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Compound Twin Beams Without the Need of Genuine Photon-Number-Resolving
Detection
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A scheme for building stronger multimode twin beams from a greater number of identical twin beams
sufficiently weak so that single-photon-sensitive on-off detectors suffice for their detection is studied.
The statistical properties of these compound twin beams involving nonclassicality are analyzed for inten-
sities up to hundreds of photon pairs. Their properties are compared with those of genuine twin beams
that require photon-number-resolving detectors for their experimental investigation. The use of such com-
pound twin beams for the generation of sub-Poissonian light and for the measurement of absorption with
sub-shot-noise precision is analyzed. A suitable theoretical model for compound twin beams is developed
to interpret the experimental data.
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I. INTRODUCTION

In the history of the detection of optical fields, two
milestones occur. The first milestone was reached when
solid-state light detectors became sensitive enough to rec-
ognize individual detected photons [due to the avalanche
photodiodes (APDs) used [1]]. The second milestone is
connected with the ability to count photons, which is a
basic method for characterizing optical fields [2,3]. The
first photon-number-resolving detectors (PNRDs) were
simple: two single-photon counting modules were used to
monitor the outputs of a balanced beam splitter and resolve
up to two photons. More complex geometries were applied
[4], including so-called fiber-loop PNRDs [5–7] with time
multiplexing, to extend the range of detected photons. Spa-
tial multiplexing, exploited in intensified CCD cameras
[8,9] and silicon matrix photodetectors [10], considerably
enlarged the range of detectable photon numbers. Finally,
genuine PNRDs based on superconducting bolometers
[11,12] were constructed. In such PNRDs, the number
of detected photons is linearly proportional to the energy
absorbed and is indirectly detected in superconducting
metallic wires [13].

The use of PNRDs in the investigation of nonclas-
sical properties of optical fields, including entangled
fields, has revealed various states with unusual physical
properties: states with reduced photon-number fluctuations
(sub-Poissonian states [14], with Fock states as extreme
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examples), states containing only odd or even photon num-
bers [15,16], and states with perfect correlations in the pho-
ton numbers [twin beams (TWBs)] [17], to name but a few.
These states have found application in metrology (absolute
detector calibration [18–21], quantum imaging [22,23],
and sub-shot-noise measurements [24]). They have also
been considered for use in quantum communications [25].
However, PNRDs at present are complex and expensive
devices, and this limits the use of the above methods and
applications.

This brings us to the question of whether PNRDs, with
their capabilities to detect optical fields, can somehow be
substituted by simpler APDs, with on-off detection, sim-
ilarly to what is done in time-multiplexed and spatially
multiplexed PNRDs. Such substitution is in principle pos-
sible for multimode optical fields that are composed of a
greater number of spatial and spectral modes. When the
mean numbers of photons in the individual modes are con-
siderably lower than one, we may monitor the fields in
individual modes with APDs. Provided that we are able
to prepare the fields of individual modes independently,
we can detect their properties with APDs mode by mode.
Similarly, as the whole optical field is built from individ-
ual modes, its photon-number distribution is composed of
contributions from APDs that monitor individual modes.
Whereas such an approach is meaningless for the analysis
of unknown optical fields, it has prospects for applications
that use optical fields with well-defined properties, as
mentioned above.

To demonstrate this approach, we consider TWBs
and their application in quantum imaging. Several mean
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photon pairs per imaged pixel are typically needed. The
TWB used is typically composed of, say, N independent
spatial modes, and its statistical operator �̂ is written as a
product of statistical operators �̂j of individual modes:

�̂ =
N∏

j =1

�̂j . (1)

In the TWB considered, the individual modes exhibit per-
fect photon pairing described by a thermal distribution
with bp ,j mean photon pairs,

�̂j =
∞∑

np =0

bnp
p ,j

(1 + bp ,j )
np +1 |np〉sj |np〉ij ij 〈np |ij 〈np |, (2)

and the Fock state |np〉sj (|np〉ij ) contains np photons in the
signal (idler) field of mode j . The mean photon-pair num-
bers bp ,j of the modes differ, but this has practically no
influence on the properties exploited in the applications of
TWBs. For this reason, we may substitute the TWB with
statistical operator �̂ in Eq. (1) by a TWB composed of
N equally populated individual modes. Such a TWB is
described by the following statistical operator �̂c:

�̂c = �̂⊕N
av , (3)

in which the statistical operator �̂av given by Eq. (2) con-
tains bp = ∑N

j =1 bp ,j /N mean photon pairs. The TWB
with statistical operator �̂c in Eq. (3) is then suitable for
a practical realization in which we prepare a field with
statistical operator �̂av N times. Thus, instead of measur-
ing the stronger TWB given in Eq. (1) with two PNRDs,
we measure N times a weak TWB with statistical operator
�̂av with two APDs and sum the results to arrive at results
appropriate to the TWB given in Eq. (3). We call such
TWBs compound TWBs. The detection scheme is illus-
trated in Fig. 1, considering one of the beams that compose
the TWB. We note that a similar scheme was applied in an
experimental study of non-Gaussian states in Ref. [26].

The compound TWBs generated in the substitution
scheme are interesting on their own. Here, we demon-
strate their usefulness when we study the behavior of TWB
nonclassicality for intensities varying by 3 orders of mag-
nitude. The substitution scheme assures close similarity
of the parameters of compound TWBs that differ in their
intensities by orders of magnitude. Such an analysis would
not be possible for the usual experimental TWBs.

Sub-shot-noise imaging and quantum metrology repre-
sent the most important applications of stronger TWBs
(composed of several to several hundreds of photon pairs)
at present. In one of their variants, they use sub-Poissonian
fields as light sources for monitoring the absorption coeffi-
cients of samples. They rely on the fact that the fluctuations
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FIG. 1. Substitution scheme for a stronger multimode field
with a photon-number distribution p(n) detected by an N -pixel
spatially multiplexed PNRD, giving a photocount histogram
f (c). The stronger field is replaced by N identical weak fields
with photon-number distributions pav(n), detected by APDs
that provide photocount histograms fav(c). The photon-number
distribution p(n) and photocount histogram f (c) are obtained
from the photon-number distributions pav(n) and photocount
histograms fav(c) by N -fold convolution. The elements of the
detection matrix T(c, n; N ) give the probabilities of detecting c
photocounts out of n impinging photons with an N -pixel detector.

in photon numbers in such fields are suppressed below the
shot-noise limit, which allows one to achieve better mea-
surement precision. Postselection from a TWB [14,27–29],
one arm of which is monitored with a PNRD, is one of the
most efficient methods of sub-Poissonian-light generation.
Using the above-discussed similarity of the parameters of
compound TWBs, we investigate the nonclassicality of
sub-Poissonian fields originating from compound TWBs
depending on the intensity of the fields.

Finally, as a third example of the use of compound
TWBs, we directly analyze the performance of compound
TWBs in sub-shot-noise measurements [22,24,30,31] by
determining the precision of absorption measurements
depending on the compound-TWB intensity. Such mea-
surements were recently applied in microscopy [32,33] and
spectroscopy [34].

We note that the use of APDs instead of genuine PNRDs
in the substitution scheme discussed here also benefits
from the considerably higher absolute detection efficien-
cies of APDs.

The paper is organized as follows. Photon-number and
photocount distributions of genuine and compound TWBs
are introduced in Sec. II. In Sec. III, the experiment is
described and analyzed, and the main characteristics of the
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generated fields are given. The determination of the effec-
tive detection efficiency, which is an important parameter
of PNRDs, is discussed in Sec. IV. Nonclassicality of com-
pound TWBs is analyzed in Sec. V using suitable nonclas-
sicality identifiers and the accompanying nonclassicality
depths. The generation of sub-Poissonian light by posts-
election from compound TWBs is discussed in Sec. VI.
Sub-shot-noise measurements of absorption coefficients
using compound TWBs are investigated in Sec. VII. Con-
clusions are drawn in Sec. VIII. In the Appendix, a model
for describing the correlations in the intra-pump-pulse
intensity fluctuations is developed.

II. PHOTON-NUMBER AND PHOTOCOUNT
DISTRIBUTIONS OF GENUINE AND COMPOUND

TWIN BEAMS

The joint photon-number distribution psi(ns, ni) of
an arbitrary TWB generated from parametric down-
conversion can be described as a twofold convolution of
three photon-number distributions pp , ps, and pi belong-
ing in turn to the paired, noise-signal, and noise-idler
components of the TWB described here [35]:

psi(ns, ni) =
min(ns,ni)∑

n=0

ps(ns − n)pi(ni − n)pp(n), (4)

where ns (ni) gives the number of signal (idler) photons. In
the model, we assume that the photon-number distributions
of the components constituting the TWB are in the form of
a multimode thermal Mandel-Rice distribution [3] that is
derived for a field with Ma equally populated modes and a
mean photon (or photon-pair) number Ba per mode:

pa(n; Ma, Ba) = �(n + Ma)

n!�(Ma)

Bn
a

(1 + Ba)n+Ma
, a = s, i, p ,

(5)

where � denotes the � function.
The joint photocount distribution fsi(cs, ci) [3] registered

by two PNRDs composed of Ns and Ni equally illuminated
pixels with on-off detection for the field with photon-
number distribution psi(ns, ni) given in Eq. (4) is given as
follows:

fsi(cs, ci) =
∞∑

ns,ni=0

Ts(cs, ns; Ns)Ti(ci, ni; Ni)psi(ns, ni), (6)

where cs (ci) denotes the number of signal (idler) photo-
counts, which refers to the photoelectrons registered by a
detector after the absorption of photons.

For a detector with a quantum detection efficiency
ηa, number of pixels Na, and mean dark-count num-
ber per pixel Da, the elements of the detection matrices

Ta, a = s, i, introduced in Eq. (6) are derived in the follow-
ing form [9]:

Ta(ca, na; Na) =
(

Na
ca

)
(1 − Da)

Na(1 − ηa)
na(−1)ca

×
ca∑

l=0

(
ca
l

)
(−1)l

(1 − Da)l

(
1 + l

Na

ηa

1 − ηa

)na

.

(7)

The derivation of Eq. (7) shows that when the mean num-
ber of photons illuminating one pixel is much less than
one, i.e., when we can neglect illumination of a pixel by
more than one photon, the elements of the detection matrix
Ta(ca, na; Na) in Eq. (7) can be written as being com-
posed of the elements of independent detection matrices
Ta(ca, na; 1) characterizing detection by individual pixels.

In the substitution scheme, we assume that a genuine
stronger TWB is replaced by a compound TWB, i.e., an
ensemble of N identical constituting TWBs detected by
on-off APDs such that the mean photon numbers of the
genuine and compound TWBs are the same. Although
the mean photon-pair numbers of the constituting TWBs
are much less than one, we still have to consider their
multimode structure (see the discussion below). Provided
that we have ma modes in a constituting TWB, the mean
photon (or photon-pair) numbers ba per mode of a con-
stituting TWB are given by ba = BaMa/(maN ), a = s, i, p .
A formula analogous to that in Eq. (4) gives us the cor-
responding joint signal-idler photon-number distribution
pw

si (ns, ni) of a constituting TWB. The constituting TWBs
are detected by two APDs, whose operation is described
by the elements of the detection matrix Ta in Eq. (7)
assuming Na = 1, a = s, i. The joint photocount distribu-
tion f w

si (cs, ci) appropriate to one constituting TWB is given
by

f w
si (cs, ci) =

∞∑

ns,ni=0

Ts(cs, ns; 1)Ti(ci, ni; 1)pw
si (ns, ni). (8)

For a compound TWB formed by N constituting TWBs,
the probability f c

si of having cs signal photocounts together
with ci idler photocounts is determined by the following
multiple convolution:

f c
si (cs, ci; N ) =

1∑

cs,1,ci,1=0

· · ·
1∑

cs,N ,ci,N =0

δcs,
∑N

j =1 cs,j
δci,

∑N
j =1 ci,j

×
N∏

j =1

f w
si (cs,j , ci,j ), (9)

in which δ stands for the Kronecker symbol.
In analogy to Eqs. (8) and (9), the probability pw

c,i(ni; cs)

of having ni idler photons conditioned by the detection of
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cs signal photocounts in a constituting TWB is given as
follows:

pw
c,i(ni; cs) =

∞∑

ns=0

Ts(cs, ns; 1)pw
si (ns, ni). (10)

The conditional probability pc
c,i(ni; cs) of having ni idler

photons after detecting cs signal photocounts in a com-
pound TWB formed by N constituting TWBs is then
expressed as

pc
c,i(ni; cs, N ) =

1∑

cs,1=0

· · ·
1∑

cs,N =0

δcs,
∑N

j =1 cs,j

ni∑

ni,1=0

· · ·
ni∑

ni,N =0

× δni,
∑N

j =1 ni,j

N∏

j =1

pw
c,i(ni,j ; cs,j ). (11)

III. EXPERIMENTAL CHARACTERIZATION OF
COMPOUND TWIN BEAMS

The properties of compound TWBs are experimentally
investigated in the setup shown in Fig. 2. The process
of type-I parametric down-conversion in a LiIO3 nonlin-
ear crystal pumped by the third harmonic of a Nd-YAG
laser at 355 nm and a repetition rate of 2.5 kHz is used

(a)

L
as

er

F1 L1 L2 L iIO3

L3

L3

Stabil

Count

D1

D2

(b)
Signal APD detection windows

Idler APD detection windows

1st compound TWB

2nd compound TWB

3rd compound TWB

FIG. 2. (a) Experimental setup for generation of photon pairs
in a nonlinear LiIO3 crystal by short optical pulses, and their
detection by single-photon APDs D1 and D2; a frequency filter
F1 and lenses L1,2,3 transform the beams used. More details are
given in the text. (b) Signal-APD and idler-APD detection win-
dows and their grouping into triplets, which give measurements
on compound TWBs formed by three constituting TWBs.

to generate photon pairs with degenerate photon wave-
lengths centered at 710 nm. The laser is kept closely above
the threshold to give a power of only a few milliwatts.
The third harmonic is spectrally cleaned with dichroic mir-
rors and a 10-nm-wide spectral filter. To obtain a pump
beam with an acceptable spatial profile in the nonlinear
crystal, we perform spatial filtering with a 4f system com-
posed of two lenses (L1, L2) with focal lengths of 20
and 50 mm and a 50-μm-wide round aperture. The sig-
nal and idler photons are detected by single-photon APDs
(Count-NIR from Laser Components) with nominal detec-
tion efficiencies of about 80% and very low dark count
rates (less than 50 Hz). Before being detected, the pho-
tons are spatially filtered by coupling into multimode fibers
by means of lenses L3 (focal length 15.3 mm, clear aper-
ture 5 mm). The electronic signals from the detectors are
recorded simultaneously with a trigger from the laser using
counting-logic electronics and sent directly to a computer
for recording. The duration of the pump pulses is 6.5 ns,
and, similarly, the signal and idler photons are emitted
simultaneously in 6.5-ns-long time windows. The time
delay between successive pulses is 4 ms. The detection
events are recorded continuously and form two synchro-
nized sequences of on-off detections (in the signal and
idler beams). The laser power is stabilized with a feed-
back loop to maintain stable operation of the experiment
over tens of hours. Feedback is provided by monitoring the
average single-photon detection rate during the measure-
ment: whenever the detection rate changes by more than
5%, the laser pump power is adjusted to compensate for
this deviation.

The experimental data analyzed represent a sequence of
695 × 106 measurements by single-photon APDs in indi-
vidual detection windows (triggered by individual pump
pulses), with the following four possible outcomes: no
detection in either the signal or the idler detector, detec-
tion only in the signal detector, detection only in the
idler detector, or coincidence detection in both detec-
tors. An outcome in each detection window represents a
measurement on one constituting TWB. Grouping of the
outcomes in neighboring detection windows then gives us
information about compound TWBs. We group the detec-
tions in N successive detection windows to arrive at an
experimental photocount histogram f c

si (cs, ci; N ) character-
izing a compound TWB formed by N constituting TWBs.
When we form the photocount histograms of compound
TWBs, the outcomes in the individual detection win-
dows are used multiply, following the scheme presented
in Fig. 2(b).

The joint signal-idler photon-number distribution pc
si

(ns, ni; N ) of a compound TWB formed by N constitut-
ing TWBs is then revealed using a reconstruction method
based on the maximum-likelihood (ML) approach [36,37].
This gives us the following iteration procedure for the
reconstructed photon-number distribution pc

si (where j
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stands for the iteration index):

pc(j +1)

si (ns, ni; N )

=
∞∑

cs,ci=0

F (j )
si (cs, ci; N )Ts(cs, ns; N )Ti(ci, ni; N ),

F (j )
si (cs, ci; N )

= f c
si (cs, ci; N )

⎡

⎣
∞∑

n′
s,n′

i=0

Ts(cs, n′
s; N )Ti(ci, n′

i; N )

× pc(j )
si (n′

s, n′
i; N )

⎤

⎦
−1

, j = 0, 1, . . . . (12)

We characterize the compound TWBs obtained by
their photocount (photon-number) moments 〈ck

s cl
i〉 (〈nk

s nl
i〉)

determined from the formula

〈ck
s cl

i〉 =
N∑

cs,ci=0

ck
s cl

if
c

si (cs, ci; N ). (13)

The Fano factors Fc,a (Fn,a), together with mean photo-
count (photon) numbers 〈ca〉 (〈na〉), a = s, i, defined in
Eq. (13) are used to characterize the signal and idler
marginal distributions:

Fc,a = 〈(�ca)
2〉

〈ca〉 , (14)

where �ca ≡ ca − 〈ca〉. On the other hand, the noise-
reduction-parameter Rc (Rn) and covariance Cc (Cn) of
the photocount (photon) numbers cs and ci (ns and ni)
are applied to quantify both the quantum and the classical
correlations between the signal and idler fields:

Rc = 〈[�(cs − ci)]2〉
〈cs〉 + 〈ci〉 , (15)

Cc = 〈csci〉√
〈c2

s 〉〈c2
i 〉

. (16)

The mean photocount numbers 〈ca〉 and the correspond-
ing mean photon numbers 〈na〉, a = s, i, of the marginal
signal and idler fields of the compound experimental
TWBs naturally increase linearly with the number N of
constituting TWBs given by the number of grouped detec-
tion windows, as documented in Fig. 3(a). The Fano
factors Fc,a of the marginal experimental photocount his-
tograms attain values slightly smaller than 1 [for the
idler Fano factor Fc,i, see Fig. 3(b)]. The values of the

(a) (b)

(c) (d)

FIG. 3. (a) Mean number of photons 〈ni〉 (photocounts 〈ci〉)
and (b) Fano factor Fn,i (Fc,i1 ) of the idler field, (c) noise-
reduction parameter Rn (Rc), and (d) covariance Cn (Cc) of the
compound TWBs, depending on the number N of grouped detec-
tion windows. Isolated symbols with error bars [in (a),(c),(d)
they are smaller than the plotted symbols] are drawn for the
experimental photocount histograms (red asterisks) and the fields
reconstructed by the ML approach (green triangles). The solid
(dashed) curves with symbols originate from the model of com-
pound (genuine) TWBs detected by APDs (N -pixel PNRDs).
The black plain solid curves are drawn for the model of com-
pound TWBs with correlations in intra-pump-pulse intensity
fluctuations. In (a),(c),(d), the red solid and dashed curves nearly
coincide. The horizontal plain dashed lines indicate the border
between the classical and nonclassical regions (F = 1, R = 1).

Fano factors Fc,a, a = s, i, of the detected photocount his-
tograms smaller than 1 originate from the pileup effect
[9,10]. This effect occurs in detection with a single-photon
APD, which allows one to register up to one photo-
count. As the elements of the detection matrix in Eq. (7)
incorporate this effect, any reconstruction that uses these
elements corrects for the pileup effect. This is demon-
strated in Fig. 3(b), where the values of the idler photon
Fano factor Fn,i are greater than 1, in agreement with
the classical character of the marginal fields of compound
TWBs. The photon Fano factors Fn of the marginal fields
reconstructed by the ML approach increase systemati-
cally with an increasing number N of grouped detection
windows. This behavior is observed also for the Fano
factors Fc characterizing the photocount histograms, espe-
cially for larger numbers N of grouped detection windows
[Fig. 3(b)]. This increase is caused by weak temporal
instability of the pump-pulse intensities, which manifests
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itself as correlations in the intra-pump-pulse intensity fluc-
tuations. A stochastic model that describes this effect is
developed in the Appendix.

We compare the quantities characterizing both the
experimental photocount histograms f c

si (cs, ci; N ) and the
photon-number distributions pc

si(ns, ni; N ) reconstructed by
the ML approach with the predictions of two basic models.
In the first model of a compound TWB, we assume that
each detection window, monitored by two APDs (one in
the signal beam, the other in the idler beam), is illuminated
by a Gaussian constituting TWB with mp = ms = mi = 10
modes and with mean photon (or photon-pair) numbers
per mode bp = 1.0185 × 10−2, bs = 8 × 10−5, and bi =
2 × 10−5. We make the assumption mp = ms = mi for the
numbers of modes in the (typical) constituting TWB and
estimate the number mp of modes in the dominant paired
component of the constituting TWB from the reconstructed
Fano factors Fns and Fni . The mean photon (or photon-pair)
numbers bp , bs, and bi are then set to accord with the mean
photon numbers 〈ns〉 and 〈ni〉 of the constituting TWB
reconstructed by the ML approach. We note that the con-
stituting TWB is practically noiseless (the unpaired noise
photons comprise less than 1% of the intensity of the con-
stituting TWB). The second model is simpler. It assumes a
genuine strong TWB having Ma = Nma modes each con-
taining ba mean photons or photon pairs, a = p , s, i, and
being monitored by two genuine PNRDs resolving up to N
photons (N -pixel PNRDs).

The simpler second model, of a genuine TWB detected
by two N -pixel PNRDs with the photon-number distribu-
tion psi(ns, ni) given in Eq. (4), predicts that the Fano fac-
tors Fn and Fc are independent of the number N of detec-
tion pixels (windows) [see the dashed curves in Fig. 3(b)].
We arrive at nearly constant values of the photocount Fano
factors Fc also when we apply the more elaborated first
model of a compound TWB, whose constituting TWBs
are detected by APDs. The model is described by Eq. (9),
which gives the solid curves in Fig. 3(b). The difference
between the two models is the following. In the case of
a genuine TWB and N -pixel PNRDs, each photon, inde-
pendently of the mode in which it resides, can be detected
by any pixel. This contrasts with the case of a compound
TWB detected by APDs, in which photons from the kth
constituting TWB can be detected only in the kth detection
window of the APDs used (k = 1, . . . , N ). Thus, whereas
the pileup effect does not change with an increasing num-
ber N of detection windows of the APDs in the case of a
compound TWB, it weakens with an increasing number N
of detection pixels of the PNRDs in the case of a genuine
TWB. Reduction of the pileup effect in the latter case then
results in a small increase in the artificially low values of
the photocount Fano factors Fc with an increasing number
N of pixels [see the dashed curve in Fig. 3(b)].

A comparison of the results of the two models with the
measured and reconstructed values of the Fano factors Fc

and Fn in Fig. 3(b) reveals the relatively strong influence of
the above-mentioned correlations in the intra-pump-pulse
intensity fluctuations. The corresponding model presented
in the Appendix, which represents a suitable generaliza-
tion of the first model, provides the solid plain curves
in Fig. 3(b), which are in good agreement with the mea-
sured values. According to the model in the Appendix, the
greater the number N of grouped detection windows is, the
greater the values of the Fano factors F are. However, as
the correlations in the intra-pump-pulse intensity fluctua-
tions are specific to our experimental setup, we refer to the
model in the Appendix only when needed.

On the other hand, the correlations quantified by the
photocount and photon noise-reduction-parameters Rc and
Rn depend only weakly on the number N of grouped detec-
tion windows, as shown in Fig. 3(c). Whereas the values of
the photocount noise-reduction-parameters Rc are around
0.7, in agreement with the detection efficiencies of the
APDs used, the values of the noise-reduction-parameters
Rn of the compound TWBs reconstructed by the ML
approach are close to 0, indicating nearly ideal pairing of
the signal and idler photons.

The covariances Cc and Cn of the photocount and pho-
ton numbers, respectively, are plotted in Fig. 3(d). Whereas
the covariances Cn of the reconstructed compound TWBs
are close to the maximum allowed value of 1 (exclud-
ing the TWB with N = 1, which is not suitable for ML
reconstruction), the values of the photocount covariances
Cc gradually increase with an increasing number N of
grouped detection windows. They are close to 1 for suf-
ficiently large numbers N of grouped detection windows.
This behavior follows from a simple model of N indepen-
dent constituting TWBs, each being described by the signal
and idler photocount numbers cs,j and ci,j , j = 1, . . . , N .
The overall photocount numbers ca = ∑N

j =1 ca,j , a =
s, i, then have moments 〈csci〉 = N (N − 1)〈cs〉w〈ci〉w +
N 〈csci〉w and 〈c2

a〉 = N (N − 1)[〈ca〉w]2 + N 〈c2
a〉w, a = s, i,

expressed in terms of the moments of the individual con-
stituting TWBs 〈ca〉w, 〈c2

a〉w, a = s, i, and 〈csci〉w. Whereas

we have Cc = [〈csci〉w]/[
√

〈c2
s 〉w〈c2

i 〉w] for N = 1 consti-
tuting TWB, Cc → 1 in the limit of a large number N of
constituting TWBs.

The intensities of the compound TWBs analyzed in
Fig. 3 vary by 3 orders of magnitude: the weakest TWB
analyzed, formed by just one constituting TWB and
detected in one detection window, contains 0.102 mean
photon pairs; the strongest compound TWB, composed
of 1000 constituting TWBs and thus detected in 1000
detection windows, is composed of 102 photon pairs.
Whereas the contribution of the vacuum state prevails in
the weakest TWB, the joint photon-number distribution psi
of the strongest compound TWB analyzed exhibits a well-
developed pairwise structure localized around the mean
photon values [compare Figs. 4(a) and 4(b)]. These two
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(a) (b)

(c) (d)

FIG. 4. (a),(b) Photon-number distributions psi(ns, ni) and
(c),(d) corresponding quasidistributions Psi,s(Ws, Wi) of inte-
grated intensities for N = 1 [(a), (c)] and N = 1000 [(b), (d)].
In (c) [(d)], s = 0.5 [s = 0]. In (a),(c), the values in the white
areas are greater than those explicitly indicated on the z scale.

types of photon-number distribution represent in a certain
sense the limiting cases of very weak TWBs (with mean
photon-pair numbers much lower than 1) and stronger
TWBs with properties developed towards the “classical
limit” (with mean photon-pair numbers in the hundreds).
Significant differences in their properties, as discussed
below, originate from their joint quasidistributions Psi of
integrated intensities. We recall here that integrated inten-
sities are introduced in the detection theory [3] in which the
moments of the integrated intensities refer to the normally
ordered photon-number moments. The quasidistributions
of the integrated intensities for a given field-operator
ordering parameter s are derived from the corresponding
quasidistributions of field amplitudes defined in the field
phase space. The quasidistributions of the integrated inten-
sities for s-ordered field operators can be determined from
the corresponding joint photon-number distributions psi
using the formula [3]

Psi,s(Ws, Wi)

= 4
(1 − s)2 exp

(
−2(Ws + Wi)

1 − s

) ∞∑

ns,ni=0

psi(ns, ni)

ns!ni!

×
(

s + 1
s − 1

)ns+ni

Lns

(
4Ws

1 − s2

)
Lni

(
4Ws

1 − s2

)
, (17)

in which the symbol Lk denotes the kth Laguerre polyno-
mial [38]. In the quasidistribution Psi of the weakest TWB,
plotted in Fig. 4(c), there occur local positive peaks and

negative dips, forming a structure with typical rays run-
ning from the beginning (Ws, Wi) = (0, 0) and parabolas.
On the other hand, a ray structure with a global posi-
tive maximum around the diagonal and negative “valleys”
sandwiched between positive local maxima characterize
the quasidistribution Psi of the strongest compound TWB
analyzed and plotted in Fig. 4(d). This reflects a well-
formed pairwise character of the compound TWB with 102
mean photon pairs.

IV. ANALYSIS OF EFFECTIVE DETECTION
EFFICIENCY

Before we analyze the statistical properties of compound
TWBs and their applications, we have to address first the
effective detection efficiencies of the PNRDs used in TWB
detection. The effective detection efficiency ηeff of a PNRD
is an important parameter when experimental TWBs are
analyzed. It arises from a generalization [20,39] of the
Klyshko method [18] for the determination of the absolute
detection efficiency developed originally for individual
photon pairs. In fact, it gives a refined effective value for
the usual overall detection efficiency that involves, in a
real experiment, the absolute quantum detection efficiency
of the detector (estimated at 0.80 for the APDs used and
the appropriate wavelength) and the losses on the way
from the field source to the detector (dominantly caused by
fiber coupling, with an estimated coupling efficiency below
0.35). This generalization suggests an appropriate effective
detection efficiency ηeff

s of the signal detector in the form

ηeff
s = 〈�cs�ci〉

〈ci〉 . (18)

The effective detection efficiency ηeff depends on the prop-
erties of the TWB and is affected by, among other things,
the pump-pulse intensity fluctuations and the TWB noise.

We first reveal the limitation of the formula in Eq. (18)
by considering an intense genuine TWB described by
the photon-number distribution psi in Eq. (4). Assum-
ing detection of such a TWB by detectors with detection
efficiencies ηs and ηi and using the Mandel detection for-
mula, the correlation function 〈�cs�ci〉 = ηsηi(〈Wp〉 +
〈(�Wp)

2〉) [〈Wa〉 = MaBa for a = p , s, i, 〈(�Wp)
2〉 =

MpB2
p ], depends only on the paired component of the gen-

uine TWB described by the integrated intensity Wp [39].
On the other hand, the mean idler photocount number
〈ci〉 = ηi[〈Wp〉 + 〈Wi〉] also depends on the noise idler
component, with an integrated intensity Wi. Under these
conditions, the effective detection efficiency ηeff

s in Eq. (18)
is derived in the form

ηeff
s = ηs

〈Wp〉 + 〈(�Wp)
2〉

〈Wp〉 + 〈Wi〉 . (19)
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According to Eq. (19), if a TWB is noiseless
[〈Wi〉 = 0] is the photon-pair statistics are Poissonian
[〈(�Wp)

2〉 = 0] [3], we have ηeff
s = ηs directly. Otherwise,

photon-pair-number fluctuations exceeding the Poissonian
ones increase the effective efficiency ηeff

s . Noise acts in the
opposite way.

In the experiment, the effective signal- and idler-field
detection efficiencies ηeff

s and ηeff
i are more or less constant

for numbers N of grouped detection windows up to 100,
and then they gradually increase with increasing number N
[see Fig. 5(a)]. It follows from the curves in Fig. 5(a) that
subtraction of the known dark count rates Ds = 2.8 × 10−3

and Di = 3.8 × 10−3 from the experimental mean pho-
tocount numbers 〈ca〉 in Eq. (18) increases the effective
detection efficiencies ηeff

a , a = s, i, by about 2%. On the

(a)

(b) (c)

FIG. 5. (a) Effective detection efficiencies ηeff obtained with
(large symbols) and without (small symbols) subtraction of the
detector dark counts, plotted as functions of the number N of
grouped detection windows. (b) Normalized photocount cor-
relation functions K and (c) averaged normalized photocount
correlation functions K̄ depending on the relative distance �j
of the detection windows; K̄�j ≡ ∑

�k∈〈�j −δj ,�j +δj 〉 K�k/(2δj +
1). The experimental data are plotted as isolated symbols with
error bars [in (a) they are smaller than the plotted symbols]
for the signal (red asterisks) and idler (green triangles) detec-
tors. The solid (dashed) curves with symbols in (a) originate
from the model of compound (genuine) TWBs detected by APDs
(N -pixel PNRDs); the curves nearly coincide. The black plain
solid curves in (a) are drawn for the model of compound TWBs
with correlations in intra-pump-pulse intensity fluctuations. The
dashed horizontal lines in (b),(c) indicate neutral correlations
K = K̄ = 0; δj = 24.

other hand, the values of the detection efficiencies ηs =
0.282 and ηi = 0.330 used in the theoretical fit to the
experimental data in Fig. 5(a) are about 1% greater than the
measured effective detection efficiencies ηeff for N ≤ 100.
This is a consequence of the small amount of noise present
in the experimental compound TWBs. According to the
formula in Eq. (19), the theoretical effective detection effi-
ciencies ηeff are independent of the number N of grouped
detection windows, as both expressions in the numerator
and denominator are linearly proportional to the number
N of grouped detection windows, as documented by the
curves in Fig. 5(a). The effective detection efficiencies ηeff

appropriate to N -pixel PNRDs behave very similarly, as
follows from the curves in Fig. 5(a). This behavior orig-
inates from the fact that the mean number of photons
impinging on one detection pixel is considerably smaller
than 1. However, we note here that for small numbers mp of
paired modes in a constituting TWB (in one detection win-
dow), i.e., when the TWB photon-number distribution is
close to a thermal one, the efficiencies ηeff decrease slightly
for small numbers N . This effect is described by the term
〈(�Wp)

2〉 in Eq. (19).
The increase in the effective detection efficiencies ηeff

for N ≥ 100 is attributed to correlations in the intra-pump-
pulse intensity fluctuations already observed in the graphs
of the marginal Fano factors Fc,i and Fn,i in Fig. 3(b). To
quantify these correlations, we determine the normalized
correlation function Ka,�j of the photocount fluctuations
�ca,j and �ca,j +�j of the field a, a = s, i, mutually shifted
by �j detection windows for a large number NM of
measurement repetitions:

K�j = NM

∑NM
j =1 �ca,j �ca,j +�j

[
∑NM

j =1 ca,j ]2
. (20)

When we process the experimental data, the sum over the
index j runs over all detection windows. Random fluc-
tuations of the normalized correlation functions Ks and
Ki for �j ∈ 〈980, 1000〉 are documented in Fig. 5(b).
Despite the large relative distance �j between the detec-
tion windows, they tend to exhibit positive correlations.
The normalized correlation functions K̄s and K̄i averaged
over 49 neighboring indices �j , plotted in Fig. 5(c),
clearly express positive correlations for �j comparable to
or greater than 100. On the other hand, negative correla-
tions are observed for �j smaller than 100. These originate
from an electronic response of the detector, in general
known as the dead-time effect. The correlations quanti-
fied in the graphs in Figs. 5(b) and 5(c) provide suitable
values for the parameters of the model for correlations in
the intra-pump-pulse intensity fluctuations and compound-
TWB generation developed in the Appendix. The resultant
curves for the effective detection efficiencies ηeff are shown
in Fig. 5(a) by plain solid black curves.
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V. NONCLASSICALITY OF COMPOUND TWIN
BEAMS

The most striking property of TWBs is their nonclas-
sicality, which originates from tight correlations between
the signal and idler photon numbers [8,40–43]. As the
marginal signal and idler beams are classical, the nonclas-
sicality of TWBs in fact reflects the entanglement (quan-
tum correlations) between the signal and idler beams. We
note that this entanglement is different from that usually
discussed for individual photon pairs in quantum super-
position states [2]. For compound TWBs, the amount of
overall noise increases linearly with the number of consti-
tuting TWBs included, and so the question is to what extent
the nonclassicality is preserved for stronger compound
TWBs. We show that the nonclassicality of compound
TWBs even increases with their intensity, owing to their
increasing photon-pair number.

The nonclassicality of TWBs is identified by use of
nonclassicality identifiers (NCIs), usually based on non-
classicality inequalities either written in terms of (inte-
grated) intensity moments [44] or containing the probabil-
ities of photon-number (or photocount) distributions [45].
Here, we restrict our attention to NCIs based on intensity
moments. The intensity moments 〈Wk

s Wl
i〉 are derived from

the photon-number moments 〈nm
s nj

i 〉 using the following
formula:

〈Wk
s Wl

i〉 =
k∑

m=0

S(k, m)

l∑

j =0

S(l, j )〈nm
s nj

i 〉, (21)

which includes the Stirling numbers S of the first kind
[46]. We note that the relations in Eq. (21) between the
normally ordered photon-number moments (referred to as
intensity moments) and the usual photon-number moments
originate from the canonical commutation relations. We
also address the nonclassicality of the directly detected
photocount distributions f c

si . To do this, we pretend that
the photocount distributions f c

si analyzed were obtained
with ideal detectors and determine the associated intensity
moments 〈Wk

s Wl
i〉c from the photocount moments 〈cm

s cj
i 〉

using the formula in Eq. (21).
The intensity NCIs for TWBs were comprehensively

analyzed in Ref. [44]. Our motivation here is twofold:
first, to study the higher-order nonclassicality indicated by
higher-order intensity moments for compound TWBs with
intensities varying over 3 orders of magnitude; and second,
to identify the best-performing NCIs, especially for greater
numbers N of grouped detection windows. In our analysis,
the following NCIs containing the intensity moments up to
the fifth order were found to be the best [44]:

E001 ≡ 〈W2
s 〉 + 〈W2

i 〉 − 2〈WsWi〉 < 0, (22)

E101 ≡ 〈W3
s 〉 + 〈WsW2

i 〉 − 2〈W2
s Wi〉 < 0, (23)

E111 ≡ 〈W3
s Wi〉 + 〈WsW3

i 〉 − 2〈W2
s W2

i 〉 < 0, (24)

E211 ≡ 〈W4
s Wi〉 + 〈W2

s W3
i 〉 − 2〈W3

s W2
i 〉 < 0. (25)

Only the following two NCIs derived from the matrix
approach were capable of indicating the nonclassicality
of the directly measured photocount distributions f c

si for
greater numbers N of grouped detection windows:

M1001 ≡ 〈W2
s 〉〈W2

i 〉 − 〈WsWi〉2 < 0, (26)

M001001 ≡ 〈W2
s 〉〈W2

i 〉 + 2〈WsWi〉〈Ws〉〈Wi〉 − 〈WsWi〉2

− 〈W2
s 〉〈Wi〉2 − 〈Ws〉2〈W2

i 〉 < 0. (27)

The above NCIs can even be used for quantifying the
nonclassicality when the corresponding Lee nonclassical-
ity depths (NCDs) [47] are determined. To do this, we first
determine the intensity moments 〈Wk

s Wl
i〉s related to a gen-

eral s-ordering of the field operators from the normally
ordered intensity moments 〈Wk

s Wl
i〉 using the coefficients

of the Laguerre polynomials Lk [3]:

〈Wk
s Wl

i〉s =
(

1 − s
2

)k+l 〈
Lk

(
2Ws

s − 1

)
Ll

(
2Wi

s − 1

)〉
. (28)

Then we apply the above NCIs, written directly for the
s-ordered intensity moments 〈Wk

s Wl
i〉s. The nonclassical-

ity indicated by the NCIs is gradually suppressed with
decreasing values of the ordering parameter s due to the
increasing detection noise related to the operator ordering.
Using this, we look for the threshold value sth at which a
given NCI is nullified. This gives the border between quan-
tum and classical behavior. The corresponding NCD τ is
derived as follows [47]:

τ = 1 − sth

2
. (29)

This gives the smallest mean number of thermal pho-
tons in a noisy field that, when superimposed on the field
analyzed, guarantees the suppression of nonclassicality
of the field analyzed. It holds that 0 < τ ≤ 1/2 for any
nonclassical two-dimensional Gaussian field.

Whereas the NCIs E defined in Eqs. (22)–(25) iden-
tify the nonclassicality for any reconstructed compound
TWB, they fail to resolve the nonclassicality directly con-
tained in the corresponding photocount distributions f c

si
belonging to stronger compound TWBs (for N ≥ 800), as
documented by the curves of the NCDs τE,c and τE,n in
Figs. 6(a) and 6(b). This is a consequence of the noise
present in the TWB photocount distributions f c

si , whose
level increases linearly with the number N of grouped
detection windows. The values of the NCDs τE,c and
τE,n reached decrease slightly with increasing order of the
intensity moments involved. Nevertheless, the NCDs τE,n
for the reconstructed compound TWBs tend to approach
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(a) (b)

(c) (d)

FIG. 6. Nonclassicality depths for (a,c) the joint photocount
(τc) and (b,d) the joint photon-number (τn) distributions depend-
ing on the number N of grouped detection windows. The NCIs
E001 (red asterisks), E101 (green triangles), E111 (blue diamonds),
and E211 (magenta circles) are used in (a,b); the NCI M1001
(asterisks) is shown in (c,d). The experimental data are plot-
ted by isolated symbols; their error bars are smaller than the
plotted symbols. The solid (dashed) curves originate from the
model of compound (genuine) TWBs detected by APDs (N -pixel
PNRDs); the solid and dashed curves nearly coincide.

values close to the maximum allowed value of 1/2 for
large numbers N of grouped detection windows. On the
other hand, maximum values of the NCDs τE,c for the pho-
tocount distributions f c

si close to 0.14 are reached for N
around 50.

The NCIs M given in Eqs. (26) and (27) reveal the
nonclassicality also for the photocount distributions f c

si of
strong compound TWBs, as shown in Fig. 6(c) for the NCI
M1001. Moreover, the values of the NCDs τM ,c obtained
increase with the number N of grouped detection win-
dows, similarly to those of the NCDs τM ,n appropriate for
the reconstructed compound TWBs [Fig. 6(d)]. We note
that the values of the NCDs τM belonging to the NCIs in
Eqs. (26) and (27) are, for the compound TWBs analyzed,
very close to each other independently of the number N .
As the NCI M001001 in Eq. (27) has a more complex struc-
ture than the NCI M1001 in Eq. (26), it is more prone to
experimental errors. That is why we prefer to use the NCI
M1001 for identification of the nonclassicality of compound
TWBs of arbitrary intensity. Both of the theoretical models
for TWBs and their detection give good predictions for the
NCDs τ derived from the photon-number and photocount
distributions, as shown in Fig. 6: the model of compound

TWBs detected by APDs predicts slightly larger values
of the NCDs τ for the photocount distributions compared
with the model of genuine TWBs detected by N -pixel
PNRDs (a stronger pileup effect).

VI. GENERATION OF SUB-POISSONIAN LIGHT

Compound TWBs may also be used for efficient gener-
ation of sub-Poissonian light via postselection. Postselec-
tion with PNRDs applied to TWBs is, together with cavity-
quantum-electrodynamic schemes [48], one of the most
efficient methods of generation of sub-Poissonian light
with greater photon numbers, in both the cw [27,28,49]
and the pulsed [11,29,41,50,51] regime. However, for real-
istic PNRDs, the method gradually loses its potential with
increasing postselection photocount number, which limits
the maximum intensities of the generated sub-Poissonian
fields. Here, we address this limitation for compound
TWBs and APDs.

An idler field conditioned by the detection of cs sig-
nal photocounts is experimentally characterized by the
conditional photocount histogram f c

c,i(ci; cs) derived from
the joint signal-idler photocount histogram f c

si (cs, ci) by
appropriate normalization:

f c
c,i(ci; cs) = f c

si (cs, ci)∑∞
c′

i=0 f c
si (cs, c′

i)
. (30)

The corresponding conditional idler photon-number dis-
tributions pc

c,i(ni; cs) can then be obtained using the ML
approach, similarly to the case of TWBs. The looked-for
distribution pc

c,i(ni; cs, N ) obtained from a compound TWB
formed by N constituting TWBs (detected in N detection
windows of APDs) is found as a steady state of the fol-
lowing iteration procedure (where j stands for the iteration
index):

pc(j +1)

c,i (ni; cs, N ) =
∞∑

ci=0

F (j )
i (ci; cs, N )Ti(ci, ni; N ),

F (j )
i (ci; cs, N ) = f c

c,i(ci; cs, N )

⎡

⎣
∞∑

n′
i=0

Ti(ci, n′
i; N )

× pc(j )
c,i (n′

i; cs, N )

⎤

⎦
−1

, j = 0, 1, . . . .

(31)

The sub-Poissonianity is quantified by the Fano fac-
tor F defined in Eq. (14), which naturally depends on
the conditioning signal photocount number cs. Detailed
inspection [14,29] reveals the following behavior, which
reflects the limited detection efficiency and the presence of
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dark counts in the postselecting detector: with an increas-
ing conditioning signal photocount number cs, the values
of the Fano factor F first decrease naturally, they reach a
minimum, and then they increase at greater signal pho-
tocount numbers cs that have a very low probability of
detection. As we are interested in the potential of the post-
selection scheme to generate the most nonclassical states
possible, we analyze further the values of the Fano factor
at this minimum.

With an increasing number N of grouped detection win-
dows, the intensity of the compound TWBs increases,
the optimal conditioning signal photocount number cs
increases [Fig. 7(c)], and, as a consequence, the mean
idler photocount (〈cc,i〉) and photon (〈nc,i〉) numbers of the
postselected fields monotonically increase, as quantified
in Fig. 7(a). Unfortunately, the accompanying photocount
and photon-number Fano factors Fcc,i and Fnc,i, respec-
tively, also increase with the increasing number N of
grouped detection windows [see Fig. 7(b)]. This increase
originates from the increasing level of overall noise in the
postselecting signal detector with an increasing number N
of grouped detection windows. This noise has a strong
detrimental influence on the performance of the postse-
lection scheme. Whereas the idler field postselected by
detecting in just one detection window has around 1 photon
and a Fano factor around 0.2, the idler field postselected
by detection in 1000 grouped detection windows contains
around 100 photons, but its Fano factor is only around 0.7.
We note that the teeth in the curves of the Fano factors F in
Fig. 7(b) are caused by the discrete values of the optimal
conditioning signal photocount numbers cs. The scheme
for the generation of sub-Poissonian light analyzed here is
probabilistic, and the probability pcs of success decreases
in general with the number N of grouped detection win-
dows. However, as follows from the curve in Fig. 7(d), the
probability pcs of success is in the range of a few percent
even for the strongest compound TWBs analyzed.

Similarly to the case of compound TWBs, we address
the nonclassicality of the conditional idler fields pc

c,i using
NCIs based on intensity moments up to the fifth order.
Relying on the results of Ref. [52], we apply the following
fundamental NCIs:

L1
k1 = 〈Wk+1〉 − 〈Wk〉〈W〉 < 0, k = 1, . . . , 4. (32)

We note that the commonly used NCIs 〈Wk〉 − 〈W〉k <

0, k = 2, . . . , 5, are derived with the help of the NCIs
in Eq. (32). We can see in Figs. 7(e) and 7(f) that the
photocount NCDs τL,cc,i and the photon NCDs τL,nc,i grad-
ually decrease with an increasing number N of grouped
detection windows, i.e., with increasing intensity of the
postselected idler fields. Whereas the values of the NCDs
τL,i attained drop considerably with the order of the inten-
sity moments involved in the NCIs for smaller numbers
N , the values of the NCDs τL,i are close to each other for

(a) (b)

(c) (d)

(e) (f)

FIG. 7. (a) Mean number of idler photons 〈nc,i〉 (photocounts
〈cc,i〉), (b) Fano factor Fnc ,i (Fcc ,i), (c) optimal conditioning signal
photocount number cs, and (d) its probability pcs of detection. (e)
[(f)] photocount- [photon]-number NCDs τL,cc,i [τL,nc ,i] for NCIs
L1

11 (red asterisks), L1
21 (green triangles), L1

31 (blue diamonds),
and L1

41 (magenta circles) belonging to conditional idler fields
pc

c,i generated after registering the cs optimal signal photocounts
indicated in (c), depending on the number N of grouped detection
windows. In (a),(b),(d), isolated symbols with error bars (smaller
than the plotted symbols) are drawn for the experimental pho-
tocount histograms (red asterisks) and the fields reconstructed
by the ML approach (green triangles). The experimental data
plotted in (e),(f) by isolated symbols have error bars smaller
than the symbols used. The solid (dashed) curves arise from the
model of compound (genuine) TWBs detected by APDs (N -pixel
PNRDs). In (a),(b),(d),(e),(f), the solid and dashed curves nearly
coincide. The horizontal plain dashed line in (b) indicates the
nonclassicality border F = 1.

greater numbers N . In Figs. 7(e) and 7(f), the values of the
photon NCDs τL,nc,i reached are about 3 times greater than
the values of the corresponding photocount NCDs τL,cc,i, in
agreement with the detection efficiency ηi = 0.33.
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We note that the models of compound TWBs detected
by APDs [see Eq. (11)] and genuine TWBs detected by N -
pixel PNRDs give, apart from the case of small numbers
N , very similar predictions of the quantities characterizing
the postselected sub-Poissonian fields that are in good
agreement with the experimental results, as documented in
the graphs in Fig. 7.

VII. SUB-SHOT-NOISE MEASUREMENT OF
ABSORPTION

As we have seen in the previous section, postselection
with compound TWBs gives compound sub-Poissonian
fields with reduced photon-number fluctuations. When
applied to the measurement of absorption coefficients [23,
24,30,33,34], they provide sub-shot-noise precision, i.e.,
precision better than the classical optimal limit reached
by coherent states with their Poissonian photon-number
statistics. Below, we show that the measurement precision
increases with increasing intensity of a compound TWB.

The determination of the mean values 〈c〉 of photocounts
is the essence of the measurement of absorption coeffi-
cients. The mean photocount numbers 〈c〉 are measured for
the fields in front of and beyond the sample, and their ratio
gives the looked-for absorption coefficient. The precision
(uncertainty) of such a measurement is quantified by the
relative error δc given by

δc =
√

〈(�c)2〉m

〈c〉m
, (33)

where the symbol 〈 〉m denotes averaging over the finite
experimental data set obtained. If a coherent state with
mean photocount number 〈c〉cl and Poissonian photocount
statistics [〈(�c)2〉cl = 〈c〉cl] is applied NM times, the cor-
responding relative error δccl takes the form

δccl = 1√〈c〉clNM
. (34)

This serves as a reference in the definition of the normal-
ized relative error δrc:

δrc = δc
δccl

. (35)

Sub-shot-noise measurements are characterized by
δrc < 1.

To demonstrate the ability of compound TWBs to over-
come the classical limit of Eq. (34), we analyze two data
sets in parallel. Speaking about the idler detector, we
consider a sequence of idler detections in all detection win-
dows as a reference. The second sequence contains idler
detections only in the detection windows in which a sig-
nal photocount is registered. If we sum the photocount
numbers ci in N successive detection windows in the first

reference sequence, we arrive at a photocount histogram
characterizing the marginal idler field of a compound TWB
formed by N constituting TWBs. On the other hand, sum-
mation of the conditioned photocount numbers cc,i over
N successive detection windows in the second sequence
provides us with a photocount histogram of the idler field
conditioned by the detection of N signal photocounts in N
grouped detection windows (forming a compound TWB).
This field is sub-Poissonian and overcomes the classical
limit of Eq. (34).

To experimentally quantify the dependence of the mea-
surement precision on the number NM of measurement rep-
etitions, we determine the following experimental relative
error:

δc(NM ) =
〈

√
∑NM

j =1 c2
j /NM −

(∑NM
j =1 cj /NM

)2

∑NM
j =1 cj /NM

〉

m

. (36)

However, we have to consider sufficiently large numbers
NM of measurement repetitions to arrive at reliable (accept-
able) values of the relative errors δc. We illustrate this
behavior in Fig. 8, where the normalized relative error δrci
of the idler photocount numbers ci summed over N = 200
detection windows is plotted. The values of the normalized
relative error δrci for numbers NM of measurement repe-
titions smaller than 10 are, although with large absolute
experimental errors, artificially smaller than the correct
value found for asymptotically large numbers NM . The
data shown in Fig. 8 suggest that numbers NM of measure-
ment repetitions greater than 100 provide reliable values
of the mean photocount number 〈ci〉 for the idler field
analyzed (〈ci〉 = 7.463 ± 0.002).

According to Eq. (34), the relative error δc decreases
with increasing field intensity, i.e., with increasing mean
photocount number 〈c〉. Working with the compound
TWBs, the mean photocount numbers 〈c〉 increase linearly
with the number N of grouped detection windows. These

FIG. 8. Normalized relative error δrci of the idler photocount
number for N = 200 grouped detection windows depending
on the number NM of measurement repetitions. The relative
experimental errors of δrci plotted are given by 1/

√
NM .
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(a) (b)

(c) (d)

(e)

FIG. 9. (a) Mean numbers of idler photocounts 〈ci〉 and con-
ditioned idler photocounts 〈cc,i〉; (b) the corresponding relative
errors δci and δcc,i; (c) [(d)] normalized relative errors δrci [δrcs]
and δrcc,i [δrcc,s]; and (e) ratios Scs and Sci of normalized rel-
ative errors, depending on the number N of grouped detection
windows. The isolated symbols with error bars (smaller than
the plotted symbols) originate from the experiment with signal
[idler] photocounts (blue diamonds [red asterisks]) and signal
[idler] conditioned photocounts (magenta circles [green trian-
gles]). The solid (dashed) curves are given by the model of com-
pound (genuine) TWBs detected by APDs (N -pixel PNDRs);
NM = 500.

dependencies are shown in Figs. 9(a) and 9(b) for the idler
photocount numbers ci (from the reference sequence) and
the conditioned idler photocount numbers cc,i. For a given
number N of grouped detection windows, the mean condi-
tioned photocount numbers cc,i are about 10 times greater
than the mean photocount numbers ci of the reference
sequence [see Fig. 9(a)], which is given by the parameters
of the postselection scheme. On the other hand, the rela-
tive errors δcc,i of the conditioned photocounts are more
than

√
10 times smaller than the relative errors δci of the

photocounts from the reference sequence [see Fig. 9(b)].

The reduction of the relative error δcc,i of the condi-
tioned photocounts with respect to the relative error δci
of the reference sequence by more than

√〈cc,i〉/〈ci〉 is
caused by the sub-Poissonian character of the conditioned
idler photocount fields. To separate out the effect of the
field intensity on the relative errors, we plot in Figs. 9(c)
and 9(d) the normalized relative errors δrci and δrcc,i for
the idler fields together with their signal counterparts δrcs
and δrcc,s. The values of the normalized relative errors
δrcs and δrci for the photocounts of the reference sequence
at the signal and idler detectors, respectively, are slightly
below 1. The multimode thermal character of the detected
marginal signal and idler fields in the reference sequence
suggests that the values of these normalized relative errors
should be slightly above 1, but the effect of pileup in
the detection in individual detection windows leads to
values slightly smaller than 1. On the other hand, the nor-
malized relative errors δrcc,s ≈ 0.82 and δrcc,i ≈ 0.85 of
the conditioned photocounts express increased measure-
ment precision due to the sub-Poissonian character of the
conditioned photocount fields.

To quantify the improvement in the measurement pre-
cision due to the application of such compound sub-
Poissonian fields, we show in Fig. 9(e) the ratios Scs and Sci
of the conditioned photocount normalized relative errors
and their counterparts in the reference signal and idler
sequences:

Sca = δrcc,a

δrca
, a = s, i. (37)

In our experiment and according to the curves in Fig. 9(e),
the improvement in the measurement precision of the
absorption coefficient lies in the range from 12% to 17%. A
better improvement is observed at the idler detector, as the
idler detection efficiency ηi is greater than the signal detec-
tion efficiency ηs. The ratios Scs and Sci increase slightly
with the number N of grouped detection windows. This
is caused by the increasing level of noise with an increas-
ing number N of grouped detection windows caused by
the correlations in the intra-pump-pulse intensity fluctua-
tions already discussed in relation to the Fano factors of
the marginal fields and effective detection efficiencies. We
note that the slight decrease in the values of the ratios Scs
and Sci close to N = 1000 in Fig. 9(e) is caused by the fact
that we average over NM = 500 measurement repetitions
for technical reasons (NM < N ).

In the graphs in Fig. 9, we also plot the curves aris-
ing for the models of compound TWBs detected by APDs
(solid curves) and genuine TWBs detected by N -pixel
PNRDs (dashed curves). The quantities for the photocount
fields in the reference sequence are directly derived from
the signal and idler marginal fields of compound TWBs
formed by N constituting TWBs. On the other hand, the
quantities for the conditioned photocount fields originate
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from a model of sub-Poissonian fields obtained from com-
pound TWBs formed by N constituting TWBs that are
postselected by registering N photocounts in the comple-
mentary field. According to the curves in Figs. 9(c)–9(e),
the use of genuine TWBs with N -pixel PNRDs instead of
the compound TWBs analyzed and detected in N APDs
detection windows improves the measurement precision
by about 50% for N > 10 (signal detector, 13% → 21%;
idler detector, 16% → 25%). This partial degradation in
the measurement precision is caused by the structure of
the compound TWBs, which, however, allows their simple
detection by APDs.

We note that we use the shot-noise limits of the detectors
applied, with limited detection efficiencies, as a reference
and beat this limit by the use of generated compound sub-
Poissonian fields. If detectors with detection efficiencies
close to 1 are used, the experimental scheme analyzed
would allow one to beat the ultimate shot-noise limit set for
an ideal detector. This has been reached, e.g., in Ref. [24].

VIII. CONCLUSIONS

We suggest a scheme for substituting genuine multi-
mode twin beams by compound twin beams. The com-
pound twin beams are composed of constituting twin
beams that replace the fields in individual spatiospectral
modes of the genuine twin beams. The constituting twin
beams are sufficiently weak so that they allow detection
by single-photon-sensitive on-off detectors. As a conse-
quence, the photocount statistics of the compound twin
beams are revealed without the need of photon-number-
resolving detectors.

We experimentally analyze the properties of compound
twin beams containing up to hundreds of photon pairs, side
by side with appropriate theoretical models. The marginal
Fano factors, noise-reduction parameters, and covariances
of photon numbers determined reveal a close similar-
ity with genuine twin beams. We determine the effective
detection efficiencies for the compound twin beams.

Using experimental compound twin beams with inten-
sities varying over 3 orders of magnitude, we identify
nonclassicality identifiers suitable for stronger twin beams
and, by determining the corresponding nonclassicality
depths, we confirm the highly nonclassical properties of
stronger compound twin beams.

Using compound twin beams and postselection based
on measurement of the photocounts in one beam, we
experimentally generate sub-Poissonian fields with inten-
sities of up to 100 photons and systematically study their
properties, including quantification of the nonclassical-
ity. However, we experimentally demonstrate that the real
postselection scheme loses efficiency with increasing field
intensity.

We experimentally demonstrate the ability to use com-
pound twin beams to perform sub-shot-noise measure-
ments of absorption. Though compound twin beams are
less convenient than genuine twin beams in this measure-
ment, the use of single-photon sensitive on-off detectors in
their detection represents a huge advantage, from the point
of view of both their operation and high absolute detection
efficiencies. Sub-shot-noise imaging with compound twin
beams is especially promising for the imaging of biological
and other samples prone to the effects of light illumination.
The broad spectra of twin beams also allow spectroscopy
measurements with sub-shot-noise precision.
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APPENDIX: MODEL FOR CORRELATED
INTRA-PUMP-PULSE INTENSITY

FLUCTUATIONS AND COMPOUND-TWIN-BEAM
GENERATION

A comparison of the measured effective detection effi-
ciencies ηeff and the marginal photocount Fano factors
Fc, shown in Figs. 5(a) and 3(b), respectively, with their
theoretical counterparts shows that there occurs some addi-
tional noise that affects compound TWBs detected in more
than 100 detection windows. This additional noise is lin-
early proportional to the number N of detection windows
for N ≥ 100. As it affects the measured effective detec-
tion efficiencies ηeff, it has to be of “paired” origin. We
attribute this noise to correlations of the pump-pulse inten-
sity fluctuations among successive pulses. These pump-
pulse intensity fluctuations are transferred in the process of
spontaneous parametric down-conversion into fluctuations
of the integrated intensity of the paired component of a
TWB (the photon-pair number). This then primarily affects
quantities directly depending on the strength of the correla-
tions of the signal and idler fields (the detection efficiencies
ηeff) and, secondarily, quantities depending solely on the
signal or the idler field via the accompanying marginal
noise.

To account for such correlations in the pump-pulse
intensity fluctuations in the first model of compound
TWBs detected by APDs, we consider the following classi-
cal statistical Gaussian model for the additional correlated
intensity fluctuations wp ,j and wp ,k of the TWB paired
components in detection windows j and k:

〈wp ,j 〉w = 0,

〈wp ,j wp ,k〉w = (1 − δjk)K〈Ww
p 〉2.

(A1)
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In writing Eq. (A1), we assume that the strength of the
additional intensity fluctuations wp ,j is linearly propor-
tional to the mean intensity 〈Ww

p 〉 of the TWB paired
component belonging to one detection window. Provided
that the detector dark-count rates can be neglected, the
value of the phenomenological constant K introduced in
the second relation in Eq. (A1) can be estimated from the
averaged values of the coefficients K̄s and K̄i shown in
Fig. 5(c).

The integrated intensity Wall
p of the paired compo-

nent of a compound TWB originating from N grouped
detection windows and involving the additional inten-
sity fluctuations is determined as Wall

p ≡ Wp + ∑N
j =1 wp ,j .

Its moments with respect to the additional pump-pulse
intensity fluctuations take the form

〈Wall
p 〉w = 〈Wp〉,

〈
[
Wall

p

]2
〉w = 〈W2

p 〉 + KN (N − 1)〈Ww
p 〉2.

(A2)

The original formula in Eq. (19) for the signal effective
detection efficiency ηeff

s is then modified into the form

ηeff
s = ηs

〈Wp〉 + 〈(�Wp)
2〉 + KN (N − 1)〈Ww

p 〉2

〈Wp〉 + 〈Wi〉 . (A3)

Similarly, the signal photocount Fano factor Fc,s defined in
Eq. (14) is expressed in this model as follows:

Fc,s = 1 + ηs

[
〈(�Wp)

2〉 + 〈(�Ws)
2〉

+ KN (N − 1)〈Ww
p 〉2

][
〈Wp〉 + 〈Ws〉

]−1
. (A4)

Also, the formula in Eq. (15) for the noise-reduction-
parameter Rc of the photocounts can be appropriately
modified:

Rc = 1 +
[
(ηs − ηi)

2[〈(�Wp)
2〉 + KN (N − 1)〈Ww

p 〉2]

− 2ηsηi〈Wp〉 + η2
s 〈(�Ws)

2〉 + η2
i 〈(�Wi)

2〉
]

×
[
(ηs + ηi)〈Wp〉 + ηs〈Ws〉 + ηi〈Wi〉

]−1
. (A5)

We note that the corresponding quantities characterizing
the photon-number fields are also given by Eqs. (A4)
and (A5), in which we set ηs = ηi = 1.

The Fano factors Fc,i and Fn,i and the effective detec-
tion efficiencies ηeff

s and ηeff
i , which show greater deviations

between the experimental data and the predictions of the
original model without correlations in the pump-pulse
intensity fluctuations for greater numbers N of grouped
detection windows, are plotted in Figs. 3(b) and 5(a),
respectively. The solid plain curves close to the experi-
mental points in Figs. 3(b) and 5(a), drawn for the model

with correlations in the intra-pump-pulse intensity fluctua-
tions and K〈Ww

p 〉2 = 1 × 10−5, describe well the behavior
of the quantities studied for large numbers N of grouped
detection windows. We have 〈Ww

p 〉 = mpbp = 0.10185 in
the model and so K = 0.965 × 10−3, in accordance with
the values of the coefficients K̄s and K̄i plotted in Fig. 5(c).
As follows from Eq. (A5), the correlations in the pump-
pulse intensity fluctuations influence only weakly the val-
ues of the noise-reduction parameters Rc and Rn in our
case, in which ηs ≈ ηi. We note that, in our opinion, the
slightly larger theoretical values of the effective detection
efficiencies ηeff

s and ηeff
i in Fig. 5(a) in the area around

N = 100 indicate longer-range dead-time effects in the
response of the APDs and processing electronics used [53].
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[45] J. Peřina Jr., O. Haderka, and V. Michálek, Non-classicality
and entanglement criteria for bipartite optical fields charac-
terized by quadratic detectors II: Criteria based on proba-
bilities, Phys. Rev. A 102, 043713 (2020).

[46] I. S. Gradshtein and I. M. Ryzhik, Table of Integrals,
Series, and Products (Academic Press, San Diego, 2000),
6th ed.

[47] C. T. Lee, Measure of the nonclassicality of nonclassical
states, Phys. Rev. A 44, R2775 (1991).

[48] J. M. Raimond, M. Brune, and S. Haroche, Manipulating
quantum entanglement with atoms and photons in a cavity,
Rev. Mod. Phys. 73, 565 (2001).

024061-16

https://doi.org/10.1063/1.1596723
https://doi.org/10.1103/PhysRevA.96.033852
https://doi.org/10.1016/0375-9601(93)90756-P
https://doi.org/10.1103/PhysRevLett.54.2011
https://doi.org/10.1070/QE1980v010n09ABEH010660
https://doi.org/10.1063/1.882570
https://doi.org/10.1364/OE.18.020572
https://doi.org/10.1063/1.4863433
https://doi.org/10.1038/nphoton.2010.29
https://doi.org/10.1088/2040-8978/18/7/073002
https://doi.org/10.1038/s41598-018-25501-w
https://doi.org/10.1103/PhysRevLett.58.2656
https://doi.org/10.1038/s41534-017-0054-y
https://doi.org/10.1016/0030-4018(87)90028-9
https://doi.org/10.1103/PhysRevLett.91.213601
https://doi.org/10.1364/OE.21.019387
https://doi.org/10.1016/0030-4018(86)90288-9
https://doi.org/10.1103/PhysRevLett.96.010401
https://doi.org/10.1103/PhysRevA.98.012121
https://doi.org/10.1364/OE.27.030810
https://doi.org/10.1088/1367-2630/aa5512
https://doi.org/10.1103/PhysRevA.87.022108
https://doi.org/10.1111/j.2517-6161.1993.tb01925.x
https://doi.org/10.1364/OL.37.002475
https://doi.org/10.1103/PhysRevLett.93.243601
https://doi.org/10.1103/PhysRevA.76.013833
https://doi.org/10.1103/PhysRevLett.101.233604
https://doi.org/10.1103/PhysRevLett.102.213602
https://doi.org/10.1103/PhysRevA.96.043845
https://doi.org/10.1103/PhysRevA.102.043713
https://doi.org/10.1103/PhysRevA.44.R2775
https://doi.org/10.1103/RevModPhys.73.565


COMPOUND TWIN BEAMS. . . PHYS. REV. APPLIED 16, 024061 (2021)

[49] H. Zou, S. Zhai, J. Guo, R. Yang, and J. Gao, Prepara-
tion and measurement of tunable highpower sub-Poissonian
light using twin beams, Opt. Lett. 31, 1735 (2006).

[50] M. Lamperti, A. Allevi, M. Bondani, R. Machulka,
V. Michálek, O. Haderka, and J. Peřina Jr., Optimal
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