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Underwater acoustic stealth is of significance for hiding targets. Since perfect cloaking achieved by
carpet cloaks or metasurface carpet cloaks may only be suitable for static targets, here we propose a broad-
band 2-bit coding metasurface to reduce the scattering cross section (SCS) of an object by the destructive
interferences among waves scattered by different coding elements. A simple and easy fabricated design
is developed by drilling square holes into a steel plate. Utilizing the antiresonance induced by couplings
among four square holes of the unit cell, we achieve an approximate 95.62% fractional bandwidth of
acoustic stealth with the SCS reduction below −10 dB, which has been confirmed by both the theoretical
prediction and experimental measurement. Compared with the previously proposed underwater acoustic
carpet cloaks by the transformation acoustics, the bandwidth of SCS reduction is greatly expanded by the
destructive interferences. In addition, simulations have demonstrated that the proposed metasurface may
also be suitable for an object with a nonplanar surface.
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I. INTRODUCTION

Owing to the development of metamaterials and meta-
surfaces, the design of cloaking devices has attracted much
attention from scientists and engineers. The transforma-
tion optics [1,2] provides a way to guide electromagnetic
waves around objects, making them undetectable, and this
transformation technique [3–8] has also been investigated
in the acoustic domain. Although extreme parameters of
cloaks appear in the coordinate transformation, an under-
water ultrasound experiment of acoustic cloak based on
a network of anisotropic acoustic transmission line was
carried out [9]. For the practical realization by metama-
terials, the linear transformation was adopted to get rid of
the stringent requirements of material parameters, and an
object placed on the reflective surface can be hidden by
an acoustic carpet cloak, which was verified by experi-
ments in air and underwater [10–13]. Owing to the size
of carpet cloaks usually comparable with that of hidden
objects, metasurface carpet cloaks, which modulate the
reflected wavefronts with the cloak shells being thin with
respect to the wavelength, have been proposed and verified
by experiments [14–20]. In addition, unlike the transfor-
mation method, scattering cancellation [21–25] has also
been proposed to eliminate the scattering from the hid-
den object, where the cloak shell can be designed using
isotropic materials and the sound energy is allowed to
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penetrate the object. Although the above two strategies,
transformation technique and scattering cancellation can
provide a perfect cloaking effect, there still exist some lim-
itations, for example, a reflective surface is needed for
carpet cloaks.

Recently, ultrathin acoustic diffusers [26–30] were pro-
posed to create the optimal and predictable sound diffuse
reflection in air. Since the incident acoustic energy can
be scattered into all directions, acoustic diffusers provide
another scheme to hide objects, reducing scattering cross
section (SCS) to make a target invisible. However, the
extension of acoustic diffuser from air to underwater is
not an easy task due to the large acoustic impedance
of water. On the other hand, for the metadiffuser based
on the quadratic residue sequence [26,27], a large vari-
ety of meta-atoms are needed to fabricate an acoustic
metadiffuser when the area of the stealth region is large.
Fortunately, the rapid development of coding metasur-
face [31,32] provides a great potential to engineer an
underwater acoustic diffuser of large size with a limited
variety of meta-atoms. Coding metasurface has demon-
strated the flexibility control of electromagnetic waves,
and one of its potential application is to reduce the radar
cross section of an object [33–38], which is very use-
ful in the military field. Although the concept of coding
metasuface was extended to the acoustic domain to manip-
ulate reflected and transmitted wavefronts in air [39–44],
its application to underwater acoustic stealth has not been
reported.
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The objective of this work is to simplify the pre-
viously proposed underwater acoustic cloaking design
and broaden the working bandwidth. Different from the
concept of the transformation acoustics, we propose a
broadband 2-bit coding metasurface to realize underwa-
ter acoustic stealth based on the destructive interferences,
where the fractional bandwidth (FBW) of SCS reduc-
tion below −10 dB is approximate to 95.62%. Owing
to the steel material adopted to build unit cells of meta-
surface, a simple and easy fabricated design is pro-
posed by drilling square holes into a steel plate, and the
antiresonance induced by couplings among four square
holes of the unit cell is adopted to broaden the work-
ing bandwidth of acoustic stealth. Our recent work [45]
has demonstrated that the antiresonance can adjust the
phase difference between different unit cells to have
a linear dependence on frequency, resulting in achro-
matic focusing, however, the antiresonance here plays
a role in controlling the phase difference between dif-
ferent coding metasurface elements (“00,” “01,” “10,”
and “11”) to have a weak dependence on frequency,
leading to a broadband 2-bit coding metasurface. For
a large area of stealth region, SCS reduction by the
2-bit coding metasurface in the three-dimensional (3D)
space is calculated by our written program code of the
boundary integral method, which has been confirmed by
the finite-element method for the two-dimensional (2D)

acoustic scattering problem in Ref. [46]. The predicted
monostatic SCS reduction is also verified by an underwater
experiment.

II. BROADBAND PHASE RESPONSE BY
ANTIRESONANCE

We first introduce 2-bit coding metasurface elements,
“00,” “01,” “10,” “11” in Fig. 1(a). Ideally, four types
of elements in the 2-bit coding metasurface should have
phase responses of 0, π/2, π and 3π/2, corresponding
to the “00,” “01,” “10,” and “11” elements, respectively.
Note that the absolute phase response of the “00” ele-
ment may not be zero at a specific frequency, but this
case does not affect any physics because the phase can be
normalized to zero. Therefore, phase differences between
different elements should satisfy the relations, φ01 − φ00 =
π/2, φ10 − φ00 = π , and φ11 − φ00 = 3π/2, at the work-
ing bandwidth of acoustic stealth, where φ00, φ01, φ10, and
φ11 represent the reflection phases of each element. The
reflection phase of each element is controlled by drilling
four square holes into a steel plate, and only two depths
h1 and h2 of holes are chosen for simplification [marked
in Fig. 1(a)]. By a particle swarm optimization algorithm
[47], it is found that four holes of the same depth denoted
as h00 can be chosen for the element “00,” four holes of the
same depth h01 for the element “01,” and four holes of the

(a) (b)

FIG. 1. (a) Schematic diagram of the 2-bit coding metasurface elements, “00,” “01,” “10,” and “11.” Each element consists of four
square holes drilled into a steel plate of thickness H , where four holes have the same width a = 0.375�, with � being the size of the
unit cell, and two holes along the diagonal (counterdiagonal) of the unit cell have the same depth h1 (h2). (b) Schematic diagram of
2-bit coding metasurface, where each lattice is occupied by a subarray of “00,” or “01,” or “10,” or “11” elements, and the dimension
of lattice is D = 3�.
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same depth h10 for the element “10,” where depths satisfy
a condition h00 < h01 < h10, while for the element “11,”
the preferred choice of hole depths is h1 �= h2, resulting in
the antiresonance.

We assume a normal incident sound wave with the wave
number k = ω/c0, where c0 represents sound speed in
water. Using the temporally harmonic factor exp(−j ωt),
the reflection phase is obtained by a derivation in Appendix
A. Figure 2(a) shows theoretical results of reflection phases
of 2-bit coding metasurface elements with the optimized
depths of holes. For comparison, the reflection phase of
the element “11” is also simulated by the COMSOL Multi-
physics software when the elasticity of steel is considered,
and there exists a slight difference at the low frequency due
to the vibration of steel in water. In order to clearly demon-
strate the feature of 2-bit coding, the reflection phase of
each element is replotted in the form of phase difference
in Fig. 2(b). For the element “11,” owing to the coupling
among holes of different depths, the antiresonance [marked
in Fig. 2(c)] occurs between two resonant frequencies,
which are related to the depths h1 and h2, respectively. And
the antiresonance leads to the curve of reflection phase φ11
higher than the curves of reflection phases of the other two
different types of unit cells, the depth h2 of which is the
same as the element “11.” It is also illustrated in Fig. 2(d)

that the existence of antiresonance leads to a broad
working bandwidth of element “11” as compared with the
unit cells, in which four holes have the same depth. In addi-
tion, the distribution of normal velocity vz for a normal
incident wave at the frequency of antiresonance is shown
in Fig. 3, where normal velocities along the diagonal and
counterdiagonal of the element “11” are out of phase, and
the average velocity over the unit cell is zero.

III. THE DESIGN OF 2-BIT CODING
METASURFACE AND EXPERIMENTAL

CONFIRMATION

Usually, a 2-bit coding metasurface of a given func-
tion is realized through a proper arrangement of four types
of elements, and its far-field scattering amplitude can be
derived by the boundary integral method (see Appendix
B) or expressed by the array theory as [32]

f (θ , ϕ; θi, ϕi) = fe (θ , ϕ; θi, ϕi) S (θ , ϕ; θi, ϕi) , (1)

where fe (θ , ϕ; θi, ϕi) is the pattern function of an element,
(θ , ϕ) and (θi, ϕi) represent the angles of scattered waves
and incident waves, respectively, and S (θ , ϕ; θi, ϕi) is the
array pattern. Suppose the metasurface consists of an array
of Nx × Ny elements with the size �, we obtain

S (θ , ϕ; θi, ϕi) =
Nx∑

n=1

Ny∑

m=1
exp

[
j �(n, m) − jk (sin θ cos ϕ − sin θi cos ϕi)

(−Nx
2 + n − 1

2

)
�

−jk (sin θ sin ϕ − sin θi sin ϕi)
(
−Ny

2 + m − 1
2

)
�
]

,
(2)

where �(n, m) represents one of the reflection phases
φ00 φ01, φ10, and φ11 at an incident angle (θi, ϕi). By a ran-
dom arrangement of four types of elements, a diffusionlike
scattering can be achieved. In order to get an optimized
distribution of elements, the directivity Dir(θ , ϕ; θi, ϕi) is
first introduced as,

Dir (θ , ϕ; θi, ϕi) = 4π |f (θ , ϕ; θi, ϕi)|2
/ ∫ 2π

0

∫ π

π
2

|f (θ , ϕ; θi, ϕi)|2 sin θdθdϕ, (3)

where the elevation angle θ of scattered wave ranges from
π/2 to π due to the coordinate system we choose in Fig. 1.
We then define SCS reduction (see Appendix C) as

σR = 10 log10

⎛

⎝
Max
θ ,ϕ

[Dir (θ , ϕ; θi, ϕi) |coded]

Max
θ ,ϕ

[Dir (θ , ϕ; θi, ϕi) |bare]

⎞

⎠ , (4)

where Dir (θ , ϕ; θi, ϕi) |coded represents the directivity of 2-
bit coding metasurface and Dir (θ , ϕ; θi, ϕi) |bare represents
the same sized steel plate. In the following, SCS reduction
in Eq. (4) is calculated by two different methods, where one
method is based on the boundary integral method, obtain-
ing the far-field scattering amplitude f (θ , ϕ; θi, ϕi) from
the scattered field in Appendix B, and the other method
is based on the array theory, i.e., using the the array pat-
tern in Eq. (2) and neglecting the effect of pattern function
fe (θ , ϕ; θi, ϕi).

To reduce the computation burden, an optimized distri-
bution of elements [see Fig. 1(b)] is obtained by using a
genetic algorithm with a constraint

∑Nx
n=1

∑Ny
m=1 exp [j �

(n, m)] = 0 to help SCS reduction, where Nx = Ny = 30,
the ideal reflection phases 0, π/2, π and 3π/2 are used
for the “00,” “01,” “10,” and “11” elements, respectively,
and the array theory is adopted to calculate SCS reduc-
tion in the frequency range from 0.2c0/� to 0.5c0/�. Note
that in order to maintain the characteristic of reflection
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FIG. 2. (a),(b) Theoretical results of reflection phases of 2-bit coding metasurface elements, where h1 = h2 = 0.6228� for the
element “00,” h1 = h2 = 0.8697� for “01,” h1 = h2 = 1.3� for “10,” and h1 = 0.4146�, h2 = 1.4423� for “11.” The simulated
reflection phase for the coding element “11” is also marked by empty circles in (a) for comparison, where the thickness of the steel
plate is H = 1.81�. (c),(d) Comparisons among the reflection phases of the coding element “11,” the unit cell with h1 = 0, h2 = href
, and the unit cells with h1 = h2 = href, h1 = h2 = href + 0.2�, and h1 = h2 = href + 0.4�, where href = 1.4423� the same as h2
adopted for the coding element “11.” The antiresonance point of the coding element “11” is marked by a filled circle in (c).

phases of 2-bit coding metasurface elements, four subar-
rays of identical elements are used to form a 2-bit lattice,
the dimension of which is D = 3� [see Fig. 1(b)]. After
we get an optimized distribution of elements, the opti-
mized depths of holes of each element [see Fig. 2(a)] are
obtained by using a particle swarm optimization algorithm

with a constraint that the average of SCS reduction in
the frequency range from 0.2c0/� to 0.5c0/� is min-
imum, where SCS reduction is calculated by the array
theory. With the optimized distribution of elements and
the optimized depths of holes of each element, Fig. 4
shows SCS reduction calculated by the array theory and

FIG. 3. Distributions of the
real part and imaginary part of
normal velocity vz for a normal
incident wave at the frequency of
antiresonance marked by a filled
circle in Fig. 2(c).
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FIG. 4. Dependence of SCS reduction on frequency for the designed 2-bit coding metasurface when plane waves are incident at the
elevation and azimuth angles (θi, 0◦). For comparisons, results of an ideal 2-bit coding metasurface are also plotted with the dashed
gray lines, which are obtained by the array theory.

the boundary integral method. Since the scattering caused
by the edge and the back of 2-bit coding metasurface can
not be described by the array theory, there exists some
differences of predicted SCS reductions by the two meth-
ods, and the difference becomes more obvious at large
elevation angle θi. Note that SCS reduction has a weak
dependence on the azimuth angle of incident waves, which
has been confirmed by numerical simulations and is not
presented here. In addition, because the reflection phase
of each element has a dependence on the frequency and
incident angle, SCS reduction of the designed metasurface
deviates from an ideal 2-bit coding metasurface (see the
dashed lines in Fig. 4), however, the performance of SCS
reduction is still promising in the designed frequency range
from 0.2c0/� to 0.5c0/�. Note that the ideal 2-bit coding
metasurface here means that the reflection phases of cod-
ing metasurface elements are φ00 = 0, φ01 = π/2, φ10 = π

and φ11 = 3π/2 in the whole frequency range for an arbi-
trary incident angle, resulting in a good performance of
SCS reduction.

To better understand diffusionlike scattering, we define
a normalized directivity function as Dir (θ , ϕ; θi, ϕi) =
λ2

(
4πNxNy�

2
)−1 Dir (θ , ϕ; θi, ϕi), where 4πNxNy�

2
/

λ2

is the theoretical result of maximum directivity of the
same sized rigid plate (see Appendix D). Figure 5 illus-
trates the normalized directivity function of bare plate
and 2-bit coding metasurface, which is calculated by the
boundary integral method at frequency 0.401c0/�. Owing
to the destructive interference among four types of ele-
ments, the specular reflection from the bare plate is greatly
depressed, and sound waves are scattered diffusely into
various directions, resulting in the bistatic SCS suppressed
by the coding metasurface.

Then an underwater experiment is carried out to confirm
the theoretical prediction. Figure 6(a) shows a 2-bit coding
metasurface sample of dimensions 660 mm × 620 mm ×
38 mm, which is fabricated by drilling square holes of
width a = 7.5 mm into a steel plate of thickness H =
38 mm ≈ 0.7λc, where λc denotes the central wave-
length of working bandwidth. The designed 2-bit coding
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Plate, θi = 0°

Plate, θi = 45°

Coding metasurface, θi = 0°

Coding metasurface, θi = 45°

(a) (b)

(c) (d)

FIG. 5. Normalized directi-
vity 10 log10[Dir (θ , ϕ; θi, ϕi)]
(dB) of bare plate and 2-bit
coding metasurface for plane
waves incident at the elevation
and azimuth angles (θi, 0◦).

metasurface consists of an array of 30 × 30 elements with
the size � = 20 mm, where the depths of holes h1 = h2 =
12.46 mm for the element “00,” h1 = h2 = 17.39 mm for
the element “01,” h1 = h2 = 26 mm for the element “10,”
and h1 = 8.29 mm, h2 = 28.85 mm for the element “11.”
Figure 6(b) shows a schematic diagram of experimental
measurement in an anechoic water tank of dimensions
20 m × 12 m × 8 m. The sound speed determined by the
measured temperature is about 1466.6 m/s. The 2-bit cod-
ing metasurface, hydrophone, and directional sound source
are placed at a depth of 4 m below the water surface.
Owing to the large sample size (approximately 12λc), the
hydrophone and sound source should be placed at a dis-
tance r far away from the sample to satisfy the far-field
condition, i.e., r > L2/λc, where L denotes the sample size.
Note that only the monostatic measurement is carried out
due to the size limitation of tank. The transmitted signals
are 20-cycle tone bursts with different central frequencies
from 10 to 53 kHz. With the aid of the National Instru-
ments PXI-4480 and PXI-8840, all received signals are
obtained with a sampling frequency 1000 kHz, which are
averaged by five measurements to improve the signal-to-
noise ratio. In order to enhance the signal-to-noise ratio of
backscattered waves, the scattered signals are obtained by
the subtraction of sound pressure being measured with and
without the sample. Figure 6(c) illustrates the measured
monostatic SCS of the plate and 2-bit coding metasurface
[see Appendix C for the definition in Eq. (C5)], which is
consistent with the theoretical prediction by the boundary
integral method. It is shown in Fig. 6(d) the measured and

theoretical predicted monostatic SCS reduction, which is
the difference between the monostatic SCS of the coding
metasurface and the plate. Note that there exists sharp dips
in the theoretical predicted monostatic SCS reduction at
certain frequencies. This is because that strong destruc-
tive interference occurs when the reflection phases satisfy
a condition φ10 − φ00 = π , φ11 − φ01 = π . It is shown in
Fig. 2(b) that this condition can be approximately satis-
fied, for example, φ10 − φ00 = π at k� ≈ 0.5 × 2π and
φ11 − φ01 = π at k� ≈ 0.515 × 2π , resulting in a sharp
dip at f = 37.47 kHz (k� = 0.511 × 2π ) in Fig. 6(d).
Owing to the precision of the fabricated metasurface sam-
ple and the experimental error, these dips are not obvious
in measurement. For comparison, SCS reduction in Eq.
(4) calculated by the boundary integral method is also
included, where the directivity is obtained for a sound
source located at the position of experiment. It is seen
that the bandwidth of SCS reduction below −10 dB cov-
ers from fL = 14.3 to fH = 40.5 kHz (from 0.195c0/�

to 0.552c0/�), and the corresponding FBW is defined
as FBW = 2 (fH − fL)

/
(fH + fL) ≈ 95.62%, which is ver-

ified by the experiment. It is found that the acoustic stealth
by our proposed metasurface is encouraging, when it is
compared with underwater acoustic carpet cloaks in Refs.
[12,13], where 37.04% FBW is obtained for the total SCS
reduction around −7 dB by the 2D underwater acoustic
carpet cloak [12], and 60% FBW is achieved by the 3D
underwater acoustic carpet cloak [13] with the total SCS
reduction below −4.8 dB. Note that from the comparison
between our result and the radar cross-section reduction
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FIG. 6. (a) Photograph of the fabricated 2-bit coding metasurface sample. (b) Schematic diagram of underwater experimental mea-
surement. (c) Monostatic SCS of the bare plate and 2-bit coding metasurface, where solid lines are for theoretical results and markers
are for experimental measurements. (d) Theoretical and experimental results for the monostatic SCS reduction, where the calculated
SCS reduction is also presented for comparison.

(RCS), in which the FBW of RCS below −10 dB lies in
the range from 41% to 148.4% (see Table I in Ref [48]), we
infer that FBW might be further improved in future using
a more complex design.

IV. CONCLUSION

In conclusion, an underwater broadband 2-bit coding
metasuface is developed to reduce the SCS. Both theoret-
ical and experimental results show that SCS reduction can
be below −10 dB over a broad frequency band with an
approximate 95.62% FBW. Different from carpet cloaks
or metasurface carpet cloaks, the mechanism of destruc-
tive interference plays a role in acoustic stealth and no
reflective surface is needed. Since the performance of
the proposed acoustic stealth depends only on the rela-
tive reflection phases of coding elements, the concealed
object can be located at any position away from the reflec-
tive surface. On the other hand, the SCS reduction is
valid in a wide range of incident angles. Therefore, our
designed 2-bit coding metasurface can be applied to the
underwater moving targets. In principle, the nonplanar
2-bit coding metasurface can also be designed based on
the destructive interferences, see an example in Appendix

E. It is found that the elevation angle of incident waves
in local coordinates can be increased or decreased by the
incline angle β of the surface, resulting in the reduction of
the elevation angle range in which the required local reflec-
tion phase can be satisfied. Therefore, the performance of
cloaking is guaranteed with the incline angle β being not
very large. On the other hand, the inclined surface with a
larger area is preferred to obtain a better SCS reduction
performance due to the destructive interferences.
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APPENDIX A: DERIVATION OF REFLECTION
COEFFICIENT

We assume a unit incident sound pressure,

pinc = exp(jk sin θi cos ϕix + jk sin θi sin ϕiy + jk cos θiz),
(A1)
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where (θi, ϕi) represent the elevation and azimuth angles
of incident waves. According to Floquet’s theory, sound
fields on the side (z < 0) can be expanded in series,

p = pinc +
∑

n,m

rnm exp(jkβnx + jkαmy − jkznmz), (A2)

where rnm is the reflection coefficient of the (n, m)th
diffraction order for n = 0, ±1, ±2, . . ., and m =
0, ±1, ±2, . . ., kβn = k sin θi cos ϕi + 2πn

/
� the hor-

izontal component of wave number along the x axis,
kαm = k sin θi sin ϕi + 2πm

/
� the horizontal compo-

nent of wave number along the y axis, and kznm =√
k2 − (kβn)2 − (kαm)2 the vertical component of wave

number.
Using the equation of motion jkρcu = ∂p

/
∂z and Eq.

(A2), the vertical velocity component u at the boundary
z = 0 can be described as

jkρcu(x, y, 0) = jkz00 exp(jkβ0x + jkα0y)

−
∑

n,m

rnmjkznm exp(jkβnx + jkαmy).

(A3)

By the continuity of normal velocity and the orthogonality
of function exp(jkβnx + jkαmy), we obtain from Eq. (A3),

�2 (kz00δ0nδ0m − kznmrnm)
/

(kρc)

= U1�1nm + U2�2nm + U3�3nm + U4�4nm, (A4)

where δ0n is the Kronecker δ, Ui (i = 1, 2, 3, 4) are
the volume velocities of four square holes marked in
Fig. 1(a), which are defined as Ui = ∫∫

Si
u(x, y, 0)dxdy ,

and �inm = (
1
/

Si
) ∫∫

Si
exp(−jkβnx − jkαmy)dxdy. Note

that the plane-wave approximation is adopted for the
waves in holes for the working frequency lower than the
cutoff. The reflection coefficient is then derived from Eq.
(A4),

rnm = δ0nδ0m − Rnm[U1�1nm

+ U2�2nm + U3�3nm + U4�4nm], (A5)

with Rnm = ρc
/(

�2
√

1 − β2
n − α2

m

)
. By substituting Eq.

(A5) into Eq. (A2), and using the continuity of sound
pressure at the boundary z = 0, we have,

2�∗
100 − p1 = Z11U1 + Z12U2 + Z13U3 + Z14U4,

2�∗
200 − p2 = Z21U1 + Z22U2 + Z23U3 + Z24U4,

2�∗
300 − p3 = Z31U1 + Z32U2 + Z33U3 + Z34U4,

2�∗
400 − p4 = Z41U1 + Z42U2 + Z43U3 + Z44U4,

(A6)

where the asterisk ∗ means complex conjugate, pi =(
1
/

Si
) ∫∫

Si
p(x, y, 0)dxdy an average pressure for each

hole, and Ziq = ∑
n,m Rnm�∗

inm�qnm for i = 1, 2, 3, 4 and
q = 1, 2, 3, 4. Note that the average pressure at the inlet of
each hole can be related to the volume velocity, pi = ZaiUi,
in which acoustic impedance is Zai = j ρc

/[
a2 tan(kli)

]

with li being the depth of each hole and a the side length.
By substituting Ui [the solution of Eq. (A6)] into Eq.

(A5), we get the reflection coefficient r00, from which the
local phase φ of reflected waves can be extracted. Note
that the reflection coefficient r00 obtained at the large ele-
vation angle θi is not very accurate, especially when the
averages of normal velocity and pressure over the inlet of
hole become invalid at high frequency.

APPENDIX B: DERIVATION OF THE FAR-FIELD
SCATTERING AMPLITUDE FROM THE

BOUNDARY INTEGRAL METHOD

Using Green’s theorem, the total pressure in the exterior
region is

p (�r) = pinc (�r) +
∫∫

S′
G
(�r, �r′) ∂p

(�r′)

∂n′

− ∂G
(�r, �r′)

∂n′ p
(�r′) dS′, (B1)

where pinc represents an incident plane wave or
the sound field generated by a source, G

(�r, �r′) =
(1/4π

∣
∣�r − �r′∣∣)ejk|�r−�r′| denotes Green’s function for the

Helmholtz equation in free space, and �n′ points to the
interior region of coding metasurface, the thickness of
which is H . For simplification, the metasurface is in the
shape of a cuboid, and its exterior surface S′ is divided
into two parts, S′ = S′

1 ∪ S′
2, where S′

1 corresponds to
the face with the drilled holes, i.e., the plane at z =
0 in Fig. 1(b), and S′

2 means the other five faces of
the cuboid. Owing to the assumption of the rigid sur-
face, [∂p

(�r′)/∂n′] = 0 is satisfied for �r′ ∈ S′
2, while for

�r′ ∈ S′
1, [∂p

(�r′)/∂n′] = [∂p
(�r′)/∂z′]|z′=0 = jkρ0c0uz|z′=0

is obtained by the equation of motion, and uz|z′=0 �= 0
for the positions located in holes, otherwise, uz|z′=0 = 0.
Therefore, Eq. (B1) can be rewritten as

p (�r) = pinc (�r) +
∫∫

(x′,y ′,0)∈Shole

G
(�r, �r′) jkρ0c0

Zs (x′, y ′)
p
(�r′) |z′=0dS′

−
∫∫

(x′,y ′,z′)∈S′

∂G
(�r, �r′)

∂n′ p
(�r′) dS′, (B2)

where Shole denotes the region occupied by holes, Zs
(
x′, y ′)

represents the specific acoustic impedance at the inlet of
hole. It is seen from Eq. (B2) that the pressure p (�r) at an
arbitrary position in the exterior region of coding meta-
surface can be determined by the pressure p

(�r′) on the
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exterior surface S′. Let �r in Eq. (B2) approach the exterior
surface S′, the values of p

(�r′) can be obtained by

C (�r) p (�r) = pinc (�r)

+
∫∫

(x′,y ′,0)∈Shole

G
(�r, �r′) jkρ0c0

Zs (x′, y ′)
p
(�r′) |z′=0dS′

−
∫∫

(x′,y ′,z′)∈S′

∂G
(�r, �r′)

∂n′ p
(�r′) dS′, (B3)

where C(�r) = 1/2 when �r is located at the surface S′,
and C(�r) = 0 when �r is located in the interior region sur-
rounded by the surface S′. By discretizing the integral
Eq. (B3), we obtain the overdetermined linear equations,
which are solved by the method of least squares.

In order to obtain the far-field scattering amplitude,
Green’s function and its normal derivative in the far field

can be approximated as

G
(�r, �r′) ≈ exp(jkr − j �k · �r′)

4πr
,
∂G

(�r, �r′)

∂n′

≈ −j �n′ · �k exp(jkr − j �k · �r′)
4πr

, (B4)

where �k = k (sin θ cos ϕ, sin θ sin ϕ, cos θ) denotes the
wave vector, and (θ , ϕ) represent the elevation and azimuth
angles of the position vector �r. Substituting Eq. (B4) into
Eq. (B2), the scattered pressure field can approximated as

psca (�r) = p (�r) − pinc (�r) ≈ f (θ , ϕ; θi, ϕi)
exp(jkr)

r
.

(B5)

For an incident plane wave pinc = exp(jk sin θi cos ϕix +
jk sin θi sin ϕiy + jk cos θiz), f (θ , ϕ; θi, ϕi) represents the
far-field scattering amplitude,

f (θ , ϕ; θi, ϕi) ≈ 1
4π

⎡

⎣
∫∫

(x′,y ′,0)∈Shole

exp(−j �k · �r′) jkρ0c0
Zs(x′,y ′)p

(�r′) |z′=0dS′ + ∫∫

(x′,y ′,z′)∈S′
j �n′ · �k exp(−j �k · �r′)p

(�r′) dS′

⎤

⎦

(B6)

APPENDIX C: THE RELATION BETWEEN SCS REDUCTION AND THE FAR-FIELD SCATTERING
AMPLITUDE

The scattering cross section is usually adopted to describe the scattering of a plane wave by an object, which is defined
as

σ (θ , ϕ; θi, ϕi) = lim
r→∞ 4πr2

∣
∣
∣
∣
psca

pinc

∣
∣
∣
∣

2

. (C1)

Substituting Eq. (B5) into Eq. (C1), the scattering cross section can be rewritten as

σ (θ , ϕ; θi, ϕi) = 4π |f (θ , ϕ; θi, ϕi)|2 . (C2)

Relative to a rigid plate with the same size, the SCS reduction caused by the coding metasurface is obtained as

σR = 10 log10

(

Max
θ ,ϕ

[|σ (θ , ϕ; θi, ϕi)| |coded]
/

Max
θ ,ϕ

[|σ (θ , ϕ; θi, ϕi)| |bare]
)

= 10 log10

(

Max
θ ,ϕ

[|f (θ , ϕ; θi, ϕi)|2 |coded
]
/

Max
θ ,ϕ

[|f (θ , ϕ; θi, ϕi)|2 |bare
]
)

. (C3)

As the scattering energy by the coding metasurface is the same as the rigid plate, we have
∫ 2π

0

∫ π

(π/2)
|f (θ , ϕ; θi, ϕi)|2 sin θdθdϕ = constant, resulting in

σR = 10 log10

⎛

⎝
Max
θ ,ϕ

[Dir (θ , ϕ; θi, ϕi) |coded]

Max
θ ,ϕ

[Dir (θ , ϕ; θi, ϕi) |bare]

⎞

⎠ . (C4)

Note that the difference between these two definitions [Eq. (C3) and (C4)] can be neglected, which has been confirmed by
numerical results.
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Using Eq. (C2), we also define the physical quantities measured in experiment, one is the monostatic SCS,

σ mono = 10 log10
(
4π |f (θ = π , ϕ = 0; θi = 0, ϕi = 0)|2) , (C5)

and the other is monostatic SCS reduction,

σ mono
R = 10 log10

(
|f (θ = π , ϕ = 0; θi = 0, ϕi = 0)|2 |coded

|f (θ = π , ϕ = 0; θi = 0, ϕi = 0)|2 |bare

)

, (C6)

where the far-field backscattering amplitude in experiment is obtained as |f (θ = π , ϕ = 0; θi = 0, ϕi = 0)| =∣
∣pscar1r2

/
[pinc (r1 − r2)]

∣
∣, where pinc means the direct waves received by a hydrophone, psca denotes the scattered waves

received by the same hydrophone, and r1 and r2 represents the distances of a source and a hydrophone away from the
coding metasurface (or rigid plate), respectively.

APPENDIX D: THE DIRECTIVITY OF RIGID PLATE

For a plane wave normally incident upon a rigid plate of radius R, the far-field scattering amplitude is approximated as

f (θ , ϕ; θi, ϕi) ∝ 2J1 (kR sin θ)

kR sin θ
, (D1)

where the directional factor of radiation from a circular piston is adopted. For kR  1, and using the definition of
directivity in Eq. (3), we obtain

Dir (θ , ϕ; 0, 0) ≈ 4πS
λ2

[
2J1 (kR sin θ)

kR sin θ

]2

, (D2)

with S = πR2 the area of rigid plate. It is seen from Eq. (D2) that

Max
θ ,ϕ

[Dir (θ , ϕ; 0, 0)] ≈ 4πS
λ2 . (D3)

APPENDIX E: THE CLOAKING EFFECT OF A
NONPLANAR 2-BIT CODING METASURFACE

For a nonplanar surface illustrated in Fig. 7(a), which is
described as

z =

⎧
⎪⎨

⎪⎩

−13�, (0 < |x| < 3�, 0 < |y| < 15�)

−13� + (|x| − 3�) tan β, (3� < |x| < 31�, 0
< |y| < 15�) ,

(E1)

with an incline angle β = arctan(13/28) ≈ 24.9◦. For the
scattering caused by a nonplanar surface S′, the array
pattern can be expressed as

S (θ , ϕ; θi, ϕi) ∝
∫

�r′∈S′

exp
[
j φ

(
�ki, �r′

)]
exp

[
−j

(
�k − �ki

)
· �r′

]
dS′, (E2)

where �k = k (sin θ cos ϕ, sin θ sin ϕ, cos θ) represents the
wave vector of scattered waves, �ki = k (sin θi cos ϕi, sin θi
sin ϕi, cos θi) the wave vector of incident waves, �r′ =(
x′, y ′, z′) the position vector of a point on S′, and

φ
(
�ki, �r′

)
the local reflection phase, which can be eas-

ily obtained in local coordinates, for example, the xrorzr
plane marked in Fig. 7(a). When the nonplanar sur-
face is cloaked with 2-bit coding metasurface elements,
the integral in Eq. (E2) can be written in a summa-
tion form similar to Eq. (2). With the help of Eq. (E2),
the SCS reduction defined in Eq. (4) can be calcu-
lated with the directivity Dir(θ , ϕ; θi, ϕi) being revised
for the nonplanar metasurface, i.e., Dir (θ , ϕ; θi, ϕi) =
4π |f (θ , ϕ; θi, ϕi)|2

/∫ 2π

0

∫ π

0 |f (θ , ϕ; θi, ϕi)|2 sin θdθdϕ,
where |f (θ , ϕ; θi, ϕi)| = 0 is chosen when the shadow-
ing occurs, which is consistent with the definition for the
planar metasurface in Eq. (3).

Similar to the design procedure adopted above, we
obtain a distribution of 2-bit coding metasurface elements

064064-10
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FIG. 7. (a) Cross-section illustration of a nonplanar surface with an incline angle β ≈ 24.9◦. (b) The distribution of 2-bit coding
metasurface elements on the nonplanar surface in (a). (c),(d) Dependence of SCS reduction on frequency when plane waves are
incident at different elevation angles θi but at the same azimuth angle ϕi = 0◦ in (c) and ϕi = 90◦ in (d).

in Fig. 7(b) for the nonplanar surface in Fig. 7(a). Fig-
ures 7(c) and 7(d) show the SCS reduction calculated by
the array theory, in which the parameters of 2-bit coding
metasurface elements are the same as that in Fig. 2. Dif-
ferent from the planar metasurface, the SCS reduction has
an obvious dependence on the azimuth angle of incident
waves. It is found that the performance of SCS reduction
at the azimuth angle ϕi = 90◦ (or ϕi = 270◦) is better than
that at ϕi = 0◦ (or ϕi = 180◦). This is because the elevation
angle of incident waves in the xrorzr plane is increased to
θi + β for θi > 0, ϕi = 0◦, resulting in the reduction of the
elevation angle range in which the required local reflection
phase can be satisfied. In other words, the performance of
SCS reduction is satisfactory at all incident azimuth angles
for θi < 30◦.
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