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In this paper, we show that the Gouy phase shift plays a key role in the far-field waveform evolution
of the reflected harmonic radiations from plasma surfaces driven by a relativistic Gaussian laser. With a
proper adjustment of laser focal position away from the plasma surface, the inherent separations between
the peaks of different harmonic carrier waves as well as the fundamental wave due to different wavelengths
can be cleared away when they propagate from near to far field, since they experience the same Gouy
phase shift of π/2. Using this method, intense attosecond pulses can be obtained in the far field with no
need of any spectral filters. Three-dimensional particle-in-cell simulations show that far-field attosecond
pulses with intensity of 4 × 1015 W/cm2 (2.56 × 1017 W/sr; 65 times increase) and duration of 76 as (50%
decrease) can be obtained by lasers at intensities of 1021 W/cm2. Such brilliant pulses with fully reserved
spectra significantly benefit applications in attosecond science.
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I. INTRODUCTION

Attosecond light pulses provide insights into electron
dynamics in atoms, molecules, and condensed matter
[1–4], enabling highly time-resolved measurement and
control of ultrafast dynamics in many applications [5].
Forming attosecond pulses requires a broad bandwidth of
harmonics, which can be generated in interactions between
lasers and matter including gases [6], crystals [7], and
plasmas [8–12]. Due to there being no limitation on the
drive laser intensity, relativistic high-order harmonic gen-
eration (RHHG) in overdense plasmas [13–16] is regarded
as the most promising route to obtaining intense attosecond
pulses at large photon energies and high brilliances.

In RHHG, high harmonics are produced by reflections of
laser fields from a plasma mirror (PM) when the PM trans-
verse current density changes the sign and longitudinal
velocity approaches the maximum [17], which indicates
all harmonic carrier waves including the fundamental wave
have the same zero points (initial phase φ0 = 0) [18]. How-
ever, due to different wavelengths, the peaks of different
harmonic waves (φ0 = π/2) are separated, with a maxi-
mum distance of approximately λL/4, where λL is the laser
wavelength. Therefore, generally a high-pass spectral filter
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[19] is needed to obtain pulses with durations at attosec-
ond scales, leading to rather low intensity and conversion
efficiency [20,21], because the harmonic spectrum has a
fast-decaying scaling of intensity In on the harmonic order
n as In ∝ n−q (q ≥ 4/3) [16].

In addition, in RHHG the laser exerts such a high
pressure on plasma surfaces that any spatial variation
of laser intensity induces significant deformation of the
PM—typically becoming curved [22] for Gaussian lasers.
Influences of the optically curved PM on spatial [22–
26] and spectral [27] properties of reflected pulses have
been studied. However, another key effect, the Gouy phase
shift �φG [28,29], an extra phase change experienced
by the focused harmonic waves during propagation, on
the reflected pulse in far field has barely been investi-
gated.

In this paper, through theoretical derivations and three-
dimensional (3D) particle-in-cell (PIC) simulations, we
show that the Gouy phase shift plays a key role in far-
field waveform evolution of the reflected harmonics in
RHHG. It is found that, when the laser focal position is
adjusted to be away from target surfaces at an appropri-
ate distance xf = (4πL/λL)xR, where xR = πw2

L/λL is the
Rayleigh length of the incident laser with focal waist wL
and L is the preplasma length scale, all harmonic waves
including the fundamental frequency experience the same
Gouy phase shift of �φG = π/2 when propagating from
near to far field and their locked phases change from zero
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to π/2. As a result, the inherent separations for the peaks of
different harmonic waves are cleared away. Based on this,
a scheme for production of intense attosecond pulses in
far field with no need of spectral filters is proposed, which
is much more practical than those using artificially super-
Gaussian lasers or specially designed targets [27,30]. Due
to the millijoule-level energy and fully reserved reflection
spectra of the generated attosecond pulses, our scheme
has great potential in realizing and developing attosecond-
pump-attosecond-probe experiments [1,2].

II. THEORETICAL ANALYSIS

As shown schematically in Fig. 1(a), the electric field
of the reflected pulse (RP) evolves significantly from near
(green) to far (red) field from an optically curved PM
driven by Gaussian lasers due to the Gouy phase shift.
The Gouy phase shift �φGn that the nth-order harmonic
wave including n = 1 experiences from near to far field
is composed of two parts: one from the PM surface to its
focal plane with distance xfn and the other from its focal
plane to the far field with distance xfar/xRn ≈ ∞, where
xRn = nπw2

fn/λL is its Rayleigh length and wfn is its waist
at the focal plane. Assuming all harmonic waves also have
a Gaussian spatial distribution, according to Ref. [29], we

get that

�φGn = −arctan(xfn/xRn) + π/2, (1)

where xfn < 0 if wave fronts of harmonics on PMs are
concave and xfn ≥ 0 otherwise. We define the waist of
harmonic waves on the PM surface as wsn = βnws [23],
where the coefficient βn ≤ 1 is almost independent of
laser intensities and preplasma length scales and ws =
wL

√
1 + (xf /xR)2 is the incident laser waist on the PM

surface. For n = 1, ws1 = β1ws = ws (β1 = 1) is satis-
fied for that the reflected fundamental laser wave has the
same waist as the incident wave. Similarly, we have wsn =
wfn

√
1 + (xfn/xRn)2. After derivations, we obtain that the

focal position xfn satisfies the relation x2
fn/x2

Rn = nβ2
n (1 +

x2
f /x2

R)(xR/xRn) − 1.
Further, for all reflected harmonics, the curvature radii

should be the same as Rr = xfn + x2
Rn/xfn, while for the nor-

mally incident laser Ri = xf + x2
R/xf . Assuming the target

has an exponential density profile with length scale L, the
PM is bent as a parabolic mirror with focal length fp ≈
w2

s/4L = xR[1 + (xf /xR)2]/b (b = 4πL/λL) [22], which
depends on the distribution of the incident laser intensity,
instead of the intensity itself. For a parabolic mirror, we
have 1/Ri − 1/Rr = 1/fp [31]. Substituting for Rr and Ri,
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FIG. 1. (a) Schematic for electric field evolution from the near to far field of the RP (green arrow) in RHHG, where a Gaussian laser
(blue arrow) is incident on a solid target (gray block) and an optically curved PM (purple block) is formed. The temporal profiles of
Ey on the x axis of the RP in the near (green) and far (red) fields, obtained from 3D PIC simulations with laser focal position xf = bxR
and preplasma length scale L = 0.2λL, are plotted. (b) Temporal profiles of Ey on the x axis of the RP in the near (green) and far (red)
fields for the case xf = 0 and L = 0, where the inset (blue) shows Ey in the far field after shifting back a phase π/2. (c) The harmonic
spectra for the cases in (b). (d) Temporal profile of Ey (red) of the far-field RP in the simulation of (a) but for xf = 0, where the black
dashed line shows the fundamental component. Note that all values of Ey are normalized by the maximum Ey (red) in (d) and other
parameters are described in the text.
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we obtain that xfn also satisfies the relation xfn + x2
Rn/xfn =

(x2
f + x2

R)/(xf − bxR).
From the above two relationships, we can write two

more useful equations as

xfn

xRn
= nβ2

n

(
xf

xR
− b

)
, (2)

x2
fn + x2

Rn =
(

x2
f + x2

R

)2

(
n2β4

n

)−1 x2
R + (

xf − bxR
)2 . (3)

Substituting Eq. (2) into Eq. (1) as well as the expression
of wfn, we obtain the Gouy phase shift and the beam waist
of the nth-order harmonic wave from near to far field as,
respectively,

�φGn = arctan
[

nβ2
n

(
b − xf

xR

)]
+ π

2
, (4)

wfn = βnwL

√√√√ 1 + (
xf /xR

)2

1 + n2β4
n

(
b − xf /xR

)2 . (5)

From Eq. (4), if the laser focal position is adjusted as xf =
bxR = (4πL/λL)xR, all harmonic waves experience the
same �φGn = π/2, resulting in a change of their locked
phase from φ = 0 (zero points) to π/2 (peak points) when
propagating from near to far field. This means that the
peaks of all harmonic waves (including the fundamental
one) overlap in the far field, naturally forming a sharp peak
in RPs for attosecond production. In other words, we can
get intense attosecond pulses in the far field with no need
of spectral filters, where the intensity is greatly increased,
comparing with that if xf = 0 is chosen and low-order har-
monics have to be filtered. Further, from Eq. (5) we see that
for xf = bxR, all harmonic waves have almost the same
beam waist wfn = βnwL

√
1 + (xf /xR)2, i.e., having small

divergence angles when propagating from focal plane to
far field, which also helps in increasing the attosecond
intensity in far field. For xf = 0, though the harmonic
intensity increases at the focal plane as wfn ∼ wL/nβnb
[32], it decreases significantly in far field.

Next, we analyze the harmonic spectrum evolution from
near field I near

n to far field I far
n . Considering the focusing

effect of a parabolic PM, we have

I far
n = I near

n
1 + (xfn/xRn)

2

1 + (xfar/xRn)2 . (6)

Due to the far-field condition xfar/xRn ≈ ∞, the far-field
harmonic spectrum is then I far

n /I far
1 ≈ (I near

n /I near
1 )[(x2

Rn +
x2

fn)/(x
2
R1 + x2

f 1)] = (I near
n /I near

1 ){n2[(b − xf /xR)2 + 1])/
(n2(b − xf /xR)2 + β−4

n )}, where β1 = 1 is taken and
Eq. (3) is used. If assuming I near

n /I near
1 ∝ n−8/3 such as

for a relativistically oscillating mirror (ROM) mechanism
[14,22], we obtain

I far
n /I far

1 ∝ n−8/3 × n2[(b − xf /xR)2 + 1]

n2(b − xf /xR)2 + β−4
n

. (7)

We see that if xf = bxR, the scaling of the far-field har-
monic spectrum is improved as much slower as I far

n /I far
1 ∝

n−2/3. This is because, when a planarlike PM is formed
(xf = bxR), the divergence angles of the reflected harmon-
ics θn depend inversely on the harmonic orders n, i.e.,
θn = λL/nπwfn ∝ (nβn)

−1 [from Eq. (5)].
Finally, the improvement of far-field intensity of

reflected harmonics when xf = bxR can be briefly eval-
uated through comparing with the unoptimized situation
(xf = 0). Utilizing Eqs. (3) and (6) and the far-field condi-

tion with I near
n = ηnI0

[
1 + (

xf /xR
)2

]−1
assumed, we have

I far,bxR
n

I far,0
n

= (1 + b2)
[
(β0

n )−4 + n2b2] (
βbxR

n

)4 η
bxR
n

η0
n

, (8)

where ηn and superscripts bxR and 0 represent the gen-
eration efficiency of nth-order harmonics and values of
xf , respectively. Clearly, as usually n2b2 � (β0

n )−4 and
η

bxR
n ∼ η0

n for intense incident lasers [33], I far,bxR
n /I far,0

n ∼
n2b2(1 + b2)(β

bxR
n )4, which can be much greater than 1 for

high-order harmonics.

III. SIMULATION RESULTS

To verify the theory, 3D PIC simulations with code
EPOCH [34] are carried out. A parallel time-domain near-
to-far-field transformation [35,36] module based on the
Kirchhoff diffraction theory [37] is developed to self-
consistently calculate the far-field waveform evolution.
Figure 1(a) shows the simulation setup. The target is
composed of a thin foil with density n0 = 100nc (nc =
meω

2
L/4πe2) and thickness 0.5λL from x = 0 and a

preplasma with exponential density distribution n(x) =
n0 exp[−(x − 0.5λL)/L]. A laser with intensity 1.93 ×
1021 W/cm2 and λL = 800 nm (amplitude a0 = 30) is inci-
dent from the right-hand boundary. The laser has Gaussian
distributions in both space and time with duration τL = 8 fs
∼ 3T and focal waist wL = 2 μm, where T = λL/c is the
laser period. The simulation box (x × y × z) is 7 × 28 ×
28 λ3

L containing 2100 × 1400 × 1400 cells. The particle
number per cell is 4 for electrons and 2 for ions. Ions are
immobile to save on computational resources, while the
influence of their movement is discussed in the Appendix.

Figure 1(b) shows the temporal profile of the reflected
field Ey on the x axis when the laser focal position is at
the target surface and no preplasma exists, i.e., xf = 0 and
L = 0. We see that the far-field waveform (red) is modu-
lated significantly compared with the near-field one (green)
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due to the Gouy phase shift. Since all harmonic waves
experience the same �φGn = π/2 [Eq. (4)] and the har-
monic spectra in near and far fields have the same scaling
−8/3 [Fig. 1(c)], the far-field waveform can be trans-
formed back to the near-field one by just shifting back a
phase π/2; see the blue line in the inset of Fig. 1(b) in
comparison with the green line.

Generally, the preplasma length scale is L 	= 0, and
according to Eq. (4), we adjust the laser focal position
at xf = bxR = (4πL/λL)xR to obtain intense attosecond
pulses in the far field. The red line in Fig. 1(a) shows
reflected Ey when xf = bxR ≈ 49.4λL and L = 0.2λL. We
see that intense attosecond pulses are naturally obtained,
where all harmonics and the fundamental frequency are
included with no need of filters. On the contrary, if still
choosing xf = 0, Fig. 1(d) shows the RPs (red) have
much wider durations with peaks that are not obvious,
because the peaks of the fundamental (black dashed line)
and harmonic waves (red) are separated. Generally, it is
required to filter the fundamental and low-order harmonics
so that the RP durations after filtering are within attosecond
scales, leading to significant decreases of their intensities.
The detailed dynamics can also be seen from Fig. 2(a),
which shows Ey for high harmonics (n > 1) and the fun-
damental frequency around the peak laser intensity cycle.
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FIG. 2. (a) On-axis far-field electric field Ey of high harmon-
ics (solid, n > 1) and the fundamental frequency (dashed) in RP
in 3D simulations, where xf = 0 (green, for which the value is
magnified by 8 times) and xf = bxR ≈ 49.4λL (red) are taken,
respectively. The inset shows the near-field results. (b) On-
axis far-field |Ey |2 for L = 0.1λL (red) and 0.2λL (green) when
xf = bxR (solid) and xf = 0 (dashed). (c) Dependences of the
Gouy phase shift �φGn and beam waist wfn on xf for the 5th-
order (dashed when β5 = 0.8, shading when 0.4 < β5 < 1) and
31st-order (solid when β31 = 0.5, shading when 0.4 < β31 < 1)
harmonics, where the curved lines are from Eqs. (4) and (5)
and triangle and circle symbols represent simulation results.
(d) Similar to (c), but for those depending on L, where xf = bxR.

In near field [inset of Fig. 2(a)], as expected [18], the har-
monic and fundamental waves have almost the same zero
points (φ0 = 0) while their peaks (φ0 = π/2) are separated
(comparing the blue solid lines with dashed lines). This
results in separation of their peaks in far field as well if
xf = 0 is still taken (green lines). However, by adjusting
xf = bxR, the separation between their peaks can be almost
cleared away in far field for �φGn = π/2 (comparing the
red solid lines and dashed lines).

The scheme works for a broad range of parameters.
Figure 2(b) shows the RP intensity |Ey |2 for L = 0.1λL (red
solid line) and 0.2λL (green solid line) around the peak
laser intensity cycle. We see that by adjusting xf = bxR,
for both cases an intense attosecond pulse is obtained with
no need of spectral filters. Furthermore, since the opti-
mum preplasma length scale of the ROM is approximately
λL/8, |Ey |2 for the case L = 0.1λL is higher than for the
case L = 0.2λL. However, if still choosing xf = 0, the RPs
(the dashed red and green lines) have much broader dura-
tions and lower intensities, where high-pass spectral filters
are needed. Figures 2(c) and 2(d) show dependences of
�φGn and wfn for the 5th-order (n = 5) and 31st-order (n =
31) harmonic waves on xf (L = 0.1λL) and L (xf = bxR),
respectively. We see that the simulation results (triangle
and circle symbols) agree well with the theoretical results
(curved lines) from Eqs. (4) and (5). The slight differences
for n = 31 in the range xf /bxR ≤ 0.5 and L/λL ≥ 0.2 are
due to increased instabilities from tight harmonic refocus-
ing and larger-scale preplasmas. Further, as expected, for
xf = bxR both waves achieve �φGn ≈ π/2. Simulations
verify that the scheme also works at moderate intensities
of approximately 1019 W/cm2.

Figure 3(a) shows divergence angles θn of the harmon-
ics in far field for xf = bxR (red square) and xf = 0 (blue
square). We see that θn for the former case is smaller than
for the latter case for all harmonics, i.e., having larger waist
wfn at the focal plane. This can be explained by Fig. 3(c) in
that the RP has a planar wave front when xf = bxR, where
the focusing effect of the curved PM is offset by the diverg-
ing wave front of the defocused laser, while the RP for
xf = 0 has a focusing wave front [Fig. 3(d)], leading to
smaller wfn but larger θn. Further, we see that for xf = bxR,
the dependence of θn on n is consistent with the diffrac-
tion limit [38] θn = θ1/n [comparing the red square with
red line in Fig. 3(a)], because all harmonics have almost
the same wfn = βnwL

√
1 + (xf /xR)2 [Eq. (5)]. As shown

in Fig. 3(b), such decreased θn also leads to great improve-
ment of harmonic intensities in far field, although the laser
intensity on the PM surface is lower due to defocusing.
Specifically, the growth approaches 40 and 211 times for
n = 5 and 31, respectively, close to the predictions of
Eq. (8), which are 42 and 245 times. Here, β

bxR
5 ≈ 0.8 and

β
bxR
31 ≈ 0.5 are used, as indicated in Fig. 2(c).
Figure 4(a) plots intensity distributions of the obtained

attosecond pulses in far field at xfar = 105λL for three
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cases of xf = bxR ≈ 24.7λL and L = 0.1λL (red), xf = 0
and L = 0.1λL (blue), and xf = 0 and L = 0 (green). As
expected, when adjusting xf = bxR, intense attosecond
pulses with peak intensity of 4 × 1015 W/cm2 (2.56 ×
1017 W/sr) and duration of 76 as are obtained without any
spectral filters, where the intensity is increased by 65 times
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and the duration is decreased by half compared with the
case without adjustment. The scaling of the harmonic spec-
tra is improved to be much slower as n−2/3 [see Fig. 3(b)].
Besides, as the whole reflection spectra are reserved, the
energy of the attosecond pulses is at the level of milli-
joules. Furthermore, if the laser focal position deviates
slightly from the optimal value, such as xf = 0.75bxR and
1.25bxR, as shown in Fig. 4(b), we can still get intense
attosecond pulses without filters at slightly lower inten-
sities. This corresponds to an allowable error of approxi-
mately 10 μm for target orientation, much larger than the
currently achievable precision (approximately 1 μm) in
experiments [39].

IV. SUMMARY AND DISCUSSION

In summary, we show that the Gouy phase shift plays a
key role in far-field waveform evolution of the reflected
pulse in RHHG. With an appropriate adjustment of the
laser focal position at xf = (4πL/λL)xR, intense attosec-
ond pulses can be obtained in far field with no need of
spectral filters. Note that, if the laser is obliquely incident
with an angle α and ion motions are included, we just
need to redefine the PM focal length as fp ≈ w2

s h/4L cos2 α

[22], where the coefficient h represents the influences of
ion motion, and then our scheme still works by modifying
xf = (4πL cos α/hλL)xR. Besides, our scheme also works
for top-hat beams [40], which can be expressed as the
superposition of Laguerre-Gauss (LG) beams with differ-
ent modes. On the one hand, the final Gouy phase of the
beam in far field is always π/2, independent of the order
(p) of the LG modes, when considering both its initial
phase −pπ and Gouy phase shift (p + 1/2)π from focus
to far field; on the other hand, the transverse intensity dis-
tribution of the focused top-hat beam, which is like an Airy
pattern at the focus, evolves and eventually becomes just
like that of a defocused Gaussian beam when it propagates
and reaches the plasma surface [41].

It is worth noting that our scheme not only greatly sim-
plifies the setting of experiments due to there being no
requirements of filters, but also generates millijoule-level
attosecond pulses naturally with whole spectra reserved.
Such brilliant pulses benefit applications in attosecond sci-
ence, especially real attosecond-pump-attosecond-probe
experiments [1,2] that are limited by nanojoule-level
attosecond pulses obtained typically from gaseous high-
order harmonic generation [42,43]. Besides, attosecond
pulses with intensity of the order of 1013–1015 W/cm2

can be used to study strong field interactions [44] includ-
ing optical field ionization [45,46] and nonlinear cluster
dynamics [47,48]. What is more, the reserved spectra rang-
ing from near ultraviolet to vacuum ultraviolet (� 30 eV)
provide avenues for researches in bound-electron dynam-
ics [49,50], valence-shell phenomena [51], double ioniza-
tion of helium atoms [52], and even control of chemical
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reactions through selective excitation in molecules [53,54],
which have been usually limited or forbidden in the past
due to the introduction of high-pass filters.
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APPENDIX: INFLUENCE OF ION MOVEMENT IN
OUR SCHEME

As discussed in the main text, the influence of ion move-
ment in our scheme is represented by coefficient h, which
can be expressed as [22]

h = ε + (1 + με)2

ε + 2με(1 + με)
, (A1)

ε = aL(t)
πL/λL(1 − sin α)

, (A2)

μ = ωL(1 − sin α)0

4

∫ t

−∞

aL(t0)
aL(t = tmax)

dt0, (A3)

0 ≡
√

RZme cos α

2AMp
, (A4)

where R, Z, A, me, and Mp represent the plasma reflectiv-
ity coefficient for the laser, the average charge state, mass
number of the ions, the electron mass, and the proton mass,
respectively. Note that tmax represents the time when the
laser amplitude aL, which acts on PMs, reaches its peak
value apeak, i.e., aL(t = tmax) = apeak.

Utilizing Eqs. (A1)–(A4), we calculate the value of h
around tmax with different apeak for L = 0.1λL and 0.2λL,
where R = 0.7, Z = 6, A = 12, and α = 0. And as shown
in Fig. 5(a), h is always close to 1 and varies slowly in a
rather large parameter range, including cases considered in
our paper, which indicate that the influence of ion motion
is negligible. Furthermore, as illustrated in Fig. 5(b), 3D
simulations are carried out with mobile ions when xf =
bxR ≈ 24.7λL and L = 0.1λL. Clearly, the on-axis intensity
distributions of attosecond pulse trains obtained in the far
field (xfar = 105λL) are almost the same, no matter whether
ions are movable (red dashed) or immovable (black solid).
Therefore, although the laser intensity used in RHHG is
quite high, the influence of ion movement is negligible in
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FIG. 5. (a) Dependences of the coefficient h on apeak for L =
0.1λL (red) and 0.2λL (blue) when t = tmax (dashed) as well as
|t − tmax| ≤ 0.5T (shading). (b) On-axis intensity distributions of
the far-field attosecond pulses obtained from cases with mov-
able (red dashed) or immovable (black solid) ions, where xfar =
105λL, xf = bxR ≈ 24.7λL, and L = 0.1λL.

our scheme and it is reasonable to set ions as immobile in
PIC simulations.
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