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Theoretical Analysis and Experimental Demonstration of a Chirped Pulse-Train
Generator and its Potential for Efficient Cooling of Positronium
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We propose an injection-locked pulsed laser with an electro-optic phase modulator in a Ti:sapphire laser
cavity to realize both broadband optical spectra and long pulse durations. Further, we experimentally and
theoretically demonstrate that the output microsecond-long pulse consists of a train of short pulses in the
time domain and a comblike broadband spectrum with fast chirping in the positive and negative directions
in the frequency domain. Finally, we discuss the potential of the proposed system for efficient Doppler
cooling of positronium, a short-lived exotic atom.
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I. INTRODUCTION

Positronium (Ps), the bound state of an electron and a
positron, has considerable potential as a probe for funda-
mental physics. Preparing a cold gas of Ps at temperatures
below 10 K is essential for probing fundamental physics.
In particular, it improves the precision of 1S-2S spec-
troscopy [1,2], leading to precise testing of the bound-state
quantum electrodynamics, owing to the purely leptonic
nature of Ps [3,4]. A cold Ps gas is also an essential pre-
requisite for realizing Bose-Einstein condensation (BEC).
Ps is one of the best candidates for demonstrating the first
BEC in a system containing antimatter because a high crit-
ical temperature is expected (14 K at 1018 cm−3) and Ps is
the easiest antimatter system to produce. A Bose-Einstein
condensate of Ps, a coherent matter wave containing anti-
matter, may be employed to measure the gravitational
effect on antimatter using a Mach-Zehnder interferome-
ter [5]. Another unique application of Ps BEC is a “γ -ray
laser” [6–8], used to generate coherent light at 511 keV.

Among the various Ps cooling methods that have been
proposed [9–11], laser cooling of Ps using the 1S-2P
transition has been suggested [12–15] to be the most rapid
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method. It is well known that the temperature of a gas of
atoms can easily be reduced to the submillikelvin level via
laser cooling using a continuous-wave laser [16]. How-
ever, the application of laser cooling to Ps, which has
not been demonstrated previously, involves the following
problems. (1) Inducing the 1S-2P resonance of Ps requires
deep ultraviolet light at 243 nm. (2) Owing to the nature
of a particle-antiparticle pair, Ps is annihilated into γ rays
within a lifetime of 142 ns [17]. Therefore, the cooling
laser for Ps must have a long pulse duration that is com-
parable to its lifetime. (3) The Doppler broadening of
Ps is large because of its small mass (twice the mass of
an electron); hence, an unconventional broadband laser is
required. If these problems can be overcome and a rapid
frequency chirp can be added for further efficient cool-
ing, it has been numerically shown that a gas of Ps can
be cooled down to 10 K [12].

In this study, we propose and demonstrate a pulsed-laser
system that satisfies the above-mentioned prerequisites
from both theoretical and experimental points of view. To
realize a chirped pulse laser with a broadband spectrum,
we use the well-known electro-optic sideband generation
in a time-resolved manner. The placement of an electro-
optic modulator (EOM) in a relatively low-loss laser cavity
enhances the sideband generation and leads to a frequency
comb with high-order sideband components. Such an
optical system is commonly referred to as a frequency
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comb generator (FCG) [18]. Here, we apply this technique
to the laser cavity of an injection-locked submicrosecond
Ti:sapphire laser operating at 729 nm. The laser oscilla-
tion dynamics when the EOM is placed in a steady-state
optical cavity have been studied extensively [18,19]. How-
ever, its behavior in more dynamical cases, for example,
when pulsed pumping is applied as in the present study,
has not been investigated previously. Here, we numerically
formulate its oscillation dynamics in the time and fre-
quency domains. The injection-locked pulsed laser emits
submicrosecond-long pulses that consist of a train of short
pulses, and the latter exhibits a rapid frequency chirp (sev-
eral 10–100 GHz/μs). Owing to these characteristics, we
refer to this unique laser as a chirped pulse train gener-
ator (CPTG). We amplify the pulsed laser out from the
CPTG using a multipass amplifier followed by nonlinear
frequency conversion to generate deep ultraviolet pulses
at 243 nm for the future application of laser cooling. The
CPTG is a general concept that provides a way to form
frequency chirps, and we also discuss the extension and
application of this idea to systems beyond positronium
cooling.

The paper is organized as follows. In Sec. II, the exper-
imental setup for the CPTG is introduced, followed by
amplification and third-harmonic generation. Section III
elucidates the underlying theory and the associated numer-
ical simulation of the laser, using the terms and experimen-
tal parameters introduced in Sec. II. Section IV presents the
experimental results on the characteristics of the prototyp-
ical cooling laser in both time and frequency domains, in
comparison with those of the numerical simulation. In Sec.
V, we discuss the interaction mechanism of the prototypi-
cal pulsed laser with Doppler-broadened Ps atoms, having
a finite lifetime, for future cooling experiments. Addition-
ally, we discuss how the proposed laser can be improved
to realize efficient cooling of Ps atoms from 300 to 10 K.
Finally, we summarize the results in Sec. VI.

II. EXPERIMENTAL SETUP

Figure 1 shows an overview of the prototypical cooling
laser for Ps. We use a homemade, tunable external-cavity
diode laser (ECDL) with a wavelength of around 729 nm (3
times the 1S-2P transition wavelength). The ECDL is oper-
ated in the free-running mode. Its frequency drift is smaller
than 1 GHz over 1 day, which is negligibly small compared
with the broadband output of the entire system. A home-
made pulsed Ti:sapphire laser is injection seeded through
an output coupler by the ECDL. We use a frequency-
doubled Nd:YAG pulsed laser with a pulse energy of
15 mJ, pulse duration of 5 ns, and repetition rate of 10 Hz
[Minilite(ii), Continuum, Inc.] as a pump laser. Two piezo-
electric transducers (PZTs) control the length of the laser
cavity using the Hänsch-Couillaud (HC) technique [20] to
maintain the injection seeding. A Brewster-cut Ti:sapphire

crystal is employed as a polarizing element to obtain an
error signal, which is fed back to the PZTs through a
proportional-integral (PI) servo controller followed by a
PZT driver. A polarizing beam splitter (PBS) transmitted
the P-polarized output pulse to reduce the noise in the
error signal caused by the pulsed output. The HC technique
worked because of an imperfect polarization extinction
ratio of the PBS.

An output coupler with a relatively high reflectivity
(98%) is employed to realize a long photon lifetime of the
optical cavity. The pulse duration of the output pulse is
over 500 ns, which is of the same order as the annihila-
tion lifetime of Ps. In addition, the long photon lifetime
of the optical cavity enhances the sideband generation pro-
cess by an electro-optic modulator. The EOM placed inside
the optical cavity broadens the laser spectrum by gener-
ating a cascade of sidebands. We use a resonant EOM
(quality factor, approximately 65, manufactured by Qubig
GmbH), whose resonant frequency is manually tunable.
We tune the modulation frequency of the EOM (moni-
tored by a frequency counter) to the free spectrum range
(FSR) of the optical cavity (78.7 MHz), which is designed
to be comparable to the natural linewidth of 1S-2P tran-
sition (50 MHz) so that a substantial portion of Ps atoms
in the velocity distribution can be cooled: when the FSR
is set much larger than the natural linewidth, Ps atoms can
resolve the comb structures in a well-separated manner. In
this case, no cooling occurs for a fraction of Ps atoms with
the Doppler-shifted 1S-2P transition frequencies are off
resonant with the teeth of the comblike structure, because
the laser pulse-induced excitation events interfere destruc-
tively. Conversely, an excessively small FSR results in a
sparse pulse train in the time domain, as compared to the
lifetime of the 1S ortho Ps, resulting in a poor cooling rate.
This aspect is described in detail in Sec. V.

A high-isolation switch limited the duration of the driv-
ing rf power of the EOM to 20 μs per pulse. The operation
of the EOM is initiated 10 μs before the excitation of the
Ti:sapphire crystal in the cavity by controlling the tim-
ing of the rf switch relative to that of the Q switch of the
pumping laser. The waiting time of 10 μs, before the exci-
tation, is sufficiently longer than the photon lifetime of the
cavity, which is required to establish the maximum side-
band order for the injected cw laser. Further, the feedback
system, controlling the cavity length, is immune to the
pulsed sideband generation owing to the short turn-on time
(20 μs) of the EOM. This pulsed modulation technique
has another advantage in terms of reducing the thermal
load on the EO crystal and achieving a large modulation
depth.

The maximum output energy of the CPTG described
above is 500 μJ per pulse at 729 nm, which is lim-
ited by the damage threshold of the mirrors constitut-
ing the high-finesse (F ∼ 100) cavity. We construct a
multipass Ti:sapphire amplifier [21] to achieve sufficient
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FIG. 1. Schematic of the prototypical cooling laser system. ECDL, external-cavity diode laser; λ/2, half-wave plate; λ/4, quarter-
wave plate; EOM, electro-optic phase modulator; rf, driving radio frequency; Ti:S, Ti:sapphire crystal; PBS, polarizing beam splitter;
LBO, lithium triborate crystal; BBO, β-barium borate crystal.

optical power for the subsequent generation of the third
harmonics at 243 nm. A Ti:sapphire crystal is pumped by a
frequency-doubled Nd:YAG pulsed laser (Powerlite 7300,
Continuum, Inc.) with a maximum pulse energy of 280 mJ.
The two pumping lasers are externally triggered by a dig-
ital delay generator (DG645, Stanford Research Systems)
with a timing jitter of less than 100 ps. After eight rounds
of amplification, the pulse energy at 729 nm exceeds
15 mJ.

The amplified pulses are loosely focused by a plano-
convex lens (f = 1000 mm), and the third harmonics of
the amplified pulse are produced by the second-harmonic
generation using a type-I LBO crystal, followed by the
sum-frequency generation using a type-I BBO crystal. The
lengths of the nonlinear crystals are 10 mm for LBO and
2 mm for BBO. For polarization matching of the BBO
crystal, we use a crystalline quartz plate that appropriately
rotates the polarization of fundamental light and its second

harmonics. A typical pulse energy of the third harmonics
is around 600 μJ (maximum, 1 mJ; intentionally reduced
to 600 μJ to avoid possible optical damage), which is mea-
sured after a UV-fused silica Pellin-Broca prism used as a
harmonic separator.

To characterize the pulsed laser in the time domain,
we use an oscilloscope (bandwidth, 200 MHz) and a
photodetector (bandwidth, 2 GHz) to record the wave-
form of the output pulses at 729 nm. We use another
photodetector (bandwidth, 350 MHz) to observe the third-
harmonic pulses at 243 nm. In addition, we construct
an etalon-based spectrometer [22] to measure the spec-
trum of the third harmonics at 243 nm on a shot-to-
shot basis. We use a Fabry-Perot etalon (Sigmakoki, Co.,
Ltd.) with a free spectrum range of 500 GHz and spec-
tral resolution of 3.7 GHz (FWHM) at 243 nm. Fur-
ther details about the measurements are presented in
Appendix.
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III. THEORETICAL ANALYSIS

This section describes the theory and numerical simu-
lation of the CPTG and its third harmonics after amplifi-
cation. We perform time-domain analyses to calculate the
electric field of these light pulses. The optical spectrum can
be evaluated using the Fourier transform of the waveform
of the electric field. First, we calculate the electric field in
our injected laser cavity without applying the pump laser.
This is equivalent to reproducing the FCG, while paying
special attention to its temporal characteristics. Second, we
calculate the output electric field of the CPTG by applying
a pulsed excitation of the gain medium. Third, we calculate
the electric field of the third harmonics of the amplified
output of the CPTG. In our calculation, the time step is
selected to be sufficiently short (approximately 0.8 ps, cor-
responding bandwidth of 600 GHz) to cover the broad
spectrum of this system.

A. Injection of a single-mode cw laser and EO
modulation

Initially, we evaluate the dynamics of the electric field
in a laser cavity with an EOM. The cavity is injected with
a single-mode cw laser beam. Here, we assume that the
driving frequency of the EOM is the same as the FSR of
the laser cavity. This setup is equivalent to the FCG.

We start the calculation by assuming a ring optical cav-
ity with the injection of a single-mode cw laser, given by
Eq. (1):

Ecw(t) = E0eiω0t (−∞ < t < ∞). (1)

Here, E0 is the field amplitude and ω0 is the angular
frequency of the input laser.

The electric field inside the laser cavity E(t), before the
EOM is turned on, is given by [23]

E(t) = tr√
(1 − r)2 + 4r sin2(φ/2)

Ecw(t) (t < 0), (2)

where r is the round-trip amplitude reflectance, tr is the
amplitude transmittance of the coupler mirror (see Fig. 1),
and φ is the phase mismatch between the seed laser and
the corresponding longitudinal mode of the laser cavity.
E(t) is evaluated at the output coupler mirror. Then, we
start to apply continuous phase modulation using the EOM
from t = 0. The cavity output field is given by Eq. (3).
The equation includes the cyclic boundary condition of the
optical cavity, optical loss in the optical cavity:

E(t) = trEcw(t) + rE(t − T) × eiβ sin �t (0 ≤ t). (3)

Here, T is the round-trip time, r is the round-trip ampli-
tude reflectivity of the optical cavity, β is the modulation

TABLE I. Parameters used in the numerical simulation.

Round-trip cavity length: L 3.8 m
Transmittance of output coupler: Tr = t2r 0.02
Round-trip power reflectance: R = r2 0.95
Round-trip power loss 0.03
Round-trip time: T 12.7 ns (= L/c)
Free spectrum range (FSR) 78.7 MHz
Modulation frequency: fm 78.7 MHz
Modulation depth: β 2.3 rad
Photon lifetime of the optical cavity 247 ns
Upper-state lifetime in Ti:sapphire: τ 3.2 μs
Saturation fluence: Js 1.4 J/cm2 at 729 nm

depth of the EOM, � (= 2π fm) is the angular modula-
tion frequency, and fm is the modulation frequency. The
parameters for the present simulation are listed in Table I.

By substituting Eqs. (1) and (2) into Eq. (3) recursively
and expanding the equation explicitly, we can verify that
all the terms of Eq. (3) have a common phase term oscil-
lating at the optical frequency of the input single-mode cw
laser (= eiω0t). Therefore, we can safely exclude the phase
term in the following. This corresponds to calculating the
response function of the FCG with respect to the optical
frequency of the single-mode seeding laser. The output
field can be obtained by evaluating trE(t).

In general, the optical elements in the laser cavity cause
the group velocity dispersion, leading to a frequency mis-
match between the longitudinal modes of the cavity and
the higher-order sidebands. In the present case, the mis-
match is found to be negligible, and therefore the effect
of the group-velocity dispersion in the cavity is ignored
in the calculations. When it is necessary to deal with a
much wider bandwidth than in the present case, we need
to compensate for the dispersion.

Using the equations above, we investigate the properties
of the FCG in the time domain. We focus on the results
of the simulation under the following ideal conditions: we
ignore the phase noise of the seed laser, and we assume that
the frequency of the laser and the modulation frequency
match perfectly with the longitudinal modes of the optical
cavity. When the system reaches a steady state in a few
microseconds, E(t) becomes

E(t) = tr
1 − reiβ sin �t Ecw(t). (4)

Figure 2 shows the simulated output in the time domain.
The output consists of a train of short pulses at even inter-
vals. The time interval of the short pulses is T/2 ∼ 6.4 ns.
This means that a pair of short pulses is present inside the
optical cavity. The waveform of each of the short pulses is
given by the following equation [24]:,

P(t) ∝ [
t2 + 1/(2βfmF)2]−2

, (5)
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FIG. 2. Output of the FCG in the time domain. Top panel:
trains of short pulses. Bottom panel: magnified view of a rep-
resentative short pulse, whose waveform is given by Eq. (5).

where F is the finesse of the optical cavity. In the present
case, the calculated pulse duration (FWHM) of the short
pulse at 729 nm is 45 ps.

Next, we analyze the output in the frequency domain by
applying the Fourier transform to the time-domain result.
We set the interval of the rectangular window function of
the Fourier transform to be much longer than the round-
trip time of the optical cavity. The top panel of Fig. 3
compares the spectra of the FCG before and after the
cavity-enhanced EO modulation. The middle panel of Fig.
3 shows the magnified spectrum of the FCG. Owing to
the cavity-enhanced phase modulation, the spectrum of
the FCG shows a comblike structure, which consists of
evenly spaced sidebands up to high orders, as the name
suggests. The output power of the kth sideband is Pk ∝
exp(−2|k|π/βF) [18]. The contour of the spectrum is
given by the following function with good approximation:

P(ν − ν0) ∝ exp
(

−2|ν − ν0|π
βfmF

)
, (6)

where ν is the optical frequency and ν0 is the optical
frequency of the input single-mode laser.

Next, we set the time window function as a rectangu-
lar window with a duration of T/2 (approximately 6.7 ns)
to evaluate the spectrum of each short pulse. Performing
the Fourier transformation using a window function with a
short time interval is an effective way to evaluate the time-
varying optical spectrum of this system. The bottom panel
of Fig. 3 shows the spectrum of each pulse that consti-
tutes a pulse pair. One is composed of only positive orders

(a)

(b)

FIG. 3. Output of the FCG in the frequency domain. The zero
frequency is set to the optical frequency of the seed laser. (a)
Upper panel: entire spectrum before and after EO modulation.
The red curve represents the spectrum before the spectral broad-
ening by the EOM, while the blue curve represents the spectrum
after the broadening. Lower panel: magnified view of the spec-
trum, where evenly spaced sidebands can be seen. (b) Spectrum
of a typical pulse pair. One is composed only of positive fre-
quency components (solid curve), whereas the other is composed
only of negative frequency components (dashed curve).

of sidebands, while the other is composed of only nega-
tive ones. Therefore, the FCG outputs short pulses with
higher frequencies and lower frequencies alternately [25].
The contour of the FCG spectrum, i.e., the contour of the
integrated spectrum of all the short pulses, is given by Eq.
(6); however, the spectrum of each short pulse is approx-
imately given by either the positive or the negative half
of the contour, as can be seen in Fig. 3(b). Therefore, the
bandwidth of a single short pulse is given by the following
equation, which represents the half width at half maximum
of Eq. (6):

ν
pulse
FWHM = βfmF ln 2

2π
(Hz). (7)

In the present calculation, the typical bandwidth is
ν

pulse
FWHM = 2.4 GHz at 729 nm.
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B. Pulsed operation: CPTG

Next, we pump the Ti:sapphire crystal in the FCG by
using a pulsed laser to understand how the CPTG works.
The optical amplification by the Ti:sapphire crystal is
governed by the following set of equations.

Equation (8) expresses the condition for the amplifica-
tion timing:

Jsto(t) =
{

0 (t < Tgain
0 )

Jsto (t = Tgain
0 )

(8)

Here, Jsto is the equivalent fluence of the stored energy
in the upper level in the Ti:sapphire crystal. Further, Tgain

0
is the amplification timing by the nanosecond pump laser
(second harmonics of the Nd:YAG laser). We assume that
the amplification by the Ti:sapphire crystal occurs instan-
taneously after the excitation. Thus, we ignore the pulse
width of the pump laser (approximately 5 ns). Before the
amplification, we continue the simulation until the system
reaches a steady state, and we then applied a pulsed gain.
The typical amplification timing Tgain

0 is 8 μs, which is 40
times longer than the photon lifetime in the optical cavity
and is sufficient to reach a steady state.

Equation (9) expresses the law of conservation of energy
in a gain medium and the energy loss by spontaneous
emission:

Jsto(t + dt) = [Jsto(t) − Jout(t) + Jin(t)] × e−dt/τ , (9)

where dt is the time step of the simulation and τ is the
upper-state lifetime of the Ti:sapphire crystal. Jin(t) is the
time-sliced fluence of the input pulse at 729 nm,

Jin(t) = ε0

2
|E(t)|2cdt, (10)

where ε0 is the permittivity of vacuum and c is the speed of
light. Equation (11) is the Frantz-Nodvic equation for the
sliced-square input pulse [26], where Jout(t) is the time-
sliced fluence of the output pulse and Js is the saturation
fluence. Equation (11) assumes that the time width (dt) of
the sliced-square input pulse is much shorter than τ .

Jout(t) = Js log[1 + eJsto(t)/Js(eJin(t)/Js − 1)]. (11)

Equation (12) expresses the amplitude gain for the input
laser:

G(t) =
√

Jout(t)/Jin(t). (12)

Equations (9)–(12) hold when −∞ < t < ∞.
Now, the output field of the CPTG, trE(t), can be calcu-

lated using Eq. (13), where the amplitude gain is added to

Eq. (3):

E(t) = trEcw(t) + E(t − T)rG(t) × eiβ sin �t (0 ≤ t). (13)

Figure 4(a) shows the power waveform of the output pulse
from the CPTG. The overall shape indicates that the dura-
tion of the output contour is approximately 1 μs, which
is determined by the photon lifetime of the laser cavity
and the gain reduction by the stimulated emission in the
gain medium. If we take a closer look, we can see that

(a)

(b)

FIG. 4. Calculated output characteristics of CPTG. (a) Power
waveform of the output pulse. The time origin is defined as the
turn-on time of the EOM. The pulsed optical gain by the pump
pulse is applied at 8 μs. The lower figure shows a magnified view
of the waveform. Red and blue colors of the pulse pairs indi-
cate higher and lower frequency components shown in (b). The
spectra of selected pairs are presented in Fig. 5. (b) Spectrum
of the optical pulse shown in (a). The zero frequency is set to
the optical frequency of the seed laser. The lower figure shows a
magnified view near the peak of the lower frequency component
in the upper figure.
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the pulse is composed of a train of short pulses at equal
intervals. The CPTG outputs short pulses with higher fre-
quencies and lower frequencies alternately in the same way
as the FCG [25], which we confirm by taking the Fourier
transform of each short pulse.

Figure 4(b) shows the spectrum of the output pulse of
the CPTG. The time window function for the Fourier trans-
form is set to cover the long pulse almost entirely. The
spectrum has a characteristic contour with two peaks, and
evenly spaced sidebands are present inside the contour.
Therefore, the CPTG maintains the comblike spectrum
even after the pulsed gain is applied. However, the entire
structure of the spectrum calculated as Eq. (6) is strongly
affected by the pulsed operation. Specifically, the temporal
behavior of the short pulses in the long pulse results in the
characteristic contour, as discussed in the following.

Figure 5 shows the calculated optical spectrum of typi-
cal pairs of consecutive short pulses inside the long contour
[red and blue colored pulses in the magnified view in Fig.
4(a)] at different times. The spectrum at 8000 ns is obtained
prior to the pulsed gain excitation [see Fig. 3(b)]. Owing to
the stimulated emission in the Ti:sapphire crystal, the pulse
energy of the short pulses gradually increases. After the
pump energy stored in the Ti:sapphire crystal is extracted,
the pulse energy of the short pulses gradually decreases
with the loss in the optical cavity. It is worthwhile to note
that the continuous phase modulation shifts the laser power
further from lower sidebands to higher sidebands. Namely,
the pulsed gain intensifies the spectral broadening of the
FCG. In addition, a rapid frequency chirp appears in the
positive and negative directions through a combination of
the pulsed gain and the phase modulation. Specifically, the
FSR gives the number of times a pulse passes through the
EOM per second, and its peak optical frequency is shifted
by approximately βfm in each phase modulation event.
Therefore, the chirp rate is given by

chirp rate = ±βfmFSR (Hz/s). (14)

In the present case, the typical chirp rate is ±14 GHz/μs
at 729 nm. This rapid frequency chirp is a unique feature,
found in a laser cavity with both continuous phase modula-
tion and pulsed gain. This unique feature cannot be realized
with the FCG [18,25]. The frequency chirp continues to
occur as long as the pulsed oscillation lasts. Owing to their

pulsed nature and the rapid chirp, the comblike optical fre-
quencies survive for a limited time only. For this reason,
the calculated linewidths of the comb teeth for both 729
and 243 nm are 0.9 MHz. By taking the third harmonics of
the amplified CPTG, the chirp rate is tripled and becomes
±42 GHz/μs at 243 nm. The details for simulating the
amplification and the third harmonics are described in Sec.
III C.

While the overall spectrum of the CPTG has a unique
structure, the spectra of short pulses, composing the CPTG,
exhibit a structure similar to those without the pulsed gain.
The main differences are the amplitude distribution and
the absence of the lower orders of sidebands. The latter is
induced by the frequency chirp and pulsed gain. The con-
tinuous input from the seed laser contributes to the lower
orders of sidebands; however, this contribution is negligi-
ble. The contour in the higher orders of sidebands is given
by the same spectral decay constant as Eq. (6), βfmF/π .
Therefore, the bandwidth of the short pulse is given by
Eq. (7), ν

pulse
FWHM = βfmF ln2/2π= 2.4 GHz, with a good

approximation. If we calculate the third harmonics of the
amplified short pulse, then the bandwidth becomes 17 GHz
at 243 nm. The corresponding pulse duration (FWHM) at
243 nm is 6.4 ps.

In summary, our numerical simulation of the CPTG
showed that this pulsed laser has the following main fea-
tures: (a) a train of short pulses in a microsecond-long
contour, (b) a comblike broadband spectrum with two
characteristic peaks, and (c) a rapid frequency chirp in the
positive and negative directions.

C. Amplification and third-harmonic generation

The simulation above is conducted for the CPTG and
not for a cooling laser for Ps, i.e., the third harmonics of the
multipass amplified CPTG. The procedures for simulating
the cooling laser are described in the following.

1. We compare the temporal profile of the simula-
tion with the experimentally measured power waveform
of the CPTG and determine the free parameter for the
simulation. The only free parameter is Jsto, which is the
equivalent fluence of the stored energy in the upper level
in the Ti:sapphire crystal. When we compare the simu-
lated power waveform with the experimental data, we look

FIG. 5. Simulated spectra of the pairs of short
pulses in the long pulse at different timings. The
zero frequency is set to the optical frequency of
the seed laser. The timing of the pair of short
pulses shown in the legend corresponds to the
time defined in Fig. 4. A timing of 8000 ns is just
before the pulsed gain is applied. The spectral
broadening by the cavity-enhanced modulation
and a rapid frequency chirp in the positive and
negative directions can be seen.
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only at the envelope of the long pulse. This is because the
measurement bandwidth is sufficiently wide to resolve the
contour but not for the short pulses inside the long pulse.

2. To simulate the multipass amplification, we apply
a step-function-like window function to the long pulse of
the CPTG. We calculate only the spectrum of the amplified
part of the long pulse and ignore the nonamplified part.

3. To calculate the third harmonics, we cube the elec-
tric field at each temporal point.

4. We apply an appropriate window function to the
electric field and perform the Fourier transformation to
calculate the corresponding spectrum.

5. We convolve the simulated spectrum with the spec-
tral resolution of the spectrometer.

IV. EXPERIMENTAL RESULTS

We conduct experiments to demonstrate the three above-
mentioned properties of the CPTG (see Sec. III B) by
measuring the time profile of the CPTG and the temporal
and spectral characteristics of the third harmonics of the
multipass amplified CPTG. The potential use of the third-
harmonic pulses as a prototypical cooling laser for cooling
Ps at 243 nm is discussed in Sec. V.

A. Short pulses in the long-pulse contour

We observe the power waveform of the CPTG at 729
nm. The bandwidth of the detector is sufficiently wide for
the observation of the width of the contour of the short-
pulse train, but not for that of the short pulses inside the
contour. Therefore, we can obtain the interval of the short
pulses, but we do not resolve their exact shape. Figure 6
shows the power waveform of the CPTG at 729 nm and its
magnified view. The oscilloscope is triggered by the turn-
on TTL pulse for the Q switch of the pump laser, and the
time shown in Fig. 6 is the time elapsed since the trigger.
We observe a long pulse with deep amplitude modulation.
The duration of the contour is around 1 μs, which is deter-
mined by the photon lifetime of the laser cavity and the
gain reduction due to the stimulated emission in the gain
medium. The lower panel of Fig. 6 shows a magnified
view of the long pulse around 2500 ns. We can see equally
spaced short pulses inside the contour. The interval of the
short pulses is 6 ns, which is a half of the round-trip time
of the cavity. This interval is consistent with the numeri-
cal simulation. Thus, we confirm the characteristics of the
CPTG in the time domain, i.e., a train of short pulses inside
a microsecond-long contour.

B. Broadband spectrum

We observe the spectrum of the third harmonics of the
amplified CPTG using an etalon-based spectrometer. The
details of the spectrometer and its calibration procedure are
presented in Appendix.

FIG. 6. Power waveform of the CPTG at 729 nm. Top panel:
entire pulse. Bottom panel: magnified view around 2500 ns. Due
to technical and experimental limitations, the Q-switch timing of
the pump laser is adopted as the time origin, and thus the time
presented here differs from that of the numerical simulation.

Figure 7 shows the spectrum of the entire pulse at
243 nm with different modulation frequencies around the
FSR of the optical cavity. Two characteristic peaks are
observed, as shown in our simulation (Fig. 4). The peak
structure in the spectrum remains after the third-harmonic
generation process because the positive and negative fre-
quency components of the CPTG do not overlap in the time
domain. As we have a low-frequency resolution of around
20 GHz compared to the 78-MHz interval of the sidebands,

FIG. 7. Spectrum of the entire pulse of the third harmonics of
the amplified CPTG with different modulation frequencies. The
zero frequency is set to the peak position of the spectrum taken
without the EO modulation.
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we cannot resolve the comblike structure of the spectrum.
The highest orders of the sidebands are achieved when the
EOM is driven at 78.74 MHz, which is consistent with an
independent measurement of the FSR of the optical cavity
[78.7(1) MHz]. Subsequently, we fix the EO modulation
frequency at 78.74 MHz.

The maximum order is inversely proportional to the mis-
match between the driving frequency and the FSR of the
laser cavity. In addition, it is possible to generate either
only positive or only negative sidebands by adjusting the
relative frequency between the cw laser and the longi-
tudinal mode of the cavity, as well as between the rf
modulation frequency and the FSR.

We compare the spectrum of the third harmonics with
our numerical simulation, as shown in Fig. 8. The maxima
of all the three spectra are normalized to unity. The blue
curve represents the instrumental function of the spectrom-
eter to be convolved to the numerical simulation. The black
curve represents the numerically simulated spectrum of the
third harmonics of the CPTG convolved with the instru-
mental function of the spectrometer. This spectrum is gen-
erated as discussed in Sec. III C. The red curve represents
the experimentally measured spectrum. The experimental
results and numerical simulation show reasonable agree-
ment. Our calculation shows that the positive-negative
asymmetry of the structure of the spectrum depends on
the timing of the nanosecond pump laser of the CPTG.
According to our numerical simulation described above,
two short pulses are present 6 ns apart inside the CPTG.
One is composed of positive orders of sidebands gener-
ated by the EOM, while the other is composed of negative
orders of sidebands. If the positive short pulse is amplified
first by the pumped crystal, the positive half of the output
spectrum has higher power, and if the negative short pulse
is amplified first, the negative half of the output spectrum
has higher power. Therefore, the timing of the pump laser
of the CPTG in the numerical simulation is tuned (in the
range of 6 ns) to reproduce the experimental result.

C. Fast chirp

Next, we experimentally demonstrate the rapid fre-
quency chirp of the CPTG. In this study, we measure the
rapid frequency chirp inside the microsecond-long con-
tour, indirectly, by changing the timing of the pump laser
for the multipass Ti:sapphire amplifier with respect to the
timing of the pump laser for the CPTG. The partially
amplified pulsed laser of the CPTG is sent to the THG sys-
tem, and we measure the spectrum of the third harmonics
at 243 nm using the etalon-based spectrometer. The rise
time of the amplification is around 20 ns, which is given
by the convolution of the pulse width of the pump laser (5
ns) and the traveling time of the path length of the amplifi-
cation system (20 ns). The fall time of the amplification is
determined by the pulse duration of the input, and the gain
reduction that is deduced from the amplification process.
Thus, the delayed multipass amplifier acts as an optical
shutter to find the spectral dynamics in the microsecond-
long contour. The spectrum of the partially amplified laser
pulse is the integration of all the spectra of the short pulses
after the amplification timing. By changing the timing of
the amplifier and measuring the spectrum of the partially
amplified pulse, we time-resolve the optical spectrum.

Figure 9 shows the result. The top panel shows the time
profile of the third-harmonic pulse. We change the tim-
ing of the pump laser for the multipass amplification with
respect to the timing of the pump laser of the CPTG from
1.1 to 1.85 μs with an interval of 50 ns. The bottom panel
shows the time dependence of the spectrum of the pulse
at 243 nm, where we can find the rapid chirp effect in
the positive and negative frequency directions inside the
long pulse. The red curves represent the simulated peak
frequencies of the partially amplified pulse at a chirp rate
of ±42 GHz/μs at 243 nm. The experimental result shows
reasonable agreement with the numerical simulation. The
agreement also implies that the frequencies of the ECDL
and the EO modulation frequency are tuned to the FSR of
the optical cavity with sufficient precision and stability.

FIG. 8. Comparison of the measured spectrum of the third harmonics of the amplified CPTG with our simulation. The modulation
frequency of the EOM is 78.74 MHz. The blue curve represents the instrumental function of the spectrometer for 243 nm. The
peak position is set as the origin of the horizontal axis. The black curve represents the numerically simulated spectrum of the third
harmonics of the CPTG convolved with the instrumental function of the spectrometer. The red curve represents the experimentally
measured spectrum of the third harmonics of the amplified CPTG.
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FIG. 9. Demonstration of the rapid frequency chirp of the third
harmonic laser pulse at 243 nm. Top panel: power waveform.
The waveforms with different colors designate pulses with dif-
ferent timings for multipass amplification. The waveforms are
averaged over 100 shots. Bottom panel: time dependence of
the spectrum of the partially amplified pulse. The red dashed
curves represent the simulated peak frequencies of the partially
amplified pulse.

V. DISCUSSION

In this section, we discuss the application of the CPTG
to laser cooling of Ps. First, we evaluate the performance
of the third harmonics of the amplified CPTG as a proto-
typical cooling laser for Ps. Next, we present a roadmap
for further improving the present CPTG to realize a more
efficient laser cooling of Ps.

We demonstrate the following three characteristics of
the prototypical cooling laser at 243 nm: (a) a train of short
pulses inside the 500-ns-long contour (FWHM); the dura-
tion of the contour is approximately 3 times as long as the
annihilation lifetime of Ps. This is sufficiently long to cool
Ps from 300 to 10 K, if a sufficiently broadband spectrum
and a rapid frequency chirp are available such that the laser
can sweep the whole Doppler-broadened spectrum of the
1S-2P transition. (b) Spectral broadening by EO modula-
tion spanning over 200 GHz in total and two characteristic
peaks in the spectrum. For comparison, the Doppler width
(FWHM) of the Ps at 300 K is 460 GHz. According to
our simulation, the instantaneous spectral width (FWHM)
is 17 GHz for each pulse (see Sec. III B). The wide spec-
tral coverage is realized by the frequency chirp. (c) A rapid
frequency chirp (±42 GHz/μs) in the positive and nega-
tive directions. A frequency chirp over the whole range of

the Doppler profile within the annihilation lifetime maxi-
mizes the cooling efficiency. All three characteristics are
essential for efficient laser cooling of Ps.

Additionally, it is necessary to assess how densely the
cooling laser fills the frequency space because it cannot
tune the laser frequencies continuously. The frequency
chirp occurs while maintaining the comblike structure
defined by the CPTG. Therefore, no optical power is avail-
able between the comb teeth of the cooling laser. In the
time domain, a train of short pulse pairs arrives at the Ps
atoms repeatedly every 1/FSR s. The coherent addition of
these pulses results in the comb structure in the frequency
domain. In the present case, the calculated linewidth of a
comb tooth is 0.9 MHz with respect to a FSR of 78.7 MHz,
as discussed before. With such a sparse frequency distri-
bution, the cooling laser may seem to interact with only
selected Ps atoms, whose Doppler-shifted transition fre-
quencies coincide with one of the comb teeth. However,
the natural linewidth of the cooling transition (50 MHz for
the 1S-2P transition) compensates the sparsity. If the FSR
is comparable or smaller than the natural linewidth, then
nearly all the Ps atoms lying within the spectral region of
the cooling laser can interact with the laser pulses. Exces-
sively small FSRs result in insufficient cooling efficiency
because of the finite lifetime of the 1S state (142 ns), which
is a unique characteristic inherent to exotic atoms. There-
fore, the FSR should be much larger than typically the
inverse of the lifetime (7 MHz). For these reasons, FSRs
of several tens of MHz are suitable for using the CPTG in
the laser cooling of Ps atoms.

We can evaluate the effects described before by convolv-
ing the spectrum of the incoming laser with the natural
linewidth of the 1S-2P transition. The resulting spectrum
effectively shows the probability distribution of Ps atoms
that can interact with the cooling laser. Figure 10(a) shows
an expanded view of the current prototypical cooling
laser’s calculated spectrum and the normalized absorption
probability distribution of the Ps atoms. The filled distri-
bution indicates that the proposed laser fully interacts with
the Doppler-broadened Ps atoms within its spectral range.
Figure 10(b) compares the group of Ps atoms that inter-
act with the prototypical cooling laser and the Doppler
profile of Ps at 300 and 10 K. The central frequency of
the cooling laser is red detuned by 200 GHz from the
Doppler-free 1S-2P transition frequency of Ps to perform
chirp cooling, which is primarily done with the positive
chirped components. By evaluating the ratio between the
spectral widths, we estimate that the laser can cool approx-
imately 5.4% of the total population at 300 K. Comparing
the signal-to-noise ratios in typical Doppler spectroscopy
experiments [22,27], we find that this amount of change
induced by the cooling laser is detectable. This evalua-
tion is optimistic and not complete. Further experimental
investigations and Monte Carlo simulations will be
necessary to assess the feasibility of performing practical
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(a)

(b)

FIG. 10. (a) Normalized absorption probability distribution of
the Ps atoms for prototypical laser cooling. The purple curves
show a part of the calculated optical spectrum of the cooling
laser. The blue curve represents the corresponding probability
distribution of the Doppler-shifted Ps atoms, normalized to unity.
(b) Expanded view of the normalized probability distribution for
absorption (solid curve), compared with the Doppler profiles at
300 K (red dashed curve) and 10 K (blue dashed curve). The
Doppler-free 1S-2P transition frequency is denoted as the origin
of the horizontal axis.

experiments. Demonstration of laser cooling of Ps atoms,
using the current prototypical laser, will be an essential
step forward.

For more efficient cooling of the entire Ps gas, it is essen-
tial to configure a laser with a broader spectrum and a
more rapid frequency chirp at 243 nm. Here, we discuss

the guidelines for improving the present CPTG to realize
a more efficient laser cooling of Ps. Based on the results
of this study, we can design an optical system with the
desired temporal and spectral structures. The duration of
the pulsed laser is typically given by the photon lifetime of
the laser cavity and the gain reduction due to the stimulated
emission in Ti:sapphire. The bandwidth and chirp rate of
the CPTG are given by Eqs. (7) and (14), respectively, as
discussed in Sec. III.

A broader spectrum and a more rapid frequency chirp
can be achieved as follows. The bandwidth of the pulsed-
laser spectrum is linearly proportional to the modulation
depth β, modulation frequency fm, and finesse F . There-
fore, a broad spectrum can be obtained by increasing these
parameters. A greater modulation depth typically leads to
thermal instability of the EOM; however, applying EO
modulation only for a short yet sufficient duration (in
this study, 10 μs in a repetition period of 100 ms, i.e.,
with a duty ratio of 10−4) allows large and stable mod-
ulation. We place an EOM inside the ring cavity in this
study; however, if the EOM is placed inside a linear cav-
ity with the same cavity length, the total amount of phase
modulation per unit time can be doubled. With a higher
modulation frequency fm, a broad spectrum can be obtained
albeit with a sparser interval between the comblike lines.
In this case, the interval can be reduced by placing another
EOM with a smaller modulation frequency outside the
laser cavity [28]. In addition, it is possible to obtain a
larger effective finesse by employing a CW amplifier inside
the laser cavity [19]. Special care must be taken to com-
pensate the group-velocity dispersion in the laser cavity
to realize a sufficiently large bandwidth of hundreds of
gigahertz.

The requirements for the cooling laser of Ps are pro-
posed in Ref. [12]. Table II summarizes the estimated
future specifications of the present CPTG in compari-
son with the requirements for Ps BEC. We expect that
the laser requirements for Ps BEC can be achieved by

TABLE II. Present and estimated future specifications of the cooling laser for Ps and requirements for Ps BEC [12]. As the pulse
energy, half of the total pulse energy is listed for present and future specifications. This is because we mainly use the positively chirped
frequency components of the CPTG in the chirp cooling of Ps. Both the time duration and the spectral width are shown in terms of
the FWHM. The change in the Doppler shift induced by the laser cooling (300 to 10 K in 300 ns) corresponds to a frequency shift of
+755 GHz/μs; therefore, the future chirp rate shown below is appropriate. fm, β, and F denote the modulation frequency, modulation
depth, and finesse, respectively.

Present Future Requirements

Wavelength 243 nm 243 nm 243 nm
Pulse energy 1 mJ 1 mJ 40 μJ
Time width 500 ns 500 ns 300 ns
Spectral width 17 GHz 150 GHz 140 GHz
Frequency chirp ±42 GHz/μs ±378 GHz/μs +200 GHz/μs
fm 78.7 MHz 78.7 MHz × 3
β 2.3 rad 2.3 rad × 3
F 122 122
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applying these reasonable improvements to the present
setup.

The method of optical frequency extension introduced in
this paper provides more degrees of freedom for the forma-
tion of the frequency chirp. The extension method may be
applied to the cooling of various other physical systems by
appropriately designing the FSR and gain in the CPTG. For
example, by setting a smaller FSR and introducing a gain
medium with high controllability in the time domain, it is
possible to prepare a spectrally dense, broadband, chirped
laser with the desired duration. Such a light source could be
applied to chirped cooling of atomic and molecular gases.
The controllable gain medium to be introduced into the
CPTG could be a semiconductor optical amplifier or a fiber
amplifier.

VI. CONCLUSION

We demonstrate the CPTG, a laser system comprising
a pulsed laser with an EOM and a pulsed gain medium in
the laser cavity. With our prototypical laser, we achieve a
500-ns-long-pulsed, broadband (17 GHz) laser with a chirp
rate of ±42 GHz/μs at 243 nm by amplifying the output of
the CPTG and generating the third harmonics. Further, as
the spectrum of the entire pulse, large spectral broadening
spanning over 200 GHz is achieved. We conduct numeri-
cal analysis of the CPTG in the time domain, the results of
which are in reasonable agreement with our experimental
results. In addition, we formulate the temporal and spectral
structures of CPTG. A unique feature of the CPTG concept
is that it provides more degrees of freedom in chirp for-
mation through the design of the gain medium, resonator,
and modulation frequency. This feature can be applied to
improve the efficiency of laser cooling in various physical
systems.

We also discuss the potential of the third harmonics of
the amplified CPTG as a cooling laser for Ps. We show
that setting a proper laser cavity FSR for the CPTG, by
considering the natural linewidth of the transition and the
finite lifetime of Ps, is another essential requirement. The
present laser can demonstrate laser cooling of a small
amount of the Doppler-broadened Ps gas at room temper-
ature, under realistic experimental conditions. Using the
formulas that we develop for the CPTG, we explain how a
special laser can be constructed to realize efficient cooling
of Ps from 300 to 10 K. We believe that this study could
be an essential stepping stone toward high-resolution laser
spectroscopy and the creation of quantum degenerate gases
of Ps atoms.
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APPENDIX: SPECTRAL MEASUREMENT

1. Setup

Figure 11 shows a schematic of the etalon-based spec-
trometer. We perform shot-by-shot spectrum measure-
ments by sending spatially focused beams to an etalon
and by observing the interference fringes using a CCD
camera [22].

Figure 12 shows the typical fringe pattern of the third
harmonics of the amplified CPTG, obtained using the
etalon-based spectrometer. The left panel shows a raw
CCD image, while the right panel shows a sliced profile
that corresponds to the projection of the shaded region in
the left panel on the x axis. As the position in the x axis
corresponds to the optical frequency, we can reproduce the
optical spectrum by correlating the position with the actual
optical frequency. The calibration procedure is described
in the following subsection.

FIG. 12. Typical interference fringe pattern of the third har-
monics of the amplified CPTG, measured at 243 nm. The image
is averaged over 48 shots. The left panel shows a raw CCD
image, wherein the shaded region represents the region of inter-
est for obtaining the right image, which shows a sliced power
distribution.
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FIG. 13. Typical interference fringe obtained using the etalon-
based spectrometer operating at 243 nm, when the input is the
third harmonics of the amplified single-mode pulses without EO
phase modulation. The image is averaged over 48 shots. The left
panel shows a typical raw CCD image, while the right panel
shows a sliced power distribution. The small fringe structures
seen in the right panel are caused by a nonideal effect of the
etalon, which is slightly misaligned [29].

We also build an etalon-based spectrometer operating
at 729 nm to observe the output spectrum of the CPTG.
However, this spectrometer is unable to resolve the spec-
trum clearly. The output beam contained the cw laser beam
that is reflected from the output coupler mirror in the laser
cavity. As we could not reduce the exposure time of the
CCD camera to the pulse duration of the output pulse,
the signal could not be resolved for the CPTG due to the
strong background contribution of the cw laser. Contrarily,
only the amplified CPTG pulses survived, after generating
the third harmonics, because of the nonlinear optical pro-
cesses. Consequently, we use the spectrometer only at 243
nm to evaluate the spectrum of the pulsed light.

2. Calibration of the spectrometer

The calibration process of the spectrometer is as follows.
Figure 13 shows the typical fringe patterns of the third
harmonics of the amplified CPTG without EO modula-
tion, obtained using the etalon-based spectrometer. The left
panel shows a raw CCD image, while the right panel shows

FIG. 14. The left panel shows the instrumental function of
the etalon-based spectrometer when the optical frequency of the
input single-mode pulsed laser is varied. The right panel shows
the correspondence between the optical frequency and the posi-
tion on the CCD. The red dot denotes the peak pixel number
of the corresponding curve in the left panel, and the solid line
represents the fitting result with a linear polynomial function.

a sliced profile. Since the input is single-longitudinal-mode
pulsed light at 243 nm, and linewidth is much narrower
than the resolution of the etalon. Therefore, the right
panel of Fig. 13 shows the instrumental function of the
spectrometer at 243 nm.

The left panel of Fig. 14 shows the instrumental func-
tion of the spectrometer when the optical frequency of the
single-mode pulsed laser is varied. Meanwhile, we mea-
sure the optical frequency of the single-mode pulse by
tripling the measured optical frequency of the seed laser
at 729 nm using a wavelength meter (WS7-60, HighFi-
nesse GmbH). The right panel shows the correspondence
between the optical frequency and the peak pixel num-
ber. The data are fitted using a linear polynomial function,
and the fitting result is used to convert the arbitrary pixel
number of the CCD into the optical frequency.
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