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Experimental Masking of Real Quantum States
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Masking of quantum information is a way of hiding information in correlations such that no information
is accessible to any local observer. Although the set of all quantum states as a whole cannot be masked
into bipartite correlations according to the no-masking theorem, the set of real states is maskable and is
a maximal maskable set. In this work, we experimentally realize a masking protocol of the real ququart
by virtue of a photonic quantum walk. Our experiment clearly demonstrates that quantum information of
the real ququart can be completely hidden in bipartite correlations of two-qubit hybrid entangled states,
which are encoded in two different degrees of freedom of a single photon. The hidden information is
not accessible from each qubit alone, but can be faithfully retrieved with a fidelity of about 99% from
correlation measurements. By contrast, any superset of the set of real density matrices cannot be masked.

DOI: 10.1103/PhysRevApplied.16.024052

I. INTRODUCTION

Hiding information in correlations is a useful idea
that plays crucial roles in a wide spectrum of subjects.
Although classical information can be completely hidden
in quantum correlations of a bipartite system, quantum
information of an arbitrary state cannot be completely hid-
den in a similar way according to the no-hiding theorem
[1] and no-masking theorem [2]. These no-go theorems
offer valuable insights on the power and limitation of
quantum-information processing, which are complemen-
tary to the famous no-cloning theorem [3–5] and no-
broadcasting theorem [6]. Meanwhile, they are of intrinsic
interest to many active research areas, including quantum
communication, quantum secret sharing [7–9], informa-
tion scrambling, and the black-hole information paradox
[10–13].

Notwithstanding the limitations set by the no-hiding and
no-masking theorems [2], it is possible to hide and mask
quantum information in certain restricted sets of quantum
states [14–19] (see also Ref. [20] for information mask-
ing in the multipartite scenario). Notably, very recently
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Ref. [19] showed that the no-hiding and no-masking theo-
rems break down in real quantum mechanics, in sharp con-
trast with complex quantum mechanics. Information about
real density matrices (with respect to the computational
basis) can be completely hidden in bipartite correlations.
Moreover, the set of real states is a maximal maskable set
in the sense that it is not contained in any other mask-
able set. These results give a twist to the problem of
information masking, which is of intrinsic interest to the
resource theory of imaginarity [21,22] and foundational
studies on quantum mechanics [23–25] in addition to the
research areas mentioned above. Despite these theoretical
progresses, experimental works on quantum-information
masking are quite rare [26,27] (see Refs. [28,29] on the
test of the no-hiding theorem). Moreover, all masking pro-
tocols implemented so far are restricted to qubit systems,
which is a severe limitation.

In this work, we experimentally realize the masking pro-
tocol of the real ququart proposed in Ref. [19] using a
photonic system. To achieve this goal, we devise a four-
step photonic quantum walk to realize the desired masking
isometry, which turns any pure state of the real ququart
into a two-qubit hybrid entangled state. Our experimen-
tal results clearly demonstrate that quantum information
of the real ququart can be completely hidden in bipar-
tite correlations, and no information can be retrieved from
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each subsystem alone. In addition, the encoded quantum
information can be faithfully retrieved from correlation
measurements. By contrast, the output state associated
with any input state that is not real cannot be maximally
entangled, so partial information has to leak to each sub-
system. Moreover, the concurrence of the output state
is determined by the robustness of imaginarity of the
input state, which is of key interest to the resource the-
ory of imaginarity [21,22]. Here, we encode two-qubit
hybrid entangled states in two different degrees of free-
dom (DOFs) of a single photon [30,31], but it can be
generalized to two-photon two-qubit states by simply cas-
cading the protocol of quantum state fission [32] after our
photonic quantum walk.

II. MASKING OF QUANTUM INFORMATION

A set S of quantum states on the Hilbert space H of
dimension d is maskable if there exists an isometry M
from H to HA ⊗ HB, such that both τA = trB(MρM †) and
τB = trA(MρM †) are independent of ρ for all ρ ∈ S [2].
In this case, no information about the original state ρ can
be retrieved from subsystem A or B alone, and all informa-
tion spreads over the bipartite correlations between A and
B. Let D(H) and P(H) be the sets of all density matrices
and all pure states (rank-1 projectors) on H; let DR(H)
and PR(H) be the sets of all real density matrices and
all real pure states with respect to the computational basis
{|j 〉}d−1

j =0 of H. The no-masking theorem states that D(H)
and P(H) are not maskable [2]. However, this theorem
does not apply to restricted sets of quantum states in gen-
eral. Notably, the set DR(H) is maskable and is actually
a maximal maskable subset of D(H) [19]. Here a mask-
able set is maximal if it is not a proper subset of any
other maskable set. Such maximal maskable sets are par-
ticularly appealing because they reflect the potential and
limitation of quantum-information masking as well as the
distinction between quantum-information processing and
classical information processing.

Since any mixed state is a convex mixture of pure
states, masking of DR(H) is equivalent to the masking of
PR(H). According to Ref. [19], the set PR(H) can be
masked by virtue of a set {Uj }d−1

j =1 of d − 1 unitary Hurwitz-
Radon (HR) matrices acting on HA [33,34], which is
characterized by the equation

Uj Uk + UkUj = −2δjk1A. (1)

Let |�〉 = ∑m−1
r=0 |rr〉 be the canonical maximally entan-

gled state in HA ⊗ HB, assuming that both HA and HB
have dimension m. Let U0 := 1A and define

|�j 〉 := (Uj ⊗ 1B)|�〉, j = 0, 1, . . . , d − 1. (2)

Then the isometry M from H to HA ⊗ HB defined by the
map j �→ |�j 〉 is a masker for PR(H) and DR(H). Note

that, for any normalized vector c := (c0, c1, . . . , cd−1), the
ket |ψ(c)〉 = ∑d−1

j =0 cj |j 〉 is mapped to [U(c)⊗ 1B]|�〉
under the masker M , where U(c) := ∑

j cj Uj . Moreover,
U(c) is a unitary operator for any normalized real vector c
thanks to the characteristic of the HR matrices presented in
Eq. (1).

III. MASKING OF THE REAL QUQUART

In the case of d = 4, to mask DR(H), we need a set of
three HR matrices. A simple example can be constructed
from Pauli matrices: {Uj }3

j =1 := {iσz, iσx, iσy}, which can
also be written as {iZ, iX , iY}. With this choice, we can
define an isometry M : H �→ HA ⊗ HB as follows:

M |j 〉 = −i|�j 〉 := −i(Uj ⊗ 1B)|�〉, j = 0, 1, 2, 3,
(3)

where |�〉 := (|00〉 + |11〉)/√2 and U0 := 1A. Here the
choice of the phase factor −i is not essential but is conve-
nient for the following discussion. Under this isometry, the
computational basis of H is mapped to the two-qubit magic
basis [35]; accordingly, all real pure states are mapped to
maximally entangled states. So the isometry M is a masker
for PR(H) and DR(H) [19]. By contrast, the image of
any state in D(H) \ PR(H) is not maximally entangled.
Moreover, when ρ is pure, the concurrence of the output
state MρM † is determined by the robustness of imaginarity
of ρ [19],

C(MρM †) =
√

1 − I 2
R (ρ), (4)

where IR(ρ) = ‖ρ − ρT‖1/2 =
√

1 − tr(ρρT) [22].
To realize the masker M of the real ququart, here we

design a simple scheme based on a quantum walk as illus-
trated in Fig. 1, which can be implemented in a photonic
system. In a quantum walk [36–39], the state |x, c〉 of the
walker-coin joint system is characterized by two indices x
and c, where x = . . . , −1, 0, 1, . . . denotes the position of
the walker on a one-dimensional chain, and c = 0, 1 labels
the state of the coin qubit, which determines the moving
direction of the walker in the next step. Each step of the
quantum walk can be described by a unitary operator of
the form U(t) = T C(t), where C(t) = ∑

x |x〉〈x| ⊗ C(x, t),
with C(x, t) being position-dependent coin operators, and
T is the conditional translation operator,

T =
∑

x

(|x − 1〉〈x| ⊗ |0〉〈0| + |x + 1〉〈x| ⊗ |1〉〈1|). (5)

The ququart can be encoded into the initial state (with
t = 0) of the walker-coin system using the path degree
of freedom (DOF). To be concrete, a general pure state
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FIG. 1. Schematic diagram of quantum-information masking
(upper plot) and realization of the masker M of the real ququart
based on a quantum walk (lower plot). The coin operators fea-
turing in the figure are given by X = (

0 1
1 0

)
, Z = (

1 0
0 −1

)
, C1 =

1√
2

(
i 1

−i 1

)
, and C2 = 1√

2

(
1 i

−1 i

)
.

|ψ〉 = ∑3
j =0 aj |j 〉 of the ququart with

∑3
j =0 |aj |2 = 1 is

encoded as follows:

|�〉 = (a0| − 3〉 + a1| − 1〉 + a2|1〉 + a3|3〉)⊗ |1〉. (6)

After the first step of the quantum walk, the joint state
evolves into

|�1〉=a0| − 2, 1〉+a1| − 2, 0〉+a2|2, 1〉+a3|2, 0〉. (7)

After the second step, the joint state evolves into

|�2〉 = ia0 + a1√
2

| − 3, 0〉+ ia0 − a1√
2

| − 1, 1〉

+ a2 + ia3√
2

|1, 0〉 + a2 − ia3√
2

|3, 1〉. (8)

Following a similar procedure, the final state after the
quantum walk reads

|� ′〉 = a1 − ia0√
2

|1, 0〉−a1 + ia0√
2

| − 1, 1〉+a2 − ia3√
2

|1, 1〉

+ a2 + ia3√
2

| − 1, 0〉

= −i
(
a0|�′

0〉 + a1|�′
1〉 + a2|�′

2〉 + a3|�′
3〉

)
, (9)

where

|�′
0〉 = 1√

2
(| + 1, 0〉 + | − 1, 1〉),

|�′
1〉 = i√

2
(| + 1, 0〉 − | − 1, 1〉),

|�′
2〉 = i√

2
(| + 1, 1〉 + | − 1, 0〉),

|�′
3〉 = 1√

2
(| + 1, 1〉 − | − 1, 0〉).

(10)

Now |� ′〉 can be regarded as a two-qubit state on the
Hilbert space HA ⊗ HB, where A denotes the effective
walker qubit composed of positions +1 and −1, and B
denotes the coin qubit. Here {|�′

j 〉}3
j =0 is exactly the two-

qubit magic basis in HA ⊗ HB, so the quantum walk
illustrated in Fig. 1 indeed realizes the masker M defined
in Eq. (3).

IV. EXPERIMENTAL SETUP

The setup for masking the real ququart is shown in
Fig. 2. It contains four modules: a heralded single-photon
source, a state-preparation module, a masking module,
and a measurement module. Here we use the path DOF
to encode the real ququart and the polarization DOF to
encode the coin state employed in the quantum walk within
the masking module.

In the module of single-photon source, an ultraviolet
laser with central wavelength of 404 nm is used to pump
a type-I phase-matched BBO crystal to generate a photon
pair in a product (polarization) state via spontaneous para-
metric down-conversion [40]. One photon is measured as
a trigger to herald the generation of its twin photon, which
is then transmitted to the state-preparation module.

In the state-preparation module, a polarization beam
splitter (PBS) first prepares the photon in the horizontal-
polarization state |H 〉 (in contrast with the vertical-
polarization state |V〉). Then two beam displacers (BDs)
and three half-wave plates (HWPs) transform the photon
state into

(a0| − 3〉 + a2|1〉)⊗ |H 〉 + (a1| − 1〉 + a3|3〉)⊗ |V〉,
(11)

where the four real parameters ai for i = 0, . . . , 3 are con-
trolled by three HWPs (see Appendix A). Finally, we
prepare the ququart state

(a0| − 3〉 + a1| − 1〉 + a2|1〉 + a3|3〉)⊗ |V〉, (12)

of the form in Eq. (6) by inserting a HWP at 45◦ (which
realizes the X or NOT gate) on paths −3 and 1 to turn |H 〉
into |V〉. Note that the first two X gates on paths −1 and 3
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FIG. 2. Experimental setup. The heralded single-photon source (labeled by S) on top is realized by spontaneous parametric down-
conversion in a type-I β-barium-borate (BBO) crystal. The rest setup consists of three modules: state-preparation module (labeled by
P), masking module (labeled by Mask), and measurement module (labeled by Meas). The masking module implements the masker
defined in Eq. (3) according to the quantum-walk scheme illustrated in Fig. 1. The photon’s spatial modes labeled at the bottom
correspond to the walker’s positions defined in Fig. 1. Two combinations of wave plates of the form HWP-QWP-HWP in the masking
module realize the coin operators C1 and C2 defined in the caption of Fig. 1. HWP, half-wave plate; QWP, quarter-wave plate; BD,
beam displacer; PBS, polarizing beam splitter; SPCM, single-photon counting module; K9, K9 glass plate.

in the masking module in Fig. 1 can also be implemented
by a HWP at 45◦; moreover, the four paths can share a
same HWP placed at the beginning of the masking module
in Fig. 2. The removable quarter-wave plate (QWP) in the
preparation module is used only to prepare pure states with
complex coefficients (see Appendix B).

After state preparation, the ququart is sent into the mask-
ing module, which realizes the quantum walk illustrated in
Fig. 1. The two QWP-HWP-QWP combinations realize the
coin operators C1 and C2, respectively, while the 0◦ HWPs
realize the Z gates. The output of the masking module is
a hybrid entangled state between the path qubit and the
polarization qubit of the heralded photon.

The measurement module consists of two QWP-HWP
combinations designed to control the measurement settings
employed for measuring the path qubit and polarization
qubit (see Appendix C). In addition, a K9 plate is used
to compensate for different path lengths among the inter-
ference arms. Finally, the heralded photon is collected by
four single-photon counting modules (SPCMs).

V. EXPERIMENTAL RESULTS

To demonstrate the performance of the masking proto-
col realized using the photonic quantum walk as described
above, we select the following four probe states:

|0〉, 1√
2
(|0〉 + |1〉),

1√
3
(|0〉 + |1〉 + |2〉), 1

2
(|0〉 + |1〉 + |2〉 + |3〉),

(13)

which form a complete but nonorthogonal basis in H.
To verify that the masking module indeed transforms

these input states according to the theoretical prediction
described in Eqs. (6)–(10), we perform fidelity estimation
based on quantum state verification (QSV) [41–43] (see
Appendix D) on the output states from the masking mod-
ule. It turns out the fidelity between each output state and
the ideal masked state is above 98%, as shown in Fig. 3.
To further certify that no information of the input state
can be inferred from each reduced state of the output state,
we then perform quantum state tomography on the path
and polarization qubits, respectively. In each case the aver-
age purity obtained in the experiment is very close to 0.5
as shown in Fig. 3, which implies that the reduced states

FIG. 3. Experimental characterization of the masking module
in Fig. 2. Each blue bar represents the fidelity between the actual
output state and the ideal output state associated with each probe
state as marked at the bottom of the figure. Each red bar repre-
sents the average purity of the two reduced states of the output
state. The number in the parentheses above the blue (red) bar
indicates the 95% confidence interval of each fidelity estimator
(the standard deviation of each purity estimator). The methods
for quantifying the confidence interval and the standard deviation
are detailed in Appendices D and E.
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(a) (b)

FIG. 4. Experimental decoding of the masked state from cor-
relation measurements. Here the input state is given by (|0〉 +
|1〉 + |2〉 + |3〉)/2. (a) Mean values 〈σi ⊗ σj 〉 for i, j ∈ {x, y, z}.
(b) Matrix elements of the reconstructed density matrix (only real
part is shown since the imaginary part is zero by reconstruction;
see Appendix F). Bars without color represent the original input
state, while bars with color represent the reconstructed state.

of both subsystems are nearly completely mixed and little
information about the original state can be retrieved from
each subsystem alone; see Appendix E for more details.
These experimental results clearly demonstrate that the
masking module in Fig. 2 successfully realizes the masker
M in Eq. (3) within small experimental errors.

Next, we show that the information of the input state
can be faithfully retrieved from the bipartite correlations of
the output state of the masker M . To be concrete, the den-
sity matrix of any real state can be reconstructed from the
correlation statistics of nine product Pauli measurements
σj ⊗ σk for j , k = x, y, z on the output state. In the experi-
ment, each tensor product σj ⊗ σk is measured 4000 times
to determine its mean value. The specific decoding method
is detailed in Appendix F. As an example, the decoding
result on the input state (|0〉 + |1〉 + |2〉 + |3〉)/2 is shown
in Fig. 4, and the decoding fidelity is 98.9%, which is
consistent with the result of QSV shown in Fig. 3.

Finally, we verify the relation between the concurrence
of the output state and the robustness of imaginarity of
the input state as presented in Eq. (4). To be concrete, we
choose input states of the form

|ψ(φ)〉 = 1√
2
(|0〉 + eiφ|1〉), 0 ≤ φ ≤ π

2
. (14)

The robustness of imaginarity of the input state and the
concurrence of the output state are, respectively, given by

IR(|ψ(φ)〉) = sinφ, C(M |ψ(φ)〉) = cosφ. (15)

In the experiment, the concurrence is determined by virtue

of the formula C(|�〉) :=
√

2(1 − tr(�2
P)), where �P is the

reduced state of the path qubit of the output state as deter-
mined by quantum state tomography (see Appendix E).

FIG. 5. Relation between the concurrence of the output state
and the robustness of imaginarity of the input state, which has
the form (|0〉 + eiφ |1〉)/√2 with 0 ≤ φ ≤ π/2. The error bars
represent the standard deviations of the concurrence estimations,
which are determined via resampling (see Appendix E).

The experimental results shown in Fig. 5 agree very well
with the theoretical prediction, which implies that partial
information of the input state is accessible to each subsys-
tem once the robustness of imaginarity becomes nonzero.
These results also corroborate the conclusion that DR(H)
is a maximal maskable set.

VI. SUMMARY

We experimentally realize a masking protocol of the real
ququart using a photonic quantum walk. Our experiment
clearly demonstrates that quantum information of the real
ququart can be completely hidden in bipartite correlations
of hybrid entangled states, which is not accessible to each
subsystem alone, but can be faithfully retrieved from corre-
lation measurements. By contrast, any superset of the set of
real density matrices cannot be masked. Furthermore, the
entanglement of the output state is tied to the robustness
of imaginarity of the input state. These results manifest
a sharp distinction between real quantum mechanics and
complex quantum mechanics in hiding and masking quan-
tum information. Moreover, they offer valuable insights on
the potential and limitation of quantum-information mask-
ing, which are of intrinsic interest to many active research
areas.

It should be pointed out that the two DOFs sharing the
masked information in our experiment reside in the same
location (photon), and the meaning of “masking” is slightly
different from the common literature. Here the informa-
tion is masked into the correlations between two DOFs
instead of two space-separated particles. Nevertheless, the
underlying mathematical structures in the two scenarios
are identical. So the main conclusions obtained in our
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proof-of-principle experiment should apply to both scenar-
ios. Also, in principle our experiment can be generalized to
realize quantum-information masking in two photons by
cascading the protocol of quantum state fission [32] after
the photonic quantum walk.
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APPENDIX A: PREPARATION OF PURE STATES
WITH REAL COEFFICIENTS

In this section we show that the state-preparation mod-
ule in Fig. 2 in the main text (also shown in Fig. 6) can
prepare an arbitrary pure state of the real ququart. Sup-
pose the angles of the optical axes of H1, H2, and H3
in Fig. 6 are h1, h2, and h3 (with respect to the horizontal
direction), respectively. The input heralded photon is ini-
tially prepared in the state |1〉 ⊗ |H 〉, which is turned into
the following state:

|1〉 ⊗ [cos(2h1)|H 〉 + sin(2h1)|V〉], (A1)

by H1. The BD after H1 coherently routes the heralded
photon to paths −3 and 1 according to the polarization
state of the heralded photon, which yields the state

| − 3〉 ⊗ cos(2h1)|H 〉 + |1〉 ⊗ sin(2h1)|V〉. (A2)

FIG. 6. The preparation module of the experimental setup.

Then H2 and H3 transform the photon state into

| − 3〉 ⊗ [
cos(2h1) cos(2h2)|H 〉 + cos(2h1) sin(2h2)|V〉]

+ |1〉⊗ [
sin(2h1) sin(2h3)|H 〉− sin(2h1) cos(2h3)|V〉].

(A3)

Next, the second BD transforms the state of the heralded
photon into

[
cos(2h1) cos(2h2)| − 3〉 + sin(2h1) sin(2h3)|1〉] ⊗ |H 〉

+ [
cos(2h1) sin(2h2)| − 1〉 − sin(2h1)

× cos(2h3)|3〉] ⊗ |V〉. (A4)

Finally, by inserting 45◦ HWPs on paths −3 and 1, we
can prepare the following state:

[
cos(2h1) cos(2h2)| − 3〉 + cos(2h1) sin(2h2)| − 1〉

+ sin(2h1) sin(2h3)|1〉 − sin(2h1) cos(2h3)|3〉] ⊗ |V〉,
(A5)

which has the form of Eq. (6) in the main text. Incidentally,
this operation can also be performed in the masking mod-
ule, as pointed out in the main text. To prepare the state in
Eq. (6), we need to choose the parameters h1, h2, and h3 so
as to satisfy the following equations:

cos(2h1) cos(2h2) = a0,

cos(2h1) sin(2h2) = a1,

sin(2h1) sin(2h3) = a2,

− sin(2h1) cos(2h3) = a3.

(A6)

APPENDIX B: PREPARATION OF PURE STATES
WITH COMPLEX COEFFICIENTS

In this section we show that the state-preparation mod-
ule in Fig. 2 in the main text (also shown in Fig. 6) can
also prepare certain pure states with complex coefficients
as presented in Eq. (14) in the main text. By inserting Q1
into path −3 as marked in Fig. 6, we can prepare the states
defined in Eq. (14). Such pure states with complex coeffi-
cients are required to demonstrate the relation between the
concurrence of the output state and the robustness of imag-
inarity of the input state as presented in Eq. (4) in the main
text.

To be specific, denote the angles of the optical axes of
H1 and Q1 from the horizontal direction by h1 and q1. Now
we set q1 = 45◦ and h1 = 0◦, then the state of the heralded
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photon after Q1 reads [44]

| − 3〉 ⊗ 1√
2

{
[cos(45◦ − 2h2)+ i sin(45◦ − 2h2)]|H 〉

+ [cos(45◦ − 2h2)− i sin(45◦ − 2h2)]|V〉}. (B1)

If we set h2 = (φ/4)+ 22.5◦ [here φ is the parameter
appearing in Eq. (14) in the main text], then the photon
state after Q1 reduces to

| − 3〉 ⊗ 1√
2
(|H 〉 + eiφ|V〉) (B2)

up to a global phase. After the action of the second BD, the
photon state becomes

1√
2
(| − 3〉|H 〉 + eiφ| − 1〉|V〉). (B3)

Finally, by inserting a 45◦ HWP (which realizes the X or
NOT gate) on paths −3 and 1, we can prepare the following
state:

1√
2
(| − 3〉 + eiφ| − 1〉)⊗ |V〉, (B4)

which agrees with Eq. (14) in the main text. Note that
this HWP can also be considered as a part of the masking
module.

APPENDIX C: IMPLEMENTATION OF LOCAL
PROJECTIVE MEASUREMENTS

In this section, we show that the measurement module
in Fig. 2 (also shown in Fig. 7) can perform an arbitrary
local projective measurement on the path-polarization two-
qubit system. Suppose we want to perform the projective

FIG. 7. The measurement module of the experimental setup.

measurement onto the product basis

{|ϕ0〉|ψ0〉, |ϕ0〉|ψ1〉, |ϕ1〉|ψ0〉, |ϕ1〉|ψ1〉}, (C1)

where

|ϕ0〉 = cos γ |0〉 + eiζ sin γ |1〉,
|ϕ1〉 = sin γ |0〉 − eiζ cos γ |1〉,
|ψ0〉 = cosα|0〉 + eiβ sinα|1〉,
|ψ1〉 = sinα|0〉 − eiβ cosα|1〉.

(C2)

To simplify the notation, here we temporarily use |0〉 (|1〉)
to refer to “path 1” (“path −1”) for the path qubit, and to
“horizontal polarization” (“vertical polarization”) for the
polarization qubit. Then the output state from the masking
module can be expressed as follows:

|�〉 = a0|ϕ0〉|ψ0〉 + a1|ϕ0〉|ψ1〉 + a2|ϕ1〉|ψ0〉
+ a3|ϕ1〉|ψ1〉. (C3)

We first choose the angles of the optical axes of Q2 and
H4 in Fig. 7 so as to implement the transformation |ψ0〉 →
|0〉, |ψ1〉 → |1〉 on the polarization qubit (see Supplemen-
tal Material of Ref. [44] on how to calculate the angles),
which turns |�〉 into

|� ′〉 = (a0|ϕ0〉 + a2|ϕ1〉)⊗ |0〉 + (a1|ϕ0〉 + a3|ϕ1〉)⊗ |1〉.
(C4)

Then the two BDs split and recombine the two light beams,
which turns |� ′〉 into

|� ′′〉 = |0〉 ⊗ (a1|ϕ0〉+ a3|ϕ1〉)+ |1〉⊗ (a0|ϕ0〉+ a2|ϕ1〉).
(C5)

Next, we set the angles of the optical axes of Q3 and H5
so as to realize the transformation |ϕ0〉 → |0〉, |ϕ1〉 → |1〉,
which turns |� ′′〉 into

|� ′′′〉 = a1|0〉|0〉 + a3|0〉|1〉 + a0|1〉|0〉 + a2|1〉|1〉. (C6)

Now, the probabilities that the heralded photon is found by
SPCM 0, 1, 2, 3 are |a1|2, |a3|2, |a0|2, |a2|2, respectively. In
this way, we can realize the local projective measurement
onto the product basis in Eq. (C1).

APPENDIX D: FIDELITY ESTIMATION BASED
ON QUANTUM STATE VERIFICATION

To estimate the fidelity between a two-qubit state � and
the Bell state |�〉 = (|00〉 + |11〉)/√2, we can apply the
idea of quantum state verification according to Ref. [41].
To be specific, we can randomly perform one of the
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three local projective tests associated with the three test
projectors P+

XX , P−
YY, P+

ZZ , respectively, where

P+
XX = 1 + X ⊗ X

2
,

P−
YY = 1 − Y ⊗ Y

2
,

P+
ZZ = 1 + Z ⊗ Z

2
,

(D1)

and 1 stands for the identity operator acting on the two-
qubit system. To optimize the performance, each test is
performed with probability 1/3. The resulting verification
operator reads

� = 1
3
(P+

XX + P−
YY + P+

ZZ) = |�〉〈�| + 1
3
(1 − |�〉〈�|).

(D2)

Now suppose that the fidelity between � and |�〉〈�| is
F(�, |�〉) = 〈�|�|�〉 = 1 − ε, where ε is the infidelity.
Then the probability that � can pass each test on average is
given by

psucc = tr(��) = 1 − 2
3
ε, (D3)

which implies that

ε = 3
2
(1 − psucc). (D4)

If � passes S tests after N tests in total in a given experi-
ment, then p̂succ := S/N is an unbiased estimator for psucc,
from which we can construct an unbiased estimator for the
infidelity,

ε̂ = 3
2
(1 − p̂succ). (D5)

To calculate the 95% confidence interval of ε̂, here we
assume that all the states � in the N runs are independent
and identically distributed. A common choice for the 95%
confidence interval of p̂succ is the Agresti-Coull interval
[45], which has the form

p̃ − κα(p̃ q̃)1/2Ñ−1/2 ≤ psucc ≤ p̃ + κα(p̃ q̃)1/2Ñ−1/2,
(D6)

where

p̃ = S̃

Ñ
, q̃ = 1 − p̃ , S̃ = S + κ2

α

2
, Ñ = N + κ2

α ,

(D7)

and κα := zα/2 is the (1 − α/2)th quantile of the stan-
dard normal distribution. Accordingly, the 95% confidence

interval of ε̂ reads

εlow ≤ ε ≤ εhigh, (D8)

where

εlow = 3
2
[
1 − p̃ − κ0.05(p̃ q̃)1/2Ñ−1/2],

εhigh = 3
2
[
1 − p̃ + κ0.05(p̃ q̃)1/2Ñ−1/2].

(D9)

When the target state changes from |�〉 to, say, |�′〉 =
(U ⊗ 1B)|�〉, the above approach still applies as long as
the set of test projectors is replaced by {P+

X ′X , P+
−Y′Y, P+

Z′Z}
accordingly, where X ′ = UXU†, Y′ = UYU†, Z ′ = UZU†.

In our experiment, the total number of tests is chosen
to be N = 5000 to reduce the statistical fluctuation. The
values of S associated with the four-probe states indicated
in Fig. 3 in the main text are 4986, 4969, 4946, and 4963,
respectively. The estimation errors of the fidelities shown
in Fig. 3 are determined by virtue of these numbers and the
formula

max{ε̂ − εlow, εhigh − ε̂}. (D10)

Note that the estimation error of each fidelity is the same
as the estimation error of each infidelity.

APPENDIX E: QUANTUM STATE TOMOGRAPHY
OF THE PATH QUBIT AND POLARIZATION

QUBIT

To further characterize the performance of the mask-
ing module, we perform quantum state tomography on the
path qubit and polarization qubit of the output states asso-
ciated with the four input states |0〉, (|0〉 + |1〉)/√2, (|0〉 +
|1〉 + |2〉)/√3, and (|0〉 + |1〉 + |2〉 + |3〉)/2, respectively
[cf. Eq. (13) in the main text]. To determine each reduced
density matrix of each output state, X , Y, Z measurements
are performed 4000 times, respectively. Then the den-
sity matrix is reconstructed using the maximum-likelihood
method described in Ref. [46]. The reconstruction results
on the reduced density matrices are shown in Fig. 8.

By virtue of the above results we can compute the aver-
age purity of the two reduced density matrices of each
output state, as shown in Fig. 3 in the main text. To
determine the estimation error of the average purity, we
resample 100 times the photon-counting results used in the
tomography according to the Poisson distribution, and then
calculate the standard deviation of the average purity using
the resampled data.

Since the output state is pure, its concurrence is deter-
mined by the purity of each reduced density matrix, which
in turn can be determined by quantum state tomography.
The concurrence shown in Fig. 5 in the main text is inferred
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FIG. 8. Experimental results on the reduced density matrices of the path qubit (�path) and polarization qubit (�pola), respectively, of
the output states of the masker defined in Eq. (3) in the main text. Here “Re” denotes the real part, and “Im” denotes the imaginary
part. The bottom line marks the input probe states associated with the output states. The experimental results demonstrate that all the
reduced density matrices are nearly maximally mixed.

from the purity of the density matrix of the path qubit using
a similar way as mentioned above except that here X , Y,
Z measurements are performed 10 000 times, respectively.
To determine the estimation error of the concurrence, we
resample 100 times the photon-counting results used in the
tomography of the path qubit according to the Poisson dis-
tribution, and then calculate the standard deviation of the
concurrence using the resampled data.

APPENDIX F: DECODING INPUT QUQUART
FROM CORRELATION MEASUREMENTS

In the main text, we introduce a simple masker M :
H �→ HA ⊗ HB for the real ququart associated with the
Hilbert space H, where both HA and HB are qubit Hilbert
spaces. To be specific, M is the isometry defined by its
action on the computational basis:

M |j 〉= − i(Uj ⊗ 1B)|�〉, j = 0, 1, 2, 3, (F1)

where U0 := 1A, {Uj }3
j =1 := {iσz, iσx, iσy} forms a set

of Hurwitz-Radon matrices on HA, and |�〉 = (|00〉 +
|11〉)/√2 is the canonical maximally entangled state in
HA ⊗ HB. Here we shall show that the information of the

real input state can be faithfully decoded from the bipartite
correlations of the output state of the masker M .

Recall that any two-qubit state � on HA ⊗ HB can be
expressed as

� = 1
4

(

1 + a · σ ⊗ 1B + 1A ⊗ b · σ +
∑

j ,k

Tjkσj ⊗ σk

)

,

(F2)

where σ = (σx, σy , σz), a and b are the Bloch vectors of
the two reduced states, respectively, and T is the correla-
tion matrix. The entries of the correlation matrix can be
determined by suitable Pauli measurements according to
the following equation:

Tjk = 〈σj ⊗ σk〉 = tr[�(σj ⊗ σk)], j , k ∈ {x, y, z}. (F3)

To decode the input state, we first consider the case in
which the input real state is pure. A general real pure
state in H can be written as |ψ(c)〉 = ∑

j cj |j 〉, where
c = (c0, c1, c2, c3) is a normalized real vector. The corre-
sponding output state of the masker M has the form

|�(c)〉 := M |ψ(c)〉= − i[U(c)⊗ 1B]|�〉, (F4)
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where U(c) := ∑3
j =0 cj Uj . Note that

|�〉〈�| = 1
4
(1 + σx ⊗ σx − σy ⊗ σy + σz ⊗ σz), (F5)

and

U(c)σxU(c)† = (c2
0 − c2

1 + c2
2 − c2

3)σx + 2(c2c3 − c0c1)σy + 2(c0c3 + c1c2)σz,

U(c)σyU(c)† = 2(c0c1 + c2c3)σx + (c2
0 − c2

1 − c2
2 + c2

3)σy + 2(c1c3 − c0c2)σz,

U(c)σzU(c)† = 2(c1c2 − c0c3)σx + 2(c1c3 + c0c2)σy + (c2
0 + c2

1 − c2
2 − c2

3)σz.

(F6)

So the density operator of |�(c)〉 reads

|�(c)〉〈�(c)| = 1
4

[

1 +
∑

j ,k

T(c)jk σj ⊗ σk

]

, (F7)

where the correlation matrix T(c) has the form

T(c) =

⎛

⎜
⎝

c2
0 − c2

1 + c2
2 − c2

3 −2(c0c1 + c2c3) 2(c1c2 − c0c3)

2(c2c3 − c0c1) −(c2
0 − c2

1 − c2
2 + c2

3) 2(c1c3 + c0c2)

2(c0c3 + c1c2) −2(c1c3 − c0c2) c2
0 + c2

1 − c2
2 − c2

3

⎞

⎟
⎠ . (F8)

In conjunction with the normalization condition c2
0 + c2

1 + c2
2 + c2

3 = 1, we can deduce that

c2
0 = 1

4
(1 + T11 − T22 + T33), c2

1 = 1
4
(1 − T11 + T22 + T33),

c2
2 = 1

4
(1 + T11 + T22 − T33), c2

3 = 1
4
(1 − T11 − T22 − T33),

(F9)

and

c2c3 = 1
4
(T21 − T12), c1c3 = 1

4
(T23 − T32), c1c2 = 1

4
(T13 + T31),

c0c1 = −1
4
(T21 + T12), c0c2 = 1

4
(T23 + T32), c0c3 = 1

4
(T31 − T13).

(F10)

By linearity the above result can be generalized to any mixed input state ρ that has a real density matrix. In this case, in
analogy to Eq. (F8), the correlation matrix of the output state MρM † reads

T =

⎛

⎜
⎝

ρ00 − ρ11 + ρ22 − ρ33 −2(ρ01 + ρ23) 2(ρ12 − ρ03)

2(ρ23 − ρ01) −(ρ00 − ρ11 − ρ22 + ρ33) 2(ρ13 + ρ02)

2(ρ03 + ρ12) −2(ρ13 − ρ02) ρ00 + ρ11 − ρ22 − ρ33

⎞

⎟
⎠ . (F11)

Accordingly, we have

ρ00 = 1
4
(1 + T11 − T22 + T33), ρ11 = 1

4
(1 − T11 + T22 + T33),

ρ22 = 1
4
(1 + T11 + T22 − T33), ρ33 = 1

4
(1 − T11 − T22 − T33),

(F12)

024052-10



EXPERIMENTAL MASKING OF REAL QUANTUM STATES PHYS. REV. APPLIED 16, 024052 (2021)

and

ρ23 = 1
4
(T21 − T12), ρ13 = 1

4
(T23 − T32), ρ12 = 1

4
(T13 + T31),

ρ01 = −1
4
(T21 + T12), ρ02 = 1

4
(T23 + T32), ρ03 = 1

4
(T31 − T13),

(F13)

which generalize Eqs. (F9) and (F10). Therefore, the den-
sity matrix of any real input state of the ququart can be
faithfully decoded from the correlation matrix of the output
state, which can easily be determined by virtue of product
Pauli measurements σj ⊗ σk for j , k ∈ {x, y, z}.
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