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The current due to cold tunneling of electrons from a metallic surface exposed to high electric fields, reg-
ularly named “dark current,” is commonly described in modern literature using an analytical approximate
solution provided by Murphy and Good [Phys. Rev. 102, 1464 (1956)]. This expression, which corrects
earlier work by Fowler and Nordheim, is a Fowler-Nordheim-type equation: I ∼ E2 exp(−a/E), where I
is the dark current, E is the local electric field, and a is a system-specific constant. In this paper, a numerical
approximation, rather than the analytical one given by Murphy and Good, is presented. This approxima-
tion is accurate over a wide range of fields, and is used to derive the effective field enhancement factor β.
On the basis of this approximation, and considering local field and current fluctuations, two alternative
methods for β estimation are presented. These methods allow instantaneous field-specific estimation of
β, rather than the average estimate derived with current methods. The applicability of fluctuation-based
methods is demonstrated by numerical simulation in a variety of conditions. The methods are applied to
estimate β using fluctuation analysis in experimental measurements that were not dedicated for this pur-
pose. An open-source code for the implementation of fluctuation-derived β estimation is provided, with
an analysis of possible future experimental opportunities using dedicated experiments.
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I. INTRODUCTION

Dark current due to tunneling of electrons between elec-
trodes separated by a vacuum under high electric fields
is a central part of models for electric arc formation in
a vacuum, also known as vacuum breakdown (BD). It is
assumed that field emission is a critical step of the mul-
tistep process leading to BD [1–4], and an increase in
current, which leads to localized melting during arc for-
mation, was previously observed [5–7]. However there
are only initial indications of a link between the current
before BD and BD formation [8]. Dark currents can also be
problematic in and of themselves, disrupting accelerating-
beam instrumentation, for example, resulting in a loss of
performance in certain high-gradient systems [9].

The dark currents preceding BD formation are measur-
able, and their mean dependence on the applied field is well
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reproduced by a simple analysis relying on conduction-
electron tunneling to the vacuum. Modern BD literature
uses the Murphy-Good (MG) equation [10] (for a detailed
derivation see Ref. [11]), which corrected the original
treatment of this problem by Fowler and Nordheim, known
as the Fowler-Nordheim (FN) equation [12]. The MG
equation describes the mean emitted current due to cold
electron tunneling and has been regularly used in a wide
range of studies [6,7,13–15]. The MG current equation
contains two unknown parameters: the effective emitting
area and the field enhancement factor, denoted as β. “Field
enhancement” refers to the ratio between the macroscopic
applied field and the microscopic local field calculated at
the current emission site, so a larger β yields higher cur-
rents. While the area dependence affects the absolute value
of the current linearly, β affects its relative variation in
the field, and thus it is extremely common to characterize
systems exposed to high electric fields using a semiloga-
rithmic plot of the current—log10

(
I/E2

0

)
as a function of

1/E0—called a “Fowler-Nordheim plot” [7].
Previous experimental observations of dark currents in

exposed metallic electrodes in a vacuum, reached maxi-
mum applied electric fields of 40–250 MV/m, which, tak-
ing into account the estimated field enhancement factors,
lead to a localized field at the emission site of 7.5–15 GV/m
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[1,16–19]. Thus, the range of local fields (βE0) we explore
in this paper is 5–15 GV/m.

In this paper, two methods of β estimation are presented
along with numerical adjustments to the current β-analysis
method as described by Wang and Loew [7]. These meth-
ods rely on statistical analysis of the current distribution
with time, compared with a mean-current analysis with
the FN-plot–based method. These methods allow instan-
taneous field-dependent estimation of β, which could help
explore pre-BD dynamics and their effect on the measured
current. Here, we retain the standard assumption that the
measured dark current can be described as being controlled
by an amplified field with a single fixed factor described by
β [7,10,12].

It is important to note at this point that the theory
presented in Sec. II [mainly Eqs. (2), (3), and (5)] has
since been expanded [20–22] and can still be refined fur-
ther. This paper focuses on this version of the current
equation (as presented in Refs. [7,10,22,23] and as detailed
in Sec. II) for a direct comparison with the Wang-Loew β-
estimation method [7]. The methods presented in this paper
can therefore also be refined further and improved to bet-
ter describe physical systems by accounting for additional
physical effect (e.g., as discussed in Refs. [20–22]). This
paper demonstrates the benefits of using statistical analy-
sis of dark currents—both as improvement of estimation
errors and as adding the capability of field-specific β esti-
mation. This is demonstrated for a specific range of fields
and under a set of assumptions, which could be extended
and improved in future work.

II. APPROXIMATION OF THE DARK-CURRENT
EXPRESSION

A broadly accepted equation describing the dark current
from a field emitter was developed by Murphy and Good
[10,11], based on the original model by Fowler and Nord-
heim [12]. In this model, the dark current I is expressed
in terms of the electronic supply function N (W) and the
transmission (tunneling) probability D(W), where W is the
electron energy normal to the barrier measured relative to
the base of the conduction band, leading to

I = Se
∫

D (W) N (W) dW, (1)

with S being an effective current-emitting surface area. We
assume that the current created from the multiple current
emitters expected to be found on macroscopic cathodes can
be described effectively using a single “average” emitter
characterized by an effective enhanced field βE0 and S.

N (W), the electronic supply function, is given by

N (W) = 4πmkBT
h3 L

(
W − μ

kT

)
, (2)

where L (x) = ln [1 + exp(−x)], and D(W), the one-
dimensional transmission probability, is given by

D(W) = {
1 + exp

[
BH 3/2v (y) E−1]}−1

, (3)

where H is the zero-field barrier height (i.e., the energy
difference between the local vacuum level and the normal-
energy level of the electron W), T is the temperature, and
E = βE0 is the local field, which is defined in terms of the
applied field E0. Equation (3) uses the so-called Kemble
tunneling formalism (or approximation) [24]. h, μ, e, m,
and kB are the Planck constant, Fermi energy, elementary
charge, electron mass, and Boltzmann constant, respec-
tively. B = 6.83 × 109 V/m eV3/2 is a constant and v (y)

is the field-emission elliptic function:

v (y) = 2−1/2
[
1 + (

1 − y2)1/2
]1/2

×
(

E (k) − y2K (k)

1 + (
1 − y2

)1/2

)

, (4)

where

y = CE1/2/H ,

k2 = 2
(
1 − y2

)1/2

1 + (
1 − y2

)1/2 ,

C = 3.79 × 10−5 eV/(V/m)1/2,

K (x) and E (x) are the complete elliptic integrals of the
first and second kind, respectively, and y is the Nordheim
parameter.

The current equation [Eq. (1)] is then approximated to
be [see Eqs. (1.1a) and (1.1b) in Ref. [22] and Eq. (5) in
Ref. [7] with s = y]

I = ASE2

φt(y)2 exp
(

−Bφ3/2v (y)

E

)
, (5)

with

y = CE1/2/φ, t(y) = v (y) − 2
3

y
dv

dy
,

A = 1.54 × 10−6

A eV/(V/m)2, B = 6.83 × 109 V/m eV3/2,

(6)

and φ being the local work function of the material. The
same equation can also be found in Ref. [23] but with
the constants A′ = 1.55 × 10−6 A eV/(V/m)2 and B′ =
6.86 × 109 V/m eV3/2. The difference between A′ and B′
and the values in Eq. (6) is negligible and since the values
in Eq. (6) are commonly used, we use them in calculating
the currents in Fig. 1.
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FIG. 1. Comparison between the numerical (blue) and the ana-
lytical (red) current estimates of Eq. (5). The deviation between
the numerical and the analytical estimates (yellow plot on the
right) increases with the field. The error is in the range from
approximately 3% to approximately 40%.

For a more-detailed and general derivation of these
equations, see Refs. [11,15].

Equation (5) can be further simplified by approximating
v(y) using [25]

v (y) ∼= 0.956 − 1.062y2 (7)

and setting t(y) = 1 [Eq. (8) in Ref. [7] ]. These assump-
tions lead to the approximate expression [7]

d log10
(
I/E2

0

)

d (1/E0)
= −Gφ3/2

β
, (8)

where G = 2.84 × 109 V/m eV3/2, referred to as the “FN-
plot slope,” which allows the commonly used estimation
of β [1,17,18,26–28]. The power of E in the logarithm is
2 in dc systems and 2.5 in rf systems [Eqs. (11) and (14),
respectively, in Ref. [7] ].

While this formulation allows a simple analytical evalu-
ation of β, the validity range of the above approximations
is limited. Therefore, in this work, unless stated explic-
itly that Eq. (8) is being used, the approximations of Eqs.
(7) and (8) are not applied, and instead either Eq. (5) or a
numerical estimation of Eq. (1) is used with an improved
approximation of v(y), presented in the next section.

III. EXTENDING CURRENT ESTIMATES

The approximations applied to Eq. (5) leading to Eq. (8)
are applicable over a limited range of fields. Applied fields
are, in most cases, on the order of 100 MV/m, and thus the
analytical approximation provided by Eq. (5), which holds
to within 3%, seems reasonable. However, dark current is
controlled by local fields in the current-emission region,
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FIG. 2. Comparison between the analytical β estimation of Eq.
(8) and the numerical method of Eq. (10).

and field enhancement may lead to local fields on the order
of up to 10 GV/m [1,16–19]. A comparison of the current
as calculated by Eq. (5)—without the approximation of Eq.
(7)—with a numerical estimation of Eq. (1) yields signifi-
cant deviations above 5 GV/m, reaching up to 40% at fields
of 15 GV/m, as demonstrated for copper in Fig. 1. The
work function φ used in Fig. 1 is 4.65 eV, and this value is
used in the rest of the paper.

In addition, it was previously shown [14] that the
approximation provided by Eq. (7) holds to within 10% for
fields above 9 GV/m in copper. This can be significantly
improved with a modified approximation provided by Eq.
(9), which leads to an improved fit with an error smaller
than 0.33% for fields up to 15 GV/m [see Eq. (11) in Ref.
[14] with f = y2].

vF06(y) = 1 − y2 + 1
3

y2 ln y. (9)

Numerical integration of Eq. (1) using Eqs. (2), (3), (5),
and (9) enables the calculation of γ , the FN-plot slope,
which is defined as γ (E) = d log10

(
I/E2

0

)
/d (1/E0). Fur-

thermore, the local field enhancement β can then be
estimated using the average field in the range Ẽ0:

β = E(γ )

Ẽ0
. (10)

The modified equation has an estimation error reduced rel-
ative to Eq. (8) by a factor of 2–4 as shown in Fig. 2.
The numerical estimation error ranges from about 0.6% to
18.7%, compared with 2.4% to 45.6% for the analytical
equation (8).

While there are known issues with the equations used
by Wang and Loew (as discussed above), this is still the
most commonly used method of β estimation, and so we
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use this method as a reference point in this paper. Fur-
thermore, even though there are other implementations of
the FN-plot-slope method (e.g., by Houston [23]), these
are not expected to be better than the numerical estimates
presented in Fig. 2. Both the numerical version of the FN-
plot-slope method [Eq. (10)] and the data used for the
estimation in Fig. 2 are generated by the exact same model.
Thus, this implementation provides a best-case scenario
for the FN-plot-slope method and circumvents any numer-
ical errors or approximations in the model. Since even
this best-case demonstration leads to large errors in higher
fields, this indicates that there is an inherent issue with the
FN-plot-slope method. This increased deviation at higher
fields is consistent with the loss of the linear dependence
in the FN plot and can be further studied using the “MG
plot” [22]. However, this is not done here.

IV. STATISTICAL ANALYSIS

A. Applied field-variation

In experimental systems, the applied fields fluctuate
either due to electrical components (e.g., the power supply)
or due to rf interference, resulting in a fluctuating current.
Normally, the current is averaged and filtered to allow the
use of Eq. (8), but these variations can lead to an inde-
pendent estimation of β. If we define �E0 and �I as the
fluctuation amplitude of the applied field and the current
density, respectively, the current fluctuation amplitude is
given by �I = β(∂I/∂E)�E0. We define

η ≡ I−1 �I
�E0

= βI−1 ∂I
∂E

. (11)

Equation (11) can be inverted to yield β = β(η, E0).
Using the experimentally measured quantities Im, �Im, and
�E0m, we calculate ηm = I−1

m (�Im/�E0m) and estimate
β as βm = β(ηm, E0m). Further details of this method, as
well as an alternative representation and an example are
provided in Appendix B.

Figure 3 shows the deviation between the estimated β

(βestimated) and the value used in the simulation (βactual)
for an applied-field variation with a Gaussian distribution
with a standard deviation (SD) of 50 V/m. As can be seen,
βestimated deviates from βactual by up to 3% for fields βE0
larger than 7.5 GV/m. This is significantly smaller than
the error shown in Fig. 2, where β is estimated by the
FN-plot-slope method.

In addition, we calculate the β estimation error when
applied fields are assumed to have a different SD at three
average local fields, shown in Fig. 4. As can be seen,
increasing the SD of the variation reduces the estima-
tion error up to a certain value, where further increasing
the variation increases the error. Around a field varia-
tion of 0.5 − 5 kV/m, the estimation error is a minimum,
approximately 0.1%. Thus, β estimation can be improved
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FIG. 3. SD of the relative estimation error of β (1 −
βestimated/βactual) for the field-variation method. The mean value
of the error is approximately zero, with a maximum value of
0.8%. While the error at lower fields (up to about 11%) is higher
than in Fig. 2, at high fields it is lower—1%–3% maximum error
compared with more than 10%.

if field variation can be controlled appropriately. Pos-
sible improvement of the estimation of β can also be
achieved by use of a non-Gaussian distribution for E in
the calculation of η.

B. Shot noise

In addition to direct variation due to field intensity, the
current varies due to the stochastic nature of tunneling
(shot noise). If shot noise indeed controls the current varia-
tion, this can be used as a means to probe β. The amplitude
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FIG. 4. The field-variation method’s expected relative error in
estimating β (1 − βestimated/βactual) as a function of the amplitude
of the local field variation for different mean field values. As can
be seen, the error in estimating β depends on the field-variation
amplitude, with the minimum error achieved around 10 kV/m.
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of the current fluctuations as a function of β is evalu-
ated by our modeling the current as a binomial variable
with transmission probability p = D (W) and number of
trials n = SN (W) dtdW (dt being the measurement time).
Since SN (W) dtdW � 1 for the relevant parameters of our
calculation and energies that contribute the most to the
measured current, this is further approximated as a normal
distribution with a mean μ̃ and a SD σ̃ given by

μ̃ = SdtdWN (W) D (W) ,

σ̃ 2 = SdtdWN (W) D (W) [1 − D (W)] .

The probability distribution function of the current density
[I(W) = SdWJW] through the emitter is therefore

PW (JW) ∼= α exp

(
[JWSdWdt/e − SD (W) N (W) dWdt]2

2SD (W) (1 − D (W)] N (W) dWdt

)

,

with α being a normalization factor. Changing from current
density JW to the measured current I(W), we get

PI (I(W))

= PW

(
JW = I(W)

SdW

)

∼= α exp

(
[I(W) − eD (W) SN (W) dW]2

2e2D (W) [1 − D (W)] N (W) dWdt−1S2

)

,

(12)

and so the mean and the variance of the dark current as a
function of W are

μW = eSD (W) N (W) dW, σ 2
W

= e2

dt
SD (W) [1 − D (W)] N (W) dW (13)

and the mean and the variance of the total dark current are

μI = I = eS
∫

D (W) N (W) dW,

σ 2
I = e2

dt
S

∫
D (W) [1 − D (W)] N (W) dW.

(14)

As before, we define a surface area–independent variable:

θ = 1 − dt
e

σ 2
I

I
. (15)

In accordance with the method presented in the previous
section, θ(E) is evaluated numerically with Eqs. (1)–(3)
and (12) and inverted to generate E(θ). This is then used
to calculate β, with β = E(θm)/E0m, where θm is the mea-
sured value of θ . A more-detailed explanation of this
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FIG. 5. SD of the shot-noise method’s relative error in esti-
mating β (1 − βestimated/βactual) as a function of the local field
for timescale dt = 1 ns. The inset shows a plot of the ratio
σI/μI from Eq. (14). For this estimation, it is assumed that field
variation is solely due to shot noise.

method is given in Appendix C, along with an explanation
for choosing 1 − (dt/e)(σ 2

I /I) as opposed to (dt/e)(σ 2
I /I)

and possible corrections that can be made to this method.
Figure 5 shows the deviation between βestimated and

the value used in the simulation, βactual, for this method.
βestimated is calculated with an integration time dt = 1 ns,
translating to a measurement bandwidth of 500 MHz. As
can be seen, the maximum deviation is about 12% in the
range from 10 to 15 GV/m and the minimum error is about
3%, yielding errors comparable to or smaller than those
presented in Fig. 2 in the same range. The results pre-
sented in Fig. 5 rely on shot noise being the only source
of current variation. Such a condition is not achieved in
the experiments described below. In addition, the sam-
pling rate in these experiments is 2.5 kHz, which is too
slow to allow a useful application of the shot noise–based
method, which requires a significantly higher time reso-
lution. While this method has a higher error and smaller
validity range (below 10 GV/m the error becomes as high
as 50%) than the field-variation method described above,
it still has some interest because of the, theoretically, better
time resolution it can provide for estimation.

The calculation presented relies on θ(E) being single
valued and monotonous, and for the model presented it is
indeed found to be so (see Fig. 9).

It is important to note that the statistical model used
here is an approximate one that could be further improved;
for example, the number of electrons is assumed to be
constant, and further improvements can be made for the
calculation of D(W) [Eq. (3)], and noise sources can be
added. However, while the actual function of θ(E) might
change somewhat, we expect it to remain single valued and
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monotonous and therefore still useful for the β-estimation
protocol presented here.

Note that we focus on a singular emitter with a single
β value. In reality, a sample can have multiple emitters
with multiple different values of β and surface areas (i.e.,
a nonsingular S(β) distribution). It would be pertinent to
explore the effect of such distributions of β and S(β) on
the method presented here. The main question would be
whether the summation of multiple emitters has a distinct
distribution that can be told apart from the distribution for
a single emitter, or whether an “effective” emitter would
be extracted, thus resulting in an “average” measurement
of the emitters.

V. EXPERIMENTAL RESULTS

Measurements of dark current versus field are done with
two experimental setups: one at CERN, Switzerland, using
the dc spark system and the other at Uppsala University,
Sweden. Both systems use planar copper electrodes and
were built as part of the Compact Linear Collider project
for prebreakdown and breakdown studies, with the Upp-
sala setup extended with cryogenic capabilities [29]. For
detailed information about the experimental setups, see
Refs. [30,31] for the CERN system and Ref. [29] for the
Uppsala University system.

Such measurements results in I(E) plots that vary
between experiments even when the same electrodes are
used (as can be seen in Fig. 6), and so estimated β values
also vary. These variations happen even when BD does
not occur between measurements. This behavior might
result from a number of extrinsic effects (e.g., uncon-
trolled electrical and environmental modifications), but
also may result from intrinsic variation in local β, which
may evolve between and during measurements (e.g., sur-
face evolution). This raises the need for a time-specific and
field-specific experimental β measurement, as presented
here.

Figure 2 shows that the deviation between the estima-
tion equations (8) and (10) increases with increasing local
field. The CERN system reaches higher local fields (βE0),
and so is the one used to compare these methods. For these
data, the voltage is applied continuously, and its value
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FIG. 6. I -E plot of the analyzed data. The inset shows the FN
plot in the range E0 > 20 MV/m.

is modified directly through the power supply. The volt-
age is ramped up until the current reaches a few hundred
microamperes and then the procedure is repeated, revers-
ing the voltage polarity. Figure 6 shows the current as
a function of the field for the measured data. The mea-
surements analyzed and presented here are all made with
the same polarity on the electrodes. Between the decreas-
ing and increasing field profiles, the polarity is swapped
for about 10 min, so the two measurements presented, in
addition to taking 10–20 min each, are about 10 min apart.

Table I compares the estimated β values for the two
slope-analysis methods—Eq. (8) (analytical) and Eq. (10)
(numerical)—as well as the measured and expected ratio
between the two methods. The β estimates based on the
slope analysis are dominated by the higher fields, where
the semilogarithmic plot of log(I/E2) as a function of 1/E
is linear (as can be seen in the inset in Fig. 6). The fields
used in this analysis are 22–27 MV/m.

For the field-specific estimation, direct estimation of the
effect of shot noise on the signal leads to an expected
contribution to the current distribution with σ/μ ∼ 0.005.
These fluctuations are small relative to the inherent noise
in the measured current, making the shot noise–based esti-
mation impossible. The field variation method also could

TABLE I. Estimated values of β for the two FN-plot-slope methods: βFN
a is the analytical FN β estimate and βFN

n is the numerical β

estimate—Eqs. (8) and (10), respectively. “Up” and “down” refer to an increasing and a decreasing voltage profile, respectively. The
applied field range used in the estimations is 22–27 MV/m. The range is chosen so that the FN plot is approximately linear for both
increasing and decreasing fields.

βestimated
βFN

a

βestimated
Expected value of

βFN
a

βestimated

Method Up Down Up Down Up Down

βFN
a 426 ± 38 344 ± 30 1 1 1 1

βFN
n 391 ± 63 323 ± 52 1.090 1.065 1.089 1.061
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not be applied on the experimental data from the CERN
system due to noise but could be performed on the Upp-
sala University cryogenic data [29]. In this system, the
applied voltage is ramped up until either a BD occurs or
a current limit is reached. In the data presented, the current
limit is reached. For measurements at 30 and 60 K, both
the FN-plot-slope method and the field-variation method
are used [Eqs. (8) and (11)]. The field statistics are of a
“sawtooth” (ramping) form, with the data being divided
into bands of dE0 ∼= 1.3 MV/m (100 V), which is about
2.3% of the maximum applied field. For each band, ten
points are chosen for the analysis, evenly spaced in the
voltage. The difference between the field-specific β and
the “average” FN-plot-slope β is about 10%–18%, with
the FN-plot-slope estimation being higher. Figure 7 shows
an example of the field-specific estimation at 30 K. While
there does seem to be an apparent trend in β, the small
number of points used for the estimation (limited by the
measurement frequency) results in high estimated errors
[32], which makes any apparent trend unreliable.

One potential reason that the field-specific β is lower
than the FN-plot-slope β is that in this measurement
greater noise is measured for the current compared with
the applied field. From Eq. (11) we see that greater current
noise, compared with the field noise, results in a higher
estimated η, which, on the basis of the slope of η(β, E0)

(see Fig. 8), results in a lower β estimation for a given E0
value.

VI. DISCUSSION

Current β estimation, which is based on the FN-plot
slope, requires a wide range of fields, regardless of the
mathematical analysis method used to extract the β value
(numerical or analytical). Precise evaluation of this slope
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 estimated from FN plot 139.5 0.1

FIG. 7. Example of field-specific β estimation at 30 K with the
field-variation method. The estimated β value obtained with the
FN-plot-slope method of Eq. (8) is 139.5 ± 0.1.

FIG. 8. An example of the calculated values of η in the param-
eter space β ∈ [240, 700] and E0 ∈ [19, 30] MV/m as well as
the fit of these points to the polynomial that is used for the esti-
mation. The black points are the calculated values of η and the
surface is the fit to these points. The material is copper with work
function φ = 4.65 eV.

requires long measurement times. These long times allow
surface evolution during and between measurements, as
well as variation of other hidden system parameters [33].
This may lead to the observed variation in the β esti-
mation reported in Table I. In addition, the analysis is
dominated by the currents measured at higher fields, where
the estimation error is higher (Fig. 2). This last contribu-
tion is reduced when the numerical evaluation is applied,
as demonstrated by the reduced variation in βFN

a and βFN
n

in Table I.
The experimental methods presented in this paper pro-

vide the ability to measure β as a function of the applied
field and with a much shorter measurement time. This
would allow the characterization of β in a field, which is
currently assumed to be constant but has yet to be verified
experimentally.

This is shown experimentally in Fig. 7. The deviation
between the FN-plot-slope estimation and the field-specific
estimation is between 10% and 18%, some of which is
explained by the model used not accounting for noise. This
can be corrected in future work. The estimated errors are
too large for us to confidently say anything about the trend
of β as a function of the field, and this can be solved by
using a higher sampling rate in the future.

The field-specific methods presented here could also
prove to be more efficient for the characterization of high-
field systems since if β does vary with the field, it is the
high-field β that impacts performance and is therefore of
more interest. These methods allow the direct estimation
of β in the range of interest with increased precision (Figs.
3 and 5).

In addition to field-dependent variation, β may also
evolve dynamically (as a function of time) due to structural
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FIG. 9. Plot of θ(E) for copper with work function φ =
4.65 eV.

evolution of the sample [8,33]. The suggested instanta-
neous methods allow the measurement of such evolution,
possibly even during operation, which the FN-plot-slope
method does not. The dynamic evolution of β, if it exists,
can be directly related to the BD nucleation process.

With regard to the field-variation method, different
statistics and amplitudes for the field variation may result
in different errors. For example, for a Gaussian field vari-
ation, the optimal amplitude for the field variation is
around 1 kV/m (Fig. 4). Future work could also explore
the benefit of using a non-Gaussian distribution of fields,
and their respective optimal variation amplitude, to cre-
ate a faster and more-precise estimate. Appendix A details
how to implement the field-variation estimation method
with a sinusoidal, a sawtooth, or a Gaussian field profile.
The code can be found in Ref. [34]. To apply the shot
noise–based method, a combination of small emitters and
high sampling rates is required (for Fig. 5 we use 500
MHz).

In conclusion, we present two methods that allow a
localized, field-dependent β estimation. These methods
show expected increased accuracy over the commonly
used method and allow faster, field-dependent estimation.
One of these methods is shown experimentally to be in
good agreement with current methods.
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APPENDIX A: FIELD-VARIATION
IMPLEMENTATION

This appendix details how to implement the field-
variation estimation with the code provided in Ref. [34].

(1) Determine the field-variation statistics. The code
provided can handle a sinusoidal or a sawtooth wave
function (both can be applied by the power supply) or a
Gaussian distribution of fields (as presented in this paper).

(2) Identify the statistical parameters. For the Gaussian
case identify the SD of the variation in E0 (assumed to be
constant in a field). For the sinusoidal and sawtooth cases,
identify the magnitude of the function. For all three, iden-
tify the number of points used for the estimation and the
integration time for each current measurement.

(3) Set the expected range of β values. This range could
be as large as you like, although local fields of βE0 �
3.6 GV/m tend to yield noisy data.

(4) Run the supplied function “createVarEref” with the
above data and save the supplied “.mat” file. A larger β

range would make this step longer to run but the actual
estimation time would not be impacted.

(5) With this saved file, you can now perform sev-
eral measurements of the mean current Ii and the mean
applied field E0,i. Calculate the SD of the applied field, the
measured current, and the mean measured current [Im =
(1/N )

∑N
i=1 Ii in Eq. (11)].

(6) Use the supplied function “varEestimation” with
the measured parameters from the previous step to get an
estimation of β.

In step 2, for the sinusoidal and sawtooth cases it is impor-
tant to note that it is assumed the points are sampled
uniformly in the cycle of the functions, although it is
not assumed that the measurement starts at a particular
phase of the function, rather it is assumed that the phase
is random.

APPENDIX B: APPLIED-FIELD-VARIATION
ALGORITHM

The applied-field-variation algorithm relies on the vari-
ation of the measured mean current, �I , as a result of a
variation of the applied field �E0. This variation is given
by

�I = ∂I
∂E

�E = ∂I
∂E

�E0β.

Since the current (and its variation) is linearly dependent
on the unknown tunneling surface [S in Eq. (5)], we cannot
use this single equation to calculate the two unknown vari-
ables, β and S. To address this, we normalize this variation
by the mean current I , which yields

η ≡ 1
I

�I
�E0

= β

I
∂I
∂E

= 1
I

∂I (βE0)

∂E0
. (B1)

This quantity is independent of S and is a function of only
measurable quantities and β, and can therefore be used to
estimate β.

024007-8



STATISTICAL ANALYSIS OF FIELD-EMISSION CURRENTS PHYS. REV. APPLIED 16, 024007 (2021)

For a set of measured values Im, �Im, and �E0m we can
calculate ηm, and solve the equation

ηm = β

I
∂I
∂E

using the analytical MG current equation [Eq. (5) and the
first equation in Ref. [23] ] with the proper approxima-
tion for v(y) [Eq. (9)]. This approach is not as effective
as the one presented below. This is due to the discrep-
ancy between the analytically and numerically estimated
currents (Fig. 1). This estimation equation can also be cal-
culated with other analytical solutions, which may yield
better results but are not the focus of this paper.

The method we implement and present in this paper
(and the code that is provided in Ref. [34]) uses a numer-
ically generated approximation of the function η(β, E0),
and together with a given measured ηm and E0m calculates
the corresponding β value with the inverse of that function,
β(η, E0). For this approach, we assume a range of fields
for E0 (supplied by the conditions of the experimental
setup) and β values (chosen around the initial β estima-
tion achieved by the FN-plot-slope estimation method and
then adjusted according to the results of the estimation).
Additionally, a statistical model for the field variation must
be assumed. As stated in the main text, the code pro-
vided can handle Gaussian, sinusoidal or sawtooth (linear
ramping) variations of the field. Once the statistical model
has been determined, the variation magnitude must also
be measured (the SD of the Gaussian or the peak-to-peak
amplitude of the sine and/or sawtooth).

With these parameters, we sample the parameter space
of η(β, E0) at linearly spaced points. With these points of
η(β, E0) in the given range, the data are fit to a polyno-
mial. The polynomial is of a maximum order of 5 in both
terms and a maximum order of 3 in β; that is, η(β, E0) ∼=∑

ij aij β
iEj

0, with i ≤ 3, i + j ≤ 5, and aij the fitting coef-
ficient. An example of the data and fit is seen in Fig. 8.
This fit is injective with regard to β for any given E0
value in the supplied range for parameters that satisfy
5 GV/m < βE0 < 15 GV/m. Values outside this range
are not tested as this is the field range of interest here (as
explained in Sec. I). With this fit for η(β, E0), the value
of β can be estimated by solving the polynomial equation
with the measured parameters of ηm and E0m and selecting
the value within the supplied E0 range (in general there are
three solutions for this third-degree polynomial, of which
only one is in the desired range). The estimation equation
(solving for β) is written explicitly as

ηm =
∑

ij

aij β
iEj

0m; i ≤ 3, i + j ≤ 5.

APPENDIX C: SHOT-NOISE ALGORITHM

The shot-noise algorithm relies on the fact that the cur-
rent is statistical in nature and that the statistics are a
function of the local field. Following the same equations
as presented in Sec. IV B, we eventually arrive at the mean
and variance of the measured current [Eq. (14)]:

μI = I = eS
∫

D (W) N (W) dW,

σ 2
I = e2

dt
S

∫
D (W) [1 − D (W)] N (W) dW.

Now we can define a new parameter that is independent
of S:

θ(E) = 1 − dt
e

σ 2
I

μI
.

A plot of θ(E) is shown for copper in Fig. 9. The reason we
use this formulation instead of simply using (dt/e)(σ 2

I /μI )

is that in the energy-specific form

dt
e

σ 2
I

μI
= dt

e

e2

dt S
∫

D (W) [1 − D (W)] N (W) dW
eS

∫
D (W) N (W) dW

= 1 − D(W, E),

and so this way of defining θ has some connection to the
physical quantity D(W, E), the transmission probability,
which is directly dependent on the desired β. It is also
worth noting that θ(E) is independent of dt.

We can use the inverse function E(θ) and a measure-
ment of θm to get a direct estimation of the local field
Em = E(θm) and the field enhancement factor:

βm = Em

E0m
= E(θm)

E0m
. (C1)

We can see from Fig. 9 that for a given estimation error in
θ , the estimation error in E is largest at lower fields due to
the slope of the graph.

For the implementation presented in this paper, the θ(E)

plot is generated as shown above and the fitting is done for
E1.8(θ0.81), as this is found to yield slightly better results.
The optimization of this method is not the focus of this
paper, so it is possible a better method can be used to yield
better results than those presented here.

This method can be improved upon in several ways:

(1) Improvements to the N (W) and D(W, E) functions.
(2) Improvements to the statistical model. The model

used here is a binomial distribution approximated to be
Gaussian. This implies a nonstatistical incident electron
current and can also be expanded.
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(3) Adding noise sources. Noise is completely ignored
in this paper. In actual systems noise can be a signifi-
cant factor, and accounting for it could help increase the
accuracy of the method.

(4) Accounting for multiple emitters. We assume here
an emitter with a single β and effective emitting area S.
However, electrodes are expected to have multiple emit-
ters, each with its own field enhancement factor and area.
Future research into the impact of a nonsingular surface
area distribution S(β) could help understand whether a
collection of emitters behaves qualitatively different from
an “effective” emitter (with βeff and Seff) or whether they
cannot be told apart.
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