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Determination of ultrasound scattering and intrinsic attenuations in heterogeneous media is of impor-
tance from material characterization to geophysical applications. Here, we present an efficient inverse
method within a finite-size scattering medium, where boundary reflection plays a crucial role. To fit the
energy profile of scattered coda waves, we solve the acoustic radiative-transfer equation by Monte Carlo
simulations for cylinder and slab geometries, under the isotropic scattering approximation. We show that
the fit with the simplistic radiative-transfer solution in an infinite medium may result in underestimated
values of the scattering mean free path, ls, and absorption, Q−1

i , by up to 40%. Our main finding is anoma-
lous transport behavior in thin slab samples, where the ballistic peak and the diffusionlike one are merged
into one single peak. This anomalous behavior, related to a wave-focusing effect in the forward direction,
can mislead the inverse process and lead to an overestimation of ls by more than 200%. We compare
simulated energy profiles with ultrasound envelopes obtained in a polycrystal-like granite slab from the
ballistic to the diffusive regime. The ls deduced from off-axis detections agrees with that estimated from
the correlation length of the shear-wave velocity by structural imaging analysis.
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I. INTRODUCTION

Experimental studies suggest that seismic (elastic) wave
attenuation is much more sensitive to changes in rock prop-
erties than that of the wave velocity [1]. Attenuation refers
here to the intrinsic (i.e., anelastic) attenuation that con-
verts seismic energy into heat, otherwise called absorption
or dissipation. Absorption is challenging to measure, since
seismic amplitudes may be affected by many factors [2].
This difficulty also exists in ultrasonic laboratory experi-
ments on rock samples due to beam spreading, wave scat-
tering, and boundary reflections. For quasi-homogeneous
rocks, wave scattering may be ignored. Absorption can
then be measured from the ballistic or reflected pulses,
i.e., the coherent wave field [3,4]. However, these meth-
ods may overestimate absorption in heterogeneous rocks,
since ballistic wave attenuation also includes scattering by
wavelength-scale heterogeneities [5]. Moreover, in strong
(multiple) scattering rocks, such as granite and gabbro
[6], it is even challenging to identify correctly coherent
pulses from scattered coda signals. Similar situations are
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also encountered for nondestructive evaluation of hetero-
geneous materials in engineering applications in which
diagnostic methods based on ultrasonic (or seismic) coda
waves are developed [7–13], including diffusing-wave
spectroscopy in the case of evolving media [14]. Here,
we investigate the transition from the ballistic to the diffu-
sive regime within acoustic (scalar) radiative-transfer (RT)
theory, to disentangle scattering and intrinsic attenuations
from ultrasound coda waves in finite-size heterogeneous
media.

RT theory is a general scattering theory [15–19] based
on a particle description of wave propagation (see dis-
cussion in Sec. II A). It is usually expressed in terms
of the specific intensity, defined as the radiant power per
unit area; solid angle; and frequency. The specific inten-
sity obeys a Boltzmann-type differential equation called
the radiative-transfer equation (RTE), which can be solved
through Monte Carlo (MC) simulations [20–23]. Interest-
ingly, such simulations can handle complex boundary con-
ditions [22,23], which would be difficult, if not impossible,
to treat through analytical methods. The generality of RT
theory is critical for the attenuation inverse problem, since
ultrasound scattering in rocks may lead to an intermedi-
ate regime between two limiting cases: the weak-scattering
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regime, which is well described by a single-scattering ana-
lytical model [24,25], and the strong-scattering regime,
where the RTE is asymptotically equivalent to the diffusion
equation [26–28]. Nevertheless, applying MC simulations
to describe wave propagation in finite-size rocks requires
the boundary condition and the geometry of the source to
be treated carefully.

Unlike the layered half-space model used in seismol-
ogy, rock samples used in laboratory experiments are often
shaped in cuboid, slab, or cylinder geometries to facilitate
the experimental control of pressure, temperature, satura-
tion, etc. [29,30]. As shown in optics [31–33], and later in
seismology [23], boundary reflections from such a finite-
size sample have to be considered properly to determine
the transport parameters. For slablike polycrystals, this can
be done based on the existing steady-state RTE solution,
but the time-dependent RTE needs to be solved numeri-
cally [7,34]. For ultrasonic measurements in granite and
gabbro, only the reflection of coherent elastic waves from
the boundary was previously taken into account [35]. Here,
we investigate the effect of boundary reflections in the
multiple-scattering regime to infer adequately intrinsic and
scattering attenuations (or elastic mean free path).

Furthermore, the ultrasonic source transducer is often
a finite-size source (instead of a point source). When the
source is large relative to the propagation distance, plane-
wave source geometry can be assumed [8,36]. In this case,
the energy profile can noticeably be broadened, and the
peak value time is delayed. When the source is smaller than
the travel distance [37], it may instead be treated as a point
source. Here, we consider the source-size effect precisely
in our MC simulations and study its influence on inversed
attenuations.

In Sec. II, we review the scalar RTE and its time-
dependent analytical solution and then describe the numer-
ical resolutions of the RTE using MC simulations in the
case of infinite media and finite-size media with boundary
reflection. In Sec. III, we study the effect of a finite-
size source. Particular attention is paid to the impact of
boundary reflections and source sizes on the intrinsic atten-
uation, Q−1

i , and the scattering mean free path, ls, inferred
from MC simulations. In Sec. IV, we compare the sim-
ulated energy profiles to experimental data obtained both
in a confined dry granular medium and on granite (i.e., a
polycrystal rock) for the purpose of the inverse problem.

II. MC SIMULATIONS OF RADIATION
TRANSPORT FOR A POINT SOURCE

A. Radiative-transfer theory

Wave scattering in random heterogeneous media is com-
mon in natural materials and has been extensively modeled
in many areas of physics, such as solid-state physics, optics
and acoustics [38,39], as well as seismology [18]. The

basic idea is to model wave propagation in an ensem-
ble (instead of specific) of random heterogeneous media
[40]. RT theory can statistically model multiply scattered
waves. This theory is based upon the assumption that ran-
domly scattered waves have uncorrelated random phases.
The superposition of these scattered waves may be inco-
herent, leading to a description of wave propagation, not
in terms of field quantities, such as stress or displacement,
but in terms of average intensity. As such, it, of course,
cannot provide a full description of wave propagation, but
it can accurately describe the ensemble-averaged energy
densities [16].

The RTE can be derived in either of two ways. The
simple phenomenological method relies upon energy-
conservation considerations in a representative volume,
consisting of discrete scatterers [41]. In this approach, the
wave equation is used only to determine wave velocities
and properties for single-scattering events that constitute
the multiple-scattering process. One may also derive the
RTE directly from the wave equation based on the Bourret
approximation to the Bethe-Salpeter equation for the sec-
ond moment of the wave field [19,39]. Therefore, unlike
the Dyson equation for describing the mean field of scat-
tered waves, the RTE only accounts for the intensity
evolution of scattered waves and ignores their phase infor-
mation, which matters in wave-interference phenomena.

The scalar RTE governs the dependence of position r
and time t on the average intensity, I(r, t; ŝ), radiated in
the direction given by the unit vector ŝ (the so-called aver-
age specific intensity), which can be written as follows for
isotropic scattering and a pulsed point source:

1
V

∂

∂t
I(r, t, ŝ) + ŝ · ∇I(r, t; ŝ)

= −
(

1
ls

+ 1
la

)
∇I(r, t; ŝ) + 1

ls

∫
dŝ′

�d
I(r, t; ŝ′)

+ 1
V

δ(r)δ(t), (1)

where V is the acoustic wave velocity, ls is the scat-
tering mean free path, la is the absorption length, and
�d is the surface area of the unit sphere [17]. Under
the isotropic scattering assumption, the average energy
density, E(r,t) = I (r,t)/V, can be derived from the spe-
cific intensity, I(r, t, ŝ), integrated over all directions ŝ
[17,18,42].

To obtain I (r,t) or E(r,t) from integrodifferential Eq. (1),
it is useful to consider the contribution from different
scattering events (n = 0, 1, 2, . . . ), as for the Boltzmann
equation in the kinetic theory of gases [17,42]:

E(r, t) = E0(r, t) +
∑

n

En (r, t)(n ≥ 1), (2)
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in which the first term, E0(r,t) = W0G0(r,t), indicates the
incident ballistic wave energy at receiver point r, and the
second term is the sum of scattered wave energies from all
possible scatterer points, r′, to receiver r. Here, W0 is the
source energy and G0(r, t) = exp(−Vt/ls)/(4πVr2)δ(t–r/V)
is the pulsed Green function; n = 1 corresponds to the first-
order or single scattering and n > 1 to multiple scattering.
In three-dimensional infinite media, an approximate solu-
tion is deduced analytically for the energy density [17]:

E(r, t) = W0e−Vt[(1/ls)+(1/la)]

V4πr2 δ

(
t − r

V0

)

+ (1 − r2/V2t2)1/8

(4π lsVt/3)3/2 W0e−Vt[(1/ls)+(1/la)]

× G

{
Vt
ls

[
1 − r2

(Vt)2

]3/4
}

H
(

t − r
V

)
, (3)

where G(x) ≈ exp(x)(1 + 2.026/x)1/2 and H is the Heavi-
side function.

Figure 1 plots the energy-density profiles derived from
Eq. (3) at different source-receiver distances, L, for a given
scattering mean free path, ls. It is important to notice
that the shape of the energy-density profile at short times
strongly depends on the ratio of L/ls. As revealed by Paass-
chens [17], the time-dependent energy density at a small
distance L (∼ls) from a point source is dominated by the
ballistic peak due to unscattered radiation, while it exhibits
two peaks at a larger distance L (>2.5ls): a ballistic peak at
time tb = L/V and a diffusion peak at t ∼ L2/D0 (with D0 as

Ballistic
peak

Diffusion
peak

L = 3ls

L = 5ls

t/tb

FIG. 1. Energy-density profiles in an infinite medium pre-
dicted by Eq. (3) at different source-receiver distances L (black
curves) together with Monte Carlo simulations (red curves).
tb = L/V is the ballistic arrival time. Inset reveals the presence
of two peaks separated by a minimum in the energy density (see
text).

the diffusion constant). The tail of the ballistic peak leads
to a minimum in the energy density as a function of time
due to single forward scattering (n = 1). As expected, we
can recover the diffusion approximation at large L (≥5ls).

In a finite-size three-dimensional medium with various
boundaries, it is almost impossible to obtain the analytical
solution of radiative transport. Instead, we may solve the
RTE numerically through MC simulations.

B. Three-dimensional infinite media

The MC method has been used to model radiation trans-
port in physics since the 1950s by simulating the random
scattering of a large number of individual particles [43,44].
It was introduced to seismology by Gusev and Abubakirov
[20], where seismic wavelets with random phases were
considered as acoustic particles.

The principle of the simulation is illustrated in Fig. 2(a)
for isotropic scattering. In the beginning, a particle is
shot out of source O in a random direction and travels
at a constant speed during time interval �t. The take-
off angle, ϑ0, and the azimuthal angle, φ0, are given by
ϑ0 = cos−1(1−2U1) and φ0= 2πU2, respectively, where
U1 and U2 are independent and uniformly chosen random
values between zero and one. The occurrence of scat-
tering is determined by comparing a uniformly chosen
random number between zero and one, U3, to �t/ts, where
ts = ls/V is the mean free time. When �t/ts ≥ U3, the par-
ticle changes direction. New scattering angles (ϑ1, φ1) are
then determined by ϑ1 = cos−1(1−2U4) and φ1= 2πU5,
where U4 and U5 are independent and uniformly chosen
random values between zero and one. By sequentially trac-
ing the particle trajectory, with �t = ts/10 (to obtain a good
compromise between accuracy and computational cost), a
randomly walking particle is obtained.

The Monte Carlo method simulates a lot of such inde-
pendent (noncolliding) randomly walking particles. The

(a)

Top view

Side view

(c)

(b)

FIG. 2. (a) Random walking of particles (or radiation pulses)
in a random medium. (b) Reflections at a flat surface (top and
bottom) and (c) at a curved surface (lateral wall).
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space-time energy density can then be obtained by count-
ing the number of particles in a representative volume
[45]. Say we shoot N particles simultaneously from the
point source and each particle carries a unit energy
(W0= 1 J), the particle number in a representative sphere
at r with a diameter dr(� ls) is n. The absorption is
modeled by multiplying exp(−�t/ta) to W0 at every �t,
i.e., W = W0exp(−p�t/ta) with ta = la/V and p = 0, 1,
2, . . . Therefore, the energy density is determined to be
E(r,p�t) = n(r,p�t)W/(πdr

3/6).
Figure 1 shows three simulated energy curves and

the corresponding RTE solutions derived from Eq. (3)
at L = |r1| = ls, |r2| = 3ls, and |r3| = 5ls, for N = 107,
V = 450 m/s, f = 1 MHz, Qi = (2π laf )/V = 500, and
ls = 10−2 m. The simulated profiles coincide very well with
the analytical RTE solutions in an infinite medium, which
validates our numerical simulation.

The quality of the inversion of transport parameters ls
and Qi essentially depends on the relevance of the model
of wave transport in the medium (i.e., direct problem).
Most of the works reported in the literature have focused
on the energy-density profile at late times [33,46], behav-
ing roughly as E(t) ∼ t−γ exp(−ωt/Q), with γ as a constant
[19,24]. Here, Q is the quality factor of coda waves, which
may depend on both Qi and Qs (or ls), as well as on
boundary (internal) reflections [23,33] (see discussions in
Sec. II C). From a practical point of view, Qi and Qs (=
2π lsf /V) are then determined by a best fit to experimen-
tal coda envelopes (detected at different source-receiver
distances, if applicable) with theoretical or MC simu-
lated profiles, via a least-squares adjustment. If applicable,
attenuation measurements of the direct, i.e., ballistic wave
(∼Q−1

i + Q−1
s ) may complement those of coda decay to

constrain Qi and Qs [46].
Note also that, in the diffusive regime, the transport

mean free path, l* (∼ls for isotropic scattering), and the
diffusion constant, D (=Vl*/3), can be adequately inferred
from the early part of the energy-density profiles [8,36].
Such an inverse procedure based is followed here by mon-
itoring the arrival of two peaks (ballistic and diffusion
peaks) in the multiple-scattering regime [17,33].

C. Three-dimensional finite media

1. Boundary conditions

We now consider the random walking of particles
inside a cylinder [Fig. 2(a)], which simulates isotropic
wave scattering inside a solid cylinder surrounded by air,
namely, that with a reflection coefficient of R ≈ 1. There-
fore, the pulsed radiation experiences perfect reflection at
the boundaries considered here. To ensure that scattered
energy remains inside the medium, we set ϑ0 = U1π /2,
which is slightly different from that in the above infinite
medium, and φ0 = 2πU2. Note, however, that the situa-
tion with partial reflection at the boundaries can be also

simulated by the Monte Carlo method. More specifically,
Margerin et al. [23] and Hoshiba [22] have performed
detailed investigations in a layered medium modeling the
earth’s crust and mantle.

There are two kinds of interfaces for the cylinder sam-
ple, i.e., planar surfaces on the top and bottom and a
cylindrical lateral surface. The reflection of a particle at
an interface obeys Snell’s law. As shown in Fig. 2(b), this
means that its new position, P2, after reflection is such
that the distance P1-C-P2 is V�t, ϑ2 is equal to (π−ϑ1),
and the azimuthal angle is not changed (φ1 =φ2). When
a particle is incident at the cylindrical surface, the lat-
ter is locally treated as a planar surface, according to the
collision-point tangent plane. After reflection, the position
of P2 and the new direction (ϑ2, φ2) can then be calculated
according to Snell’s law, as seen from the top view and the
side view in Fig. 2(c).

Implementing these principles, we can simulate wave-
energy scattering in a finite-size heterogeneous medium for
a pointlike source or a finite-size source (see Sec. II). By
varying the source-receiver distance, L, versus the scatter-
ing mean free path, ls, we may investigate the transition
from the ballistic to the diffusive wave regime [33]. In the
following, we fix L (=10 mm) and change the value of
ls (for different scattering materials) to consider different
regimes of scattering. This protocol of simulation is a bit
different from that used in Fig. 1, where ls is fixed, as if
working in the same scattering material but with a varying
distance L.

2. Cylinder geometry

Figure 3 shows snapshots of the particles (illustrating
radiation spreading) shot from a point source and recorded
at two instants, t1 and t2 (>t1), in three cylindrical sam-
ples of the same length, L = 10 mm, and diameter, w (=
L/4) = 2.5 mm, but of different scattering mean free paths,
ls = L, L/3, and L/10. Here, we use a common set of param-
eters: V0= 450 m/s and Qi = 500 (for f = 1 MHz). From
t = 0 to t = t1 (= tb/8 with tb = L/V), the integrated outgo-
ing particles form a hemisphere (coherent radiation front),
with some randomly walking particles (incoherent radia-
tion) behind. At instant t2 ( = 3/4tb), the integrated par-
ticle distribution includes boundary reflection of both the
coherent front and randomly scattered particles [Figs. 3(a)
and 3(b)]. The coherent radiation (hemispheric front) is
reflected several times at an oblique incidence by the lat-
eral wall (reverberations), before reaching the receiver at
the opposite end. For t � ts (=ls/V), the hemisphere dies
out, so that the incoherent energy dominates [Fig. 3(c)],
as expected, similar to the picture of wave scattering in
infinite media.

Figure 4 depicts the simulated time-dependent averaged
energy-density profiles, E(t) (red curves), for the same
three scattering samples (with different values of ls but
detected at the same source-receiver distance L). The
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w
Point
source

Detecting
point

In x-z view

Coherent reverberations

Scattering particles

Coherent front at t2 = 3/4tb, tb = L/V

Coherent front at t1 = tb/8

t2

t1

t1<t2 

 L = 4w

(a) (b) (c)

FIG. 3. MC simulations of radiation transport for a point source in a random medium with cylindrical geometry for three different
scattering cylinders with (a) L/ls = 1, (b) L/ls = 3, and (c) L/ls = 10. Snapshots are recorded at two instants, t1 and t2.

corresponding energy-density profiles, E(t), obtained in
infinite media are given for comparison (black curves).
They display the same shapes as those in Fig. 1(b) for
equivalent ratios of L/ls = 1, 3, and 10. As expected, both
the detected energy levels are higher and the decaying rates
at long times are slower in finite cylinders than in infinite
media, since (perfect) boundary reflection, particularly at
the lateral wall, prevents radiated energy from spreading
and leakage. We also note that at short times the diffusion
peak is a bit delayed compared with the infinite-medium
case [Fig. 4(c)].

3. Slab geometry

Figure 5 displays similar snapshots of MC simulations
for slabs with a width (diameter) of w = 40 mm = 4L (L is
thickness). Unlike the cylindrical sample, from t1= tb to
t2= 2tb, the incoherent energy radiation is not reflected by
the lateral wall. A small part of it is reflected from the top
surface. As a result, incoherent energy transport in the slab

of L/ls = 10 is very close to that in infinite media, as evi-
denced by the similarity of their energy-density profiles
in Fig. 4(c) (blue and black curves). At long times, the
signature of coherent reverberations tends to disappear, as
coherent energy is transformed progressively into incoher-
ent energy, except for L/ls ∼ 1 [Fig. 4(a)], where we may
still distinguish some coherent echoes.

In relatively thin samples (L/ls = 3), both coherent and
incoherent energies are still present [as illustrated in
Figs. 3(b) and 5(b)]. The early energy-density profiles at
short times are still controlled by the ballistic (coherent)
energy pulse. Because of boundary (internal) reflection,
tail evolution of the ballistic δ-like pulse towards longer
time (in the region of incoherent scattered coda) is quali-
tatively different between slab and cylindrical geometries
[Fig. 4(b)]. In the cylinder, we still observe a ballistic
peak and a diffusivelike peak, as in the infinite medium,
which is modulated in between by reverberating coherent
pulses from the lateral wall (with an oblique incidence).

Coherent reverberations
Reverb.

Cylinder

Slab

Infinite media

t/tb t/tb t/tb

E
 (

J/
m

3 )

E
 (

J/
m

3 )

E
 (

J/
m

3 )

E
 (

J/
m

3 )

E
 (

J/
m

3 )

E
 (

J/
m

3 )

(a) (c)(b)

FIG. 4. Comparison of temporal energy-density profiles obtained with simulations in finite-size media (red for cylinder and blue for
slab) and with the RTE solution in infinite media (black) for a point source. Three panels correspond to different scattering samples
with (a) L/ls = 1, (b) L/ls = 3, and (c) L/ls = 10. Energy densities in cylindrical samples are about 1 order of magnitude higher than
those in the slabs due to constrained energy spreading in the lateral direction. Inset (b), reverberations between ballistic and diffusion
peaks.
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Detecting point

w = 4L

Point source

In x-z view

Reverberations Scattering particles

Coherent front
t1<tb 

t2<2tb 

(a) (b) (c)

FIG. 5. Similar simulations to those in Fig. 3 but through a slab sample of width (diameter) w = 4L (L being thickness).

On the contrary, for the thin slab, two peaks in the early
energy-density profile merge into a single ballisticlike one,
suppressing, accordingly, the minimum in the energy den-
sity resulting from single forward scattering [17]. Such
a modified profile turns out to be very similar to that
observed with a sample of L/ls = 1 [Fig. 4(a)], which could
lead to an overestimation of ls by a factor of 3 (error of
∼200%).

Zhang and Zhang [33] have highlighted the anoma-
lous diffusive behavior in the thin slab geometry (L/ls < 3)
with internal reflections. By studying the decay time,
τD (referred to as the Thouless time), of the transmitted
energy-density profile at long times, a diffusion constant,
D0 (= Vl*/3), can be inferred via the diffusion model
[8,23,33]:

I(L, t) ∼ exp(−t/τD) = exp[−π2D0t/(L + 2ze)
2]. (4)

In their study, the intrinsic attenuation (absorption)
of about exp(−t/τ a) is neglected, since the absorption
time, τ a (= Qi/ω), is much larger than that of τD
inferred from Eq. (4). ze is an extrapolation length
deduced from the boundary conditions for the diffu-
sion equation and is related to internal reflection through
ze = (2/3)l*(1+<R>)/(1−<R>), with 〈R〉 as the angle-
averaged reflection coefficient. However, the diffusion
constant, D0(L), derived from first-principles calcula-
tions (Bethe-Salpeter equation) is found to increase with
decreasing L, up to 45% at L ≈ 2ls. Another observa-
tion is the change in scaling between the source-receiver
distance, L, and the early arrival time, tp , of the peak
for the thin slab: the transition from t ∼ L (ballistic
regime) to t ∼ L2 (diffusive regime) is no longer well
identified at around L/ls ∼ 3. Such anomalous transport
behavior in thin samples is ascribed to the wave-
focusing effect due to boundary (internal) reflections,

which concentrate the wave energy in the forward direc-
tion and make the randomization of propagation direction
more difficult [33].

For the finite samples considered here (slab and cylin-
der) with perfect reflection, 〈R〉 = 1 [ze and τD → ∞
according to Eq. (4)], the time-dependent energy-density
profiles should tend to nonzero asymptotic values at long
times due to energy conservation. This is confirmed by
Fig. 6(a), in which we plot the results of MC simulations
without intrinsic attenuation in a thin slab of L/ls = 3 and
a thick slab of L/ls = 10 (diffusive regime). Therefore, the
decays of the transmitted coda at long times are mostly
governed by the absorption time, τ a (or quality factor Qi),
in this study.

Nevertheless, for a thin slab, the wave focusing in the
forward direction, due to internal reflections (as mentioned
above), may lead to cancellation of the minimum in the
transmitted profile (for L/ls > 2.4) predicted at short times
[17], merging the ballistic peak and the diffusion one into
a single ballisticlike peak (the ballistic pulse amplitude is
also doubled by the boundary effect, as in Ref. [22]). This
can lead to the mistaken inference of ls with a huge overes-
timation (mentioned above) and provides a possible expla-
nation for the uncertainty in peak-position determination
observed previously [33].

Such a wave-focusing effect should be particularly pro-
nounced at normal incidence, as occurring on the top and
bottom surfaces of a slab (for on-axis detection), in com-
parison with what is happening mostly at oblique incidence
from the lateral wall of a cylinder. To confirm this idea,
we conduct off-axis detection in the thin slab of L/ls = 3
at a distance of roff (= ls, 2ls, and 3ls) from the epicenter.
As shown in Fig. 6(b), the on-axis energy-density profile
exhibits a single peak, while the profile for off-axis detec-
tion recovers two peaks at short times (t > tb), such as those
observed in infinite media for a source-receiver distance of
L > 2.4ls (Fig. 1).
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No damping

On-axis

Off-axis ls Source

Detector

roff

z

Qi = 500

Off-axis 2ls

Off-axis 3ls

t/tb

t/tb

E
 (

J/
m

3 )
E

 (
J/

m
3 )

FIG. 6. (a) Time profiles of energy density in optically thin
(L/ls = 3) and thick (L/ls = 10) samples without absorption
(Qi =∞). (b) Time profiles in the thin sample in the presence
of absorption (Qi = 500) for on-axis and off-axis detections.

D. Inverse problem with a two-parameter RTE

The above investigation of the direct wave-transport
problem in finite-size samples (cylinder and slab) in the
presence of boundary reflections demonstrates that wave
transport in the multiple-scattering regime can be charac-
terized based on the RTE solved by MC simulations with
two free parameters (Q−1

i and ls or Q−1
s ). More precisely,

we can infer the intrinsic attenuation, Q−1
i , via decay at

long times of the coda by a best fit of simulated energy-
density profiles to the experimental one (see experiments

in Sect. IV) whereas we can deduce the scattering mean
free path, ls, by the adjustment of profiles at short times.
Particular attention must be paid to the presence of bal-
listic and diffusive peaks for the thin slab, L/ls ≥ 3, with
complementary off-axis detection, if necessary.

To quantitatively estimate the effect of boundary reflec-
tions, we calculate the difference between the exact (simu-
lations in finite samples) and approximate (simulations in
infinite media) solutions to infer the intrinsic attenuation,
Q−1

i , and the scattering attenuation, Q−1
s (or ls). To do so,

we seek to adjust the energy-density profiles obtained from
MC simulations of finite samples (with given Q−1

i and ls)
with the approximate analytical RTE solution [Eq. (3)] by
the fitting process described above.

Table I lists these newly derived values of Q−1
i and

ls in cylindrical and slab samples for normalized source-
receiver distances of L/ls = 3 and 10 [Figs. 4(b) and 4(c)].
For intrinsic attenuation, the apparent Q−1

i appears to be
smaller due to boundary reflections, which prevent the
spreading of energy radiation (Figs. 3 and 5). Compared
with the reference (given) values, the derived Q−1

i values
are consequently underestimated by 25% to 35%, except
for the thick slab, L/ls = 10, where the decay rate is almost
the same as that in an infinite medium. For the scatter-
ing mean path, the derived ls values are underestimated
by 50% and 25% in small (L/ls = 3) and long (L/ls = 10)
cylindrical samples, respectively. For slab samples, no sig-
nificant deviation is observed in the thick-sample case
(L/ls = 10), while in the relatively thin slab (L/ls = 3) we
need to pay attention to the comparison due to the anoma-
lous behavior observed for on-axis detection. As indicated
by Fig. 6(b), this issue may be fixed by using off-axis
detection in numerical simulations and experiments for
inverse-problem applications (see discussion in Sec. IV B).

III. MC SIMULATIONS OF RADIATION
TRANSPORT FROM A FINITE-SIZE SOURCE

A. Finite-size source

For a consistent comparison with experimental obser-
vations, we also have to take into account the finite-size
character of the source. In the diffusive regime, the energy-
density profile resulting from a point source can be com-
pared with that from plane-wave excitation [8], by using

TABLE I. Deviation of inferred values of ls and Q−1
i when the boundary reflection effect is ignored.

L/ls ls (mm) Q−1
i lsinferred (mm) Q−1

i inferred �ls/ls (%) �Q−1
i /Q−1

i (%)

Cylinder
3 3.3 2 × 10−3 1.5 1.3 × 10−3 −55 −35
10 1.0 2 × 10−3 0.75 1.5 × 10−3 −25 −25

Slab
3 3.3 2 × 10−3 10 1.3 × 10−3 200 −35
10 1.0 2 × 10−3 1.0 2 × 10−3 0 0
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(a) (b)

FIG. 7. (a) Finite-size source made of M = 20 concentric cir-
cles with a radius r = (D/2) = 12.5 mm. (b) Side view.

three-dimensional and one-dimensional solutions [similar
to Eq. (3)] of the diffusion equation. The shapes of the
energy-density profiles are found to differ noticeably: the
transmitted profile for a plane-wave source is longer than
that obtained with a pointlike source and reaches its peak
value at a later time, due to a larger contribution from
sound traveling over longer paths from the plane-wave
source.

Within the frame of the RTE, we can similarly inte-
grate the solution [Eq. (3)] for a source centered at
point P0 (x0, y0, z0) over its extension in the x-y
plane at z = 0 [Fig. 2(a)]. Using the MC simulation,
we design a finite-size source by regularly placing an

array of incoherent point sources (incoherent radiation)
in concentric circles [Fig. 7(a)]. This finite-size source
comprises Np = 4M 2 + 4M + 1 point sources placed on
M = 20 concentric circles centered at O. The mth con-
centric circle radius is mr� (1 ≤ m ≤ M ), such that
the source radius is r = D/2 = Mr�. The coordinates of
the point sources are given by [x0 + mr�cos(πn/4m),
y0 + mr�sin(πn/4m), z0] (0 ≤ m ≤ M, 0 ≤ n ≤ 8m−1 for
m > 0). If each point source emits N particles, the whole
source shoots N tot= NpN particles. By setting the source
size equal to the sample diameter (D = w), we can recover
a quasi-one-dimensional geometry, i.e., a plane-wave
source-radiation problem.

B. Three-dimensional infinite media

Figure 8 compares the simulated energy-density pro-
files in three infinite media (with different ls) from a point
source, a small source D = L/4 (=2.5 mm), and a large
radiation source D = 4L (=40 mm), which are detected at
a fixed source-receiver distance of L = 10 mm on the z axis
[Fig. 7(b)]. The profiles obtained with a small radiation
source coincide with those from a point source, suggesting
the validity of a pointlike source model when the source
size is much smaller than source-receiver distance L.

Coherent front at t = tb

t/tb
t/tb t/tb

Detecting point

Source

Point source

Plane-wave source

(a) (b) (c)

FIG. 8. Simulations in infinite media for different source sizes at a fixed distance. Energy-density profiles for the point source (black)
coinciding with those for a small source of D = L/4 (red) but are about 1 order of magnitude larger than those for a large source of
D = 4L (blue). Three panels (a), (b) and (c) correspond to different scattering samples with L/ls = 1, 3 and 10, respectively (similar to
Figs. 3 and 5).
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TABLE II. Deviation of inferred values of ls and Q−1
i due to the large source size.

L/ls ls (mm) Q−1
i lsinferred (mm) Q−1

i inferred �ls/ls (%) �Q−1
i /Q−1

i (%)

3 3.3 2 × 10−3 1.6 1.9 × 10−3 −52 −5
10 1.0 2 × 10−3 0.7 1.7 × 10−3 −30 −15

For the large radiation source, the obtained energy-
density profile in the diffusive regime (L/ls = 10) is very
close to that for a plane-wave source with the peak shifting
at a late time due to a larger contribution from acoustic
waves traveling over longer paths compared with those
from a point source [8]. Moreover, the appearance of a
diffusionlike peak at a short distance, L/ls = 1, is likely to
be due to the edge- (point-) source radiation, the distance
of which to the receiver is larger than 3ls. If one ignores
the effect of source size, particularly in the plane-source
geometry (L ≤ D2/4), and seeks to fit the corresponding
energy-density profiles (numerical or experimental) with
the RTE solution for a point source, then the deduced scat-
tering mean free path, ls, and the intrinsic attenuation, Q−1

i ,
can be significantly underestimated due to the longer coda
signals (Table II).

C. Three-dimensional finite media

Figure 9 displays the simulated energy-density pro-
files for the planar radiation source, D = w, in both
the cylindrical (L > w) and slab samples (L < w). These
profiles look the same shape but with different mag-
nitudes due to the respective input energy. Indeed,
under the planar-radiation-source geometry, one recovers

a quasi-one-dimensional energy-transport problem. Most
interestingly, we observe the reappearance of the diffu-
sion peak in thin samples with L/ls = 3 [Fig. 9(b)]. Similar
to off-axis detection [Fig. 8(b)], the dominant oblique
incidence at the on-axis detector (plane) for a large or
plane-wave source reduces significantly the wave-focusing
effect by boundary reflection in the forward direction [33].

Table III illustrates again the possible deviation of ls and
Q−1

i inferred from the approximate analytical RTE solution
in an infinite medium for point-source radiation. Combined
effects of the boundary reflection and the source size may
lead to underestimated values of both ls and Q−1

i from their
real values, which is even more pronounced in thin sam-
ples (up to 40%) than in thick samples (in the diffusive
regime). Clearly, the exact solution of the RTE through
MC simulations in the presence of boundaries is of pri-
mordial importance to infer quantitatively ls and Q−1

i from
experimental data obtained for finite-size samples, as we
show in the following section.

IV. EXPERIMENTS

A. Dry granular materials

We compare simulated energy profiles and experimental
ones in dry glass-bead packing materials, where elastic

t/tb t/tb t/tb

Coherent front at t = 2tb/3
Detecting pointSlab

Slab

Cylinder

Cylinder

Plane-wave source

D = w = 4L D = w = L/4

E
 (

J/
m

3 )

E
 (

J/
m

3 )

E
 (

J/
m

3 )

E
 (

J/
m

3 )

E
 (

J/
m

3 )

E
 (

J/
m

3 )

(a) (b) (c)

FIG. 9. Simulations of the energy-density profile in finite-size media for a plane-wave source. (a)–(c) Different scattering samples
(similar to Figs. 3, 5, and 8) with L/ls = 1, 3 and 10, respectively, in which red curves refer to cylinders and black ones to slabs.
Snapshots are recorded at instant t = 2tb/3. Profiles are the same shape but of different magnitude due to radiation intensity.
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TABLE III. Deviation of inferred values of ls and Q−1
i due to the boundary reflection and source size.

L/ls ls (mm) Q−1
i lsinferred (mm) Q−1

i inferred �ls/ls (%) �Q−1
i /Q−1

i (%)

3 3.3 2 × 10−3 1.8 1.25 × 10−3 −45 −37.5
10 1.0 2 × 10−3 0.7 1.5 × 10−3 −30 −25

waves propagate through a very heterogeneous contact net-
work. In such strong-scattering media, analytical solutions
of the diffusion equation fit well with experimental data
with appropriate boundary conditions under the assump-
tion of a plane-wave source excitation [36]. Hence, a
comparison of experimental data to numerical RTE solu-
tions by the MC method provides a benchmark to ensure
the validity of our simulations.

Our ultrasound scattering experiments are conducted
on packed dry glass beads with diameter d ∼ 0.7 mm.
They are confined in two duralumin cells with respective
diameters of w = 30 and 60 mm and filled to a height
of L = 7.4 or 11.4 mm, with a solid volume fraction
of about 0.63. A large longitudinal piezoelectric trans-
ducer of diameter D = 30 mm (plane-wave source) is
placed on the bottom, and a small detector of diame-
ter in 2 mm is placed on top of the granular sample
[Fig. 10(a)]. A five-cycle tone burst centered at 500 kHz
is applied to the source transducer. Statistically indepen-
dent packing configurations are realized by stirring glass
beads vigorously after each ultrasonic measurement and

compressing the sample again by an axial pressure of
P = 650 kPa.

Figure 10(b) depicts typical ultrasound signals trans-
mitted in a granular sample of diameter w = 60 mm
and thickness L = 7.4 mm. They are composed of
low-frequency (approximately 70 kHz) compressional- (P)
and shear- (S) wave pulses propagating ballistically at
a velocity of Vp ≈ 1000 m/s and Vs ≈ 450 m/s and of
high-frequency (approximately 500 kHz) incoherent sig-
nals resulting from multiple scattering by the contact-force
chains [9]. In the diffusive regime, the ratio, K, of the
energy densities contained in the shear (ES) and com-
pressional (EP) waves is governed by an equipartition
relation, K = ES/EP=2(VP/VS)3 [15], thus indicating the
dominance of the S wave in incoherent coda signals. Addi-
tionally, there is a large impedance mismatch between
the granular sample and the duralumin cell (by a fac-
tor of more than 10), giving rise to an angle-averaged
reflection coefficient, 〈R〉 ≈ 0.95, at the cell boundary [36]
very close to the total-reflection assumption used in our
simulations.

L = 11.4 mm

L = 7.4 mm

Source transducer
D = 30 mm

Small detector
~ 2 mm

L = 7.4 mm

L = 11.4 mm

t (µs)

t (µs)

t (µs)

t (µs)

w = 60 mm

w

Glass beads
d ~ 0.7 mm 

w = 30 mm

(a)

(b2)

(c)
(b1)

E
(a

rb
. u

ni
t)

E
(a

rb
. u

ni
t)

(d)

FIG. 10. (a) Schematic illustration of ultrasonic experiments in confined granular materials. (b) Ultrasonic signals transmitted
through two different packing configurations. (c) Ensemble-averaged energy profiles measured in a large and a small cell (granu-
lar sample), with w = 60 (red curves) and 30 mm (black curves) and two different thicknesses L. (d) Comparison between experimental
data obtained in the small cell (w = 30 mm) and the simulated energy-density profiles (red curves), as well as solutions of the diffusion
solution with a plane-wave source (blue curves).
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Figure 10(c) shows the ensemble-averaged energy pro-
files obtained from the square of incoherent signals after
high-pass filtering (f ≥ 300 kHz) obtained for the large
(w = 60 mm) and small (w = 30 mm) granular samples
and two different source-receiver distances, L = 7.4 and
11.4 mm. From the same finite-size source excitation, no
significant difference is observed between the large and
small granular packings in this diffusive regime. Indeed,
both solutions of the diffusion equation (blue curves) [36]
and the MC simulations (red curves) for a plane-wave radi-
ation source provide very satisfactory fits to experimental
data (for D = 30 mm) with a single set of fit parame-
ters, ls = 0.87 mm and Q−1

i = 5.9 × 10−3 [Fig. 10(d)]. The
resulting ratios of L/ls ≈ 8.5 and 13 for the two inves-
tigated sample thicknesses confirm the validity of the
diffusion approximation. Note, however, that the fit with
the RTE solution in infinite media from a point source
would give ls = 0.79 mm and Q−1

i = 4.3 × 10−3, which are
underestimated by 10% and 30%, respectively, compared

with the parameters inferred from our simulations. Since
L < w in these samples, the deviations in ls and Qi can be
mainly ascribed to the effect of the finite-size source (large
transducer).

B. Heterogeneous rocks

Our ultimate goal is to apply our inverse method to
characterize ultrasound scattering and absorption (intrinsic
attenuation) in heterogeneous materials, such as polycrys-
tals [7,28,34]. Here, we pay particular attention to the
transition from the ballistic to the diffusive regime. Gran-
ite is a typical polycrystal in natural rocks. Figure 11(a)
shows a granite slab with dimensions 1 × 1 × 0.07 m3

(h ≈ 7.1 cm), which is essentially composed of quartz,
biotite, and feldspar [Figs. 11(b) and 12(a)]. These crystal-
lites or clusters are on a millimeter scale without specific
orientation. For the sake of simplicity, we consider this
granite sample to be an isotropic random medium.

L =

r = 6 cm
L = 9.3 cm

roff = 15 cm
L = 16.6 cm

1

1

1 m
Source

Source

Detector

Detector

Quartz Biotite Plagioclase

Ballistic S-wave

t (µs)

t (µs)

t (µs)

(d1)

(c1)

(c2)

(b)

(a) (d2)

(d3)

= 7.1 cm 

off =

1 m

1 m

Setup B

Setup A

1 m

roff

FIG. 11. Ultrasonic experiment on a granite slab. (a) Photograph of the granite slab. (b) Mineral constituents of granite. (c1) Setup
A, in which a detector is placed at the opposite end to the source axis. (c2) Setup B, in which a detector is placed on a concentric circle
at the opposite end. (d1) Typical transmitted signal recorded with setup A. (d2) Typical transmitted signal recorded with setup B and
roff= 6 cm. (d3) Typical transmitted signal recorded with setup B and roff= 15 cm.
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FIG. 12. (a) Ensemble-averaged energy profiles (black, blue,
and red) obtained for geometries depicted in Fig. 11(d1)–(d3),
respectively. (b) Normalized ensemble-averaged energy profiles
(blue) truncated before t = L/Vs, fitted by the simulated profiles
(red), and the RTE solution in an infinite medium (black).

1. Ultrasonic measurements

Figure 11(c) shows the two setups (A and B) for the
scattering experiment in this granite sample. A large
shear-wave transducer of diameter D = 15 mm and a small
detector of diameter 2 mm are coupled to the bottom and
top surfaces, respectively, of the granite slab. The trans-
ducer source is excited by a five-cycle tone burst centered
at 1 MHz.

In setup A, the source and the detector are on the same
(z) axis perpendicular to the granite surface. To obtain an
ensemble of independent configurations for this on-axis
measurement, we move both the source and the detector
in the plane parallel to the granite slab by steps of 1 cm,
i.e., larger than the shear wavelength, λs ≈ 3.2 mm (= Vs/f,
where Vs is the shear-wave velocity, see below). In setup
B, the off-axis measurements [cf. Fig. 6(b)] are conducted
by moving the detector along two circles centered on the
z axis with radius roff= 6 and 15 cm, respectively. With an

angular step of 22.5°, measurements with 16 independent
configurations are conducted.

Figure 11(d1) shows a typical on-axis ultrasonic sig-
nal (setup A), whereas Figs. 11(d2) and (d3) depict
measured off-axis signals (setup B). Through an ensem-
ble average of temporal (field) signals over 16 inde-
pendent configurations, we can cancel out incoherent
coda signals and enhance coherent ballistic waves (not
shown), which allows P- and S-wave velocities to be ade-
quately measured. We find, respectively, Vp ≈ 5600 m/s
and Vs ≈ 3200 m/s. To obtain the energy-density profiles
shown in Fig. 12(a), we square the ultrasonic field signals
before the ensemble average.

Figure 12(b) illustrates the energy profiles truncated by
removing the signal before the arrival of the shear ballistic
wave and deconvoluted with the envelop of the input-
source energy. As discussed above for the early part of
the simulated profiles [Fig. 4(b)], the absence of the dif-
fusion peak in the energy-density profile is experimentally
observed again for on-axis detection at L/ls ≈ 2.5, which
confirms the crucial role of the wave-focusing effect on
a thin slab with multiple scattering. As mentioned above,
without additional off-axis detection, a highly underesti-
mated value of ls (200%) would be inferred from the fit
of the on-axis-detected profile (setup A). For compari-
son, we also plot the three profiles with analytical RTE
solutions in infinite media with L = (h2 + roff

2)1/2 from a
point-radiation source. As expected, they do not reveal
any anomalous behavior for on-axis detection at L/ls ≈ 2.5
within the multiple-scattering regime [17]. Their best fit to
the two profiles measured at L/ls ≈ 9.2 and 16.6 in the dif-
fusive regime allows a very similar ls ≈ 2.8 cm but slightly
higher Qi ≈ 550 (about 10%) values to be inferred, due to
neglecting reflection effects.

2. Image analysis

To further confirm the consistency of our inverse
method, we compare the results of the wave-transport
investigation to those of the image analysis of material het-
erogeneities. More specifically, the correlation length of
elastic heterogeneity (or wave velocity) in space can be
deduced from a grayscale image of granite [Fig. 13(a)],
via an autocorrelation function (ACF) of exponential-type,
R(r) = ε2exp(−|r|/a), where a is the correlation length
and ε is the standard deviation of shear-wave velocity Vs
[6,47].

To this end, a segmented image based on the mineral
composition is first derived, as in Fig. 13(b), according to
the grayscale value of minerals [48]. We may then assign
a velocity value to a pixel, according to known mineral
velocities [6], and obtain consequently a spatial distribu-
tion of the shear-velocity fluctuation, ζ (r) [Fig. 13(c)],
defined by Vs(r) = V0[1 + ζ (r)] (with V0 as the mean
shear-wave velocity). From ζ (r), we may derive the above
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FIG. 13. Evaluation of correlation length from a photographic image of granite. (a) Grayscale image. (b) Segmented image with
biotite (black), quartz (gray), and plagioclase (white). (c) Picture of the spatial distribution of shear-wave velocity fluctuations, ζ (r),
around mean velocity V0 ≈ 3800 m/s with standard deviation ε ≈ 0.1. (d) Estimated autocorrelation function (dots) from the map of
shear-velocity fluctuations in (c) and best-fitted exponential-type ACF (solid line).

autocorrelation function, R(r), of velocity fluctuation, ζ (r),
as shown in Fig. 13(d), from which we deduce the param-
eters ε ≈ 0.1 and a ≈ 0.4 mm for our granite sample.
Moreover, we may also infer a mean shear-wave velocity,
V0 ≈ 3800 m/s, from the spatial distribution of Vs(r), which
is 19% higher than the measured S-wave velocity, Vs. Such
a discrepancy may be ascribed to the presence of microc-
racks at the grain boundary, which cannot be accounted for
in this image analysis.

Starting from the ACF R(x) discussed above, Sato et al.
[18] (Chap. 4) have derived an analytical expression for
the scattering mean free path based on the Born approxi-
mation to study wave scattering (field) by random-velocity
fluctuations:

ls = (1 + 4a2k2)

8ε2a3k4 , (5)

as a function of a, ε, and k = 2π f /V0 (the shear-wave num-
ber for the scalar case considered here for f = 1 MHz).
Using the fit parameters of a and ε and the measured
V0 (≈3200 m/s), we may obtain from Eq. (5) an esti-
mated value of ls ≈ 4.6 cm, which is fairly consistent with
the value of ls ≈ 2.8 cm inferred by our MC method. We
believe that the larger value (about 60%) derived from
Eq. (5) is mainly due to the single-scattering approxima-
tion, as well as possible scattering by some microcracks
not considered here.

V. CONCLUSION

We develop an efficient inverse method to deduce the
intrinsic attenuation, Q−1

i , and the scattering mean free
path, ls, of ultrasound in finite heterogeneous materi-
als with boundary reflections. To fit the experimental
shear-coda-wave profiles, we solve the acoustic radiative-
transfer equation by Monte Carlo simulations with various
sample geometries and radiation sources. Particular atten-
tion is paid to the transition from the ballistic to the dif-
fusive regime as a function of normalized source-receiver
distance, L/ls. Boundary reflection induces a larger con-
tribution of acoustic waves traveling over longer paths
compared with the case of an infinite medium. Accord-
ingly, the transmitted profile is noticeably longer than that
obtained in an infinite medium and reaches its diffusionlike
peak value at a later time, together with a smaller decay
rate in the late coda. As a consequence, the values of Q−1

i
and ls deduced from fitting with the RTE in an infinite
medium are underestimated by up to 40%. A similar sit-
uation occurs when the finite-size character of the source
is not taken into account in the fitting procedure.

Most importantly, we find, based on both MC simu-
lations and experiments on thin (granite) samples with
L/ls ∼ 3, that internal reflections may cause anomalous
behavior in the case of on-axis detection. Indeed, a wave-
focusing effect can occur in the forward direction at nearly
normal incidence, which makes the randomization of wave
propagation more difficult during the scattering process.
This affects fundamentally the time profile of energy
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density at an early time, with the ballistic and diffusion
peaks being merged, which can lead to an overestimation
of ls by more than 200%. We show that such a mis-
taken inference can nevertheless be avoided by off-axis
detection.

Further investigation would be needed to include
anisotropic scattering, wave-mode conversion, and vari-
able reflection coefficients in the MC simulation to com-
pare more quantitatively results from MC simulations with
ultrasound spectroscopic measurements in granular porous
rocks and polycrystals. We will also extend our investiga-
tion to other scattering media dominated by microcracks.
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