Thus, in the transition range the
emission from the internal region is not uniform; in partic-
ular, it is stronger in the outer part [Figs. 1(b) and 1(c)],
which results in the softening of the transition range, but
still this knee is much sharper than that of the total current.

In contrast, the edge current represented by the brown
curve in Fig. 2 continues to grow with the temperature
throughout the whole temperature range studied. This is
in accordance with the well-known effect that in the space-
charge limit the current density from the edge of a finite
emitter is significantly larger than that from the interior
[25,26]. At low temperatures the whole emitter operates in
the temperature-limited regime, and thus the magnitudes
of partial currents are roughly proportional to the fractions
of the area from which they originate. This changes with
increasing temperature, due to the space-charge effects,
which are much greater in the central section than in
the edge area [Figs. 1(b) and 1(c)]. For example, at T =
3000 K the edge current exceeds 40% of the total current
although the area of the frame region constitutes only 21%
of the whole emitting area.

In our model the softening of the knee also depends
on the size of the emitting area. In particular, the smaller
the active region is, the smoother the transition from the
source-limited regime to the space-charge-limited regime
is [Fig. 3(a)]. For a square of edge length L, the ratio
between its perimeter length and area is 4/L. This ratio
increases as the edge length decreases, which implies an
increased relative contribution from the edge on the emis-
sion from smaller emitters. In Figs. 3(b) and 3(c) we

(a)

(b)

(c)

FIG. 3. Normalized Miram curves [I0 = I(T = 3000 K)] for
cathodes of different side length L (a) and the contributions from
the internal region (b) and the perimeter region representing 21%
of the emitter area (c).

compare the partial currents obtained from the internal
and frame regions, respectively. In all cases the area of
the frame constitutes 21% of the emitter area, while the
internal part represents 79%. The shape of the curve repre-
senting the current originating from the central region does
not depend on the edge length, which is not surprising if
we keep in mind that the space-charge emission limit at
any point is primarily due to the electrons closest to that
point. Thus, because of local homogeneity of emission, the
I -T curve for the interior resembles more that of an infi-
nite emitter of uniform work function. At the emitter edge
two things influence the space-charge limit. First, the emis-
sion outside the edge region decreases the space charge to
one side and allows a higher current density in the edge
region under space-charge-limited conditions. Second, the
absence of space charge outside the edge region allows
electrons emitted from the edge to expand outward, further
accommodating more current from the edge. This results
in a much-softer transition in the I -T curve for the frame
area.

It is illustrative to compare our results on how a finite
emitter area affects the Miram curve with those obtained
by varying the work function on the surface of an infinite
emitter [10,18,20]. In the infinite-area emitter the heteroge-
neous internal structure leads to a softening of the Miram
curve due to piecewise space-charge limitation across the
cathode surface. This piecewise limitation occurs because
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the current from the high-work-function regions reaches
the space-charge limit at higher temperature and because
electrons from the edge of the lower-work-function regions
expand laterally into the area above the higher-work-
function areas. It is the lateral expansion and discontinuity
of space charge that is similar to the physics behind the
effects of a finite emission area on the Miram curve. In the
heterogeneous cathode the lateral expansion is internal and
results in a uniform current density above the cathode sur-
face, whereas in the finite emitter case, the current density
is always greater at the edge.

IV. CONCLUSIONS

We study the field-assisted thermionic emission from
planar cathodes with emitting areas of finite dimen-
sions. We focus on current versus temperature dependence
(i.e., on the Miram curves). In particular, we investi-
gate the transition range between source-limited emission
and space-charge-limited emission commonly referred to
as a “knee.” According to many theoretical models this
transition should be abrupt and followed by a space-
charge-dominated constant current. On the contrary, the
transition range of experimentally obtained characteristics
is smoothly curved.

Recent studies show that softening of the knee in the
Miram curve may be attributed to a heterogeneous work
function on the emitter surface [10,18,20]. Our results
show that the softening of the knee occurs also due to the
finite size of the emitters. The electrons released close the
edge of the emitting area may easily diffuse to the sur-
rounding vacuum. The emission at the edges is increased
with respect to the central part of the cathode, and the cor-
responding edge current constitutes a considerable fraction
of the total current and slowly increases with temperature.
This slowly but constantly growing contribution is respon-
sible for softening of the knee and for the increase of the
total current in the space-charge-dominated regime. More-
over, we show that the degree of softening increases with
decrease of the size of the emitting area.
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