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Photoinduced second-harmonic generation (SHG) in centrosymmetric materials like silica and silicon
nitride has been commonly explained as an effective second-order (χ(2)) process mediated by a dc electric
field and the medium’s third-order (χ(3)) nonlinearity. In this explanation, the coherent photogalvanic
effect is the source of a dc electric field whose spatial periodicity naturally enables quasi-phase-matching.
While successful in explaining many observations from experiment, the behavior at low input powers,
and in particular, the apparent existence of a threshold for efficient photoinduced SHG observed in some
experiments has largely been overlooked theoretically. In this Paper, we reconsider photoinduced SHG
within the framework of four-wave mixing (FWM), involving degenerate pump, second-harmonic signal,
and dc electric field. We propose a hypothesis that photoinduced SHG is a FWM-mediated dc Kerr optical
parametric oscillation or amplification process. This hypothesis can explain the threshold behavior, and
moreover, predicts unconventional light amplification, both of which we verify by experiments in silicon-
nitride microresonators. Finally, we discuss the physical implications of our work in various platforms and
future directions.
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I. INTRODUCTION

Photoinduced second-harmonic generation (SHG) was
discovered in germanium-doped optical fiber, where
intense laser light, above a threshold power of 5 kW, was
found to generate second-harmonic light and amplify it
over hours, resulting in high conversion efficiency up to
5 % [1,2]. Given the lack of a bulk second-order (χ(2))
response in these fibers, the origin of such an efficient pro-
cess was not initially understood and led to a burst of over
200 publications within the following decade [3]. Through
these collective efforts [1–16] (Fig. 1), photoinduced SHG
was largely understood on the basis of three physical
effects [3]: (1) field-induced SHG (FISH) [17], where a dc
electric field, together with the medium’s third-order (χ(3))
nonlinear response, produces an effective χ(2) response;
(2) the coherent photogalvanic effect (CPG) [11,12], in
which photodriven charge separation produces the requi-
site dc electric field; and (3) quasi-phase-matching (QPM)
[18,19], in which a spatial periodicity in a medium’s
nonlinear response (in this case, the dc electric field)
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compensates for wave-vector mismatch between the fun-
damental and second-harmonic fields.

In recent years, significant progress has been made to
improve the power efficiency of photoinduced SHG using
nanophotonic waveguides [20–25]. The threshold power,
initially at the kW level in optical fiber [2,6,10,12], was
reduced by over 100× to a few tens of watts in nanopho-
tonic waveguides in several works [20,21,24]. Recently,
we have demonstrated photoinduced SHG in a Si3N4
microring resonator [26], which resulted in a further reduc-
tion by over 1000× to the milliwatt level. While the
composite model for photoinduced SHG is consistent with
many observations from such experiments over the years,
one critical omission is its inability to explain the appar-
ent threshold behavior observed in several experiments
[2,20,26]. Empirical fits have been reported [2,20], but
the key physical understanding of why such a threshold
exists in a SHG process (which in conventional situa-
tions is thresholdless) and how to estimate the threshold
power have been overlooked for decades. Appendix A
provides further details on the history and background of
photoinduced SHG. Interestingly, the reduction of thresh-
old power from kilowatt level in optical fibers, to watt
level in nanophotonic waveguides and milliwatt level in
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• Photo induced SHG in doped fiber [1]
• Pump power 5 kW; amplification over hours [2]
• Write grating by ω + 2ω pump [4]
• dc field as large as 107 V/m [6]

• Coherent photogalvanic (CPG) effect [11,12]

• Initiate grating by ω pump + 2ω seedling [7]
• Write grating by ω pump + dc field [8]
• Erase grating by UV light [9]

• Visualize grating [16]

• Photo induced SHG in Si3N4 waveguide (10 W) [20]
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• Photo induced SHG  in microring [26]
 CW, cavity, and no QPM 

• Visualize grating by SHG microscopy [23]
• Grating stays ~20 days [24]

• Write grating by pulse and use CW [21,22]• Quasi-phase-matching [18,19]
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FIG. 1. History and physical mechanisms behind photoinduced SHG. (a) Timeline of photoinduced SHG, where dots are aligned to
the year when events were reported. Photoinduced SHG was discovered in 1986 in doped fiber and subsequently extensively studied
in the next decade, through the incorporation of three related theoretical models: (b) quasi-phase-matching (QPM), (c), field-induced
SHG (FISH), and (d) the coherent photogalvanic effect (CPG). Various schemes have been explored, mostly in doped optical fibers, in
writing, initiating, and erasing the photoinduced grating for QPM and the dc electric field that enables phase and frequency matching of
the SHG process based on an effective χ(2) framework. Photoinduced SHG has seen a revival of interest in recent years, in particular,
in Si3N4 waveguides and microrings. (e) In this work, we study photoinduced SHG in a Si3N4 microring, where efficiency is high,
QPM is not required, and a continuous-wave pump is used. We show that photoinduced SHG can be considered as a dc Kerr optical
parametric oscillation and amplification process, from which a threshold behavior is naturally expected, and which matches well with
experimental results.

microrings, closely resembles the reduction of threshold
powers of optical parametric oscillator (OPO) devices
based on parametric nonlinear-wave-mixing processes (see
Appendix E for details).

To this end, the microring platform [26,27] is ideal for
studying the threshold behavior. In the microring, photoin-
duced SHG is achieved through the interaction of three
cavity modes, namely, two optical modes (fundamental
and second harmonic) and a dc electric field. In our plat-
form particularly [26], SHG is achieved under continuous-
wave conditions with the modes being perfectly phase
matched, and the characteristic timescale of the process
is in the range of seconds to a couple of minutes (much
faster than in previous works [24,27]). These features make
a study of the threshold for photoinduced SHG particularly
simple in comparison to earlier works in Si3N4 waveguides
[21–25], in which amplified short pulses were used, QPM
was needed, and the timescale of the process ranged from
hours to days.

Here, we present a theoretical model in which photoin-
duced SHG is considered to result from the χ(3) process
of dc Kerr optical parametric oscillation and amplifica-
tion (OPO and OPA). This perspective naturally captures
the threshold behavior, which is verified by experiment.
We also show unconventional light amplification in a
sum-frequency generation regime beyond conventional

χ(2)/χ(3) OPO and OPA, which is consistent with our
theoretical prediction. Quantitative agreement with our
experimental results can be obtained if certain conditions
on the dc field are satisfied, whose physical implications
we outline. Our results provide an alternative perspective
on the physics of photoinduced SHG, and can help open a
frontier of efficient dc χ(3) nonlinear optics.

II. THEORY

We study the photoinduced SHG process inside a cav-
ity with two optical modes and a dc electric mode, as
shown in Fig. 1(e). The threshold behavior in such a sys-
tem has not been explained by FISH [Fig. 1(c)] and/or
CPG [Fig. 1(d)] as considered in other works up to this
point. Instead, if we consider both FISH and CPG as
parts of a dc-field-mediated four-wave-mixing process, the
threshold behavior will naturally emerge in resemblance
to the conventional χ(3) OPO (i.e., with all interacting
fields at optical frequencies). We note that in the fre-
quency diagram of dc degenerate four-wave mixing (dc
DFWM), although ωi = 0, it is nevertheless worthwhile
to explicitly show its presence. Without acknowledging its
presence, this model reduces to an effective χ(2) model,
which appears to be thresholdless. Put in other words, the
effective χ(2) framework explains only the end results after
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FIG. 2. dc Kerr optical parametric oscillation (OPO). (a) Schematic shows an integrated microring with coupling waveguides and
related physical parameters for the pump (p), signal (s), and dc fields, in particular, intracavity energies Up ,s,dc, waveguide-resonator
coupling rates �cp ,cs and intrinsic loss rates �0p ,0s,dc. (b) Forward tuning of the pump laser shows thermal bistability. The kink (at
λ ≈ 1558.0 nm) is where the pump and SHG modes are frequency matched. The inset shows the cold-cavity transmission (i.e.,
without thermal bistability) of the pump mode with mode number of m = 154. (c) Optical spectrum of the second-harmonic signal
at λ ≈ 779 nm. The inset shows the cold-cavity transmission trace. The SHG mode has a mode number of m = 308. (d), Adiabatic
forward tuning is used to record the threshold behavior of the SHG process. The threshold power is (2.3 ± 0.1) mW, as shown in the
inset. The decrease of the power after crossing the threshold is due to the decrease of intracavity pump energy after conversion, which
corresponds to an approximately 8 % intracavity conversion efficiency. The dashed lines (labeled I–V) have colors that correspond to
traces in (e) with I–II below threshold, and III–V above threshold. (e) The temporal response shows distinctive properties of the dc
Kerr OPO. The time constant observed in these traces agrees with a first-principles estimate of the RC time constant in silicon nitride
(e.g., τ ≈ 16 s for trace II). Both growth and decay are observed for traces I1-I3 (with different initial SHG signals), with the final
power only dependent on the final laser-cavity detuning and the dropped pump power.

a nonlinear grating has been created and stabilized, but
does not predict whether or when such a nonlinear grating
(and amplification) can happen in the first place.

We describe photoinduced SHG in the following equa-
tions considering both χ(3) and χ(2) processes [Fig. 2(a)],
more specifically, DFWM [28] and SHG [29], where the
slowly varying envelopes of the fields are given by

dÃp

dt
= [i(�ωp + γppppUp + 2γpspsUs) − �tp/2] Ãp

+ 2iγpspiÃsÃiÃ∗
p + iγpsp ÃsÃ∗

p + i�1/2
cp S̃p , (1)

dÃs

dt
= [i(�ωs + 2γspspUp + γssssUs) − �ts/2] Ãs

+ iγspip Ã2
p Ã∗

i + iγspp Ã2
p + i�1/2

cs S̃s, (2)

dÃi

dt
= [i(�ωi + 2γipipUp + 2γisisUs) − �ti/2] Ãi

+ iγipsp Ã2
p Ã∗

s . (3)

The field amplitude is normalized so that |Ãp ,s,i|2 = Up ,s,i
represents intracavity energy for pump (ωp ), signal and
second-harmonic field (ωs = 2ωp ), and idler dc field (ωi =
0), respectively. The first term in each equation describes
the intracavity field evolution considering laser-cavity
mode detuning (�ωp ,s,i), self- and cross-phase-modulation
(SPM and XPM) from Up and Us, and cavity energy decay
(�tp ,ts,ti). The second term in each equation describes the
four-wave-mixing (FWM) interaction with ωp (degener-
ate), ωs, and ωi. The third terms in the top two equations
describe the second-harmonic interaction between pump
and signal. The last terms in these two equations are the
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source terms for pump and signal, where Pin
p ,s = |S̃p ,s|2 rep-

resents the input power in the waveguide, and �cs,cp is
the waveguide-resonator coupling rate. In these equations,
SPM, XPM, and FWM are all χ(3) interactions described
by the cavity nonlinear interaction γmnuv , where the sub-
scripts m, n, u, v = p , s, i; and SHG is a χ(2) interaction
described by the cavity nonlinear interaction γmnu, where
the subscripts m, n, u = p , s. Appendix B provides more
details on the equations describing our system.

We first consider the ultrafast processes, including the
cavity evolution, the SHG process, and the source terms,
to get the initial state of the FWM process, which is much
slower (due to CPG) and determines the threshold. When
the cavity reaches equilibrium for these ultrafast processes,
the intracavity optical energy is given by

Up = �cpPin
p

(�ωp + γppppUp + 2γpspsUs)2 + (�tp/2)2 + γ 2
pspUs

,

(4)

Us = �csPin
s + γ 2

sppU2
p

(�ωs + 2γspspUp + γssssUs)2 + (�ts/2)2 , (5)

with the assumption that pump power and energy dom-
inates (Pin

p � Pin
s and Up � Us), and χ(2) OPO is not

excited as the intrinsic χ(2) nonlinearity is small. There are
in general two solutions for these two quadratic equations,
and we choose the one with larger intracavity pump power
(Up > Us), as the other case (Up < Us) is irrelevant to our
work.

We now consider the threshold of the slower FWM pro-
cess. Up needs to provide enough gain for the signal and
idler to overcome their losses, and Us has no effect on the
threshold to the first order. In the case that cw lasers are
used for pump and signal and the initial idler dc field is not
present, the parametric threshold is given by

Up = �cpPin
p

(�tp/2)2 + γ 2
psp

�csPin
s

(�ts/2)2

≥
√

(�ts/2)(�ti/2)

γspipγipsp
, (6)

where the detuning is assumed to be ideal, that is, zero rel-
ative cavity detuning after the Kerr (and thermal) shifts are
considered, and Up depends on Pin

p and Pin
s , together with

the intrinsic second-order nonlinear interaction parameter
(γpsp ).

In the single pump scheme (Pin
s = 0), considering that

the intrinsic χ(2) nonlinearity is small, to the first order, the
threshold pump power is estimated by

Up = �cpPin
p

(�tp/2)2 ≥
√

(�ts/2)(�ti/2)

γspipγipsp
. (7)

In particular, �ti represents the decay rate of the idler (dc)
intracavity energy. To estimate the timescale of this decay,

we consider the RC response of the material, so that �ti =
2/τ , where τ = ρεdcε0. Here τ is the decay time of the dc
field, ρ is the electrical resistivity, εdc is the dc dielectric
constant of the material, and ε0 is the vacuum permit-
tivity. This simple equation does not include the device
microstructure, and hence is unlikely to provide a quantita-
tively accurate prediction. However, its simple functional
form, based on parameters obtainable from the literature,
provides a simple qualitative check of the characteristic
decay time of the dc field inside a certain medium, e.g.,
from 0.27 to 15 s in Si3N4 and 9 h to 40 days in fused silica.
These ranges of values are consistent with measurements
from previous experiments within an order of magnitude
[24,26]. Appendix C provides further details on related
parameters, and Appendix D provides more discussion on
τ of common photonics materials.

Importantly, the power threshold predicted by Eq. (7) is
in close resemblance to a conventional χ(3) OPO with the
exception of one caveat—the definition of γipsp . Follow-
ing the traditional definition in nonlinear optics [30], we
have

γspip = 3
ωsηspipχ

(3)
spip

4n̄4
spipε0V̄spip

, (8)

γipsp = 3
ωiηipspχ

(3)
ipsp

4n̄4
ipspε0V̄ipsp

. (9)

Here χ
(3)
spip = χ

(3)
ipsp is guaranteed by quantum mechanics

[18], and ηmnuv , n̄munv , and V̄mnuv are also identical for sub-
scripts mmuv = spip , ipsp (Appendix B). However, the dc
field by definition has ωi = 0, which leads to γipsp = 0,
clearly in contradiction with the experiments, where the
electric field can indeed be created (to the extent that strong
effective χ(2) effects are observed). An open question, how-
ever, is whether the generated field due to the CPG effect
is necessarily a dc field (ωi = 0), or whether it can be
at a nonzero frequency (still many orders of magnitude
lower than the optical frequencies involved), which we
hence refer to as a (quasi)-dc field. Ultimately, the true
value of ωi is related to the microscopic mechanism of
the CPG process. However, Eq. (7) tells us that if the
threshold behavior is observed in experiment, the thresh-
old value gives us an estimate of γipsp , which we can in
turn use to better understand the nature of the (quasi)-dc
field.

III. EXPERIMENTS ON dc KERR OPO

Our SHG device contains a Si3N4 microring integrated
with two coupling waveguides, as shown in Fig. 2(a).
Pump and signal waves are coupled by the top and bot-
tom waveguides, respectively. As discussed previously,
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three modes inside the microring are involved in the pro-
cess, including an idler mode (i.e., dc electric mode), a
pump mode (1558 nm), and a signal mode (779 nm). The
dc mode has approximately zero frequency and momen-
tum (ω ≈ 0 and m = 0). The pump mode is a funda-
mental transverse-electric (TE1) mode with m = 154 and
the signal mode is a third-order transverse-electric (TE3)
mode with m = 308, and transmission traces are shown
in the insets of Figs. 2(b) and 2(c), respectively. The
modes are identified by selective mode splitting [31] to
guarantee the perfect phase matching. Figure 2(c) shows
an example of the spectrum of the generated second-
harmonic light, and we have confirmed in previous work
[26] that SHG is the dominant process, with no Kerr
comb generation of other four-wave-mixing processes
present.

A threshold behavior is clearly observed when the laser
is adiabatically tuned [Fig. 2(d)], where we show data
both as a function of input wavelength (main figure) and
dropped power in the cavity (inset). The threshold power
is obtained from the latter, and its value of (2.3 ± 0.1) mW
is on par with threshold levels we have recently observed
for widely separated χ(3)optical parametric oscillators in
which all fields are in the optical domain [28]. This sug-
gests that if our model is correct, the effective Q of the
(quasi)-dc field should be of a similar order (approximately
equal to 106), as we discuss further in the next section.
For now, we note the qualitative agreement between the
experiments and the model’s prediction of a threshold for
efficient SHG.

We also measure the temporal response of the SHG pro-
cess [Fig. 2(e)], which provides additional confirmation
of our theoretical model in several ways. First, when the
pump is below threshold, e.g., the cyan curve (II) and blue
(I1) curve in which the pump is at 1557.99 nm and 1557.98
nm, respectively, an initial large SHG and dc intracavity
field cannot be sustained and therefore decays over time,
in agreement with our prediction when below-threshold
(but not fully explained through a typical effective χ(2)

theory). Second, the decay times agree with the RC time
of Si3N4 (27 s), for which an estimate of the latter only
involves the density and permittivity of Si3N4. Above-
threshold traces (yellow, orange, and red, labeled III, IV,
and IV) grow faster than the RC time because of the above-
threshold gain. Moreover, the three bottom subthreshold
traces in blue (I1, I2, and I3) show that, at the same
nominal laser-cavity detuning, the final steady-state sig-
nal level is identical regardless of the initial SHG levels.
Finally, trace II taken just below threshold shows τ ≈ 16
s, which agrees with the RC time of Si3N4. Thus, even
without having a microscopic picture of the CPG effect,
we are at least able to verify that the decay dynamics of
the generated (quasi)-dc field are qualitatively in accor-
dance with what one might expect based on the Si3N4 bulk
parameters.

IV. UNCONVENTIONAL LIGHT AMPLIFICATION

A conventional OPA cannot turn into OPO without
increasing the pump power above threshold, and the small-
signal OPA gain is constant before the pump depletion
starts to occur. In contrast, a careful revisit of Eq. (6)
beyond the first-order approximation suggests that the
weak intrinsic nonlinearity not only serves as the source of
initial fields for dc Kerr OPO, but also predicts an uncon-
ventional light-amplification phenomenon, that is, a small
input signal is not amplified with a certain small-signal
gain (as in conventional OPA), but instead amplified to a
fixed power level governed by the OPO condition. We ver-
ify this unconventional light amplification experimentally
in Fig. 3.

To prepare the light amplification, we first tune the dc
Kerr OPO process just below threshold, as shown in Fig.
3(a). When operating above threshold, the dc Kerr OPO
takes about 30 s for the SHG output power to increase from
20 nW to 50 μW. When we blueshift the pump in fine-
tuning steps of 1 pm, we can maintain OPO below, but
close, to threshold. After pump preparation, we increase
the cw seed signal [Fig. 3(b)] for light amplification. The
wavelength-dependent oscillation in power comes from
an amplified spontaneous emission noise source, which is
used as a cw seed. When the seed signal increases to −46
dBm at λ ≈ 779 nm (dashed and solid green traces), the
seed is amplified to −38 dBm in a few seconds (dashed
green) and eventually to −19 dBm (solid green), which
corresponds to a gain of nearly 27 dB. Unlike a traditional
OPA, the signal power does not increase further as the cw
seed level increases (the top three traces, in cyan, purple,
and solid green), overlapping the same signal level of an
OPO (the dashed red trace, in which no input field at the
SHG frequency is sent into the cavity).

The SHG signal, without cw seed input, comes from
the weak intrinsic χ(2) nonlinearity, with a detected power
approximately equal to −60 dBm, as shown in the inset
of Fig. 3(b). The physical origin of this intrinsic non-
linearity remains to be examined, but can be from a
surface-asymmetry effect [32]. Although we are work-
ing in an effective SHG regime, such light amplification
can be extended to an effective sum-frequency generation
(SFG) regime. We emphasize that dc χ(3) SHG and SFG
schemes allow light amplification at a higher frequency
than the pump, which is forbidden in conventional χ(2)

OPO schemes.
The use of a broadband cw signal relieves the compli-

cation of Kerr shift and cavity detuning [Eq. (4)], so the
unconventional light amplification is likely from the inter-
play of χ(2) and dc Kerr OPO [Eq. (6)]. However, we
note that it might be possible to observe such unconven-
tional light amplification, more specifically, the reduction
of OPO threshold power in near-threshold OPA, in a pure
Kerr system (with a narrow-linewidth signal laser) under
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FIG. 3. Unconventional light amplification. (a) The system is prepared near (but below) the dc Kerr OPO threshold by fine control
of pump detuning. (b) A cw input broadband seed signal is gradually increased from approximately equal to −53 dBm (red) to
approximately equal to − 43 dBm (blue) to activate light amplification of a narrowband signal around 779 nm. The spectral oscillation
(8 to 10 dB) in the cw seed is from the amplified spontaneous emission source. The dashed and solid green traces (plotted within the
light blue shaded region centered at 779 nm) represent the initial and final signal with the same cw seed. The peak signal, once the
amplification is activated, is identical to the above-threshold case (approximately equal to −19 dBm, see the dashed red curve). This
amplification regime is unique, and agrees with the theoretical prediction. The inset shows the optical spectrum without the cw seed,
which is due to weak second-harmonic generation resulting from the small intrinsic SHG.

specific detuning and pump-probe power conditions. This
effect has not been reported previously and requires further
investigation (perhaps in a conventional close-band OPO).

V. REMARKS ON THE DC FIELD

The above experiments verify the existence of a thresh-
old for efficient SHG and a decay time consistent with the
silicon-nitride resistivity and dc permittivity. More quan-
titatively, we can examine what the value of the threshold
power says about the (quasi)-dc field. In particular, sub-
stituting the threshold power, measured cavity decay rates
for the optical fields, estimated decay rate for the (quasi)-
dc field, and estimate for γspip in Eq. (7), we arrive at an
estimate for γipsp , which in turn [from Eq. (9)] gives us
the estimate ωi/2π ≈ 10 kHz. This suggests that the CPG
effect in our system does not in fact generate a dc field,
but instead has an ac frequency that, while 10 orders of
magnitude smaller than the optical frequencies involved,
is nevertheless nonzero. This frequency is similar to the
linewidth of the external cavity diode laser we use as a
1550-nm pump source, and is approximately the maximum
mismatch between pump and second harmonic allowed by
frequency matching (energy conservation) [Fig. 2(c)].

This estimate for ωi is equivalent to suggesting that the
CPG process has a characteristic time of τc ≈ 32 μs and
an enhancement factor of Qti = τ/τc = 4.5 × 105—much
larger than the previously reported value of 64 in a doped
fiber [13]. Interestingly, this Q for the electric field is simi-
lar to typical Qs for the optical modes in a Si3N4 microring.

This similarity leads to the aforementioned similarity in
the threshold powers of two processes—the current dc
Kerr OPO process and the widely separated OPO involv-
ing three optical frequencies (four optical waves, with a
degenerate pump) [28]. Further studies in our devices but
with longer time constants [24] might help elucidate the
microscopic nature of dc field.

VI. DISCUSSION

In summary, we propose the physical picture that
recently observed photoinduced SHG in silicon-nitride
microring resonators can be viewed as a four-wave-mixing
optical parametric oscillation process that involves three
optical fields (a degenerate pump and the second har-
monic) and a quasi-dc field. This model is consistent with
our experimental observation of a threshold for efficient
SHG and unconventional light amplification that differs
from the traditional χ(2)/χ(3) OPA. Our observed threshold
powers are consistent with a picture in which the quasi-dc
field oscillates with a quality factor of 4.5 × 105.

While our work is focused on a degenerate four-wave-
mixing process in a microcavity, it can be applied to
nondegenerate four-wave mixing and other geometries
such as waveguides and fibers. In particular, in our frame-
work waveguide and fiber-based photoinduced SHG is
essentially a singly resonant dc Kerr OPO and OPA pro-
cess, where the long-lasting dc field functions as a high-Q
resonant mode (in contrast, we effectively have a triply res-
onant process in the microcavity). To this end, we give an
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estimate of threshold powers in these systems in Appendix
E, which is a theoretical estimate and is in agreement with
the reported values within an order of magnitude. Our per-
spective of understanding photoinduced SHG as dc Kerr
OPO provides an alternative vantage point through which
such systems can be considered, while also presenting con-
straints on the (quasi)-dc field and its CPG model that
require further investigation. In the future, the threshold
power can be reduced to 10 μW, if mode engineering and
high Qs in this work can be combined with the long dc time
constant [24] reported in a similar Si3N4 platform.
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APPENDIX

In this Appendix, we provide more details regarding the
history and background of photoinduced SHG, the equa-
tions used to describe photoinduced SHG, and its natural
description as a dc Kerr optical parametric oscillation pro-
cess, and the parameters used in the theoretical estimate
of the threshold power. We then show a brief summary of
field- and photoinduced SHG works, as well as the time
constant of dc fields in common photonics materials. We
also give an estimate of threshold powers in various optics
and photonics systems. Finally, we present experimental
data on unconventional light amplification in this system,
which is in agreement with the theoretical predictions.

APPENDIX A: HISTORY AND BACKGROUND
FOR PHOTOINDUCED SHG

Figure 1 in the main text gives a brief summary and
timeline of research on photoinduced SHG, and here we
provide additional details. To start, we note that FISH pro-
vides the basic perspective that the product of the χ(3)

nonlinearity and the applied dc electric field (Edc) pro-
duces an effective second nonlinearity (χ(2)

eff ) [17]. This
elegant perspective has been widely used to explain the
large SHG response in SiO2 fiber [4–8,12], as SiO2 has no
intrinsic χ(2) nonlinearity [30]. Surprisingly, the electric
field required to provide a sufficiently large effective χ(2)

to explain the observed SHG efficiencies was found to be
about 106 V/m to 107 V/m—close to the breakdown volt-
age of the medium [5,8]. Although the demonstration of
FISH involved a spatially uniform dc field [17], the dc field
can have a spatial profile to form a nonlinear grating for
QPM [18,19], similar to that in periodically poled crystals
[33]. For example, FISH and QPM have been combined

in a periodically dc gated silicon waveguide to produce 13
%/W SHG efficiency [34].

In doped fibers, the nonlinear grating combining FISH
and QPM can be formed optically with self-organized peri-
ods [4–8,12,16], through the CPG driven by the injected
laser field at the fundamental frequency and a second opti-
cal field, at the second-harmonic frequency, which can be
either from any seedling χ(2) nonlinearity in the medium
(e.g., due to symmetry breaking) [1,2] or through a sepa-
rate laser [4,7]. A multiphoton CPG theory was proposed
later on, in which two characteristic times are used (one
describing the CPG interaction time, and the other describ-
ing the decay time of the field) [13]. It was also found that
an ultraviolet laser can be used to erase the grating [9], and
that the induced signal has a π/2 phase lag [15]. In recent
years, there has been a revival of interest in studying pho-
toinduced SHG in Si3N4 waveguides [20–22,24,25]. The
operating power in these waveguides is reduced to 10 W
[20], which is an over 100 times reduction compared to
earlier fiber works. The generated nonlinear grating, whose
periods can be self-organized in a manner similar to the
doped fibers, can be visualized in real time by second-
harmonic-generation microscopy [23], and can last over 20
days a room temperature [24].

Besides the original scheme that used a single pump
laser [1,2], three other schemes were developed for this
nonlinear grating, all using two fields, including one pump
field and another second harmonic or dc field. First, a pump
laser and its second-harmonic laser can write the grating
together, and the grating can later be used for SHG [4].
Second, a pump laser and a relative weak second-harmonic
seedling laser can initiate the grating, resulting in strong
SHG output at the end [7]. Third, a pump laser and exter-
nally provided dc voltage can also write the grating [8].
All pump powers reported are high, ranging from 1 to 5
kW [2,4,6,7,10,12]. In part driven by the observations of
various coherent excitation schemes [1,4,7,8], CPG was
studied theoretically [11] and proposed to explain the large
electric field in doped fibers [12]. Since then, FISH, QPM,
and CPG formed the backbone of the understanding of
photoinduced SHG [3].

APPENDIX B: A DESCRIPTION OF
PHOTOINDUCED SHG INCLUDING χ(2) ANDχ(3)

In this section, we give more details on the equations we
provide in the main text, starting with the following:

dÃp

dt
= [i(�ωp + γppppUp + 2γpspsUs) − �tp/2] Ãp

+ 2iγpspiÃsÃiÃ∗
p + iγpsp ÃsÃ∗

p + i�1/2
cp S̃p , (B1)

014027-7



XIYUAN LU and KARTIK SRINIVASAN PHYS. REV. APPLIED 16, 014027 (2021)

dÃs

dt
= [i(�ωs + 2γspspUp + γssssUs) − �ts/2] Ãs

+ iγspip Ã2
p Ã∗

i + iγspp Ã2
p + i�1/2

cs S̃s, (B2)

dÃi

dt
= [i(�ωi + 2γipipUp + 2γisisUs) − �ti/2] Ãi

+ iγipsp Ã2
p Ã∗

s . (B3)

As mentioned in the main text, these equations already
assume perfect phase matching, that is, ms = 2mp and
mi = 0. The field amplitude is normalized so that Um =
|Ãm|2 where m = {p , s, i} represents intracavity energy for
pump, signal, and idler, respectively. Here for pump and
signal modes, Um = |Ãm|2 ≈ ∫

V dv εm|Ẽm|2, as both elec-
trical and magnetic energies are considered, represented
by the dominant electric field only. This approximation is
made possible when the other electric field components are
much smaller than the dominant one, for example, |Ẽz|,
|Ẽφ| � |Ẽr| for transverse-electric-like (TE) modes. For
the idler field, the energy comes from the static electric
field only, Ui = |Ai|2 = ∫

V dv (1/2)εi|Ẽi|2.
The first terms describe the cavity evolution consider-

ing Kerr shifts. The cavity detuning without Kerr shifts is
�ωm = ωm − ωm0, where ωm0 represents the center of the
Lorentzian resonances for pump and signal and ωi0 = 0
for the idler mode. The self- and cross-phase-modulation
(SPM and XPM) redshift and decrease cavity resonance
frequencies, depending on intracavity optical energies (Up ,
Us) and cavity nonlinear parameters, which is introduced
later with four-wave-mixing interactions in Eq. (B5). �tm
describes the decay of the intracavity energy Um, which
includes the intrinsic cavity loss and the out coupling to
waveguide, �tm = �0m + �cm. Here the decay term �lm is
related to optical quality factor Qlm or the field coupling
and decay time τlm by

�lm = ω0m

Qlm
= 2

τlm
, (l = t, 0, c; m = p , s, i). (B4)

For the idler mode, in particular, the decay time can be
estimated by the RC time of the material, τti = ρn2ε0.

The second terms describe the four-wave-mixing inter-
action with degenerate pump, signal, and idler. Both Kerr
shifts and four-wave mixing interaction are χ(3) processes,
and the involved nonlinear interaction γmnuv is given by

γmnuv = 3ωmηmnuvχ
(3)
mnuv

4n̄4
mnuvε0V̄mnuv

, (with m, n, u, v = p , s, i), (B5)

which is a positive real parameter. χ(3)
mnuv is abbreviation

for χ(3)(−ωm; ωn, −ωu, ωv), which describe the generation
of ωm and ωu fields with the annihilation of ωn and ωv

fields. ηmnuv characterizes the spatial overlap of such χ(3)
mnuv

interaction,

ηmnuv =
∫

V dv
√

εmεnεuεvẼ∗
mẼnẼ∗

uẼv∏
j =m,n,u,v(

∫
V dv ε2

j |Ẽj |4)1/4
, (B6)

which is dimensionless. n̄mnuv represents average lin-
ear refractive index n̄mnuv = (nmnnnunv)

1/4. Likewise,
V̄mnuv represents an average mode volume V̄mnuv =
(V(3)

m V(3)
n V(3)

u V(3)
v )1/4, where the individual mode volume

for a χ(3) interaction is given by

V(3)
m = (

∫
V dv εm|Ẽm|2)2∫
V dv ε2

m|Ẽm|4
, (with m = p , s, i). (B7)

The third terms in Eq. (B1)–(B2) represent the second-
harmonic-generation interaction, a χ(2) process, where its
cavity nonlinear parameter is given by

γmnu = 3ωmηmnuχ
(2)
mnu

4
√

2n̄3
mnu

√
ε0V̄mnu

, (with m, n, u = p , s), (B8)

which is a real parameter. ηmnu characterizes the spa-
tial overlap of interacting optical modes, and is invariant
regarding to the permutation of indices,

ηpsp = ηspp =
∫

V dv εp Ẽ2
p
√

εsẼ∗
s∏

j =p ,p ,s(
∫

V dv |√εj Ẽj |3)1/3
, (B9)

which is dimensionless. χ(2) is short for χ(2)(ωp ; ωs, ωp)

and χ(2)(ωs; ωp , ωp), which are equal in a lossless medium.
The averaged index here is given by n̄ = (n2

pns)
1/3. Sim-

ilarly, the mode volume is given by V̄mnu and represents
average mode volume that is invariant under permutation

V̄psp = V̄spp = [(V(2)
p )

2V(2)
s ]

1/3
, where V(2)

p ,s is given by

V(2)
m = (

∫
V dv εm|Ẽm|2)3

(
∫

V dv |√εmẼm|3)2 , (with m = p , s). (B10)

The fourth terms in the top two equations describe the
second-harmonic interaction between pump and signal.
The last terms in these two equations are the source terms
for pump and signal, where Pin

p ,s = |S̃p ,s|2 represents the
input power in the waveguide.

APPENDIX C: PARAMETERS USED TO
ESTIMATE THE POWER THRESHOLD

In the main text, we give a lower-bound estimate for
the threshold power of photoinduced SHG; here, we pro-
vide a detailed list of values for the related parameters. The
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TABLE I. Parameters in use to estimate the threshold of photoinduced SHG.

ωp/(2π) Qep Qtp Qts Qti n̄ipsp V̄ipsp ηipsp χ
(3)
ipsp

192.55 THz 6.0 × 105 1.2 × 106 1.6 × 106 8.6 × 105 2.0 62.2 μm3 0.573 3.39 × 10−21 m2/V2

equation describing the threshold power is given by Eq. (7)
in the main text,

Pin
p ≥ �2

tp

8�cp

√
�ts�ti

γspipγipsp
. (C1)

Substituting Eqs. (B4)–(B5) into this equation, we have

Pin
p ≥ ωpQep

Q2
tp
√

QtsQti

ε0n̄4
ipsp V̄ipsp

6ηipspχ
(3)
ipsp

. (C2)

The parameters are given in Table I, where the dc field is
assumed to be uniformly distributed inside the ring. A real-
istic model considering the radial profile of the dc mode
is likely to lead to a smaller effective volume and a larger
mode overlap, and therefore a smaller estimate of threshold
power. The χ

(3)

ipsp is calculated from n2 in Ref. [35] follow-
ing χ(3) = (4/3)n2ε0cn2, where n is the refractive index,
ε0 is the vacuum permittivity constant, and c is the speed
of light [30].

APPENDIX D: A TABLE COMPARING TIME
CONSTANTS OF COMMON PHOTONICS

MATERIALS

In Table II, we show the estimate of time constants
of common photonics materials. We note that the long
duration time in fused silica has been widely reported

TABLE II. Comparison of time constants of common photonic
materials via the RC model. The electrical resistivity (ρ) is a key
parameter for the time constant, as εdc are typically within one
order of magnitude for different materials. We note that the spe-
cific values of ρ can vary significantly because of the growth
method and material purity, and for this reason the time constants
derived in this table are for general guidance only.

Material εdc ρ (� m) Time constant

Fused
silica 3.6 – 3.9 1 × 1015 − 1 × 1017 9 h – 40 days
Al2O3 7.8–11.1 1 × 1010 − 1 × 1016 1 s – 11 days
LiNbO3 28 2.4 × 109 − 3.8 × 1012 0.6 s – 16 min
AlN 8.3–9.3 1 × 109 − 1 × 1013 0.07 s – 14 min
Si3N4 9.5 3.16 × 109–1.73 × 1011 [36] 0.27 s–15 s

ρ values for fused silica, Al2O3, and AlN are from AZO materials
[42]; and ρ for LiNbO3 is from Roditi International Corporation
[37].

[1,2,4,6,7], and that the long duration time reported in a
Si3N4 waveguide [24] may be due to the surrounding oxide
rather than the Si3N4 core. In particular, Si3N4 waveg-
uides without a top and side SiO2 cladding have reported
shorter times [23] on par with our observations in Si3N4
ring resonators without a top and side SiO2 cladding.

APPENDIX E: AN ESTIMATE OF THRESHOLD
POWERS IN DIFFERENT SYSTEMS

Here, we give a rough estimate of the threshold pow-
ers for dc Kerr OPO in different systems (Table III),
based on Eq. (C2) above and a comparison of the rele-
vant paramaters in these systems against their values in
our microring resonators. First, we note that without cav-
ity enhancement, but in a nanophotonic waveguide with
perfect phase matching, the power threshold is expected
to increase as both pump and signal are propagating
waves without resonant enhancement. We can estimate
the threshold by considering the scaling of the threshold
with finesse. As our microring resonator has a fineesse
F ≈ 5000 (compared to a waveguide finesse F = 1) and
time constant of 15 s (compared to a time constant of 21
days [24]), the overall factor of increase in the threshold
power is 50001.5/(21 × 24 × 3600/15)0.5 ≈ 1000, result-
ing in an expected threshold power of approximately equal
to 2 W.

Next, we consider the case of an optical fiber (which
does not have nanophotonic confinement). Its area is
approximately 80 μm2 (assuming 10-μm mode-field
diameter), which is 200× larger than the 0.4 μm2 mode
area of a Si3N4 nanophotonic waveguide. Considering
also the difference in refractive index that contributes to
a scaling factor of (1.5/2.0)4 to the threshold, and χ(3)

nonlinearity that contributes a scaling factor of (3.39 ×
10−21/2.5 × 10−22) to the threshold, the power threshold
is approximately 850 × of the nanophotonic waveguide
case, that is, approximately 2 kW.

These estimates align with the reported values from
experiments in nanophotonic waveguides [24] and silica
fibers [12] to within an order of magnitude. A more accu-
rate estimate requires the consideration of the exact param-
eters as well as the details of the quasi-phase-matching
and pulse-pumping schemes. We note that such a theoreti-
cal estimate (at any level of accuracy) has not so far been
reported. We believe that such estimates should be possi-
ble now, using the conceptual framework for photoinduced
SHG that we introduce in this work.
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