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We provide a vectorial model to simulate second-harmonic generation (SHG) in birefringent, transpar-
ent media with an arbitrary configuration of nonlinear (χ(2)) crystalline domains. We apply this model on
disordered assemblies of LiNbO3 and BaTiO3 to identify the influence of the birefringence on the ran-
dom quasi-phase-matching process. We show that in monodispersed assemblies, the birefringence relaxes
the domain size dependence of the SHG efficiency. In polydispersed assemblies with sufficiently large
domains, we find that the birefringence introduces a SHG efficiency enhancement of up to 54% compared
to isotropic reference crystals. This enhancement is domain size independent in non-phase-matchable
materials, while it increases linearly with the domain size if the domains can be phase matched. These
two different scaling behaviors are used in Kurtz and Perry’s (KP) powder technique to identify the phase
matchability of a material. We show on the example of LiNbO3 and ammonium dihydrogen phosphate
that the KP technique cannot be applied to domains smaller than the coherence length, because then the
SHG scaling with the domain size becomes material specific.
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Optical frequency conversion through phase matching
in birefringent nonlinear (χ(2)) crystals has enabled a vari-
ety of applications in laser technology [1,2] and plays a
key role in quantum source schemes [3]. The birefringence
provides an orientation- and polarization-dependent refrac-
tive index, which is used to compensate for the phase lag
accumulated by the mixing waves. This avoids the destruc-
tive interference of the generated waves, which starts to
occur at lengths larger than the coherence length in any
not phase-matched configuration. Random quasi-phase-
matching (RQPM) is an alternative approach for removing
destructive interference in optical frequency conversion
[4,5]. It relies on the disordered distribution of the χ(2)

domains of certain media, such as polycrystalline materials
[5–7], scattering powders [8–11] and bottom-up assem-
bled photonic structures [12,13]. Under a pump excita-
tion, the domains generate nonlinear waves with random
phases and amplitudes. This leads to the cancellation of
the interference terms and to the linear accumulation of
the generated power with the number of domains. While
RQPM is generally less efficient than phase matching,
it provides numerous advantages, such as an ultrabroad
acceptance bandwidth (tunability of the pump over hun-
dreds of nanometers), the use of low-cost materials, and
relaxed constraints on the polarization and the angle of
incidence of the pump. These features make RQPM attrac-
tive for a variety of applications, such as optical parametric
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oscillators [14], ultrafast midinfrared lasers [15], and ultra-
fast autocorrelators [16]. The interest on RQPM has been
largely focused on isotropic (i.e., nonbirefringent) crys-
tals such as ZnSe, both experimentally and theoretically
[5,17,18]—one reason for this is that RQPM enables tak-
ing advantage of the large nonlinearity of these isotropic
crystals, even if they are non-phase-matchable.

First modeling of RQPM relied on the scalar approxima-
tion of both the optical field and the χ(2) susceptibility of
the domains [17,19]. Very recently, more comprehensive
vectorial models have been developed to study the nonlin-
ear speckle statistics [18] and the supercontinuum gener-
ation from isotropic disordered polycrystals [20]. SHG in
birefringent disordered materials has only been modeled
by averaging over the single-domain generation, without
considering the effects of the propagation through the bire-
fringent medium on the polarization states [21,22]. Up to
now, no comprehensive model that explicitly accounts for
the birefringence in RQPM has been presented.

Here, we introduce a vectorial model that considers
the full three-dimensional rotation (i.e., full χ(2) ten-
sor) as well as the birefringence of each domain. The
generation and propagation of the waves is calculated
from domain to domain, considering the phases of the
ordinary and extraordinary beam components separately.
This is done within the approximation of no scatter-
ing at the domain-to-domain boundaries. We explore the
effects of the birefringence on RQPM by calculating the
second-harmonic generation (SHG) in disordered
assemblies of lithium niobate (LiNbO3) and barium
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titanate (BaTiO3). We find that, in general, the birefrin-
gence is beneficial for RQPM. In monodispersed assem-
blies, the birefringence relaxes the domain size depen-
dence of the SHG efficiency. In polydispersed assemblies,
it introduces an efficiency enhancement of up to 54%
compared to an isotropic reference material.

Thanks to the birefringence, our model can simulate
domains in a phase-matchable regime, in which the SHG
enhancement increases linearly with the domain size.
This allows us to draw a comparison to the powder-
characterization technique of Kurtz and Perry [8,22],
which is widely applied to identify the phase matchability
of a crystalline material. Contrary to the established behav-
ior at large domain sizes, we find that the SHG scaling with
the domain size cannot unequivocally identify the phase
matchability of a crystal when the domain size is smaller
than the coherence length.

I. MODEL

The presented model considers a disordered three-
dimensional cuboid structure, consisting of quadratic
(χ(2) �= 0), birefringent, crystalline domains, as depicted
in Fig. 1(a). Similarly to other models [17,18], the three-
dimensional problem is reduced to a one-dimensional
problem by breaking down the cuboid into multiple par-
allel one-dimensional sticks. The SHG of each individual
stick is calculated separately. Figure 1(b) shows one dis-
order configuration of such a stick, in which the domains
have random sizes and orientations. The domain size Xn
is randomly chosen from a Gaussian distribution with an
average domain size X̄ and a polydispersity σ . The domain
orientation is defined through the rotation between the
laboratory frame (x′,y′,z′) and the crystal frame of each
domain (x,y,z), with the Euler angles (ϕ, ϑ , γ )n, as shown
in Fig. 1(c). For this, the laboratory frame axes are defined
as the z′ axis parallel to the propagation direction k and
the two orthogonal directions x′ and y′, while the z axis
is the optic axis of the crystal. For a uniform random
distribution of crystal orientations, we randomly choose
for each domain the rotation around z as ϕ ∈ [0, 2π ],
the angle between k and z as ϑ = arccos(u) with u ∈
[−1, 1] [18], and the rotation around k as γ ∈ [0, 2π ]. The
refractive indices of the ordinary (o) and extraordinary
(e) axes are given by no and ne(ϑ) = [sin(ϑ)2/(n̄e)

2 +
cos(ϑ)2/n2

o]−1/2, with n̄e the extraordinary refractive index
at ϑ = π/2 [1]. A visualization of the calculation process
in one single domain is shown in Fig. 1(d). The incoming
beam (pump) is defined as the plane wave (red)

E(ω) = (êx′eiφx′ cos β + êy ′eiφy′ sin β)Eωei(k·z′−ωt), (1)

with amplitude Eω, frequency ω, wave vector k, the start-
ing phases φx′ and φy ′ , and a polarisation angle β in the lab-
oratory frame. The vectors êx′ and êy ′ are the unit vectors

along the x′ and y′ axes. At the beginning of the domain,
the electric fields in the laboratory frame Elab, are trans-
formed into the reference frame of the respective crystal
Ecry = R · Elab [Fig. 1(c)], where R = Z1(ϕ)X2(ϑ)Z3(γ ) is
the Euler-transformation matrix for a rotation around the
original z axis z (rotation Z1), around the new x axis êo
(rotation X2), and around the final z axis k (rotation Z3)
(see Sec. II A within the Supplemental Material [23]). In
the crystal frame [Fig. 1(d)], the beams are decomposed
into their components along the o and e axes and each
polarization combination of the pump (oo, eo, oe, ee) gen-
erates a second-harmonic field Eu

gen(2ω, Xn) (blue) along
u ∈ {o, e}, which is given at the end of the nth single
domain according to (full derivation in Sec. II B,C within
the Supplemental Material [23]):

Eu
gen(2ω, Xn) =

∑

v,w

i(2ω)2

2ε0c2ku
3

Pu,vw

(
ei�ku,vwXn − 1

i�ku,vw

)
eiku

3Xn .

(2)

With the phase mismatch �ku,vw = kv(ω) + kw(ω) −
ku(2ω), the wave vector ku

3 of the second harmonic along
u, and Pu,vw = 〈êu, Pvw〉 the second-harmonic polarization
along v, w ∈ {o, e} projected onto the o and e axis (êu unit
vector along u ∈ {o, e}), where Pvw

i = 2ε0
∑

jk dijkEv
j Ew

k .
The second-order nonlinear tensor dijk is used in its con-
tracted matrix form to calculate Pvw

i (see Sec. II B within
the Supplemental Material [23]). The pump E(ω, 0), as
well as the total second harmonic from all previous crystals
Epre(2ω, 0) are propagated through the domain. For both
beams, the components along the o and e axis are prop-
agated separately: Eu(ω, Xn) = Eu(ω, 0)eiku(ω)Xn . At the
end of the domain, the propagated second-harmonic com-
plex field from the previous domains is summed with the
second-harmonic complex field generated in the current
domain Eu

tot(2ω, Xn) = Eu
pre(2ω, Xn) + Eu

gen(2ω, Xn) [at the
end of the domain in Fig. 1(d)]. The amplitude, polariza-
tion, and phase of the fields is explicitly considered in
every step, such that the model can account for interfer-
ence effects. The fields of the propagated pump Eu(ω, Xn)

and the total second-harmonic field Eu
tot(2ω, Xn) are trans-

formed back into the laboratory frame, forming the output
of the nth domain. To simulate the propagation of the
light through the stick, we implement a folding algorithm,
which iteratively processes the sequence of domains. In
each step, it takes the data of the current element (domain
n) of the sequence and the result of the previous step
(domain n − 1) as input. The information is processed to
generate the output of the nth domain, which then forms
the input of the (n + 1)th domain. The SHG intensities of
each stick Istick = cε0(|Ex′

tot|2 + |Ey ′
tot|2)/2 are averaged to

yield the intensity of the cuboid.
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(a) (e)

(b)

(c)

(d)

FIG. 1. (a) Sketch of a three-dimensional disordered assem-
bly of second-order nonlinear domains, consisting of multiple
parallel one-dimensional sticks. (b) Each stick contains domains
of varying size Xn and orientation (ϕ, ϑ , γ )n, represented by the
variation in color. (c) Depiction of the angles between the crystal
frame (x,y,z) and the laboratory frame (x′,y′,z′) with the trans-
formation matrix R. β is the polarization angle of the input beam
in case of a linearly polarized beam (φx′ = φy ′ ). The ordinary
and extraordinary axes are indicated with o and e. (d) Schemat-
ics of the process to propagate, generate and interfere the beams.
The input electric fields (left) are transformed into the crystal
frame and propagated to the end of the domain. They are then
summed with the generated SHG from the current domain, and
transformed back into the laboratory frame. (e) Phasor (an) repre-
sentation of the interference between the second-harmonic waves
generated by the domains within the stick. Each stick corre-
sponds to a single random walk in the SHG complex plane, in
which the step length is the amplitude of the second-harmonic
field.

All simulations are performed using literature values
of the χ(2)-tensor components and the o and e refrac-
tive indices, for LiNbO3 [24,25], BaTiO3 [26,27], and
ammonium dihydrogen phosphate (ADP) [28,29]. Mate-
rial properties are also provided in Sec. I A within the
Supplemental Material [23].

In line with previous literature [17,18,20], the model
uses the undepleted pump approximation [1], because the
conversion efficiencies are always � 1 at the simulated
pump intensity of 5.1 × 104 W/cm2. We do not consider
the absorption within the domains, as it is negligible at the
studied wavelengths, both in BaTiO3 and LiNbO3 [30,31].
We also assume no reflection at the interfaces, since for
domains with a regular shape (no sharp edges), it is esti-
mated to be below 0.2% for both the pump as well as
the SHG. Indeed, for the examined materials, the maxi-
mum refractive index mismatch is about 0.08 for the pump
and 0.1 for the SHG. The small index mismatch and the
size polydispersity of the domains makes it reasonable to
assume that geometric resonances of the domains do not
play a role in such systems. Lastly, we neglect spatial walk-
off angles, which are typically small within a single domain
[22]. In light of these assumptions, our model predicts the
maximum possible SHG in the forward direction.

As an initial test of the algorithm, we compute the SHG
in single crystals, phase-matched crystals and quasi-phase-
matched systems [32] (see Sec. III A,B within the Supple-
mental Material [23]). In addition, we compute the SHG
in structures characterized by mono- and polydispersed
domain sizes without randomization of the domain orien-
tation. These systems behave identically to a single crystal,
periodically showing a totally constructive and destructive
SHG along the length of the system. As expected, there is
no dependence on the size distribution of the domains (see
Sec. III A,B within the Supplemental Material [23]).

When introducing disorder in domain orientation and
domain size, the SHG intensity of the single stick depends
strongly on the specific disorder configuration. In this case,
the SHG interference along the stick corresponds to the
trajectory of a single random walk in the complex plane,
as depicted in Fig. 1(e). As such, the SHG intensity of
a single stick cannot be correlated with the number of
domains N . Only upon averaging the intensities of mul-
tiple sticks (i.e., along the transverse dimensions of the
cuboid), the total SHG intensity grows linearly with N ,
providing evidence of RQPM [17] (see Sec. II D within
the Supplemental Material [23]). To identify and quantita-
tively study the effects stemming from the birefringence,
we introduce the isotropic analog as a comparison along-
side the birefringent material. The isotropic analog of a
birefringent material is defined as the material that has the
same χ(2) tensor as the original material, but has isotropic
linear refractive indices n̄e = no. Hence, the coherence
length of the isotropic analog Liso

c is not angle depen-
dent. This stands in contrast to the coherence length in a
birefringent material Lbir

c (ϕ, ϑ , γ )n, which depends on the
angle, as well as the combination of beam polarizations.
Thus, a random distribution of the domain orientations
does not affect the coherence length of isotropic domains,
while it randomizes the coherence length of birefringent
domains.
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II. RESULTS

A. Monodispersed assemblies

One noteworthy result of this study, which is not exclu-
sively related to birefringence, is that even monodispersed
structures (without size randomisation) sustain RQPM, as
long as the domains are randomly oriented. This is shown
in Figs. 2(a) and 2(b) for LiNbO3. The SHG efficiency
per domain is measured by the slope of the linear growth,
which depends on the domain size X . Its variation is rep-
resented by the shaded area and can be seen in the insets
of Figs. 2(a) and 2(b), which report the SHG intensity as a
function of the domain size. The isotropic analog, Fig. 2(a),
shows a maximal efficiency when X is an odd multiple of
Liso

c and a minimal (zero) efficiency when X is an even
multiple of Liso

c . The latter case corresponds to the totally
destructive SHG interference within the single domains.
This is consistent with the results of Vidal et al. [17] at
low polydispersity.

The effect of the birefringence is shown in Fig. 2(b).
The maximal as well as the minimal efficiency is increased

(a)

(b)

FIG. 2. Scaling of the SHG intensities with the number of
domains N in birefringent LiNbO3 and in its isotropic analog at a
pump wavelength of 930 nm. SHG intensities are averaged over
1000 sticks, leading to a linear growth. Its slope represents the
SHG efficiency for a certain domain size, and the shaded area
shows the possible efficiencies in monodispersed assemblies.
The insets explicitly show the SHG intensity in monodispersed
assemblies only as a function of the domain size X for N =
100. In polydispersed assemblies (σ = 30%) with large domains
(X̄ > 3 Liso

c in the isotropic and X̄ > 8 Liso
c in the birefringent

material) the efficiency has a stable value corresponding to the
dotted line. (a) The isotropic analog has zero-efficiency minima
when X̄ is an even multiple of Liso

c , and efficiency maxima when
X̄ is an odd multiple of Liso

c . (b) The birefringent assembly has its
minimum at X̄ = 9.25 Liso

c and its maximum at X̄ = 3.47 Liso
c .

compared to the isotropic analog. In particular, the lower
bound of the cone has a nonzero slope and the SHG
never vanishes. Indeed, each birefringent domain has
an orientation-dependent coherence length Lbir

c (ϕ, ϑ , γ )n,
prompting that there is no specific domain size at which
total destructive interference occurs for all domains.
BaTiO3 shows the same effect, but with a narrower cone of
possible efficiencies (see Sec. IV within the Supplemental
Material [23]).

The considered case of monodispersed assemblies high-
lights that polydispersity is neither a sufficient nor a neces-
sary condition to achieve RQPM. This stands in contrast to
the random orientation of domains, which plays a key role
in reaching the RQPM regime.

B. Polydispersed assemblies

In Fig. 3(a) the SHG intensity of LiNbO3 assemblies
(red) and of their isotropic analog (blue) is shown for an
increasing average domain size 0 ≤ X̄ ≤ 20 Liso

c , a poly-
dispersity σ = 30%, and a fixed number of domains N =
100. Both curves follow the expected trend for RQPM
[17]. In the small domain regime (X̄ > Liso

c ) the SHG
intensity grows with the domain size without an apprecia-
ble difference between the birefringent and the isotropic
case. Maximal intensities are reached when X̄ = Liso

c ,
for the isotropic analog and for slightly larger domains
in birefringent LiNbO3. After an initial peak, the SHG
gets independent of the average domain size, at approxi-
mately 3 Liso

c for the isotropic analog and at approximately
8 Liso

c for the birefringent LiNbO3. In this stabilized large-
domain regime, the SHG intensity of the birefringent
LiNbO3 is significantly larger than the stable value of the
isotropic analog. Specifically, we observe a peak enhance-
ment of 54 ± 2% at 3 Liso

c . The effect is weaker in BaTiO3,
where the birefringence leads to a SHG enhancement of
9.25 ± 0.8% (see Sec. IV within the Supplemental Mate-
rial [23]). The enhancement can also be seen on the slope
of the dotted lines in Figs. 2(a) and 2(b), which report the
linear scaling of the SHG intensity for assemblies with
polydispersed domains at large domain sizes.

The origin of this overall enhancement lies in the distri-
bution of the SHG intensities generated by the individual
domains Igen = cε0(|Eo

gen|2 + |Ee
gen|2)/2 within the cuboid,

which are shown in Fig. 3(b) for both the birefringent (red)
and the isotropic (blue) LiNbO3. These two SHG inten-
sity distributions are obtained by extracting Igen of the
individual domains from the complete simulation depicted
in Fig. 1(d), thus considering the specific polarization
state of the pump (phase retardation between the o and
e components) that the propagation through the previous
birefringent domains introduced. The birefringence signif-
icantly widens the range of possible SHG intensities in
the individual domains, due to the increased coherence
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(a)

(b)

FIG. 3. (a) Scaling of the SHG intensity with the average
domain size for disordered assemblies of isotropic LiNbO3, bire-
fringent LiNbO3, and birefringent LiNbO3 in the single domain
(SD) approximation (single-domain average ×N ). The assem-
blies have a domain size polydispersity σ = 30%, a fixed number
of domains per stick N = 100, an averaging over 1000 sticks,
and are simulated at a pump wavelength of 930 nm. At this wave-
length, phase matching in LiNbO3 is not possible. (b) Probability
distributions of the SHG intensities generated by the individ-
ual domains within the assembly (X̄ = 3 Liso

c and σ = 30%) for
isotropic LiNbO3, birefringent LiNbO3, and birefringent LiNbO3
in the SD approximation (N = 1, linearly polarized input beam).
Probabilities are calculated as the relative frequency of appear-
ance of a SHG intensity value over 107 domains. The SHG
binning is 0.002. The SHG intensities are multiplied by 100 to
be comparable with the intensities of the 100-domain assemblies
in (a).

lengths Lbir
c (ϕ, ϑ , γ )n > Liso

c for certain domain orien-
tations. Consequently, the average SHG intensity of the
individual domains of birefringent LiNbO3 is 54.1 ± 0.3%
higher than the isotropic analog. Similarly for BaTiO3, the
enhancement is 9.24 ± 0.1%, whose single-domain SHG
intensity distribution is shown in Sec. IV within the Sup-
plemental Material [23]. The enhancements of Igen are con-
sistent with the enhancement of the assembly calculated by
considering the vectorial propagation of all components.

We highlight that the birefringence is only beneficial in
domains larger than the isotropic coherence length Xn >

Liso
c . In smaller domains, the domain size Xn, rather than

the coherence length, is the length scale limiting their SHG
intensity (see Sec. V within the Supplemental Material
[23]).

To underline the necessity of modeling the phase propa-
gation between the domains, we calculate the SHG scaling

also in the single-domain (SD) approximation, i.e., by
considering randomly oriented domains that are indepen-
dently illuminated with a linearly polarized pump. Their
average SHG is then multiplied by N to get the SHG
efficiency of the assembly I SD

tot = N × 〈I SD
gen〉. As shown

in Fig. 3(a) (gray line), the SD approximation overesti-
mates the SHG enhancement in the birefringent assembly
of LiNbO3 almost by a factor 2. This is because the
SD approximation ignores the retardation introduced in
the pump and hence calculates an inaccurate distribution
of single-domain intensities, as shown in Fig. 3(b) (gray
area). Isotropic materials, on the other hand, can be accu-
rately simulated with the SD approximation, since they do
not modify the polarization state of the pump.

C. Polydispersed assemblies under phase-matchable
conditions

So far, we have performed our analysis in a non-phase-
matchable regime. This means that the wavelengths have
been chosen such that there is no crystal orientation for
which phase matching is possible in the studied mate-
rials. Since our model considers birefringence, we can
numerically investigate the phase-matchable regime in
RQPM. For this, we consider LiNbO3 at 1200 nm (see
Sec. I B within the Supplemental Material [23]) and com-
pare it to the non-phase-matchable regime by using the
corresponding isotropic analog.

We investigate how the SHG scaling with the aver-
age domain size X̄ is affected by the phase matchability
of the domains, since this scaling behavior is considered
experimentally to discriminate between phase-matchable
and non-phase-matchable materials by using powder sam-
ples. This method was first introduced in the seminal
work of Kurtz and Perry (KP) [8] and recently revised by
Aramburu et al. [22].

The calculated SHG scalings with increasing average
domain size X̄ for LiNbO3 and for its isotropic analog are
shown in Fig. 4(a). To be comparable with KP, the length
of the cuboid is kept fixed, which reduces the total number
of domains when increasing the domain size. This rescales
the SHG efficiency of Fig. 3 by 1/X̄ , e.g., the constant
SHG efficiency of the isotropic analog from Fig. 3 scales
with 1/X̄ in Fig. 4. Another effect of the constraint on the
total length of the cuboid, is the shift in the most efficient
domain size from X̄ ∼ 1 Liso

c to X̄ ∼ 0.7 Liso
c .

For comparison with the results reported by KP [8],
we perform the same calculations on ADP, which are
also shown in Fig. 4(a). Our model is able to reproduce
the results obtained experimentally by KP in the large-
domain regime (X̄ > 5 Liso

c ). Namely, in the birefringent
and phase-matchable case, the SHG intensity is indepen-
dent of X̄ , while we observe a 1/X̄ dependence for its
non-phase-matchable isotropic analog for both ADP and
LiNbO3. This implies that the enhancement of the SHG
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(a)

(b)

Phase matchable

Phase matchable

Non-Phase-matchable

Non-Phase-matchable

FIG. 4. Scaling of the SHG intensity with the average domain
size X̄ in disordered assemblies of LiNbO3 and ADP and their
isotropic analogs at a pump wavelength of λ = 1200 nm. At this
wavelength, phase matching is possible in both materials. The
total length of the sticks is kept constant and the domains have
a polydispersity σ = 30%. (a) The total length of the sticks is
fixed at 1000 Liso

c . When changing X , the number of domains per
stick varies between 1000 domains (at X̄ = 1 Liso

c ) to 10 domains
(at X̄ = 100 Liso

c ). The phase-matchable materials show a differ-
ent scaling in comparison to their not phase-matchable isotropic
analogs. Non-phase-matchable LiNbO3 can also be simulated
by using a shorter pump wavelength, which is shown in Sec.
VI within the Supplemental Material [23]. (b) Higher-resolution
simulation of the small-domain-size regime, performed at a
reduced stick length of 50 Liso

c for computational efficiency. The
shift in the y scale compared to (a) is due to the different stick
length. In this small-domain regime the scaling of the SHG
intensity is not determined solely by the phase matchability, but
becomes material specific.

intensity, which is introduced by the birefringence, grows
linearly with the average domain size as soon as some of
the domains can be phase matched. This linear dependence
is clearly visible when considering the SHG scaling with-
out constraint on the cuboid length and with a fixed number
of domains (Sec. VI within the Supplemental Material
[23]).

Notably, the scaling behavior of the two materials is
very different in the small-domain regime (X̄ < 5 Liso

c ),
as shown in Fig. 4(b). For ADP, one can see the mono-
tonic increase in the phase-matchable case, while the non-
phase-matchable case shows a SHG peak followed by a
decreasing trend, in agreement with the results of KP [8].
Surprisingly, for LiNbO3, there is no significant difference
between the phase matchable and the non-phase-matchable
case for X̄ < 5 Liso

c . Both show an initial peak followed

by a decreasing trend and they could not be distinguished
by a scaling experiment. This result shows that for average
domain sizes X̄ smaller than 5 Liso

c the SHG scaling discov-
ered by KP is not universal, but rather becomes material
specific.

In LiNbO3, the source of the deviation from the phase-
matchable scaling of KP can be found in the largest tensor
element d33, which determines the Ez × Ez component
of the SHG. This is a non-phase-matchable tensor ele-
ment since the electric field of the SHG is orthogonal to
the z axis for the ordinary beam component, and hence
its contribution is zero in the phase-matchable configu-
ration (oo-e). However, for randomly oriented domains
smaller than Liso

c , the contributions of the d33 tensor ele-
ment dominate the total SHG. For such small domains the
maximum SHG intensity is limited by the domain size
rather than the coherence length. At larger domain sizes,
the smaller—but phase-matchable—coefficient starts to
contribute significantly to the total SHG and leads to the
KP behavior. In ADP, all tensor components are the same,
and therefore influence the phase-matchable and the non-
phase-matchable SHG in equal parts. We conclude that
only when the phase-matchable tensor components are
much smaller than the non-phase-matchable ones, the dis-
ordered assembly behaves like the non-phase-matchable
case of KP in the small-domain regime.

III. CONCLUSIONS

We develop a vectorial model that is capable of cal-
culating the second-harmonic generation through RQPM
in any transparent, birefringent, χ(2)-disordered medium.
This gives the presented model a wide range of appli-
cability: from single domains, to disordered assemblies,
to assemblies with specific size and orientation corre-
lations between the domains. We employ the presented
model to explore the effects of the birefringence on the
RQPM process, by considering fully disordered assem-
blies of LiNbO3, BaTiO3, and ADP in both non-phase-
matchable and phase-matchable conditions. We pinpoint
the role played by the birefringence through a com-
parison with isotropic analog materials having n̄e = no.
While no influence of the birefringence is appreciable for
smaller domains, the birefringence starts to play a notable
role once the domains in the system are larger than the
isotropic coherence length Liso

c in three studied situations
(monodispersed, polydispersed, and polydispersed with
phase matching).

We identify the random orientation of the domains as
the key feature to enter the RQPM regime, a property
enabling RQPM even in monodispersed polycrystalline
assemblies. With a proper choice of domain size, the
monodispersed assembly can outperform the SHG effi-
ciency of a polydispersed assembly in the large-domain
regime. This property reveals the potential of the nonlinear
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generation from layered structures (similar to periodically
poled ones), which would require control of only the layer
thickness, without restrictions in the crystal orientation.
In this monodispersed case, the birefringence introduces
a randomization of the coherence length that relaxes the
domain size dependence of the SHG intensity. In polydis-
persed assemblies, the birefringence of the material leads
to a domain-size-independent efficiency increase of up to
54% in comparison to the corresponding isotropic ana-
log. This efficiency increase is ascribed to an increase
in the average domain efficiency, stemming from larger
coherence lengths for certain domain orientations.

We show that the explicit domain-to-domain propaga-
tion of the polarization components is necessary for the
accurate prediction of this SHG efficiency enhancement
and in general for the accurate description of the three-
wave mixing process in disordered birefringent media.

We show that the Kurtz and Perry method to discrim-
inate between phase-matchable and non-phase-matchable
materials, cannot be applied when the domains are smaller
than the coherence length, e.g., nanopowders. In this small-
domain regime, the dependence of the SHG on the average
domain size is given by the specific χ(2) tensor of the
domains and thus becomes material specific.

Our findings show how a larger set of materials, includ-
ing birefringent crystals, can serve for RQPM applications
and clarify the limitations of a widely applied method for
the characterization of nonlinear optical materials. Due to
the nonresonant nature of the SHG and the RQPM, we
expect our results to be valid in a wide range of wave-
lengths (e.g., hundreds of nanometers for metal oxides),
as long as the absorption is negligible.

The model could be extended to include absorption
within the domains, scattering effects at the interfaces and
other transport phenomena [33]. Moreover, it could be
generalized to study other three-wave mixing processes
such as sum- and difference-frequency generation and
electro-optic effects.
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