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We propose a design to realize integrated broadband nonreciprocal microwave isolators and circulators
using superconducting circuit elements without any magnetic materials. To obtain a broadband response,
we develop a waveguide-based design by temporal modulations. The corresponding compact traveling-
wave structure is implemented with integrated superconducting composite right-/left-handed transmission
lines. The calculations show that the bandwidth of 580 MHz can be realized over a nonreciprocal iso-
lation of 20 dB in reflections. Such on-chip isolators and circulators are useful for cryogenic integrated
microwave connections and measurements, such as protecting qubits from the amplified reflected signal
in multiplexed readout.
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I. INTRODUCTION

Realizing on-chip nonreciprocal isolation is a significant
difficulty in microwave integrated circuits [1–3]. The need
to overcome this difficulty has recently become increas-
ingly urgent for on-chip microwave quantum information
processing, especially for low-noise quantum measure-
ments [4–18]. Achieving nonreciprocity requires breaking
time-reversal symmetry, which can be accomplished via
the magneto-optical effect, nonlinearity, or spatiotempo-
ral modulation [1,2,12,19,20]. Although each one has its
own advantages, on-chip integration remains a huge chal-
lenge because the reported implementations so far suffer
from high complexity, intricate control, small bandwidth,
or large footprint. Achieving the magneto-optical effect
requires magneto-optical materials, such as ferrites, which
are difficult to be integrated by the standard process and
unavoidably introduce unwanted magnetic noise [21,22].
Nonreciprocity using nonlinearity is power-dependent,
which means that the nonreciprocal performance depends
on input power; furthermore, some reciprocal leakages
happen with multi-inputs [23–25]. In recent years, the
method of spatiotemporal modulation has shown pow-
erful vitality because diverse modulations can be pro-
vided by electric, acoustic, or mechanical dynamic biasing
[1,2,12,26–34].

In general, the spatiotemporal modulation requires
simultaneously spatially and temporally dynamic modu-
lations of the material parameters, such as the refractive
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index [19,26,29,35]. In resonance-based configurations,
such modulations are implemented by applying spa-
tially uniform modulation but specific timing control
on each resonator or coupling segment [12,13,36–38].
The complexities of these types of structure and con-
trols are partly eased at the expense of working band-
width. To obtain a broadband nonreciprocal response,
waveguide-based implementations are needed. Common
spatiotemporal modulation for a waveguide is very difficult
for fabricating the structure or applying the modulation
[19,35,39]. Specifically, such a spatiotemporal modula-
tion can also be achieved by a strong microwave field
for a microwave isolator or circulator. Ranzani et al. have
experimentally demonstrated a broadband isolator using a
Josephson-junction transmission line [40]. In their scheme,
an intraband transition was achieved by spatiotemporal
modulation with a microwave pumping. As the frequency
of pumping (or modulation) is very high (comparable to
the frequency of signal), it is not easy to well terminate
both modes simultaneously, the frequencies of which are
spaced by a value of the modulation frequency. Recently,
a proposal has suggested that a broadband nonrecipro-
cal isolation can be realized by applying two spatially
uniform modulations on two waveguide-based mode trans-
formers, in which the interband transition between two
modes is required by means of a dynamic modulation
[41,42]. With such an approach, the requirement of spa-
tiotemporal modulation is reduced to two spatially dis-
crete temporal modulations. Thus, the research priority
becomes how to elegantly realize a temporally modulated
mode transformer with waveguides. Moreover, the termi-
nation impedance matching for both modes are required

2331-7019/21/15(6)/064013(18) 064013-1 © 2021 American Physical Society

https://orcid.org/0000-0001-5373-0881
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.15.064013&domain=pdf&date_stamp=2021-06-04
http://dx.doi.org/10.1103/PhysRevApplied.15.064013


DENGKE ZHANG and JAW-SHEN TSAI PHYS. REV. APPLIED 15, 064013 (2021)

to eliminate the reflections. In a superconducting circuit,
the couplings between two common coplanar waveg-
uides (CPWs) are very weak, which makes it difficult
to achieve the required mode transformation within a
small footprint. In addition, the interband transition can-
not be realized by a simple modulation of coupled CPWs.
Here, we propose a design of integrated microwave isola-
tor/circulator with superconducting composite right-/left-
handed (CRLH) transmission lines (TLs) [43,44]. There
are several merits to using CRLH TLs. First, the sup-
ported light possesses a small effective wavelength, which
means that a strong coupling can be realized between such
two TLs and, meanwhile, a small footprint can also be
achieved. Second, the coupled CRLH TLs can be mod-
ulated in a low frequency, which implies the frequency
gap of coupled two modes is small. This feature will be
a benefit to realizing a successful termination impedance
matching for both modes. Third, CRLH TLs are one kind
of metamaterial-based waveguide that holds a high design
degree of freedom.

In this work, we design a structure for realizing the
broadband nonreciprocal isolation with the CRLH TLs.
In the designed structure, the required mode transforma-
tion is accomplished with two coupled CRLH TLs. The
entire designed structure can be fabricated with a standard
superconducting circuit process, and the spatially uniform
modulations are readily applied using electric local bias-
ing lines. This paper is organized as follows. In Sec. II, we
present the structure design and the corresponding model,
and an intuitive operation principle is given with the help
of Ramsey interference. In Sec. III, we introduce the
CRLH TLs and their couplings. Then a 3-dB CRLH direc-
tional coupler is implemented and modulated, as described
in Sec. IV. Section V shows the nonreciprocal responses of
the entire designed CRLH-based structure and Sec. VI pro-
vides a possible design layout with superconducting lines
and Josephson junctions, and some discussions about the
improvement. Last, we present the conclusion in Sec. VII.

II. STRUCTURE DESIGN AND MODEL

The proposed structure contains three stages: a 3-dB
forward-wave directional coupler (stage I: planeA to plane
B), then a phase difference between the two split beams
introduced through two uncoupled waveguides (stage II:
plane B to plane C), and finally followed by another 3-dB
forward-wave directional coupler (stage III: plane C to
plane D), as shown in Fig. 1(a). Importantly, the two 3-dB
forward-wave directional couplers have a time-varying
coupling coefficient via dynamic modulation. As shown in
Fig. 1(a), we consider that each coupler consists of two
waveguides, whose eigenmodes are mode [↑] and mode
[↓] propagating along the z direction. Assume that the
time-varying coupling coefficient between mode [↑] and
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FIG. 1. Schematic of the design and working principle. (a) The
designed structure is constructed with a cascade of three stages
of dual-waveguide configuration, where the two bare waveguides
support guided mode [↑] and mode [↓], respectively. Stage I
and stage III are 3-dB forward-wave directional couplers, the
coupling coefficients of which are temporally modulated with
initial phases of φ1 and φ2, respectively. Stage II is two uncou-
pled waveguides with different propagation lengths to introduce
a phase difference of �θ . The entire structure performs as a
four-port network, which is indexed by port 1–4. (b) Field evo-
lutions are displayed on a Bloch sphere (left) and in real space
(right) with different injections at port 1 and port 2. Here, we
set {φ1,�θ ,φ2} = {0,π/2,π/2}. The light injected at port 1 will
be output via port 2, whereas the input light at port 2 will go
to port 3. These behaviors indicate that a nonreciprocal isolation
between port 1 and port 2 can be achieved with the design shown
in (a).

mode [↓] is expressed by

K(t) = K0 cos(�mt + φ), (1)

where K0 is the maximum coupling coefficient (i.e., the
amplitude of K), �m is the modulation frequency, and φ is
the modulation initial phase. In this work, the 3-dB beam
coupling means that there is a relation of |K0lc| = π/4 with
coupling length lc of the coupler. In the frame rotating
with the uncoupled waveguides’ propagation constants,
the equation of motion of fields in the directional cou-
pler can be written with rotating wave approximation (see
Appendix A for the details) as

j
∂

∂z

[
a↑
a↓

]
=

[
0 K0e−jφ

K0ejφ 0

] [
a↑
a↓

]
, (2)

where a↑ and a↓ represent field amplitudes of mode [↑]
and mode [↓], respectively [41,45]. By solving Eq. (2), we
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can deduce the spatial evolutions of mode [↑] and mode
[↓] along the z direction
[

a↑(z)
a↓(z)

]
=

[
cos (K0z) −je−jφsin (K0z)

−jejφsin (K0z) cos (K0z)

] [
a↑(0)
a↓(0)

]
.

(3)

According to the definition of the scattering matrix of a
two-port network, the scattering matrix [M(c)] of the direc-
tional coupler can be obtained straightforwardly through
Eq. (3). For the 3-dB coupler in stage I, using K0lc = π/4,
we can express the scattering matrix (relation of fields
between ports in plane A and ports in plane B) as

M(c)(φ1) = 1√
2

[
1 −je−jφ1

−jejφ1 1

]
, (4)

where φ1 is the modulation initial phase of the 3-dB cou-
pler in stage I. In comparison with the scattering matrix
of a common (unmodulated) 3-dB directional coupler, we
can find that a phase shift φ1 is appended to the cross-
coupling parameter of the modulated coupler (i.e., transi-
tion between mode [↑] and mode [↓]), resulting from the
dynamic modulation of the coupling coefficient. Regarding
the coupler in stage III (from plane C to plane D), the cor-
responding scattering matrix M(c)(φ2) can be readily given
with the replacement of φ1 by φ2 in Eq. (4). For the two
uncoupled waveguides in stage II, the scattering matrix can
be represented by

M(b)(�θ) =
[

ej�θ 0
0 1

]
, (5)

where �θ is the introduced phase difference between
propagating waves of mode [↑] and mode [↓].

By using a cascade of the scattering matrices of the three
stages, we can easily obtain the scattering matrix of the
entire structure. For the forward (+z direction) propagation
waves, the scattering matrix is written as

M(⇒) = M(c)(φ2)M(b)(�θ)M(c)(φ1), (6)

and for the backward (−z direction) propagation waves,
the corresponding scattering matrix is expressed as

M(⇐) = M(c)(φ1)M(b)(�θ)M(c)(φ2). (7)

Here, we assume that {φ1,�θ ,φ2} = {0,π/2,π/2}; the
two specific scattering matrices are calculated as

M(⇒) =
[

j 0
0 1

]
, M(⇐) =

[
0 −j
1 0

]
. (8)

From Eq. (8), we can find that a forward injected field
of mode [↑] can be maintained finally, whereas a back-
ward injected field of mode [↑] is transferred to the field of

mode [↓], which are shown by paths with purple and green
arrows in Fig. 1(a), respectively. That is, the transmission
of light from port 1 to port 2 is allowed, but the reverse
process is suppressed (the input light at port 1 goes to port
3). Such a behavior implies that a nonreciprocal isolation
can be achieved using our design with the specific settings
for {φ1,�θ ,φ2}.

As a dual-mode system, a geometric description will be
useful for understanding the working principle [46–48].
For our structure, the processes of mode transformations
can be described by a photonic Ramsey interference. The
function of a 3-dB directional coupler is to apply a “π/2-
pulse” excitation to the input field of mode [↑] or mode
[↓]. After passing through the 3-dB directional coupler,
the input field will be transferred to a superposition field of
mode [↑] and mode [↓]. This means that the mode transfor-
mation is achieved by the 3-dB directional coupler. Stage II
works like a free evolution of the superposition state after a
detuned π/2-pulse driving, which is realized by introduc-
ing a phase difference between field components of mode
[↑] and mode [↓]. Finally, another π/2 pulse is applied by
the 3-dB directional coupler in stage III. In particular, the
modulation initial phases (φ1 and φ2) applied in the cou-
plers play the role of the initial phase of a π/2-pulse signal.
For the special setting of {φ1,�θ ,φ2} = {0,π/2,π/2}, the
field evolutions on a Bloch (or Poincaré) sphere and in
real space are displayed in Fig. 1(b). The forward evolu-
tion with the input field at port 1 is represented by purple
curves, and the backward evolution with the input field at
port 2 is denoted by green curves. These demonstrations
clearly show that the isolation response between port 1 and
port 2 is realized by performing such a three-stage spatial
operation.

To implement such a structure in a superconducting cir-
cuit, a real 3-dB directional coupler is needed; moreover,
the coupling coefficient can be modulated. However, it is
unrealistic to achieve an on-chip 3-dB directional coupler
using common CPWs, because the coupling between two
parallel superconducting CPWs is very weak. To realize
such a compact 3-dB directional coupler on a chip, CRLH
TLs are introduced in this work.

III. CRLH TRANSMISSION LINES

A. Periodic CRLH TLs

Here, we use the CRLH TLs to realize a compact broad-
band forward-wave directional coupler. The reason is that
there are two benefits with CRLH TLs: first, the wave
number of guided modes in CRLH TLs can be very large,
which means that the effective wavelength is very small;
second, the strong coupling between such two CRLH TLs
can be realized by introducing optimal mutual inductance
or capacitance [43]. In reality, an equivalent CRLH TL is
constructed by periodically repeating a small lumped unit

064013-3



DENGKE ZHANG and JAW-SHEN TSAI PHYS. REV. APPLIED 15, 064013 (2021)

cell with pitch p , as shown in Fig. 2(a). The unit cell con-
sists of the combination of right-handed elements of series
inductance LR and shunt capacitance CR with left-handed
elements of shunt inductance LL and series capacitance CL
(see Refs. [43,49,50]). For simplicity, considering the loss-
less TLs, the propagation constant β satisfies the relation
β = −j γ , where γ is the complex propagation constant.
According to the Bloch-Floquet theorem, the dispersion
relation of a CRLH TL can be obtained by applying peri-
odic boundary conditions (PBCs) to a unit cell in the
form

β(ω) = 1
p

cos−1
[

1 + Z(ω)Y(ω)
2

]
, (9)

where the series impedance (Z) and shunt admittance (Y)
of the unit cell are respectively given by

Z(ω) = j
(
ωLR − 1

ωCL

)
, (10)

Y(ω) = j
(
ωCR − 1

ωLL

)
. (11)

Furthermore, the characteristic impedance (Z0) of a CRLH
TL is read as

Z0(ω) =
√

Z(ω)/Y(ω). (12)

As a comparison demonstrated in Appendix B, a homo-
geneous TL with β, Z0 can effectively model the periodic
CRLH TL in the long-wavelength limit.

B. Coupling of two identical CRLH TLs

A CRLH directional coupler can be constructed by
introducing mutual inductance Lm or capacitance Cm into
two CRLH TLs, as shown in Fig. 2(b). Here, we consider a
symmetric directional coupler, where the two bare CRLH
TLs are identical. In a coupled line, the two bare guided
modes are mixed and generate two hybrid guided modes:
even mode and odd mode. The two normal modes can
be analytically reduced to guided modes of two different
bare CRLH TLs. As displayed in Fig. 2(b), the two effec-
tive CRLH TLs for even and odd modes have the same
topology as that of the initial bare CRLH TLs [44,51].
The difference between the two effective CRLH TLs is
LR revised by the addition of 2Lm for the even mode and
CR revised by the addition of 2Cm for the odd mode. As
the topologies of even/odd lines are the same as that of
a bare CRLH TL, the analyses of the CRLH TL can be
applied directly to calculate the corresponding parameters
of even and odd modes with appropriate substitutions in
Eqs. (9)–(12). We use the notation βeven, Zeven, Yeven, and
Z0even for the even line and βodd, Zodd, Yodd, and Z0odd for
the odd line. According to the coupled-mode theory, the
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FIG. 2. Unit cells of CRLH TL and coupled line. (a) Circuit
model of a unit cell of CRLH TL. (b) Circuit model of unit cells
of the CRLH directional coupler and the corresponding even-
and odd-mode TL models. The even- and odd-mode equivalent
circuits have the same topology but with different substitutions
LR → LR + 2Lm and CR → CR + 2Cm, respectively.

coupling coefficient of the coupler can be given by (see
Appendix A for the details)

K = βeven − βodd

2
. (13)

The equation tells us that the coupling coefficient can be
modulated if either or both βeven and βodd could be changed
in a controllable manner. In this work, we tune βeven by
varying the mutual inductance Lm to achieve the modula-
tion of the coupling coefficient K . For the varied Lm, we
call the lower bound “Lm-Off” and the upper bound “Lm-
On.” According to the modulation form of K in (1), the
two bound limits will exactly induce the extreme of K , that
is, K0 and −K0, respectively. This also implies that both
the Lm-Off and Lm-On will generate the 3-dB coupling if
|K0lc| = π/4.

In this work, we demonstrate microwave responses
around 6 GHz, which is a typical frequency range for
the superconducting circuits. Here, we set {LR, CR} =
{300 pH, 150 fF} and {LL, CL} = {1400 pH, 560 fF} for
the bare CRLH TLs. Furthermore, to realize a 3-dB cou-
pler with an operating frequency of 6 GHz, Cm is fixed
as 20 fF, and meanwhile Lm can take the value of 0.5 or
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FIG. 3. Dispersion relations and coupling coefficients. (a) Dis-
persion curves for odd mode with Cm = 20 fF and even mode
with Lm = 0.5 pH and 105 pH. The lower Lm is called “Lm-Off”
and the upper Lm is called “Lm-On.” (b) Frequency dependence
of magnitudes of coupling coefficients under the conditions of
“Lm-Off” and “Lm-On,” in which the odd-mode is fixed with
Cm = 20 fF in the calculations.

105 pH, which correspond to Lm-Off and Lm-On, respec-
tively. By using Eq. (9), we can calculate the dispersion
curve of the odd mode with Cm = 20 fF. Correspondingly,
the dispersion curves of the even mode with Lm-Off and
Lm-On are calculated using Lm = 0.5 and 105 pH, respec-
tively. These results are shown in Fig. 3(a) and indicate
that the dispersion curve of the odd mode is in the mid-
dle of that of the even mode of Lm-Off and Lm-On. By
using the expression of K in Eq. (13), the magnitude of the
coupling coefficient can be changed from maximum neg-
ative to maximum positive when the Lm is continuously
tuned from Lm-Off to Lm-On. This means that modula-
tion of the coupling coefficient as the form of Eq. (1) is
possible if we could temporally vary the Lm between Lm-
Off and Lm-On. Figure 3(b) displays the magnitudes of
extreme coupling coefficients with Lm-Off and Lm-On. As
the design goal at the operating frequency of 6 GHz, the
two extreme coupling coefficients have the same magni-
tude, which is just the maximum coupling coefficient K0.
This means that the same power-splitting performance can
be realized for Lm-Off and Lm-On at 6 GHz. In Fig. 3(b),
the two curves separate when the frequency deviates from
6 GHz, which results from the structural dispersions of dif-
ferent Lm. It is clear that the Lm-Off coupling coefficient

experiences a stronger dispersion, which will bring a more
severe restriction on the operating bandwidth.

IV. MODULATED DIRECTIONAL COUPLER

A. The 3-dB forward-wave coupler

To obtain the response of coupled lines, a general
approach with the ABCD matrix for TLs is adopted
[49,51]. First, the ABCD matrix of a unit cell (in a sym-
metric form) for an even line is computed as

[
Ae Be
Ce De

]
=

[
1 + ZevenYeven/2 Zeven + Z2

evenYeven/4
Yeven 1 + ZevenYeven/2

]
.

(14)

Then, the ABCD matrix of an N -cell even line can be
deduced

[
AeN BeN
CeN DeN

]
=

[
Ae Be
Ce De

]N

. (15)

Once the ABCD matrix for an N -cell TL has been estab-
lished, the corresponding scattering matrix S[e] of the
N -cell even line for terminations of impedance Zc can be
computed as

S[e]
AA = (AeN + BeN/Zc − CeN Zc − DeN ) /E, (16)

S[e]
AB = 2 (AeN DeN − BeN CeN ) /E, (17)

S[e]
BA = 2/E, (18)

S[e]
BB = (−AeN + BeN/Zc − CeN Zc + DeN ) /E, (19)

with

E = AeN + BeN/Zc + CeN Zc + DeN ,

where the subscripts A and B refer to the two port-related
end planes of the calculated N -cell segment of a TL. In the
same manner, the scattering matrix S[o] of the N -cell odd
line can be computed.

We next consider the response of an N -cell CRLH
coupler, which is schematically illustrated in Fig. 4(a).
According to the coupled-mode analyses [49,51], the
2 × 2 scattering matrix M(c) ≡ [M (c)

↑↑ , M (c)
↑↓ ; M (c)

↓↑ , M (c)
↓↓ ] of

a directional coupler can be deduced from the scatter-
ing matrices of the even/odd lines using the following
formulas:

M (c)
↑↑ ≡ SA↑→B↑ = (S[e]

BA + S[o]
BA)/2, (20)

M (c)
↓↑ ≡ SA↑→B↓ = (S[e]

BA − S[o]
BA)/2, (21)

M (c)
↑↓ ≡ SA↓→B↑ = M (c)

↓↑ , (22)

M (c)
↓↓ ≡ SA↓→B↓ = M (c)

↑↑ . (23)
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FIG. 4. The 3-dB forward-wave directional coupler. (a) Sketch
of a directional coupler and the reduced four-port network. (b)
Scattering parameters of 3-dB coupler with lc = 37p for operat-
ing frequency of 6 GHz. In the calculations, we adopt the same
values of {LR, CR} and {LL, CL} as these used in Fig. 3(a) asso-
ciated with Cm = 20 fF for the odd mode and Lm = 0.5 pH (i.e.,
Lm-Off) for the even mode.

On the other hand, the self- and cross-reflections can also
be obtained using the following expressions:

Γ ≡ SA↑→A↑ = SA↓→A↓ = (S[e]
AA + S[o]

AA)/2, (24)

Υ ≡ SA↑→A↓ = SA↓→A↑ = (S[e]
AA − S[o]

AA)/2. (25)

In our design shown in Fig. 1(a), two 3-dB forward-
wave couplers are required to realize the nonreciprocal
transmission. To achieve the 3-dB coupling, |K0lc| needs
to equal π/4. Using the magnitude of coupling coeffi-
cient at 6 GHz shown in Fig. 3(b), we obtain a coupling
length lc of 37p . As Lm-Off induces a stronger disper-
sion and causes a more severe restriction on the operating
bandwidth, in what follows, we focus on behaviors of the
3-dB coupler with Lm-Off. Using Eqs. (20)–(25), we cal-
culate the scattering parameters of the coupler at Lm-Off
with terminals of the corresponding uncoupled CRLH TL.
The results are shown in Fig. 4(b), which indicate that the
3-dB power splittings of the forward beams are achieved
at 6 GHz. Meanwhile, the magnitudes of self- and cross-
reflections are very low at around 6 GHz. For comparison,
the responses of Lm-On are shown in Appendix C, which
denote that the same 3-dB power splittings are realized at
6 GHz but with a weaker dispersion.

B. Dynamic modulation of coupling coefficient

To dynamically modulate the coupling coefficient, a
radio-frequency (rf) superconducting quantum interfer-
ence device (SQUID) is introduced between two coupled
lines. As shown in Fig. 5(a), an rf SQUID is coupled gal-
vanically to right-handed segments of two CRLH TLs in
each unit cell. We assume that in a unit cell, the contri-
bution to LR can be split into two parts: one is shared
with the rf SQUID loop and denoted LS; the left, includ-
ing parasitic inductance, is depicted by LP, which means
that LR = LS + LP. In our calculations, with LR equal to
300 pH, a reasonable and achievable splitting is {LS, LP} =
{200 pH, 100 pH}. Then, from the perspective of the rf
SQUID, the related superconducting loop has a geomet-
ric inductance LG = 2LS + 2LB, which is interrupted by a
Josephson junction with critical current Ic, as shown in the

(a)

(b)

(d)

(e)

(c)

CLLR

LR

LRCL

LSLP
CL CLLR

LS

LB

LS

LBIc

I1

I2

FIG. 5. Coupling modulation via an rf SQUID. (a) Circuit
model for two coupled lines using an rf SQUID. Only LR and
CL of the coupled-line shown in Fig. 2(b) are displayed here for
simplicity. The colored drawings illustrate a unit cell of the cou-
pled line. The right inset shows a possible design sketch. (b) The
 dependence of Lm. (c) Relationship of K with Lm. (d) Required
time-varying and (e) the corresponding modulated K with two
different initial phases of 0 and π/2.
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inset of Fig. 5(a). With these settings and definitions, we
can express the effective SQUID inductance as

Lrf() = LG
1 + βL cos(2π/0)

βL cos(2π/0)
, (26)

where 0 is the flux quantum, βL = 2π IcLG/0 is the
screening parameter, and  is the flux threading the
SQUID loop. With these expressions and an assumption of
βL < 1, the effective mutual inductance can be estimated as

Lm() 	 Ldir + L2
S/Lrf(), (27)

where Ldir expresses a flux-independent mutual inductance
for direct inductive coupling between two lines, and the
second term describes the effective second-order mutual
inductance mediated by the SQUID [52,53]. For the setting
of {LS, LB} = {200 pH, 40 pH}, a reasonable value of 70 pH
for Ldir can be achieved with a careful design. Then, by
using Eqs. (26) and (27), Lm as a function of is calculated
with βL = 0.9 (i.e., Ic 	 617 nA) and plotted in Fig. 5(b).
Meanwhile, the Lm dependence of K can be deduced from
the results of the analyses described in Sec. III B and is
shown in Fig. 5(c). The connection between K and  is
made on the basis of Figs. 5(c) and 5(b), which implies
that K as a function of  is obtained. On the basis of such
a connection, a temporal modulation of K can be realized
by applying time-varying , which is easy to implement
with a local bias. Here, we only consider the modulation of
Lm ranging from Lm-Off to Lm-On as marked in Fig. 5(b).
Figures 5(d) and 5(e) show the required time-varying 
and the corresponding K . In Fig. 5(e), the two modula-
tion curves of K versus time are just the required form in
Eq. (1) with different initial phases of 0 and π/2. As the
explanation given in Appendix A, the required modulation
frequency �m is about tens of megahertz, which is not a
problem in the presence of local bias.

V. NONRECIPROCAL RESPONSES

After we obtain the implementation of the modulated 3-
dB coupler, the microwave responses of the entire structure
with CRLH TLs can be deduced. Note that the scatter-
ing parameters for the coupler in Eqs. (20)–(23) are given
under the condition without the modulation of the coupling
coefficient. As described in Sec. II, when the coupling
modulation expressed in Eq. (1) is applied, the scatter-
ing matrix M(c) of the coupled line is revised by the
modulation initial phase φ as

M(c)(φ) =
[

M (c)
↑↑ e−jφM (c)

↑↓
ejφM (c)

↓↑ M (c)
↓↓

]
. (28)

For stage II, the two CRLH TLs are uncoupled but with dif-
ferent propagation lengths. The corresponding scattering

matrix can be written as

M(b)(�θ) =
[

S[↑]
CB(θ0 +�θ) 0

0 S[↓]
CB(θ0)

]
, (29)

where θ0 is trivial and denotes the common phase for the
two CRLH TLs, which also refers to the operating fre-
quency of 6 GHz. The scattering parameters S[↑]

CB and S[↓]
CB

are calculated by the approach described in Sec. IV A with
both Lm and Cm equaling zero. By substituting expressions
(28) and (29) into Eqs. (6) and (7), we can obtain the scat-
tering matrices M(⇒) and M(⇐) for the entire structure
based on CRLH TLs. Here, we redefine each element as

M(⇒) ≡
[

M (⇒)
↑↑ M (⇒)

↑↓
M (⇒)

↓↑ M (⇒)
↓↓

]
=

[
MA↑→D↑ MA↓→D↑
MA↑→D↓ MA↓→D↓

]
,

(30)

M(⇐) ≡
[

M (⇐)
↑↑ M (⇐)

↑↓
M (⇐)

↓↑ M (⇐)
↓↓

]
=

[
MD↑→A↑ MD↓→A↑
MD↑→A↓ MD↓→A↓

]
.

(31)

By using these redefined scattering parameters and label-
ing the four ports of the entire structure as ports 1–4 [see
Fig. 1(a)], we can obtain the total scattering matrix as

S(tot) =

⎡
⎢⎢⎢⎣

Γ M (⇐)
↑↑ Υ M (⇐)

↑↓
M (⇒)

↑↑ Γ M (⇒)
↑↓ Υ

Υ M (⇐)
↓↑ Γ M (⇐)

↓↓
M (⇒)

↓↑ Υ M (⇒)
↓↓ Γ

⎤
⎥⎥⎥⎦ , (32)

where the self-reflection for each port and the cross-
reflection between ports located on the same side appear
in the form of Eqs. (24) and (25), respectively. The rea-
son for using Γ and Υ as estimations for the reflections
is that the cascade-induced inter-reflections are very small
for waveguide-based structures. As a comparison, the
exact total scattering matrix is deduced by a full-network
analysis and shown in Appendix D.

From the results of the analyses in Sec. II, realizing
nonreciprocity requires a specific setting on modulation
phases in stage I (stage III) and phase shifts in stage II.
Here, {φ1,�θ ,φ2} = {0,π/2,π/2} is adopted again and
substituted into Eqs. (28) and (29). Note that, because
there is dispersion of the whole system, all the settings
of frequency-dependent parameters refer to our designed
operation frequency of 6 GHz. Note also that �θ equal-
ing π/2 requires 2.2 cells with current design parameters
for the uncoupled CRLH TLs, but an integer multiple of
cells can be achieved by slightly adjusting design parame-
ters in stage II. After some calculations, the total scattering
parameters can be extracted from Eq. (32). Here, we
demonstrate its nonreciprocal isolation between two ports
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FIG. 6. Nonreciprocal isolation response between port 1 and
port 2 of the structure. A bandwidth of 580 MHz can be achieved
with the isolation over 20 dB at around 6 GHz, where the
reflection is lower than −29 dB.

and nonreciprocal circulations of four ports. To give a clear
demonstration, a 2 × 2 scattering matrix related to port 1
and port 2 is extracted and defined as

S(1⇔2) ≡
[

S11 S12
S21 S22

]
=

[
Γ M (⇐)

↑↑
M (⇒)

↑↑ Γ

]
. (33)

Figure 6 shows the scattering parameters between port
1 and port 2. The results indicate that isolation over 20
dB for transmissions between port 1 and port 2 can be
obtained with a bandwidth of 580 MHz at around 6 GHz.
Meanwhile, the absolute magnitudes of S21 and S11 show
that the insertion loss and reflection are very small. These
merits indicate that a well-performing isolator is realized
by the designed structure with the CRLH TLs. Further-
more, the full scattering parameters for all four ports are
displayed in Fig. 7. A clear nonreciprocal circulation from
port 1 to port 4 is shown in Fig. 7(a) and all other crosstalk
channels remain low-magnitude transmissions, as illus-
trated in Fig. 7(b). The results of Fig. 7 represent that a
circulator can also be obtained with the same structure. It
should be noted that, strictly speaking, this kind of circu-
lator is not a common circulator, because a frequency shift
of �m is introduced when waves are transmitted between
ports attached to different TLs. Specifically, the frequency
shift occurs in the transmission of S32 and S14, resulting
from the interband transition between mode [↑] and mode
[↓] induced by the dynamic modulation of the coupling
coefficient (see Appendix A). Such a nonreciprocal cir-
culation can be classified as the nonreciprocity created in
the frequency space [17,36,54]. A detailed interpretation is
shown in Appendix A. However, such a nonreciprocal cir-
culation can be used for applications concerned only with
transfers of power.

(b)
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FIG. 7. Nonreciprocal responses of (a) circulation and (b)
crosstalk of the entire four-port structure. A bandwidth of
580 MHz can be achieved with the isolation over 20 dB at around
6 GHz, where the crosstalks are lower than −29 dB.

VI. DISCUSSION

To make the design into a reality from the circuit mod-
els, here, we propose to fabricate the CRLH TLs by a
standard fabrication process for superconducting circuits.
In general, to make the forward and backward waves see
identical input impedance, a symmetric design of the unit
cell of the coupled CRLH TLs is adopted and shown in
Fig. 8(a) [compare with Fig. 2(b)]. By recalling the design
parameters {LR, CR} = {300 pH, 150 fF}, these two contri-
butions are realized with the common meander line and
interdigital capacitor. To achieve an efficient transition
between mode [↑] and mode [↓] under dynamic mod-
ulation, small LR shifts can be implemented by slightly
adjusting the width of meander lines (see Appendix A).
The left-handed elements of {LL, CL} = {1400 pH, 560 fF}
can be fabricated using a Josephson junction array and a
parallel capacitor, in order to pursue a compact size and
reduce the parasitic inductance and capacitance. Note that
the parasitic inductance and capacitance should be consid-
ered and contributed to {LR, CR}. A careful design layout is
needed to meet the required Cm = 20 fF, and Lm = 105 pH
for the Lm-On. The Lm-Off and modulation of Lm are
realized by constructing an rf SQUID loop. Figure 8(b)
displays a possible design layout for a unit cell, where
the rf SQUID loop is also outlined. A single local-bias
line for all cells used for modulating the rf SQUID loops
can be designed and fabricated using airbridge technology
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FIG. 8. Physical implementation for the coupler design. (a) Circuit model for a symmetric unit cell of CRLH coupled line. To achieve
a slight asymmetry between two lines, small negative and positive LR shifts are introduced in the upper and lower lines, respectively.
(b) Design layout for a symmetric unit cell of CRLH coupled line and the rf SQUID loop for modulation of coupling coefficient.

[55,56], which is not illustrated in Fig. 8(b). The uncoupled
CRLH TLs are easy to achieve by spatially separating the
two TLs to cease their coupling. Importantly, the length of
one unit cell less than 300 μm is possible for these design
parameters. Considering the cell numbers of 37 for each
coupler in stage I (stage III) and (at least) 2 for the phase
shift in stage II, the estimated length for the entire struc-
ture is about 23 mm, which is an acceptable size for a
superconducting circuit chip. This means that a compact
nonreciprocal isolator or circulator can be realized with our
design on a microwave circuit chip.

In this work, we designed and demonstrated an isola-
tor (circulator) with a bandwidth of 580 MHz at around
6 GHz. However, these two metrics can be improved fur-
ther by adjusting the design parameters. The operating
frequency is readily changed by forming correspondingly
responded couplers in stage I (stage III) and phase shifts
in stage II. A wider bandwidth is also possible; one solu-
tion is using a weaker dispersed coupled line, but at
a cost of the footprint of the entire structure. Another
advanced approach is designing a super unit cell with
a more linear dispersion curve (i.e., a smaller group-
velocity dispersion), where a delicate design is required
[10,57]. Moreover, the reflection (i.e., return loss) can be
further reduced by adopting a tapered structure to more
closely match the 50 � line. Here, we demonstrated the
design by the modulations of inductance or permeabil-
ity in the couplers, but a similar functionality can also
be implemented by modulating capacitance or permittiv-
ity in the other types of circuit [1,58]. As a spatiotem-
poral modulation-based nonreciprocal design, compared
with the operating frequency, the modulation frequency is
usually very low. Thus, the modulation wave can be sim-
ply filtered by spectral and spatial designs. Thus, in our
scheme, in comparison with the general nonlinearity-based
nonreciprocity, there is no strong microwave pumping,
whose frequency is comparable to the operating frequency.

This feature is also of benefit to its applications in quantum
measurements.

VII. CONCLUSION

In summary, we propose a design of a magnetic-free
broadband isolator or circulator with standard supercon-
ducting circuits. The designed structure consists of three
stages, where two directional couplers are connected by
inserted two uncoupled lines with different phase shifts.
The two couplers require temporal modulations of the cou-
pling coefficients with different initial phases. The entire
structure can be fabricated using superconducting lines and
Josephson junctions with a total line length of 23 mm. In
this work, the calculated results show that the nonrecipro-
cal isolation over 20 dB with the bandwidth of 580 MHz
is realized at around the frequency of 6 GHz. Nonrecipro-
cal circulations for microwave powers can also be realized
with this structure. Moreover, these figures of merit can
be further enhanced through the structural optimization
design. Such an isolator or circulator will be very useful
for cryogenic microwave connections or measurements in
quantum integrated circuits.
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APPENDIX A: COUPLED-MODE THEORY

We start by considering the photon transition pro-
cess in a dual-waveguide system. The uncoupled dual-
waveguide structure is represented by a permeability dis-
tribution μs(r⊥) [r⊥ = (x, y)], which is time-independent
(i.e., static) and uniform along the z direction (see the inset
of Fig. 9). Such an uncoupled dual-waveguide structure
possesses a band structure, as shown in Fig. 9, with up-
located and down-located modes corresponding to the first
and second bands (i.e., mode [↑] and mode [↓]), respec-
tively. An interband transition between the two modes
with frequencies and wave vectors, (ω↑, k↑) and (ω↓, k↓),
can be induced by modulating the dual-waveguide struc-
ture with an additional time-varying relative permeability
perturbation

μ(r⊥, t) = μs(r⊥)+�μ(r⊥, t), (A1)

with

�μ(r⊥, t) = �μm(r⊥) cos(�mt + φ), (A2)

where �μm(r⊥) is the modulation amplitude distribution
along the cross section, �m = ω↓ − ω↑ is the modulation
frequency, and φ is the initial phase of the modulation
profile [19,41,45].

In the modulated dual-waveguide structure, the mag-
netic field can be expressed as

H(r⊥, z, t) = a↑(z)ψ↑(r⊥)ej (ω↑t−β↑z)

+ a↓(z)ψ↓(r⊥)ej (ω↓t−β↓z), (A3)

where ψ↑,↓(r⊥) are the modal profiles and a↑,↓(z) denote
the field amplitudes of mode [↑] and mode [↓]. For
simplicity, we have assumed the quasi-transverse electro-
magnetic modes where the magnetic field has components
majorly along the r⊥ direction. The magnetic field in
Eq. (A3) satisfies Maxwell’s wave equation,

∇2H(r⊥, z, t) = 1
c2

∂2

∂t2
[μ(r⊥, t)H(r⊥, z, t)]. (A4)

First, we consider the dual-waveguide structure without
modulation (i.e., static). The magnetic fields satisfy the
orthonormalization condition

c2βi

2ω2
i

∫ ∞

−∞
ψ∗

i (r⊥)ψj (r⊥) = δij , i, j =↑, ↓ . (A5)

With such a normalization, |ai|2 denotes the photon num-
ber flux carried by the mode [i] (i =↑, ↓). Then, we
consider the modulated dual-waveguide structure. We sub-
stitute Eqs. (A1), (A2), and (A3) into Eq. (A4),

(
∇2

⊥ + ∂2

∂z2

)
H(r⊥, z, t) = μs(r⊥)

c2

∂2

∂t2
H(r⊥, z, t)+ �μm(r⊥)

c2

∂2

∂t2
[cos(�t + φ)H(r⊥, z, t)]. (A6)

Then we have

ej (ω↑t−β↑z)
(

−j 2β↑ψ↑
∂a↑
∂z

− a↑β2
↑ψ↑ + a↑∇2

⊥ψ↑

)
+ ej (ω↓t−β↓z)

(
−j 2β↓ψ↓

∂a↓
∂z

− a↓β2
↓ψ↓ + a↓∇2

⊥ψ↓

)

= ej (ω↑t−β↑z)
(

−�μm

2
[
(ω↑ +�m)

2ej (�mt+φ) + (ω↑ −�m)
2e−j (�mt+φ)] − ω2

↑μs

)
a↑ψ↑

c2

+ ej (ω↓t−β↓z)
(

−�μm

2
[
(ω↓ +�m)

2ej (�mt+φ) + (ω↓ −�m)
2e−j (�mt+φ)] − ω2

↓μs

)
a↓ψ↓

c2 ,

(A7)
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where we have used the slowly varying envelope approxi-
mation and dropped the terms ∂2a↑,↓/∂z2. Furthermore, on
the basis of the definition of the modes in the unmodulated
(i.e., static) waveguide and Eq. (A4), we obtain

−β2
i ψi + ∇2

⊥ψi = −ω2
i μs

ψi

c2 , i =↑, ↓, (A8)

and by considering a rotating wave approximation, we can
derive the coupled-mode equation from Eq. (A7),

j 2β↑ψ↑
∂a↑
∂z

ej (ω↑t−β↑z) + j 2β↓ψ↓
∂a↓
∂z

ej (ω↓t−β↓z)

= �μmψ↑
2c2 (ω↑ +�m)

2a↑ej [(ω↑+�m)t−β↑z+φ]

+ �μmψ↓
2c2 (ω↓ −�m)

2a↓ej [(ω↓−�m)t−β↓z−φ], (A9)

then, we have the equation of motion of the modulated dual
waveguide,

j
∂

∂z

[
a↑
a↓

]
=

[
0 K↑↓e−j (�β0z+φ)

K↓↑ej (�β0z+φ) 0

] [
a↑
a↓

]
,

(A10)

or, alternatively, the corresponding Hamiltonian can be
given by

H = K↑↓e−j (�β0z+φ)a†
↑a↓ + K↓↑ej (�β0z+φ)a↑a†

↓, (A11)

where �β0 = β↓ − β↑, and the coupling coefficient
Kij (i �= j ) is calculated as

Kij = ωi
∫∫

dx dy �μm(r⊥)ψ∗
i (r⊥)ψj (r⊥)

4c2βi
∫∫

dx dy ψ∗
i (r⊥)ψi(r⊥)

, (A12)

with the use of the orthonormalization condition of
Eq. (A5), we obtain

K↑↓ = K∗
↓↑ = 1

8

∫∫
dx dy �μm(r⊥)ψ∗

↑(r⊥)ψ↓(r⊥).

(A13)

In general, a pure real coupling coefficient can be obtained
by the proper selection of initial phases of ψ↑(r⊥) and
ψ↓(r⊥) in (A13) and appears in the form

K0 ≡ K↑↓ = K↓↑. (A14)

The solution to Eq. (A10) is

[
a↑(z)
a↓(z)

]
=

⎡
⎣e−j (�β0z/2)

{
cos

(
�βcz

2

)
+ j �β0

�βc
sin

(
�βcz

2

)}
−j ej [(�β0z/2)+φ] 2K0

�βc
sin

(
�βcz

2

)

−j e−j [(�β0z/2)+φ] 2K0
�βc

sin
(
�βcz

2

)
ej (�β0z/2)

{
cos

(
�βcz

2

)
− j �β0

�βc
sin

(
�βcz

2

)}
⎤
⎦

×
[

a↑(0)
a↓(0)

]
, (A15)

where

�βc = 2
√
(�β0/2)2 + K2

0 . (A16)

By combining Eqs. (A2), (A13), and (A14), we find that a
time-varying coupling is generated by such a modulation
of permeability and expressed as

K(t) = K0 cos(�mt + φ). (A17)

Phase-matching case. To achieve an efficient interband
transition, the phase-matching condition should be satis-
fied. Thus, we can assume �β0 = 0, and Eq. (A10) is
reduced to

j
∂

∂z

[
a↑
a↓

]
=

[
0 K0e−jφ

K0ejφ 0

] [
a↑
a↓

]
, (A18)

and the corresponding Hamiltonian can be expressed as

H = K0e−jφa†
↑a↓ + K0ejφa↑a†

↓. (A19)

Correspondingly, the solution to Eq. (A18) is

[
a↑(z)
a↓(z)

]
=

[
cos (K0z) −je−jφsin (K0z)

−jejφsin (K0z) cos (K0z)

] [
a↑(0)
a↓(0)

]
,

(A20)

Importantly, with Eq. (A16), there is �βc = 2K0, which
corresponds to the wave number splitting of two nor-
mal modes induced by the coupling. When �m = ω↓ −
ω↑ approaches zero (i.e., �m � ω↓,ω↑), the two normal
modes are known as the even and odd modes, so there is

064013-11



DENGKE ZHANG and JAW-SHEN TSAI PHYS. REV. APPLIED 15, 064013 (2021)

the expression

K0 = βeven − βodd

2
, (A21)

where βeven and βodd are propagation constants (i.e., wave
numbers) of the even and odd modes, respectively. For the
dual-mode nonreciprocity, a more general description is
presented in Ref. [46], where a useful insight is provided
by a geometric picture.

In our design, to simultaneously realize the temporal
modulation and efficient transition, a small frequency dif-
ference (i.e., �m) between mode [↑] and mode [↓] is
required at �β0 = 0. In our implementation with super-
conducting circuit elements, this frequency difference can
be readily realized by slightly tuning the design parame-
ters. For example, at the operation frequency of 6 GHz,
�m = 20 MHz is achieved by adding an LR shift of −6
and +6 pH for mode [↑] and mode [↓], respectively, as
shown in Fig. 9. Note that, when a different LR shift is
introduced to two waveguides, the coupled modes will not
be perfect even and odd modes, which are called even-
like and oddlike modes. However, these small shifts induce
a negligible modification to the final results, because the
magnitude of 6 pH of the LR shift is much smaller than
that of LR (equal to 300 pH). Accordingly, the reality of
�m � ω↓,ω↑ can also be found. A detailed discussion is
provided in Appendix C.

For a CRLH TL, an equivalent relative permeability
related to the material can be expressed in the form

μ = 1
μ0

(
L′

R − 1
ω2C′

L

)
, (A22)

where μ0 is the vacuum permeability, L′
R is the per-unit

length shunt inductance, and C′
L is the times-unit length

series capacitance of the CRLH TL [43]. Equation (A22)
tells that μ can be tuned if the related L′

R or C′
L can be

adjusted. Furthermore, the modulation of permeability in
the form of (A2) is possible by the proper control of L′

R
or C′

L. In this work, we tune the mutual inductance Lm
to realize the modulation. The reason is that Lm equiva-
lently contributes to LR for the even mode in the coupled
line [see Fig. 2(b)]. Alternatively, from the perspective
of coupling coefficient, K is modulated by varying βeven
according to Eq. (A21), which is essentially implemented
by the modulation of Lm.

APPENDIX B: BASIC ANALYSES OF PERIODIC
CRLH TRANSMISSION LINES

Here, we give the basic analyses of a periodic CRLH TL
as shown in Fig. 10(a) [see Fig. 2(a) for a unit cell] [43,50].
By applying PBCs related to the Bloch-Floquet theorem to
the unit cell with length p , we can derive the CRLH TL
propagation constant as

β(ω) = 1
p

cos−1
[

1 + Z(ω)Y(ω)
2

]
, (B1)

where the series impedance (Z) and shunt admittance (Y)
of the CRLH TL unit cell are respectively expressed in the
forms

Z(ω) = j
(
ωLR − 1

ωCL

)
, (B2)

Y(ω) = j
(
ωCR − 1

ωLL

)
. (B3)

Then, the characteristic impedance of the CRLH TL is
given by

Z0(ω) =
√

Z(ω)/Y(ω). (B4)

Figure 10(b) displays the dispersion curve and character-
istic impedance of a CRLH TL with the same {LR, CR}

p

Z

Y

p

Z

Y

p

Z

Y

1 2 N

β, Z0

l = Np

⇕

1 2

1 2

(a) (b) (c)

FIG. 10. CRLH transmission line. (a) Periodic N -cell network and the equivalent homogeneous TL in the long-wavelength limit.
(b) Frequency dependence of propagation constant (left) and characteristic impedance (right). (c) Transmissions and reflections of
CRLH TL with length of 40p and terminal impedances of 50 �. The calculations are performed by two methods of N -cell network
and homogeneous TL.
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and {LL, CL} used in the main text. There are two impor-
tant features. First, the propagation constant is about one
order of magnitude greater than that of a common CPW
at around the frequency of 6 GHz. This means that the
effective wavelength is roughly decreased by one order of
magnitude, which implies that the structure size can be
reduced significantly with CRLH TLs. Second, the charac-
teristic impedance roughly equals 50 � at around 6 GHz,
which means that the impedance matching is not a critical
problem with the CRLH TLs.

To calculate the transmissions of CRLH TLs, the ABCD
matrix of a symmetric unit cell is introduced and presented
as follows:

[
Au Bu
Cu Du

]
=

[
1 + ZY/2 Z + Z2Y/4

Y 1 + ZY/2

]
. (B5)

For N cells of the periodic CRLH TL, we have

[
AuN BuN
CuN DuN

]
=

[
Au Bu
Cu Du

]N

. (B6)

Specifically, in the long-wavelength limit (i.e., βp � 1),
Eq. (B1) is reduced to

β(ω) = −j
√

Z(ω)Y(ω), (B7)

which is known as the general expression of β for a homo-
geneous TL shown in Fig. 10(a). Meanwhile, the ABCD
matrix of a homogeneous TL with length l is given by

[
ATL BTL
CTL DTL

]
=

[
cos(βl) jZ0 sin(βl)

jZ−1
0 sin(βl) cos(βl)

]
. (B8)

Once the ABCD matrix for an N -cell network TL or homogeneous TL has been established, the corresponding scattering
parameters Sij for terminations of impedance Zc can be computed by using the well-known formula

[
S11 S12
S21 S22

]
= 1

A + B/Zc + CZc + D

[
A + B/Zc − CZc − D 2 (AD − BC)

2 −A + B/Zc − CZc + D

]
. (B9)

Here, for comparison, the transmission and reflection
spectra are calculated by using both the N -cell network
expression in (B6) and the homogeneous TL expression
in (B8). The results are shown in Fig. 10(c) and indi-
cate that there is no significant difference in the high-
frequency region. Note that, from the dispersion curve
shown in Fig. 10(b), the high-frequency region corre-
sponds to the long-wavelength region, where the long-
wavelength approximation is valid. From Fig. 10(c), we
find that the spectra obtained by two methods are matched
well at around 6 GHz. Thus, a good analysis and prediction
can be given by the coupled-mode theory for homogeneous
TLs, then the accurate spectra can be obtained by using the
N -cell network calculations.

APPENDIX C: ASYMMETRICAL COUPLED LINE

As described in Appendix A, to realize the temporal
modulation and efficient transition between mode [↑] and
mode [↓], an asymmetric CRLH coupler is required in our
design. The circuit model of a unit cell of the symmetric
CRLH coupler and its equivalent even and odd line mod-
els are shown in Fig. 2(b) of the main text. However, it
is not easy to obtain an equivalent circuit for an asym-
metric CRLH coupler. Here, we analyze a homogeneous
asymmetric coupled line on the basis of the coupled-mode
theory. In an asymmetric CRLH coupler, the normal modes
become c (evenlike) and π (oddlike) modes, which are

not perfect even and odd modes [49,60,61]. The complex
propagation constants γ of the c and π modes are then

(
a − γ 2 b

c d − γ 2

) (
V↑
V↓

)
= 0, (C1)

where

a = Z↑Y↑ + ZmYm, b = Z↑Ym + ZmY↓
c = Z↓Ym + ZmY↑, d = Z↓Y↓ + ZmYm

with series impedances Z↑,↓ and shunt admittances Y↑,↓
of uncoupled line [↑] and line [↑], Zm = jωLm, and Ym =
−jωCm. Considering a lossless coupled line, the propaga-
tion constants (i.e., wave numbers) of the c and π modes
are solved in the form

βc,π = −j γc,π

= −j
[

a + d
2

± 1
2

√
(a − d)2 + 4bc

]1/2

. (C2)

Specifically, for even and odd modes, this expression is
reduced to the identical form as Eq. (B7). Moreover, the
uncoupled eigenmodes of the individual lines are obtained
by setting Lm = Cm = 0, and their isolated self-wave num-
bers β↑ = −j

√
Z↑Y↑ and β↓ = −j

√
Z↓Y↓. Note that the

self-wave numbers for the individual lines in a coupled
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line is not exactly equal to that of the uncoupled line,
because the self-inductance and capacitance are modified
in the presence of a neighboring line. However, these mod-
ifications are minute and omitted, especially for the con-
sideration of the wave number difference �β0 = β↓ − β↑.
Here, we assume that the asymmetry of the two lines is
introduced by adding an LR-shift of −6 and +6 pH for
line [↑] and line [↓], respectively. The band structure of
two uncoupled eigenmodes is just the plotting diagram
shown in Fig. 9. In the asymmetric coupler, the �βc will
be given by βc − βπ , instead of βeven − βodd. With the use
of Eq. (A16), the coupling coefficient can be written as

K0 =
√
�β2

c −�β2
0

2
. (C3)

Now, we deduce the responses of the entire structure with
asymmetric CRLH coupled lines. Similarly to the treat-
ment approach for the case with symmetric couplers in
the main text. First, we assume that there is no modulation
for the coupler (i.e., static) and obtain the required lc and
scattering matrix for the 3-dB coupling at 6 GHz. Second,
we consider the modulated coupler, where a modulation
initial phase will be applied to the cross-coupling terms
in the scattering matrix of the static coupler. Finally, the
total responses of the entire structure can be obtained by a
cascade multiplication of scattering matrices of stage I to
stage III. Calculations of the second and third steps directly
refer to the descriptions in Sec. V of the main text. Here,
we give the expressions of scattering parameters of a static
asymmetric coupled line that appeared in the first step. As
there is no modulation, we can set �m = 0 and φ = 0 in
Eq. (A15) and deduce the corresponding scattering param-
eters according to the definition of a scattering matrix. The
scattering parameters of the asymmetric static coupled line
are presented in the forms

M (c)
↑↑ ≡ SA↑→B↑

= e−j (�β0lc/2)
{
cos

(
�βclc

2

)
+ j

�β0

�βc
sin

(
�βclc

2

)}
,

(C4)

M (c)
↓↑ ≡ SA↑→B↓ = −j e−j (�β0lc/2) 2K0

�βc
sin

(
�βclc

2

)
,

(C5)

M (c)
↑↓ ≡ SA↓→B↑ = −j ej (�β0lc/2) 2K0

�βc
sin

(
�βclc

2

)
, (C6)

M (c)
↓↓ ≡ SA↓→B↓

= ej (�β0lc/2)
{

cos
(
�βclc

2

)
− j

�β0

�βc
sin

(
�βclc

2

)}
.

(C7)
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FIG. 11. Responses using asymmetric and symmetric direc-
tional couplers. (a) Responses of 3-dB coupler under the con-
ditions of both Lm-On and Lm-Off. (b) Nonreciprocal isolation
response under the condition of Lm-Off.

By using Eqs. (C2)–(C7), the calculated scattering
parameters are shown in Fig. 11(a) and depict the realiza-
tion of 3-dB coupling. By substituting these results into
the equations presented in Sec. V, we obtain the results
of total scattering parameters displayed in Fig. 11(b). As
a comparison, we also demonstrate the results of the sym-
metric coupled line with the model of homogeneous TLs.
We find that these differences are negligible, owing to the
very small variation of the coupling coefficient induced
by a small LR shift (i.e., �β0 � K0). It should be noted
that even an asymmetric coupled line is used in the real
design, but the interband transition effectively occurs at
�β0 ≈ 0 under a dynamic modulation. The demonstration
here using the scattering matrix of a static coupler with�m
equal to zero in the first step, provides an estimation (or a
perspective) of the effect induced by a small asymmetry in
the structure, but this is not the real process in the interband
transition with �m �= 0.

APPENDIX D: SCATTERING MATRIX OF
INTERCONNECTED NETWORKS

In the main text, we calculate the total responses with
cascade multiplications of scattering matrices of stages
I, II, and III. For each stage, the scattering matrix is
expressed by a 2 × 2 matrix used for the two-port network.
With such an expression, we have assumed that there are
no reflections within TLs, so a physical four-port struc-
ture can be reduced to a two-port network. However, some
weak inter-reflections may be induced by connections
between neighboring stages, which are not considered
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in the cascade two-port network. To obtain an accurate
response for the real full (four-port) network, we give a
calculation approach with interconnected networks [49].
First, for each stage, we separate the four ports into the left

subgroup (including ports 1 and 2) and the right subgroup
(including ports 3 and 4), as shown in Fig. 12(a). Accord-
ingly, the scattering matrix of stage I can be expressed in
the form

S(I) ≡
[

[S(I)LL] [S(I)LR]

[S(I)RL] [S(I)RR]

]
=

⎡
⎢⎢⎢⎣

Γ Υ M (c)
↑↑ e−jφ1M (c)

↑↓
Υ Γ ejφ1M (c)

↓↑ M (c)
↓↓

M (c)
↑↑ e−jφ1M (c)

↑↓ Γ Υ

ejφ1M (c)
↓↑ M (c)

↓↓ Υ Γ

⎤
⎥⎥⎥⎦ , (D1)

the scattering matrix for stage II

S(II) ≡
[

[S(II)LL ] [S(II)LR ]

[S(II)RL ] [S(II)RR]

]
=

⎡
⎢⎢⎢⎣

0 0 S[↑]
CB 0

0 0 0 S[↓]
CB

S[↑]
CB 0 0 0
0 S[↓]

CB 0 0

⎤
⎥⎥⎥⎦ , (D2)

and the scattering matrix for stage III

S(III) ≡
[

[S(III)LL ] [S(III)LR ]

[S(III)RL ] [S(III)RR ]

]
=

⎡
⎢⎢⎢⎣

Γ Υ M (c)
↑↑ e−jφ2M (c)

↑↓
Υ Γ ejφ2M (c)

↓↑ M (c)
↓↓

M (c)
↑↑ e−jφ2M (c)

↑↓ Γ Υ

ejφ2M (c)
↓↑ M (c)

↓↓ Υ Γ

⎤
⎥⎥⎥⎦ . (D3)

As the connection shown in Fig. 12(a), for two neigh-
boring stages, the right-subgroup ports of the left-stage
network are interconnected to the left-subgroup ports of the
right-stage network. For such an interconnection, the scat-
tering matrix for the connected network can be deduced
recursively by

S(ı↔j)

LL = S(ı)LL + S(ı)LR

(
I − S(j)LLS(ı)RR

)−1
S(j)LLS(ı)RL,

S(ı↔j)

LR = S(ı)LR

(
I − S(j)LLS(ı)RR

)−1
S(j)LR,

S(ı↔j)

RL = S(j)RL

(
I − S(ı)RRS(j)LL

)−1
S(ı)RL,

S(ı↔j)

RR = S(j)RR + S(j)RL

(
I − S(ı)RRS(j)LL

)−1
S(ı)RRS(j)LR,

(D4)

where the superscripts ı and j are the indices of connected
left- and right-stage networks, respectively, I is a 2 × 2
identity matrix, and ( )−1 denotes the inverse of a matrix.
By using these recurrence formulas of (D4), we can obtain
the scattering matrix of the combined stages of I and II
(i.e., I ↔ II) as

S(I↔II) ≡
[

[S(I↔II)
LL ] [S(I↔II)

LR ]

[S(I↔II)
RL ] [S(I↔II)

RR ]

]
, (D5)

with settings (ı) = (I) and (j) = (II) in Eq. (D4) and
substitutions of Eqs. (D1) and (D2). Furthermore, the scat-
tering matrix for the entire structure (i.e., I ↔ III) can be
achieved,

S(I↔III) ≡
[

[S(I↔III)
LL ] [S(I↔III)

LR ]

[S(I↔III)
RL ] [S(I↔III)

RR ]

]
, (D6)

with settings (ı) = (I ↔ II) and (j) = (III) in Eq. (D4)
and substitutions of Eqs. (D5) and (D3). Finally, we rear-
range the indices of ports 1–4 for the entire structure as that
in the main text and provide notation for each scattering
parameter (element) in expression (D6) as

S(I↔III) =:

⎡
⎢⎢⎢⎢⎣

S(tot)
11 S(tot)

13 S(tot)
12 S(tot)

14

S(tot)
31 S(tot)

33 S(tot)
32 S(tot)

34

S(tot)
21 S(tot)

23 S(tot)
22 S(tot)

24

S(tot)
41 S(tot)

43 S(tot)
42 S(tot)

44

⎤
⎥⎥⎥⎥⎦ . (D7)

With such a full-network (four-port) method, the accurate
total scattering parameters can be obtained. Figure 12(b)
shows the calculated results, and the results of the cascade
network (two-port) method are also demonstrated for com-
parison. We find that the transmissions obtained by two
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FIG. 12. Results of full-network (four-port) and cascade-
network (two-port) methods. (a) Schematic for full-network
analysis. (b) Results of nonreciprocal isolation calculated by
full-network and cascade-network methods.

methods match well. The reflections have some difference
because the full network can reveal the inter-reflections
between two connections. We find that the magnitude of
reflection from the full-network model is still less than
−20 dB within the frequency region of interest (around
6 GHz).
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